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MPEAHCIIOBHE K 4-MY H3JAHHIO

OcHoBHOe cofiepxanue 5TOH KHuru (raasw I-—III, V) mano mamenunocs no
CPAaBHEHHMIO C TeM, KaKHM OHO OBLIO HanmuCcaHo ISl MepBmX ABYX uagauuft (1944,
1953 rr.), B KOTOpHIX Teopus ynpyroctd Gelia, [0 CaydalfHuIM NpHYHHAM, OGBelH~
HeHa ¢ THAPOAMHAMHKOH B Bijie «MeXaHHKR CIVIOWHKIX cpefls. TaKoe MOCTOSHCTBO —
eCTeCTBEHHOe CJIEJCTBHE TOIO, WYTO OCHOBHBIE YpPaBHEHHA ¥ Pe3yJbTaThl TEOPHH
YTDYTOCTH ye J3BHO «YCTOSJINCHY. ]

B Tpervem uagawun (1965 r.) Geiia AoGaBnena InaBa © TeOpHH AHCHOKaWH
B KpHCTaqiax (HanmucanHad cosmecTHo ¢ A. M. KocepuueMm); sta rnasa mnomsepr-
Jack Tenepp JIHIb CPABHHTENLHO HeGOJbIINM H3MEHEHHAM.

B nacroameM n3gaHuu pofaBiena HOBAS [MABA, NOCBALIEHHAA MeXaHHKe XKHJA-
KHMX KpHCTaanoB; OHa Hanucana cosMmecTso ¢ J1 I1. [lurtaeBckuM. 3ta soBas oG-
J1aCTb MEXaHHKH CIVIOWHbIX Cpel HeceT B cefe OZHOEBPEMEHHO YePTL!, CBOACTBEHHLIE
MeXaHUKaM XUJKHMX U ynpyrux cpefl. [lostomy npegcTraBisieTcsl 1es1ecoO6pa3sHLIM
pACHIOJICKHTD €€ H3JOXKEHNe B J2HHOM Kypce FOwIe HaNOMKEH s KAK FRAPOAHHAMHKH,
TaK U TEOPHH YUOPYTOCTH TBEPABIX TeJl.

Kak Bcerma, s H3BJeK MHOTO MOJb3bl H3 OOCYMKAEHHN PALA 3ATPOHYTHIX B STOH
KHHPE€ BOIPOCOB €O CBOMMH [PY3bfIME M TOBapHwamH no paborte. B sroit cBaAsu
A XoTel Gbl ¢ -GnaropapuocTeio ynomsinyth I', E. Besosuka, B. JI. I'mna6ypra,
B. JI. Ungenboma, E. M. Kana, 0. A. Kocesuua, B. B, Jlebenepa » B, Il. Mn-
HeeBa, CJHENaBIIMX pAJ [OJMe3HLIX 3aMeyaHWH, YuTeHHHX B paGoTe Hal KHHIOH.

E. M. Judruuy
Huctutyt ¢usuueckux mpobiem AH CCCP
fluBapb 1985 1.

H3 MPEAUCJIOBHUS K «MEXAHHKE CIJIOIIHBIX CPEX»

+..B Kuure, HanncanHo# ¢H3MKaMH H B NepBYI0 Odepeab Aaf (HIMKOB, HAC,
€CTeCTBEHHO, HMHTEDECOBANH BONPOCH, KOTOPHe OGBHIUHO He H3JaTaleTes B Kypeax
TEOPUH YNPYTOCTH; TAKOBH, HaNpHMep, BONPOCH TeMIONPOBOXHOCTH H BA3KOCTH
TBEPALIX TeN, PAA BONPOCOB TeOPHH YnpyrHX kojeGaHHi W BOJH. B TO e Bpems
MB! JIMIIB OYeHb KPATKO KacaeMcs psjia CMeUHaNbHEIX npobieM (HanmpHMep, CHOX-
HBIX MATeMaTHUeCKHX METOJOB TeODHH YNPYTOCTH, TeODHH OGOJOUeK H T. I.), B KO-
TOPHX K TOMY XK€ aBTOPH HH B KaKOH CTeleHH He SBAMIOTCA CelHaNHCTAMH.

1953 r, JA. Jlanday, E. Jupuuy
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FTMTABA 1

OCHOBHBIE YPABHEHHSI TEOPHUH YNPYI'OCTH

§ 1. Tensop aedopmaumu

Mexaunuka TBEpJALIX TeJ, paccCMaTPpHUBAaeMbIX KAK CIJIOLMIHLIE CPEJHI,
COCTABJIAICT COJIEPKAHHE meopuu ynpyzocmu '),

[Tox BiMsiHHEM MpPHJIOMKEHHEIX CHJ TBepJble Tela B TOH HJH HHOH
CTeNeHH JeOpMHPYIOTCS, T. €. MEHSIOT CBOK ¢opMy M ob6bveM, s
MAaTeMaTHYECKOTO OMHCAHHA JeOopMaluH TeJa NOCTYNAIOT CJeLYHOUHM
o6pasoM. ITosozkeHHe KaxKAOH TOUKH Tesa ONpefessaercA ee pajuyc-
BEKTOPOM I (¢ KOMIIOHEHTAMH X; = X, Xy = Y, X3 = 2) B HEKOTOPOH
cHcTeMe KoopiauHat. [IpH AedOpMHDOBAHHMH Tella BCE ero TOYKH, BO~
obuie ropops, cMmeltaiorcsi. PaccMoTpuM Kaxkyio-HHOYAbL OINpejeneH-
HYI0 TOUKY Tesa; €C/IH ee pajiiyc-BeKTOp Jio AedopMUpOBaHHA OhII T,
TO B JedOPMUPOBAHHOM TeJie OH OyJieT HMeThb HEKOTOpoe IPyroe 3Ha-
yenye r’ (¢ KOMOOHeHTaMH x;). CMeleHie TOUKH Tea NpH JehopMHPO-
BaHHH H300pa3uTCsA TOTAA BEKTOPOM I’ — [, KOTOPHIH Mbl 0GO3HAYMM
NOCPEACTBOM U:

Uy = X; — X (L1

BekTop u HasBBaIOT gexkmopom Oegopmayuu (HIH 6eKMIOPOM CMelye-
Hus). KoopAuHAaTh! X; CMeLCHHON TOYKH SIBJSIIOTCH, KOHEYHO, QYHKIH-
SIMH OT KOOPAHHAT X; TOH Ke TOUKH J0 ee cMeilenus. [ToaToMy H Bek-
Top AedopMmauuH fBIACTCs ¢YHKLUHEH KOOpAHHAT X;. 3ajaHHe Bek-
TOpa U Kak ¢GYHKUHH OT x; NOJHOCTBIO oNpeaesser aedopMauuio
Teqa.

[Tpu nedopMuUpOBaHUM Tela MEHSIIOTCA DPACCTOSAHUS MEXKAY €ro
ToOYKaMH. PaccMOTpuM Kakue-HHUOYAb JBe GecKoHeuHO OJH3KHEe TOYKH.
Ecan paanyc-BeKTOp MeXay HHMH Jo0 redopmupoBarHus Obll dX;,
TO B AebOPMHPOBAHHOM TeJle PalHyC-BEKTOP MEXKIYy TeMH e ABYMS
TouKaMH Oyper dx; = dx; - du;. CaMo paccTosHHe MeXKAy TOYKAMH
Obl10 paBHO 10 AeHOPMHPOBAHHA

dl =/ dx? -+ dxi -+ dx,

a nocne aepOpMHPOBAHHA

dl =V dxi’ + dxy" -+ dxy’.

1) OcHoBHEHEe ypaBHEHHLS] TeOPHH YIPYTOCTH OhLIM ycraHoBAeHb Kowwu u [Tyac-
conom B 20-x rogax XIX Beka.



10 OCHOBHBIE YPABHEHHS TEOPHH VYIPYIOCTHU [ra. 1

CornacHo ofLleMy DpaBHJy HanHCAaHHS CyMM MOMHOQ HalHCAaTbl
di = dx}, dI” = dxi’ = (dx, + du;)".

Ou; :
IMoxcraBue duy; = -(%t—dxh, nepenucbiBaeM dl’ B Buge
e duy Ouy  Ouy
dl' =dl 4 2 o dx, dx;, 4 T o dxy, dx;.

ITockosbKy BO BTOpoM unene ofa HMHJAEKCA { U R ABAAIOTCH HEMBIMH,
HX MOXHO IIepeCTaBHTh H COOTBETCTBEHHO 3alHCATH STOT YJIeH B IBHO

CHMMETDpHYHOM BHJE

ou; Oup,
% + —'——axi ) dx,- dxk.

B TpeTbeMm e ujeHe noMeHseM mecTaMu MuJekcHl i H [. Torza mbl
2
NONyYUM OKOHYaTeIbHO dI' B BHe

di” = dI’ + 2u;y, dx, dx,, (1,2
rae
_ 1 ouy dup ou; du
Uin = —é— axh —l_ axf —l_ axi 0xk )' 3 (1'3)

OTHMH BHIpaXKEHHAMH ONpPeAe/sieTcsi H3MeHeHHe 3JIEMEHTa JUIMHBI MpH
ReopMHPOBAHHH TesNa. TeH30D u;, HAa3BLBAOT mex3opom Odegop-
Mayuy; TO CBOEMY OINpeleNeHHI0 OH CHMMETPHYEH:

Uip = Upgg. (1,4)

Kaxk u BcARUA CHMMETPUUHBIH TEH30p, MOKHO IIPHBECTH TEH30D U
B KaxJ0# JaHHOM TOYKe K IJIaBHBIM OCAM. STO 3HAYHT, YTO B Kax-
JOR JaHHOH TOouke MOXHO BbI6paTh TaKyl CHCTEMY KOOpIMHAT —
TJIABHLIE OCH TEH30pa, — B KOTOPOH H3 BCeX KOMIIOHEHT U;p OTJIMYHEI
OT HYJAS TOJNBbKO AHATOHAMBHLIE KOMIOHEHTBl 3y, Use, Uag. OTH KOM-
MOHEHTH! — IVIaBHBIE 3HAYEHHA TeH30pa JedopMaluH — 0003HAYHM
nocpenctsom utt), u'¥, u®, Hano, KOHEYHO, HOMHHTb, 9TO €CJH TEH-
30p u;, IpUBEJeH K IVIABHBIM OCSIM B HEKOTOpPOH TOYKe Tesa, TO OH,
BooOlLle TOBOpsi, HeAHaronasjieH BO BCeX JDYFHX TOYKaXx.

Ecan tensop pehopmanuu npuBefieH B JaHHOH TOYKe K [JIaBHBIM
0CSIM, TO B OKDYXKalolleM ee 3JeMeHTe o0beMa 3JeMeHT AJUHH (1,2)
npHobperaer BHJ

dl’g = (6ih + Quih) dx,- dxk ==

= (1 4 2u®)dx? 4 (1 - 2u®)da? + (1 4 2u®) dx,

Mbl BHAMM, YTO 3TO BhHIpa)KEHHE pacnajaeTci Ha TPH HE3aBHCHMBIX
ujeHa. 3TO 3HAYUT, YTO B KaXKJOM 3JeMeHTe oObeMa Tena aepopma-
HHI0 MOXHO PaccMaTPUBATh KAaK COBOKYTHOCTb TpeX HE3aBHCHMBIX
RedopManuil o TpeM B3aHMHO NepHeHJHKYAADHbLIM HANPABJACHHAM —
I7IaBHbIM OCAIM TeH3opa Aepopmanuu. Kaxnasa U3 3THX JedopManuif



§11 TEH30P JQEPOPMAUNH 11

npeacrapJaseT coGoH NpocToe pacTsaKeHue (HJAU CKaTHE) BAOJAb COOT-
BeTCTBYIOIETO HaNpaRJieHHA: AJIHHA dx, BAOJb OEPBOH H3 IVIABHBIX
ocell npeBpamaeTCs B AJHHY

dxi =v'1T-F 24 dx
H aHaJOTHYHO JJf JABYX JAPYTHX oceil. Benuuyunit
YV 14+2u® — ]

NpeACTaBJaAIoT coboH, CJae0BaTeNbHO, OTHOCHUTEJAbHBIE YIJIHHEHUs]
(dxi — dx;)/dx; BIOML STHX OCeH.

[MpakTHYeck MOYTH BO BceX caydaaX AeOpMHPOBAHMS Ted
ZebopMallMM OKA3KBAIOTCSl MaJkIMH., 3TO 3HAUWT, YTO H3MCHEHHE
JI060T0 PaCCTOAHHUA B TeJe OKas3hBAeTCs MaJbiM N0 CPaBHEHHIO C Ca-
MHM paccrosiiueM. JIpyTHMH CJ0BaMH, OTHOCHTE/NbHBIE YIJIHHEHHsI
MaJbel N0 CpaBHEHWIO ¢ exuHuued. Huxke mbl Syaem paccMaTpuUBaTh
BCce JedopMalMH KaK MaJble.

Ecau teno noxsepraercst manof JedopManyy, TO BCe KOMIOHEHTHI
TeH30pa JedopMaliH, ONpefeasIIonero, KaK Mbl BUIEIH, OTHOCHTE/b-
Hble U3MEHEHHs AJHH B Teje, ABJAIOTCA MajeiMH. UTO Xe KacaeTtcs
BeKTOpa JepopMalHiM, TO OH MOXeT OblTh B HEKOTOPHIX CJyuasx
GOJIbIIMM Jaxe NpH MaablX JAedopmalusaXx. PaccMOTpHM, Hanpumep,
JIAUHHBI TOHKUH cTepieHb. Jlaxe mpH cUJLHOM H3r#be, Korja ero
KOHIIBI 3HAYHTEJBLHO NEPeMecTSTCS B TPOCTPAHCTBE, PACTAXKEHHUA H
C3aTHs BHYTPH CaMOTO CTepXHsl OYAYT HE3HAUHTENbHBIMH.

3a UCKJ/IOUCHHEeM TaKHX OCOOBIX cayuaes !), npu manawix pedopma- -
HUAX BJASETCS MaJ/bM TaKxke H BeKTop Jedopmanuu. HelicTsHTenbHo,
HHKaKoe «TpexMepHoe» Teso (T. €. TeJ0, pasMephl KOTOPOro He clle-
LHaJbHO MaJbl HU B KAKOM HaNpaBjeHHH) He MOXKeT GhiTb, OUeBHAHO,
ZAehOpMHPOBAHO TaK, YTOOLI OTAEbHLIE €0 YaCTH CHJBLHO epeMeCcTH-
JIICh B TIPOCTPAHCTBe, €3 BO3HHKHOBEHHs B TeJe CHJAbHBIX pacTdiKe-
HHH H CXAaTHH. ,

Tonkue crepHH GyLyT HaMH pacCMOTPEHHl OTAENLHO B TJaBe II.
B ocranbHBIX ke cayyasnx, cIef0BaTeNbHO, OpH MalHX AedopMaiusx
CMELIeHHUS 4y, 4 C HUMH M MX NPOH3BOJHBEIE NIC KOOpJAMHATAM, MaJbl.
ITostomy B ofmem BelpaxeHun (1,3) MoxHO npenefpeub NOCJEIHHM
YJIEHOM KaK MaJoH BeJHYHHOH BTOPOTO mepsaka. Takum o6pasom,
B cJayvyae MaJelX JedopmauHii TeHsop jedopmanuu onpepensercs
BblpaXKeHHEM ;

1 an; duy,
uih—-2—(axk +'Fx-l—). (1,5)

1) Kpome pgepopmanuii TOHKHX CTepxHeH CIOJa OTHOCATCS H3THOLI TOHKHX
MJIaCTHHOK B LHJHHAPHUECKYIO MOBepXHOCTb. Chejyer HCKJIIOUHTb TaKKe Caydai,
KOrjla «TpeXMepHOoe» Tello HapsAy ¢ pAedopMalHedr [MOBOPAYMBAETCS KaK 11e/10@
BOKPYT HEeKOTOPOH OCH Ha KOHeYHi yroJ,
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OTHOCHTE/IbHBIE YIJIMHEHHS 3JeMeHTOB JJIMHBI BROJb HampaBJeHHH
rJaBHBIX ocell Ten3opa jebopmanuu (B JaHHOH TOUKe) PaBHBI TENepb
¢ TOYHOCTbIO O BEJHYHH BBICIUHX MOPSAKOB

V14+2u® — 1~ ud,

T. €. HENOCPEICTBEHHO IJIABHBIM 3HAYCHWAM TEH30PA Ui

PaccMoTpuM KakoH-HHOYyAb GECKOHEYHO MaJblii 3jemeHT obbeMa
dV w onpegenuM ero Bemuuuny dV’ nocie AehopMHpOBaHHA TeJa.
Jlns atoro BeiGepeMm B KauecTBe 0ced KOOPAUHAT IJIaBHbIE OCH TEH30pa
JebopManuu B paccMaTpuBaeMOH TouKe, Torza 3/7eMEHTHI IJIHHBL dXq,
dx,, dxs BAOJb 3THX Ocell Nocie aebopMupOBaHUA MepeldAyT B dx =
= (1 4+ uD)dx; u 1. x. O6vem dV ecTb npousBereHue dx; dx, dxs,
obvem xe dV’ paBen dxi dxj dxj. Takum o6pa3som,

= dV (1 + a) (1 4- u®) (1 4 u®),

ITpene6peras BeJUYHHAMH BBICIIHX MOPALKOB MaJOCTH, HAXOAHM OT-
cioaa

= dV (1 4 1 - 4@ L ),

Ho cymma u® + u® 4- 43 rnaBHbIX 3HaYeHHH TeH30pa €CTh, KaK
U3BECTHO, €r0 HMHBAPHAHT W paBHA B JIOOOH CHCTEME KOOPAMHAT
CyMMe [HATOHAJBHBEIX KOMIOHEHT Uy = Uiy - Uy + Usg.

Taknum obpasom,

=dV (1 + uy). (1,6)

Msr BuAHM, 4TO CyMMa AMaTrOHAJbHBIX KOMIIOHEHT TeH3opa AedopManuu
JaeT OTHOCHTeJbHOe u3MeHeHHe obObema (dV' — dV)/dV.

Yacto ObiBaeT yAOOHBIM IIOJBL30BATHCH KOMIOHEHTAMH TEH30pa
ZegopManii He B JeKapPTOBBIX, a B ChepHYECKHX HJIH MHIHHID HYECKHX
KoopauHaTax. [lpHBefeM 31ech /sl CIPAaBOK COOTBETCTBYIoLiue dop-
MYJIBl, BBIpaKalomue 5TH KOMIIOHEHTHI Yyepe3 NPOHU3BOIHBEIE OT KOMIIO-
HEHT BEKTOpa CMelleHHs B TeX Ke KoopAuHaTtax. B chepuyeckux ko-
opauHaTax r, 8, ¢ HMeeM

ou 1 ou u
Uy = (?rr sy Upp = - ag -+ rr >
. 1 auq, Ur_
oo = T5s gy + 7-Ctg0 +
- 1 du 1 0Ll9
2ugg = T( 0 ”WCtge>+ rsin® og
aue ug 1 au,-
2”,.3 == 0f — T ‘r—_—ae ’ (1,7)

| Ouy + qu, gy

gy = rsin® oOg r
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B UHJAHHJIPpHYECKHX KOoopJHHaTtax r, ¢, 2

_ 0y I Bug Uy ou,
e T T 0 Q?(p——,'—?qp—' 7 Up = )
1 ou ou du,. ou
2uq72 7 a; + 6:’ ’ 2 rz — 62‘7 + a; ] (118)

§ 2, Tensop HanpskeHH

B uenedopMHpoBaHHOM Tese pacIOJIOXKEHHE MOJEKYJ COOTBET-
CTBYET COCTOSIHHIO €r0 TeNJOBoro papHosecHs. [Ipu 3TOM Bce €ro yacTH
HaXOAATCHA JPYT C JAPYTOM M B MeXaHHYECKOM paBHOBECHH. JTO 3Ha-
YUT, YTO €CJH BLIJEMHThL BHYTPH TeJa KaKoH-HHOYAb 06beM, TO paBHO-
JeficTByIOLLasl BCEX CHJ, AeHCTBYIONHX Ha 3TOT 00bEM CO CTOPOHEBI ApY-
rHX 4acTefl, paBHa HYJIO.

[Tpu nedopmupOBaHHH e pacHOJIOXKEHHE MOJEKYJ MEHAETCS H
TeJI0 BLIBOAMTCSI H3 COCTOSIHHSI paBHOBECHSI, B KOTOPOM OHO HaXOJH-
JIOCh NepBOHAyYaJbHO. B pe3y/abTare B HEM BO3HHKAIOT CHJIBLI, CTpeMS-
IHecs] BEPHYTD TeJIO B COCTOSIHHE DaBHOBECHS. JTH BO3HHKAWOUHE DU
JehOpMHPOBAHHH BHYTDEHHHE CHJBI Ha3BIBAIOTCH BHYMIPEHHUMI Ha-
npsoicerusmu, Ecan teno He nedopMHpPOBAHO, TO BHYTpSHHHE Ha-
OpsiKEHHS] B HEM OTCYTCTBYIOT.

BHyTpeHHHe HanpsKeHHusi OOYCJAOBJANBAIOTCH MOJEKYJsPHBEIMH
CHUJIaMH, T. €. CHJaMH B3aHMOIEHCTBHS MOJEKYJ Teja APYI C ApyroM.
BecbMma cyIecTBEeHHEIM JJ51 TEOPHH YIOPYTOCTH sBJsETCS TO 00CTO-
STeNILCTBO, YTO MOJIEKYJApPHEIE CHJABI OO0JAJAI0T OYeHb He3Hauil-
TEJBHBIM pajguycoM neiicTBusi. MX BJHsIHHE NPOCTHpAeTcsa BOKPYT
CO3JAI0IIEeH HX YaCTHIIBI JHIIb HAa PACCTOSHUAX MOPAAKA MEKMOAEKY-
aspHeix. Ho B Teopuu ynpyrocTu, kak B MakpOCKONHYECKOH TEOpHH,
paccMaTpHBAIOTCA TOJBKO paccTofHus, GOJbluHe [0 CpPaBHEHHIO
¢ MexMoJeKyJspHeiMi. [ToaTomy «paguyc neflcTBHSA» MOJNEKYAAPHBIX
CHJI B TEODUU YIPYTOCTH JOJI:KEH CUHTAThCA PaBHBIM HYJO. MoOXKilo
CKa3aTh, YTO CHJBI, OOYCJOBJHBAIOIIME BHYTPEHHHe HANpPSKEHH:,
ABJSIOTCS B TEOPHH YHPYTOCTH CHJAMH «OJH3KOAEHCTBYIOUIUMHUY,
nepefaloOUIHMUCST OT KaXIOH TOYKH TOJBKO K OJHXAHIUHM C He.
Orcioja ClleflyeT, YTO CHJIE, OKa3biBaeMble Ha KakylO-Hubynb 4actb
TeJla CO CTOPOHBI OKPYJKalUHX ee yacreli, JeHCTBYIOT TOJbLKO HeNo-
CpPeACTBEHHO Yepe3 IMOBEepXHOCTh 3TOH YacTi.

31ech HeOOX0[HMa CJlefyoLasi OroBOpKa: cleslaHHOe YTBepKAeHHe
HeclpaBeAJHBO B TeX CJydasiX, Korja AeOpMHpOBaHHe TeJia COMpo-
BOXKJAeTCs [OsIBJIEHHEM B HeM MaKpOCKOMHYEeCKHX 3JIEKTPHYECKHX
nonefl; Takve (TaK Ha3biBaeMble NMHPO- H Mbe303JeKTPHUECKHE) TeJla
paccmarpuBawtess B toMe VIII storo kypca.
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BrifesuM B Tesie KaKoH-HHOYyAb o6beM H pacCMOTPUM JAeHCTBYIO-
Y0 Ha Hero cyMMapHyio cuay. C oJHOH CTOPOHEI, 3Ta cyMMapHas
cHJa Moxker GBITH INpeAcTaBJeHa B BHAe OOBEMHOro MHTerpaJa

[Fav,

rie F — cuna, gefictBylomas Ha eaunHnuy obvema tesa. C japyroil
CTOPOHBI, CHJIBI, C KOTOPBIMH JEHCTBYIOT APYl Ha JApyra pasJiHyHble
'yacTH CaMoro paccMaTpuBaeMoro o6beMa, He MOTYT NPHUBECTH K 10-
SIBJIEHHIO OTJIHYHOH OT HYJS CYMMAapHOH DaBHOAEHCTBYIOLIEH (HJIBI,
TIOCKOJIbKY OHH B CHJy 3aKOHAa DaBEHCTBA JEHCTBHA M HPOTHBOAEH-
CTBHSl B CyMMe YHHYTOXAIOT Apyr Apyra. [103ToMy HCKOMYIO TOJHY1O
CHJIy MOXHO PaccMaTPHBATb KaK CyMMY TOJILKO T€X CHJI, KOTOPEIE AeH-
CTBYIOT Ha JAHHHIH 06beM CO CTOPOHBI OKPYXKAIOLIMX ero yacrell tesa.
Ho, cornacHO cKasaHHOMY Bblllle, 9TH CHJBI JeHCTBYIOT Ha paccMaTpH-
Baemblll 06BEM Yepe3 €ro NOBePXHOCTb, H IOTOMY Pe3yJbTHpYIOIAS
CHJIa MOXKeT ObITh NpeAcTaBJeHa B BHJAE CYMMBL CHJ, JelCTBYIOMUX Ha
KaXkJIblii 3JIeMeHT NOBepXHOCTH 00beMa, T. €. B BHJe HEKOTOPOIO HH-
Terpaja no 5TOA NOBEPXHOCTH.

TakuM ofpasom, Ana jawoboro obbeMa Tesa Kaxkaasd H3 TPeX KOM-

NOHEHT jF,dV paBHOAEHCTBYIOMEH BCeX BHYTPEHHHX HAaIpsiKeHHH
MOXKeT ObITh npeoOpasoBaHa B HHTErpaJs Mo MOBEPXHOCTH 3TOro 00b-
eMa. Kak u3BecTHO U3 BEeKTOPHOI'O aHa/H3a, HHTerpaJ OT cKajspa
10 NPOH3BOJBHOMY 00BbeMy MoXxeT ObITh npeofpasoBaH B HHTerpas
N0 NMOBEPXHOCTH B TOM CJyyade, €C/H 3TOT CKaJdAp SIBJASETCS JHBEpTeH-
LMell HeKOTOporo BexTopa. B naHHOM ciyuae Mbl HMeeM JeJio C HHTe-
rpajoM He OT CKajlsipa, a OT BekTopa. [losToMy BexkTop F, JOJiKeH
ABASTbCA JAUBEPTeHINell HEKOTOPOro TeH3opa BTOPOrO paHra, T. e.
umerb BHJ ') .
Fp= 20, @1

axh

Torpa cuna, jelcTBywIlas Ha HEKOTOPHIA 00beM, MOXeT OHITL Ha-
nucaHa B BHJE HHTErpasa no 3aMKHYTOH NOBEPXHOCTH, OXBAThiBaio-
meil 3T0T 00BEM Z):

[Fiav =] %‘%dv = § ou dfs, 2.,2)

1) Bexkrtop df ssiemeHTa MJIOLIafM HampaBjeH N0 HOPMaJy, BHeWHed MO OTHO-
LIeHWI0 K OXBaThIBAEMOMY MOBEPXHOCTbIO 0ObeMy. MHTerpan no samkuyToil nosepx-
HOCTH peoGpasyercs B HHTErpaJl o 06beMy NyTeM saMennl dfy onepatopoM dV -0/0x;.

%) Ctporo roBops, Np¥ onpelefeHHM NOJAHOH CHJBL, ZeicTByOUleH Ha AedopMu-
poBaHHBIH 0ObeM Tesa, HHTETPHPOBAHHE JOJIKHO NPOHSBORUTLCH He IO CTAphIM KO-
OpIIMHAaTaM X;, a O KOOPAHHATAM X; Touek JehopMHpoBaHHOro Tesna. COOTBETCTBEHHO
sToMy H mpousBofuHe (2,1) monKunl GulTH GH GpaThes no x;. Ho BBMay ManocT
AedopManuN NPON3BOAHHIE NO X, M N0 X, OTJHYAIOTCH APYT OT APYra Ha BEJHYHHH

BHICIUHX MOPANKOB Ma/JOCTH, H [IOTOMY MOXKHO Bce AH(depeHyHpOBaHHA NPOHIBOTUTD
NO KOODJAHHATAM Xj.
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Ten3sop 0y, Ha3LIBAKOT MmeH30poM Hanpaxerud. Kak BHIHO H3
(2,2), 0:;pdfy eCTb (-1 KOMIIOHEHTA CHJBI, JeHCTByIOUed Ha 3JeMeHT
noBepXHoCTH df. Bnibupas 3J7€MEHTHl MOBEPXHOCTH B IJIOCKOCTSIX
X, Y, Y, 2, X, 2, HAXOQMM, UTO KOMIIOHEHTA O;;, TeH30pa HAaMNpSKeHHH
€CTb (-f1 KOMIIOHEHTAa CH/Jibl, ACHCTBYIOWEH Ha e€AHHHIY MOBEpXHOCTH,
NepNeHUKYASPHYIO K OCH Xp. Tak, Ha eIHHHYHYIO IVIOWAIKY, Tep-
NEeHAUKYJAAPHYIO K OCH X, NeHCTBYIOT HOpMaJsbHas K Heil (HaupasJeH-
Has BAOJAb OCH x) cHJla O,, H TaHTeHLHaJbHble (HalpaBJieHHBIE MO
OCAM Y H 2) CHJIBl Oyy H Oy

Heob6xoanmo caenath 3AcCh clejylollee 3aMeyaHdHe JIO TOBOAY
3HAKa CHJbl 0;,,df,. B (2,2) uHTerpan nmo noBepXHOCTH NpeACTaBJIseT
ccOOf CHAY, AeficTBYIOUIYIO Ha OrPpaHHUYEHHEIH 3TOH NOBEPXHOCTLIO
00DBeM - CO CTOPCHBI OKpy2KaloIiuX uacteft Tesa. HaoGopor, cuaa,
€ KOTOpOfl 370T 00beM JeHCTBYET caM Ha OKPYIKAIOMYIO ero noBepx-
HOCTh, HMeeT oOpaThbill sHak. Ilostomy, Hampimep, cuJa, JeHCTBYIC-
I1ast CO CTOPOHBI BHYTPEHHHX HaNpsKeHHH Ha BCIO NOBEPXHOCTDL Te/a,

ecTh
- 86 Gin dfr,

TRe HHTErpaJ fepercs 10 HOBEPXHOCTH Teqa, a df HanpasJeH 110 BHell-
HeH HepMali.

Onpenenaun MOMEHT CHJ, JefCTBYIOMEX Ha HEKOTOPHIA 06beM TeJa.
MomenT cuJabl F MOXHO, KaK H3BECTHO, HaliCaTb B BHJE AHTHCHMMe-
TPUYHOTO TEH30pa BTOPOro paHra ¢ KoMmnoreHTamu Fix, — Fpx;,
rie X; — KOOPAHHATHl TOUKH NPHJOXKEeHHN cuabl '), [ToaToMy MOMEHT
CHJI, NeHCTBYIOMHUX Ha 3JeMeHT ob6wvema dV, ectb (Fuxp — Fpx;) dV,
a Ha Bechb o0beM REHCTBYET MOMEHT CHJ

Mg, = J(Fixh — Frx;)dV.
Kak u monHas cuaa, pefictByloumas Ha J0GoH 06beM, MOMEHT 3THX

CHJI TOXe JIO/DKEH BHpaKaTbCs B BHAE HHTerpaja No MOBEDXHOCTH
obrema. IloacraBnsis ans F; BeipaxkenHe (2,1), Haxoaum

= J (B~ ) —
= | Llewm s gy — [ (o 52 — 0y L) aV.

3aMeyaeM, YTO BO BTOPOM UJIeHE€ NPOH3BOAHBIE 0x,/0X; COCTaBJSIOT
eHUHHYHBIA Tensop O;. B nmepBoM »Ke 9jene [OA MHTErpanoM CTOHT
JIMBEPTreHIUsl HeKOTOPOro TeH30pa; STOT HHTerpan mnpeoGpasyercs
B HHTErpajJ IO INOBEPXHOCTH. B peayabTate Haxomum

My, = gi (3%, — OpiXs) dfr + J. (Grs — o) dV. (2,3)

1) Mowment cunu F onpenensiercss xak BekropHoe mpousseienne [Fr]. Kommo-
HEHTH BEKTODHOTO RPOH3BEAEHHA JABYX BEKTOPOB COCTABASIOT AHTHCHMMETDHYHBIH
TeH30p BTOPOIO DAHTa, KOMOOHEHTH KOTOPOTO HanHCaHbl B TeKCTe,
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Tensop M;, Gyzer BbIpaXeH B BHJAE HHTerpajia TOJbKO IO IOBepX-
HOCTH, €CJH TeH30p HANpSKEHHHA CHMMETDHUEH,

Oip = Oy, (214)
TaK UYTO OOBEMHBIH MHTerpaJs Hcuesaer (K OOOCHOBAHHIO BAXHOIO
yTBepKAeHUs (2,4) MBI BepHeMCs ellle B KOHIe maparpada). Momenr
CHJI, JeHCTBYIOUMNX Ha HEKOTOPHIH 06beM TeNa, mpeicTaBHTCA TOTAA
B IPOCTOM BHJE!

My, = I(Fixh — Fyx;)dV = Sﬁ(oith — OwiXy) dfy. (2,5)

Jlerko HamucaTh TEH30D HANpAXEHHH B cJydyae DaBHOMEPHOTO
8cecmoporHezo cacamus Teaa. [Ipn TakoMm CKaTHH HA KaXKAYI0 eAHHHILY
MOBEPXHOCTH TeJda JEHCTBYET OAUHAKOBOE 110 BeTMUYHHE JAaBJEHHE,
HanpaBJeHHOe Be3jle M0 HOPMaJH K MOBEPXHOCTH BHYTpL oGneMa
tesa, Ecan 0603Ha4YHTh 3TO AaBJIeHHE HOCPEACTBOM g, TO HA 3JIEMEHT
TIOBep XHOCTH df; nefictByet cusa — p df;. C gpyro#t cTopoHbl, 3Ta cuna,
Oyay4YH BbIpa)KeHa uepe3 TEH30p HaNpPSKEHHH, JOJKHA HMETh BHJ
o,df,. Hanucas —pdf; B Bume —pb;,dfy, Mbl BHIMM, uTO TeH30p
Hamnpsi2KeHHHi NpH pPaBHOMEDHOM BCECTOPOHHEM CXKATHH BBITJISTUT
CJEAYIOIUM 06pa3oM!:

Gip = —-péih. (2,6)

Bce OTJIHYHEIE OT HYJSA €r0 KOMIOHEHTHI DPABHHL MPOCTO LaBJIEHHIO.

B ofwem cayyae npou3BoJbHOH INedopMaluu OTJIHYHBL OT HYJS
TaKKe H HeJHaroHaJbHble KOMIIOHEHTH TE€H30pa HanpsaKeHHH. It1o
3HAYHUT, YTO Ha KaiKJbIH 3JeMEHT II0BEPXHOCTH BHYTPH TeJsa JeHCTBYeT
He TOJbKO HOpMaJbHash K HEMY CHJIa, HO TaK:Ke H TaHTeHLIHaJbHbIE, |
CKaAbiBaoWLe, HAMPSXKEHHU, CTPEMSLIHeCs] CABUHYTL IapaJJesbHble
3JIeMEHTHl MOBEPXHOCTH APYT OTHOCHTEJNBHO APYra.

B paBHOBecHH CHJIbI BHYTPEHHHUX HamNpsiKeHUH HOJIKHBL B3aHMHO
KOMIIEHCHPOBATLCA B KaXKJOM 3JeMeHTe o0peMe Teqa, T. €, JNOJXKHO
6biTe F; = 0. TakuM o6pasoM, ypaBHEHHs paBHOBecHS nedOpPMHPO-
BaHHOTO T€Ja HMEIOT BHJ

aoik .
T = 0. 2,7

Eciu Tesio HaxORHTCS B IoJe TSXKECTH, TO AOJIXKHA HCUe3aThb CyMMa
F + pg cuJ BHYTpeHHHX HaNpsKEHHH U CHJBI TAXKECTH pg, AeHCTBY-
romel Ha eIMHUNy o0seMa Tesa (p — MJIOTHOCTb '), § — BEKTOp YCKO-
PEHHs CHJIBl TSAXKECTH, HaNpaBJeHHbIH BepTHKAJNLHO BHH3); yPaBHEHUs
pPaBHOBECHSI B 3TOM CJydae HMEIT BHJ

90 _
ax, P& =0 (2.8)

1) Crporo rosopfl, MJIOTHOCTb Tesa NpPH ero XehOPMHPOBAHHH MeHsSeTCHA. Yuer
STOr0 HM3MeHeHHsl OPHBOAHT, OLHAKO, B Cjiydae MajnX JepopMaiuud K BeJIHYHHaM
BLICUIHX IOPAAKOB MAaJOCTH H MOTOMY JJIS HAC HeCYIIeCTBEH,
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Uro KacaeTrcs BHEIIHHX CHJ, MPUJIONKEHHBIX HEMOCPEACTBEHHO
K IOBEPXHOCTH Tesa (KOTOPEIE H ABJAIOTCS OGBIYHO HCTOYHHKOM Je-
tdopMalHH), TO CHH BXOAAT B FPaHHYHEIE YCAOBUS K yPaBHEHHSAM paB-
HoBecus. [Iyctb P ecth BHemHsAs cusa, AeficTBylomasi Ha eIHHHILY
IJIOWafH TOBEPXHOCTH TeNa, TAaK YTO Ha 3JEMEHT IOBEpPXHOCTH df
JeficTByet cusna Pdf. B paBHOBecHH OHA JOJIKHA KOMIEHCHPOBATHCH
CHJIOH —O;pdfy, AelCTBYIOWEH HA TOT XKe 3JEMEHT MOBEPXHOCTH CO
CTOPOHE! BHYTDEHHHX Hamps:xkeHHH. TakuMm o6pasoM, HONKHO OBITh

P,-df——cr,hdfk = (),

Hanucas df, B Bugme df, = nadf, rie n — eiuHHYHHIH BeKTOp, Ha-
NpaBJIeHHBIH 110 BHEmHEH HOPMAaJIH K HNOBEpXHOCTH, HaXOAHUM OTCIOAA

oy = Py (2,9

3TO H eCTh yCJOBHE, KOTOPOE AOJIKHO BBIIIONHATLCS Ha BceH MOBepX-
HOCTH HaXOJfIEerocsi B PAaBHOBECHH TeJa.

BriBeaem 3nech eie GopMyJay, ONpelensiomylo cpeiHee 3HAYEHHE
TeH30pa HanpsKeHHH B JehOPMHPOBAHHOM Tese. JIJIf 3TOro yMHOXHM
ypaBHeHHe (2,7) HA X, H TIPOUHTETPUPYEM IO BCeMy 0ObeMy TeJiai

0033 0 (o11x8) Oxp
—_—tx dV=J——— V—J i1 ———dV = 0.
J dx; R 0x; d il 0x; 4
[Teperifi MHTErpaJ chpaBa mpeobpasyeM B HHTerpaJs IO NMOBEPXHOCTH
Tesa; BO BTOPOM 3aMeyaeM, 4YTO OX/0x; = 8. Ilonyuaem

i O X dfl — .[ oith = Q.
[ToncraBasin B MepBuIHt uHTerpan (2,9), Haxogum

 Pevidf = [ondV = Vay,

rie V — o6beM Tesa, a G;; — cpefHee 10 BceMy OOBEMY 3HaUeHHE
TeH3opa HanpAxeHHHA. BocCHoJb30BaBIIHCL TeMm, UTO O == Oy,
MOXHO HamHcaTb 3Ty GopMyJay B CHMMETPHUHOM BHIE!

5 = 5 § (Pets + Pyry) df. (2,10)

Takum ofpasoM, cpelHec 3HaueHHe TEH30pa HANPSIKEHHH MOXKET
OLITh ONpeNeJeHO HEINOCPeACTBEHHO MO JeHCTBYIOIIHM HA TEJO BHeEIU-
HHM cHJaM 6e3 MpelBapHUTeNbHOIO pelleHHsl YpaBHEHHH paBHOBECHS,

BepHneMmca K OpHBEIEHHOMY BHIIIE N0OKA3aTEJNbCTBY CHMMETPHU-
HOCTH TeH30pa HampAXKeHHH; OHO HyxkJAaeTcs B yTouHeHHH. [TocTas-
JieHHOe (PH3HYeCKOe YCJIOBHe (IPeACTaBHMOCTh TeH30pa M;, B BHIe
HHTerpajia TOJbKO MNO MOBepXHOCTH) OYZEeT BHIIOJHEHO, HE TOJbKO
€CJIM aHTHCHMMETDHYHAS 4YacTb TE€H30pa O, (T. €. MOJBIHTErpajbHOE
BhIpaxkeHHe B 00BbEMHOM HHTerpate B (2,3)) paBHa HYJIO, HO U €C/IH
OHa INpeiCcTaBAAET COOOH HEKOTOPYIO MOJHYIO JHBEPreHIHIO, T. €.
€cJIH

0
Oih = Oy = 2—67[ Pty Pint = —Puins (2.11)
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FHE @ — NPOH3BOJLHEIR Tenacp, aHTHCUMMETDHYHBIH 110 nepBoi
Nape HHAeKcoB. B AamnHOM ciyvae 3TOoT ROoCAeIHHH TeH30p ROJIKeH
BLIPAIKATBCS 9€pPe3 MPOU3BOAHLIE 0u;/0x,, ¥ COOTBETCTBEHHO B TEH-
Sope HanpsKCHHA BO3HAKHYT WIEHbI C BBHICIHHMH [PQH3BOLHEIMH OT
BeKTOpa cMelicHHs. B pamkax u3naraemoll B 310 KHEIe TEOPHH YIPY-
FOCTH BCe TaKHe UJeHhI JZOJDKHBI PacCMaTPHBATHCS KaK MaJinle BhIC-
IETo HOpsiJKa U OHYCKAaTheA.

C npuHUMIBATbHOH TOUKH 3pEHHsl CYMmECTBEHHO, ORHAKO, YTO
TEH30p HANpPSKEHUH MOXKeT GBITb NPHBEJIEH K CHMMETPHYHOMY BHALY
u 6e3 atHX npenebpexenuii ). Jeso B ToM, 4TO OHpelsseHHE 3TOrO
TeHsopa, coryiacgo (2,1), HEOJHO3HAYHO — ACGHYCTHMO J060e npeoG-
pasoBaHHe BHA2

- aJ
O — O = E%ikz, Yivt = —Yins (2,12)

FA€e ¥;ni — IPOU3EBOJALHBIH TEH30p, aHTHCHMMETPHYMEHI [0 nocaeinel
nape HHAEKCOB; OYEBHAHO, UTO IPOM3BOAHLIE J0:/0%, M 0G;/0xy,
onpefeasiomye cuyay F, TOXRECTRERHO COBHAfawoT. EcTH aHTHCHM-
MeTpHuYHas Yactb TE€H30pa O; AmeeT BUA (2,11), To HecuMMeTpHUHBIHA
TEH30D O;; MOXeT GHTb NIpUBEIeH K CHMMETPHUYHOMY BRAY mpeobpa-
30BaHHEM TAaKOro Bpma. CuMMeTpugnbii TEH30D HMeeT BHJ

a
Gin = (Uzh + o) + T (Pim + Prri)- (2,13)

He#ictBuTenbHO, JErKO yOEAHTHCA, YTO PA3HOCTh Gy — Oy MMeeT
Bun (2,12) ¢ renzopom

Airt = Prri -+ Pun — Pint’ ‘ (2,14)
(P. C. Martin, O. Parodi, P. S. Pershan, 1972),

§ 3. Tepmopuramuxa aedropMmBpoBaHus

Paccmorpum Kakoe-HHOYAL jAehopMHpOBaHHOe TeNO M [pefnoso-
JKHM, UTO ero jedopManysi MeHsIeTCs Tak, YTO BEKTOp AedOopMallHH i
uaMeHsieTcss Ha Maayiwoo Bequuuny O8u;. Omperennm pa6oTy, NpOH3EO-
AMMYIO HPH 3TOM CHJAMM BHYTPENHHX HaNpsXeHHH. YMHOXAs CHAY
F; = 00.,/0x; na nepememerue Oy; 1 HHTEFpHDYA HO BceMy 00BEMY
Tela, HMeeM -

forav = | ‘;‘;;k Su; dV.

FlocpencrBom 6R mul 0603uasni paGoTy CHJ BHYTPEHHHX Hanpsixe-
Hift B enmHuue of0bema Tena. Huterpupys mo dacram, HodydaeM

[8RaV = oy busdfs — [ ook av.

3} B COOTBETCTBHH ¢ OOHIMMH YTBEP:KACHHAMH MHKPOCKONHUECKOH TEOPHH ~—
cp. I, § 32,
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PaccmatpuBas HeOTPaHHNEHHYIO cpeny, He aedOPMHAPOBARHYIO Ha
OGeCROHEUHOCTH, YCTPEMHM NOBep XHOCTh HHTErPHPOBAHASA B IEDBOM HH-
Terpajie K GECKOHEYHOCTH; TOTAA Ha HefA Oy = 0, H HATErpas HcYe-
3aer. Bropo#t Ke uuTerpas MOKHO, BOCHOJB30BABUIMCH CHMMETpHEH
TEH30pa O;;, [IepenHcaTh B BHJE

j@RdV=—_j o (Gt + - Yav =

H

j ha(‘”i 2, )dV — [ o umav.

axh

Takum o6pasoM, HaxomuM
6R == e Gihﬁuik. (3,1)

Jra dopMyaa onpeneaser pafory §R mo uameHenuo TeHzopa aedop-
MallHH. '

Ecmu pedopmanus Tena ROCTATOYHO Mana, TO HO INpeKpalleHHH
JNleAcTBUs BHI3BaBUIMX AePOopMauMIo BHEIIHHUX CHJI T€JO BO3BpAIiaercs
B HCXOJHOe HeledopMHpOBaHHOe cocTosiHue. Takue nedopManum Ha-
sniBalOT yapysumu. TIpy GoABWIMX JedopMauuaX NpeKpameHue Jefd-
CTBHsl BHEIIHHX CHJI He HPHBOAHT K IIOJHOMY HCUE3HOBEHHIO Iedop-
MalliH, — ocTdeTcs, KaK ToBOpAT, HEKOTOpas ocraroudas Aedopma-
[Hs, TaK YTO COCTOSIHHE TedAa OTJIHYaeTCs OT TOTO, B KAaKOM OHO HaXo-
JUJIOCh [0 NPHJIOXKEHHR K HeMy CuJa. Takue aedopmalliu HaseBAOT
naacrmuyeckumu. B panpmefiineM Besje (3a HckJOYeHHeM ra. V)
Mu OyIeMm paccMaTpUBaTh TOJBKO ynpyrue pedopmarii,

[Tpernosoxum ganee, 9To pouecc AeOPMUPOBAHUS COBEPILAETCs
HAaCTOJbKO MeJJIeHHO, YTO B KaXJbli MOMEHT BpPeMEeHd B Tejie ycne-
BaeT YCTAaHOBHTHCS COCTOSSHHE TEPMOAHHAMHYEeCKOTO paBHOBECHS,
COOTBETCTRYIOIIEE T€M BHEIIHHM YCJOBHAM, B KOTOPHIX TEJIO B JAaHHBI
MOMEHT HaXxoAuTcs (PaKTHUECKH 5TO YCJOBHE TOYTH BCErAa BHUTOMHS-
ercda). Torma mnpouece 6yner TePMOAMHAMUYECKH OGpaTHMBIM.

YcloBHMCS OTHOCHTH B HaJbHeliiieM BCE TakHe TepMOAHHAMHYe-
CKHe BeJUYHHBI, KaK SHTPOMHs S, BHYTpeHHsisi 3Hepruss & H T. 1.,
K efuHHLe o6beMa Tesa (a2 He K NMHHIE MAacChl, KaK 3T0 NPHHSTO
B THApPOAMHAMHKE) W 0603HAuaThb HX coowercmyroummu 60/IbIUHMH
6yKBaMH.

B 370l cBs34 Heo6X0AUMO CHe/1aTh caelyiomlee 3aMedanune, CTporo
roBOps, HajO pasjHyaTbh €JHHHILI ofbeMa J0 H mociae JegopMHpOBa-
HHA; 5TH 00BEMBI COJiepaKaT, BoOOille roBOps, pasJHUYHLIE KOJHUYECTBA
BenlecTsa. Bee TepMOAHHAMHYeCKHE BeJIHYHHE MbL 6YeM B JajbHEHEM
Beslle, Kpome Il. VI OTHOCHTb K efuHuIlEe o0beMa HeledOpMHPOBaH-
HOFO Tesa, T. €. K 3aKJIOYeHHOMY B HEM KOJHYEeCTBy BelIeCTBa,
KOTOpoe nocfie 1edhOPMHDOBAHHSA MOMKET 3aHATb OO0BEM, HECKOJbKO
OTJIHYHBIH OT IIEPBOHAYAAbHOTO o6bema. COOTBETCTBEHHO 3TOMY, Ha-
npHMep, [NOJAHAA 3HEPrHA TeNla I[oJAyvYaeTcs BeerAa HHTETPHPOBa-
HHeM & 110 00beMy HeleOpMHPOBAHHOIO Teua.



20 OCHOBHBIE YPABHEHHA TEOPUU VYNPYIOCTH fra. 1

BeckoHeuno MaJjioe H3aMeHeHue d& BHYTpeHHell 3HeprHH pPaBHO
Pa3HOCTH INOJNYYEHHOTO JAaHHOH eJuHHIEH ofBbeMa Tesla KOJHMYeCTBa
TellJla ¥ NPOH3BEJCHHOH CHJIAMH BHYTPEHHHX HanpsxeHui paGoThi
dR. KoauuyecTBo Tensia paBHO npu obpatumoM npouecce 7dS, rie
T — remneparypa. Takum obpasoMm, d& = TdS —dR; B3as dR
u3 (3,1), noayunm '

d& = TdS -+ U,-kdu,-k. (3,2)
910 — OCHOBHOE TEPMOAHHAMHUYECKOe COOTHOWIeHHe A  aedopMu-
pPYeMEIX Ted.
IIpu paBHOMEPHOM BCECTOPOHHEM CXKaTHH TE€H30p HAMpsIXKEHHH pa-
BeH Oy = —pb; (2,6). B 3TOoM cayuae

O duy, = —pOy duy, = —pduy,.

Ho mut Bugemn (cm. (1,6)), uto cymma 4;; mpeacrasisier coGoH OTHO-
CHTeJIbHOE H3MeHeHHe o0beMa NpH AedopmupoBanuu. Ecaun pacemarpu-
BaTb eAHHHIY 06beMa, TO #;; GYJeT MPOCTO H3MEHEHHEM 3TOro o6bema,
a du;; — snemenToM dV 3TOro usmenenusi. TepMOIHHAMHMUECKOE COOT-
HOllleHHE NPUHMMAaeT Torja OOBIYHBIN BHJ!

d& = TdS — pdV. (3,22)

BBoust BMecTo sHeprun & cBoGoaHyi0 3Hepruio teqa F = & — TS,
NepenuChIBAeM COOTHOIIEHHE (3,2) B BHJE

dF = —S daT + Oin dllih. (3,3)

HZIKOHGH, TepMO}IHHaMH'-IECKHﬁ norednnan @ Tesa onpeznessiercs

Kak
DO =& TS —oyuy = F— ol (3,4)

210 — obobutenne ofpiynoro Beipaxenns @O =& — TS -+ pV ),
IMoacrasuB (3,4) B (3,3), HaXOAUM

dD = —SdT — Ui d(’ih' (3,5)
Hesaencumeivn nepemeHHBIMH B (3,2) 1 (3,3) ABJAIOTCA COOTBET-
crpenno S, u;; U T, U;,. KOMIOHEHTH TeH30pa HANPsSXKEHHA MOXKHO

HOAYYHTE, Augpepednpys E uian F 1o KOMOOHEHTaM TeH30pa Jefop-
MallHH COOTBETCTBEHHO NPH NOCTOSHHOH 3HTPONHH S HJH TeMIepa-

type T:
on = (G )s= (i e 9

1) Ilpu BcecTOpOHReM CiKaTHH BbipaxenHe (3,4) mepexoiHT B
Q= F+puyy=F+pV—W,
rie V — V, — usmenenne o6bema B pesyabrare Aedopmauuu. OTciofa BHAHO, uro

NpHHUMaeMOe HaMH 3jlecb onpefesedne O OTAHYAETCH OT NP HMEH5EMOro OGEIUHO
B TepMojuHamike ® = F -1 pV ujesom — pV,.
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_ Ananoruuno, auddepenuupys @ 10 KOMIOHEHTAM Oy, MOXKHO
MOJYYUTH KOMIIOHEHTB Ui

un = — (o0 )y (3,7)

§ 4. 3akon I'yka

Jast Toro yToGB HMEThH BO3MOXKHOCTbL INPHMEHATH OfliHe TePMOAHU-
HAMHMYECKHE COOTHOMIEHHS K TeM HJH HHBIM KOHKDeTHBIM CJydasM
JedopManuil, HeOGXOIHMO HUMETh BhIpaxKeHHe /51 CBOOOZHOH SHEPrHH
Tesia F Kak (pYHKIHH OT TeH30pa JdedopMallMH. DTO BhIpaXKEHHE JIETKO
NOJIYYHTh, BOCOJAB30BABIIHCh MAJOCTBIO JeOpMallHii H COOTBETCTBEH-
HO 3TOMY pa3JIOXKHB CBOOOJHYIO 3HEPTHIO B DAA IO CTENEHAM .
IIpu sToM MBI GyJieM [OKa paccMaTpHBAaTh TOJIBKO H30TPOIHEE TeJsa;
COOTBETCTBYIOLIHE BEIPAXKEHH A J/IsI KPUCTAJIJIOB 6y AyT NOJyYeHBl HHXKeE,
B § 10.

PaccmaTpuBasi JeopMHPOBAaHHOE TeJo, HaXojslneecsi NPH He-
KOTOpOH (MOCTOSIHHOH BJOJIb Tesa) TeMIepaTtype, Mbl Oy/ieM CUHMTaTb
HenehbOpMHPOBAHHEIM COCTOSIHHE TeJla MPH OTCYTCTBHH BHEIUHHX CHJI
IpH TOH Ke TeMIlepaType (3Ta OrOBOpKa Heo0X0JHMa BBHIY TEIJIOBOIO
pacmmpenus; cM. noipoCHee § 6). Torza mpu u;, = 0 DOMXKHBI OT-
CYTCTBOBATh TAKXKe H BHYTPEHHHE HANpSXKEHHS, T. €. JOJIKHBI ObITh
0;; = 0. ITockombKy 03, = OF/0u;,, TO OTCIOZA CJefyeT, 4TO B pas-
JOXeHHHW F 1o CTENeHsSM Uu;;, HAOJIKHBl OTCYTCTBOBATh JHHEHHEI®
YJIEHE.

Hanee, nocko/abKy CBOOOIHAs SHePTHsl SABJAsETCS BeJHUYHHOH
CKaJIIPHOH, TO U Ka:KIbIH WIeH B pasjioKeHHH F Toxe JoJKeH OblTb
ckaasipoM. K3 KOMMOHEHT CHMMETPHUHOrO TEH30pa U4y, MOXKHO CO-
CTaBUTh JBa HE3aBHCHMBIX CKaJjsipa BTOPOH CTENMeHH; B KauecTBe HHX
MOXKHO BbIOpaTh KBagpaT uj; CYMMBl IHArOHAJbBHBIX KOMIIOHEHT H
CYMMY uj. KBajJpaTOB BCeX KOMIIOHEHT TeH30pa u;,. Pasjaras F
M0 CTENEHAM U;p, MBI MOJYUYHM, CJAELOBATENLHO, C TOUHOCTBIO JO YJe-
HOB BTOPOro MopsiiKa BBIpa)KeHHe BHIA -

A
F = Fo+ - uli+ afe (1)

310 ecTb ofliee BhHpaxkeHHe JJisi CBOGOXHOH SHepruu jAeopMHpPOBaH-
HOTO H30TPOTHOrO Te/1a. BeHuuHBI A H | HA3BIBAIOT Ko3(hpuyuermamu
Janms.

Mel Bugzenu B § 1, uTo H3meHeHne ofbeMa NpH JnepopManHUH ONpe-
nensieTcsl cyMMoH uy;. Ecan sta cymMma paBHa HyJI0, TO 5TO 3HAUYHT,
4TO NpH JehOpPMHPOBAHHH OOBEM JAHHOTO TeJa OCTAETCS HEH3MEHHBIM
H MeHseTcs TOJNbKO ero dopma. Takue nepopmanun 6e3 H3MEHEHESA
o0BeMa Ha3bIBAIOT COBU20M.

OG6paTHEIM ciayuaeM sBJAsercs AedopMaiis, CONPOBOXKAAIOMIASCS
H3MeHeHHeM o0beMa, HO 0e3 u3MmeHeHHs1 GopMbl. Kaxipili sjeMeHT
ofbemMa Tesa NpH TakoH JehopMaiHH oOCTaeTcs INOJOGHBIM CaMOMY
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cete. Fa § | caenyer, yro Ten3op Takoit fedopManud HMEET BHA K =
= const. §;;. Takyo nedbopmaniio Ha3LIBAKIT SCECIIOPOMLELM CECANTUEM.

Beskyo pefopMalniio MOMKEO NPEICTABUThL B BHAE CYMMHI Jedop-
MalHi 9HCTOro CABHTa H BeecTopormero cxartus. g sToro nocrato-
YHO HANHUCATh TOXKIECTBO

"1 1
Uiy = (uih -5 6ihuzz> + 3 8inttyg. 4,2)

[epBrifi uieH cnpara Opencrasiger cofol, QUEBHEHO, YHCTLH CIBHT,
[I0CKOJIBKY CyMMa €ro IMAaroHaJbHLIX WIEHOB paBHa HYJUO (HANOMH-
Haem, uto 8;; = 3). Bropoil xe ujeH CBA3aH CO BCECTOPCHHHM CHKa-
THeM.

B kauectBe o0mero BEpaxenus Ina cBofoniod sHeprun AedopMi-
POBaHHOTO U30TPOHHOTO Tena yaofHO HamucaTh BMecTo (4,1} mpyroe,
BOCIIOJIE30BARHINCE YKA3AHHBIM Pa3JIOXKEHHEM NPOH3BOJBHOH aedop-
Malyud Ha CABHI H BCeCTOpoHHee cxartue. HMmenno, BifepeM B Kaue-
CTBe JABYX HE3aBHCHMBIX CKaJIfifOB BTOPOH CTENEHH CYMMbI KBaJpaToB
KOMEOHEHT COOTBETCTBEHHO [EepBOro H BToporo uieHoB B (4,2). Torpa
F 6yzmer umerb Bup 1}

: 1 2 K o,
F=up (uih — —g*ﬁihuu) + ,/2(_ air (4,3)

Bemuunnbl K ¥ p Ba3biBaloT COOTBETCTBEHHC MOOYAeM BCCCIROPOHHEZO
examus u modysem cdsuea; K c¢Ba3zano ¢ xosddunmertamu Jlamd
COOTHOHICHHEM

K =\+—2p. (4,4)

B cocrosnun TepMOIHHAMHYECKOLO DaBHOReCHs cBoboiHas SHep-
THf, KaK H3BECTHO, MUHEMa/JbHa. Lcad Ha teno He JeHCTBYIOT HH-
KadKHe BHEIHHE CHJRl, TO F KaK QYHKIUS OT 4;; LOTKHO HMEThb MHHH-
MyM IpH iy, = 0. Dre 3HauuT, Y10 KBaApaTHuHas qopma (4,3} poa-
JHEa OblTh DOJIQKETeNbHA. Ecin BHIGpPaTh TEH3Qp U;; TAKHM, YTO
uy = 0, 1o B (4.3) ocragercs TOVIbKO HEpBHIH WIeH; eCJIH XKe BrOpAath
TeH30p BHIA u;, = const-§;;, TO ocTranercs TOJBKO BTOPOH uJjeH.
Orclofa ciefyer, uTo HEOGXOAMMBIM (H, OYEBHMIHO, JOCTATOYHLIM)
YCJOBHEM IIOJIOKHUTEJIbHOCTH GOpMEL (4,3) ABJIAETCA MONOKUTEILHOCTD
KaX[Joro 13 KasphuitHesToB K H M.

TakuMm o6pa3om, MH EPUXOMIM K Pe3yabTaTy, YTO MOAYJIH CKaATUA
H CIBHMra BCerjia MOJIOKHTEJbHEL

K>0, p>0. (4,5)

Bocnoab3yemes Tenepb OOIUM TEPMOJHHAMHYECKUM CCOTHOLIC-
nueM (3,6) H onpelesiuM € ero NOMOHLLIO TeH3op HanpsiKeHu#. na

1} TMocroguunid uled Fy — cBOGojHAasi 3HeprHs HeledlOpMHPOBAHHOLO Tefa —
B JaJbHefiliem He GYAeT HAaC HHTepecOoBaTh, [ToaToMy Mbl 6yfem AJMA KPATKOCTH BCerja
ONycKATh €ro, MoXpasyMeBas 0ol F ORHY TONbRO HHYepECYIIRYIO Hac CBaGORHYIO
atepry0 RedopMalMH WIH, KaK [OBOPAT, YHPYFYIO CBOGOJHYIO SHERTHIO. .
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BHIUNCHEHHA NPOR3IBOAHBIX OF/Qu;, HaTHuseM ToJme# Audpdepennnarn
df (npu nocrosEHOH TemRepatype). Vimeem

dF = Kuy duy +2p (uik - —};‘ ullaik) d (uik - “;;‘ ullaik) .

Bo BTopom unene yMHOKeHHe NepBoil CKOGKM Ha 8;; Jaer Hy’ b, TaK
YTO OCTAETCS i

dF = Kuyduy + 2 (uik - -:;— ull5ik) dugy ’-
WM, HanucaB duy B BHER O;pduyy,
dF = [Kullatk +2u (uik - _;'ull'sik>] dgp.
Orcioga uMeem JJsi TeH3opa HaEpAKeHUH
o1 = Kupby -+ 2p (uik - "13— Gihull) . ’ (4,6)

310 BhIpaKEHHE ONPEAETSET TEH30D HAMpsIXKEHUH uyepe3 TeH30p Je-
dopMmauuy s usoTponHoro tena. s sero BHIHO, 4TO ecaH Jedop-
ManMs SBJSETCS YUCTHIM CABHIOM HJIH YMCTHIM BCECTOPOHHHM CXKATHEM,
TO CBfI3b MEXAY O;; M Uy, OUpeIedsieTcs COOTBETCTBEHHO OJHHM
TOJNLKO MOAYJIEM CHBHIA WM MOJYJieM BCECTOPOHHEro CxKaTHf.

Herpyaso moayuuTh H o6parHele (GOpMYJBl, BHIDAXKAIOMHME Uy
uepes O;,. Jas 3toro HafijeM CyYMMy JHarosalbHBIX YJIEHOB Oj;.
ITockoeabKy BAst BTOporo wieHa (4,6) sta cymMma ofpainaercs B HYJb,
TO 0;; = 3Kui,-, HJIH

‘ 1
Hii = =35 O 4,7)
ITogcraeasis ato Beipaxenue B (4,6) U oupeensis oTTya Uy, HAXOLUM
1 1 1 '
win = 5 Ounou o (Uik -5 ‘5ik0u) , (4,8)

YTO M ONpEeNsieT TEeH30p AepoPMAlMH IO TEH30PYy HampsIKeHHH.

Pasencrso (4,7) noxaseiBaeT, 4TO OTHOCHTeNbHOE HU3MeHEHHe 00b-
eMa u;; TNpH BCAKOH JedopMauHU H30TPOINHOTO TeAa 3aBHCHT TOJbKO
OT CYMMBI Oy JUArOHa/lbHBIX KOMIIOHEHT TEH30Pa HaNpsIKeHHH, NpH-
yeM CBf3b MeXJY U; H O; ONpelesseTcsl TOJbKO MOAYJEM BCecTo-
ponnero cxkarus. [Ipu BcecTopoHHeM (paBHOMEpHOM) CXKATHH Teda
TEH30p HanpsiKeHHH UMeeT BUA Oy = —pb;;. [losToMy B 3TOM CJIy-
yae umeeM u3 (4,7):

Uy = —pl/i {49
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flockoabky nehopManMu Manibl, TO #;; U p — Majble BeJHYHHBI, H
MBI MOXeM HanHcaThb OTHOLIEHHE Uy;/p OTHOCHTENLHOTO H3MEHEHHS
of6beMa K JaBJeHHIO B JuddepeHIHAJbHOM BHIE, TOTrja

Bennuuny 1/K HasblBaloT Koaghuyuenmom 6cecrmopontieco cxicamus
(uau npocto KO3MUIUEHTOM CXHATHS).

U3 (4,8) Mbl BUIMM, YTO TEH30D AeOPMALHH U;p ABJAAETCA JHHEH-
HOH ¢yHKuueHl TeH30pa HanpsiKeHHH o0y, JpPyrumH cJoBamu, je-
tdopManHsa NPONOPIUOHANbHA NPHJOXKEHHHIM: K TeJy CHJIaM. 3TOT
BaKOH, HMCIOIHA MecTo AJs MaJblX JehopMaLuil, HASEIBAIOT 3aKOHOM
Tyxa ?).

[TpuBenem ele nose3nyo ¢opMy BelpaxKeHnusi Ans cBoGoaHoH sHep-
rud neopMHPOBAHHOIO TeJa, MOJYYaloUYICsS HENOCPENCTBEHHO H3
KBaJpaTHYHOCTH F 1o TeH3opy aedopmanuHd. CorJacHo reopeMe Jinepa
HMeeM

OF

OTKYZa, BBUAY TOTO 4T0 OF/0uy;, = oy,
F = Uihuih/.?. (4,10)

Ecnu B 31y dopMyay NOACTaBHTD U;p, BEIDAXKEHHBIE B BUAE JIHHEH-
HBIX KOMOHHAIHII KOMIIOHEHT O, TO ynpyras sHeprufi OyleT mnpex-
CTaBJieHa KaK KBaipaTHyHas (pyHKIHs BEeJIHUHH 0;;. CHOBa NpHUMeHssd
Teopemy ijepa, OGyleM HMeTb

OF

U cpasHenne ¢ (4,10) nmoxasniBaeT, 4yTO

oF
90ix

uih == . (4,11)

CrenyeT, ofHaKO, NOJUEPKHYTh, YTO, B TO BpeMsa KaK opmyna 0;, ==
= 0F/0u;, saBiAsieTca OOWHM TepMOJHHAMHUECKHM COOTHOILEHHEM,
CrpaBeIMBOCTh o6patHoit ¢opmyJsl (4,11) cBsisana ¢ BeIHOJHEHHEM
sakona I'yka.

) daxTHueckH 3akoH I'yka NpHUMEHHM NPaKTHYECKH KO BCeM YNpPyrum nedopma-
tusaM, Jdeao B ToM, uTo AehOpMallHH OGBIYHO IepecTaioT OHTbh YNPYTHMH elie TOrna,
KOIrjfla OHH HAcTOJBKO MaJbl, uTO 3akoH ['yKa ABAAETCS HOCTAaTOYHO XOPOLIMM IpH-
GnmKenueM (MCKJIIOYeHHe NpEACTAB/AIOT Tela THNA De3HHBI).
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§ 5. OnHopoanbie aedopmanun

PaccMOTpUM HECKOJbKO MPOCTEHINHX CJyuYaeB OOHOPOGHLIX Oe-
dopmayud, T. e. gedopmanuii, P KOTOPEIX TeH30p AedopMalHH
MOCTOSIHEH BAOJbL Bcero ofbema Tedsa '), OnHoponHo# aepopmanHed
ABJASETCH, HAapHMep, yXKe PAacCMOTPEHHOe HaMH DaBHOMeDHOE BCe-
CTOPOHHee CXaTHe, ,

PaccMorpuM Temepb TaK Ha3bIBaeMoe npocmoe pacmascerue (UK
cxaTHe) crepKHs. [IycTh cTepKeHb pacnoJfoXeH BIOJb OCH 2 U K €ro
KOHIAM NPHUJOXKEHB! CHJbI, PACTSATHBAIOUIHE €rO B IPOTUBONOJOXKHEIE
CTOPOHEI. DTH CHMBl JeHCTBYIOT DABHOMEPHO Ha BCHO NOBEPXHOCTh
KOHILIOB CTepXKHs, CHJa, AefCTBYIOHIas HA €IHHHIY I[OBepXHOCTH,
nyctb 6yjer p.

[Tocko/bKy Aeopmanusi OJHOPOIHA, T. €. U, MOCTOSHHB! BJOJb
Tesa, TO MOCTOSIHEH TaKKe M TEH30p Halps:KeHHu# O;,, a [HO3TOMY
€r0 MOXHO ONpEJEJSHTh HEeNOCPEACTBEHHO U3 TIDAHHMUHBIX YCJAOBHH
(2,9). Ha 6okoBoii 1nOBEpXHOCTH CTEPMXKHS BHEIIHHE CHJBI OTCYTCT-
BYIOT, OTKYJa CJenyet, 4to 0;,n; = 0. [1oCKOMBKY eNMHHYHBIH Bek-
TOp N Ha 60KOBOH NOBEPXHOCTH NepHEHAUKYJSADEH K OCH 2, T. €. HMeeT
TOJILKO KOMIOHEHTH! f,, A, TO OTCIOAA CJelYyeT, YTO BCe KOMMOHEHTEE
O;p, 33 HCKJIOUEHHEM TOJBKO O,, paBHel HyMio. Ha mnoBepxHoCTH
KOHIIOB CTepXHsI HMeeM O,N; = p, OTKyAa O, = p.

M3 obuiero BoipaxkeHus (4,8), CBA3BIBAIOUIET0 KOMIOHEHTH! TEH30-
poB nedopMaluMH W HANPSIKEHUH, Mbl BUJJUM, YTO BCe KOMIIOHEHTB! U;p
¢ i = k paBHBI HyJ10. /151 OCTAJBHBIX KOMIOHEHT HAXOLHM

1 1 1 1 1 1
e =ty =— (g7 — 35 ) P+ 4= (5 T)p 6D
KoMmnonenTa u,, onpeiensieT OTHOCHTENbHOE YIJHHEHHE CTePXKH:A
BIOJb OCH 2. Kosdduuuent npu p Ha3BIBAOT KOIPHULUEHMOM pachisl-
acerus, a oOpaTHYIO BEIHUHHY — MOQysem pacmsagcerus (AJH Mo-

dyrem [Onea) E:
Uy, = p/E’ (5’2)

E = 9KW(BK + p). (5,3)
KOMNOHEHTH! Uy, H H,, ONPEleJsiOT OTHOCHTeJAbHOE CKATHE CTep-
KHS B roNepeyHoM narnpasienid. OTHONIEHHE 1OTIEPEYHOro CXKaTHS
K MOPOLONLHOMY pACTSIKEHHIO HA3BIBAIOT Kkoappuyuenmon ITyac-
cona o ?): ' ’

rje

Uy = —0Uy,, (5’4)

1} KOMIOHEHTH TeH30pa AedOpMaUMH KaK (QyHKIHH KOODAHHAT He SBJSIOTCA
BIIOJIHE HEe3aBHCHMBLIMH BeJIHYHHAMH, MOCKOJILKY IIECTh DA3JHUHBIX KOMIOHEHT Uip
BbIDAXKAIOTCS  U€Pe3 NPOU3BOJHEIE BCEro TPeX He3aBHCHMBLIX (YHKIHH — KOMIOHEHT
BekTOopa u (cM, 3agauy 9 § 7). Ho mlecTh MOCTOAIHHBIX BENHUHH u;; MOTYT OBITh
B NPHHIHUAE SaJdHbl IPOH3BOJbLHBIM 06pa3QM.

%) OGosnauenne xoadduunenta [Tyaccona mocpeacTBOM O, a KOMIOHEHT TeH30pa
HanpsiKeHu#l NOCPEJACTBOM O;; He MOXeET NPHBECTH K HEJOPasyMeHHIO, MOCKOJbKY
nocjefHue, B OTJIHIHE OT IePBOTO, BCEra MMeEIOT HHJEKCHI.
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rae

1 3K-—2u :

O =K Fn .5)
HMockonery K ® | BOSTAA NOADKHTedbHH, To Koapgpuuuenr [Iyac-
CoHa MOXET MEHNTbCA AJA PASAUTHHX BEHIECTB TOABEO B OpeAenax
or —1 (npu K = 0) ro 1/2 (npu p = 0). Taxum o6pa3om 1),

1 <0<l - (5.,6)

Hagrowuen, orHocHTeNbHOE YBeAHYeHHe 00beMa CTEPKHA HOPH ero pac-
TAXKEHHH PEBHO

u; = p/K. (5.7

CBoGOAHYI0 3HEPTHIO PACTSHYTOIO CTEPIKHS MOMKHO HalucaTh, BOC-

NOJb30BABIIHCL HETMOCPeRCTBeHHO ¢opmymnoi (4,10). Tlockombky o7
HYJASl OTJMYHA TOJAbKO KOMITOHEHTA U,,, TO
1 p?

F=—4tinon = 5. (.8)

B nansuefimeM Mbl 6yleM HOJMB30BATLCS, KaK 3TO OOKIYHO IpH-

HATO, BeawunHamMu E W o BMecto Mopysaefi K u p. DTH HOciaenHue,

a taxxe BTopol Koabduunent Jlams A Bopaxaiorcd uepes £ u o

dhopmyaamu : :

K'— Eo ..__._E_.._
T -0+ ' PT20T0’
. (5.9

K==3q —20)
BrinnieM 371ech obm#e (GopMyJhL BpeRAYyHIero naparpada ¢ Kospdu-
nHeHTaMH, BblpaxeHEHMH uepes £ u o. Jlaa cBoGoJHOH sHepruy
HMeeM

E ,
F = grroy (W + =55 uh)- (5.10)

Tensop Hanpsu:keHHH BeIpaxkaeTcsl wepe3d TeH3op zAedopMaluy cor-
JIAaCHO ’

E
Ow = T1g (uih + T_i:gg ”zzﬁth) . (5,11)
O6paruo; 1
Uy =g (1 - 0) o1 — 007;0:]. (5,12)

1) daxrTuuecku xospdunuenr Ilyaccona memsgerca ToiAnko B Tpeneaax or 0

a0 1/2. B macrosinee BpeMs HeH3IBeCTHH Tefa, Y KOTOPHIX GuiIo Gbf <3 0, T. e,

KoTopuie Obl  YTONUIAJHCD IPH NPOJOJLHOM DACTAKeHHH. YRKaXeM TaK®e, ¥To

HepaBeHCTBY G > () oTBeuaer A >> 0; JpYTHMH CJIOBAMH, BCErfa MOOMHTENEHE 062

eHa He TOJbXO B BHpaxehuy {2, 3), Ho u B {4,1), Xorta sTO M He Tpebyerca Tep-

MonHHaMHKoOf. Djuskie X 1/2 suauewns O (sanpumep, y pesHscf) COUTBETCTBYIOT
MoAYyJII0 CABHra, MaJOMYy IO CPaBHERHIO C MORYJ/eM CXKaTHA,
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IMockoneky dopmyname €,11) r (5,12 DPHXORWICA [OCTOZNHA
10J1b30BaThCs, BLINHIIEM HX 3[€Ch JJs yAo6CTBa B paciiCaHHOM IO
KOMBOHEHTAM Bije:

£
Oxx = T oy T=2e) L} — Othex +0 (g szl
E
Tyy = (1 4-6) (L —<0) (1 — O')tl'yy + 0 (U -+ 222)] 5 13)
E \ )
G = (I Fa) O — Zo) (Y — o}uy 0 (U -+ uy)l
- £ _ _E
Ow = 7 + ¢ Ugyy Oxz = TT¥a Ug:y Oy = TTe Uy
n cfparHbie GOpPMYRBL:
1
Upr = E (Oxx — @ (gyy -+ Uzzﬁr
i
tyy = 10y — 0 (0 + 02)l (5,14)
1
X Uy =5 0,—0C (Ox2 -+ 0g)]s
1 . 1 t . )

PaccemoTpuM Tenepnh cxxarHe CTepxHs, OOKOBbie CTOPOHBI KOTOPOTO
3aKpelJIeHbl TaK, YTO €ro INONepeuHbIe pasMephl He MOTYT MeHAThCH.
BuewHue cunel, NpoH3BojflIMe CIKATHE CTEPKHS, NDUJIOMEHBl K era
OCHOBaHHMAM H JEHCTBYIOT BJOJIb. €ra AJHHBl, KOTOPYIO MBI OINATh BhI-
6epeM B KagecTBe ocH 2. Takyw AedopMallHi0 HA3RIBAIT 00HOCHOpPOH-
Hum cocamuenm. FIOCKONBRY crepXeHb JeOpMEPYeETCA TAIbKQ BACHB
OCH 2, TO U3 BCEX KOMIOHEHT 4;, OT HYJA OTJIHMYHA TONbKO u,. H3
(5,13) mmeem Tenepsb

T = @ == Ea U G = E (} —o)

x v (140} ¢k —20) ™ 72 (1 +a) (A —2a)

C6o3Hauas ongTb CXHMAOMYIO CHAY [OCPeACTBOM p (0, = p;
p OTPHUATEJbHO NPH CXKaTHH), HMeeM

1 1 —2
ai=tl, (5,15)

uzzu

U, =

Kos{epruuent npn p HasmiBaerca KOSPPUHMEHTOM OFHOCTOPOHHErO

exatus. i nHanpsokeHni, BOIHHKAIONIAX B IIOHEPEYHOM HaOpaB-
JICHHH, HUMeeM

=a, = p— 5,16,

Uxx-—ayy—pT:'_o—" . (l )

Haxonen, aaa cBaGOAHOR SHepTHH CTeRISHSA HMeeM

_ g ko)l —20) .
F=p? RE¢t—ay " (5,17)
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§ 6, Jedopmauun c M3MEHEHHEM TeMmEpaTyphl

PaccMorpuM Teneph nedopMauHH, CONPOBOXKZAIOUIHECS H3MeHes
HHeM TeMIepaTyphl Tea1d; H3MeHeHHe TeMIEepPaTypbl MOMKET MPOHCXO-
IHTL KaK B pe3y/bTare caMoro npouecca AehopMHpOBaHHs, TaK H
[0 [OCTOPOHHHM [DPHYHHAM.

byneM cunrath HezneOpMHDOBAHHBIM COCTOSTHHE TeJa NPH OTCYT-
CTBUM BHENTHHX CHJ ITpH HeKOTOpOA 3anaHHON TeMmepatype T,.
Ecnn teno Haxoxutcs npu temneparype 7T, otiuuHo#l o1 T,, TO gaxe
TIpH OTCYTCTBHH BHENIHHX CHJI OHO 6yJeT, BooOile rosops, AedbopMu-
pOBaHO B CBA3M C Ha/JuyHeM TeNaoBoro pacmupenus. Ilosatomy
B pasJjioxeHHe cBoGonHOH 3Hepruu F (T) GYAYT BXOIUThL HE TOJLKO
KBaJpaTHuHble, HO W JIHHeHHBle 1O TeH30py AedopMauuu ujeHsl. K3
KOMIIOHEHT TeH30pa BTOPOIO paHra 4;; MOXHO COCTABHTH BCEIO TOJALKO
OIHY JIHHEHHYIO CKa/sIPHYIO BeJUYHHY — CYMMY ;; €ro AHaroHasb-
HBIX KoMNoHeHT. [lajee mbl OyleM mpeinoJararb, YTO CONPOBOXKIA-
jomee nepopmauuo uaMeHeHue T — T, Temmeparypbl Majno. Torza
MOKHO CYUTaTh, YTO KO3((dHLHEHT NpH 4;; B pasnoxenuun F (koto-
pbif moskeH obpamatbesi B Hy b npH T = T,) mpocro mpomnopuuo-
HaneH pasnoctH T — Ty, Takum o6pasoMm, HosyyuMm Jjisi CBOGOXHOM
9HepruH ciaefywouyio ¢opMmyay (3ameHnsioniyio (4,3)):

F(T) = Fy(T) = Ka(T —To)up + 1 (uik - “(I;— 6ikull)2+ 'g— Uiy

(6,1)

rie koathduuuent npu T—7T, HanucaH B Bule — Ka. Benuuunw p, K,
o Hallo CYMTaTh 3]leCh MOCTOSIHHBIMH; Y4eT HX 3aBUCHMOCTH OT TeM-
neparypsl mpuBesl Obl K BeJUYMHAM BBICIIETO NOpSJAKA MaJsOCTH.

Huddepenuupys F 1o wyy,, NoayudM TeH30p HanpsixkeHuH. FMeeMm

oy, = —Ka(T — Tg) by + Kupbyp, -+ 20 (uin — Ysbinttr).  (6,2)

TlepBoiii YieH 3fech NPEACTaBJSET COGOH NONONHHTENbHBIE Hamps-
JKEHHs1, CBsi3aHHble C H3MEHeHHeM TeMnepaTyphl Tesa. [Ipu cBoGoaHOM
TEMJIOBOM paclIdpeHHH Tesa (MpH OTCYTCTBUH BHELIHHX CHJ) BHYT-
peHHHEe HaNpAMXEHHs [JOJIKHBI OTCYTCTBOBaTb. IIpHpaBHHBas O
HYJIO, HafizeM, 9TO u;; uMeeT Buj const-0;;, npuyeMm -

uy = o (T — T). (6,3)

Ho u; npexacraBnser co6ofi OTHOCHTe/bHOE H3MeHeHHe o6beMa IpH
Jepopmaunu. Takum o6pasoM, o ABJSETCA He 4eM HHBIM, KaK K03g-
uyuenmom menaoso20 pacwtuuperus Tena.

Cpezn pas/qHuYHBIX (B TepMOJHHaMHYECKOM CMBIC/IE) THIOB Jedop-
Malui CYLeCTBeHHB H30TepMUYecKHe H afuabaTnuecKne feopMauuu,
Ilpu usorepMuyecKux Aedopmalusix Temmeparypa Tesla He MEHSeTcd.
CoorBercTBeHHO 3TOMY B (6,1) Hano nosoxkutb 7 = T, H MBI BO3Bpa-
maeMmcs K o6bMHHIM (opMynaM; KosddHuHeHTEl K H |3 MONKHO IoO-
®TOMY HAa3BaTb W30MEPMUYECKUMU MOOYAAMU,
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AnabaTudecknmu aBasiiorcs RedopMauuu, NPH KOTOPEIX He mpo-
HCXoAuT OOMeHa TemJoM MeXxAY pas3JHYHRIMH Y4YacTKaMH TeJa, 4
TaKxke, KOHEUHO, U MEX]y TeJIOM H OKpyKawuell cpefoil. DQHTponusa S
oCTaeTcsl NpH 3TOM mocrosiHHOH. Kak u3BecTHo, SHTpONHS paBHa mpo-
u3BoaHo# —O0F/0T ot cBo6oAHO# 3HepTHH o TeMnepartype. Juddepen-
uupys Bolpaxenue (6,1), HaxoZUM ¢ TOYHOCTBIO IO 4J€HOB MEPBOTO
nopsiika N0 u;p

S (T)= So (T) -+ KCCM”. (6,4)

IlpHpaBHSiIB 3TO BEIpa)KeHHe MOCTOSIHHOH, MOMKHO OINpeiesqHTh H3Me-
HeHHe TeMNepaTypsl Npu AedopMaltHi, KOTOpoe OKasbiBaercs Hpolop-
LHOHAJNLHEIM U

Lo (T —Tp) = —Kauy,. (6,5)

IToacraBuB 370 BRIpaxeHue B (6,2), HoJAyYUM 1151 O, BBIpAKeHHe OObI-
YHOrO THNA

Oin = Kantt 18y 4 21 (tsn — Yabiptiy)) (6,6)

C TeM )Ke MOAYJeM CIABHIa, HO C IPYTHM MonyJeM cxkatus K, Cpsasb
agnafatudeckoro Monpyiasi Kp; ¢ OOBIYHBIM, H30TEPMHYECKHM MOJY-
JeM K MoxHO, oAHaKo, HaUTH H HeNocpeiCcTBeHHO Mo ofwel Tepmo-
ZUHaMH4YeCKo# QopmyJie

vy [V ) T av>

(5 )s = () T (77),
(Cp — TenJIoeMKOCTb NpH NOCTOAHHOM JaBJIeHHH, OTHeCeHHas K eiH-
Hulie obweMma Tena). Ecan noHuMatk noj V obGbeM, 3aHHMaeMhull Ee-
L[eCTBOM, HAXOZMBIIMMCA 10 Jedopmaluu B eluHuue oOwveMa Teja,
To upousBopHeie OV/OT n 0V/0p onpelenstoT OTHOCHTENbHbLIE H3Me-

HeHUs1 00beMa COOTBETCTBEHHO NPH HarpeBaHuH u npu cxarup. py-
[HMH CJIOBaMH,

(._,__‘W) —a (.?.‘.’.) N (.‘l) = —- L
or /p ' op /s Kag ’ op It K*

Takum o6pasoM, NoayuaeM Aas CBA3H MeXAY aauabaTHUeCKHMU H H30-
TePMHUYECKHMH MOZYAaAMH 1)

1 1 Tat
Kan =K = ’Ep—’ Pag = W, (6)7)

Has  aduabamuueckux MOAXYJsl pacTsikewnss ¥ KosddulueHta
ITyaccoHa Jierko nosayyaeM cJeIYIOIUHE COOTHOUICHHS

_ E __ o+ ETa%C,
Eax = T—Frezpc,» 9 = T—rTwifc P (6.8)

1) L5 Toro uTo6hl noayusTh 5TH dopMyau us (6,5), (6,6), Hano 66110 661 HCNOAB~
80BAThb ellle H H3BECTHYI TePMOAMHaMHueckylo Qopmyny €, — C, = Ta’K, :
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B peanbuuix cayvasx senmsuia ETa?/C), oGHYHO MaAa, H OSTOMY
C JOCTaTOUROH TOYHOCTHEO MOXHO HAMHCATH!

’ 9 T To®
Euy = E+ E® 57— ggp . 6.9

INpu u3oTepMuuecKol AeopMAallMH TEH30D HANpsiKEHHH BIpaXa-
eTCA B BHJE UPOH3BOAHBLIX OT CBOGO,ILHOﬁ SHEPTHHI

Otk a )
Uin
ITpu noctosinHOf ke SHTpONMAM Haje Hanucarb (eM. (3,6))
- (-2Z_
. I = Tony, )s’

rie & — BHyTpenHss 3HeprHs. COOTBETCTBEHHO 3TOMY IpH aaxaba-
THYeCKHX JedopManusax BhIpaxeHue, aHajoruuxoe (4,3), ompegmesser
He CBOOOJAHYIO 3HEPTHIO, & IPOCTO BHYTPEHHIOW SHEPTHIO eJHHHUEI
cbbeMa Tenai

1 2
& = K;ﬂ u%l—}-ll (u,k—-—s—uuﬁ,-h) . (6,10)

§ 7. YpasHeHHS DABHOBECHS W3OTPONHMLIX TeJ

BriBejieM Tenepb ypaBHEHHST pPaBHOBECHS H3OTPONHBIX TBEPALIX
resa. Jaa sTOrO Hajo NOACTaBHUTE B ofliMe ypaBHeHHd  (2,7)

00
—n= g =0 ]
Beipaxenne (5,11) mns TeHSOpa Hanpmxemm. Hmeem
093 __ Eo duyy + E Sugy
oxy, . (40 (1—20) ox TF+0  0xa
1 ou;

ou
IMoxcraBasis cloja Uz = -+ k), MOJYYHM YpaBHEHH#A

paBHOBECHSI B BHAE

E E 3y _
2(1+0) oxg T o 0= wmom +pg:=0. (7.1)

2 oxp

OtH ypaBHeHHR YHOGHO fepenucaTbh B BeKTOpHBIX 0003HayeHHAX. B
3THX 0G03HAYEHHAX BeJIHUHHE! 0%u;/0x} ABJAAIOTCA KOMIOHEHTAMH BeK-
Topa Au, a Ou;/0x; = div u. Takum 06pa3oM, YpaBHEHHSA paBHOBe-
CHA TNpUOOpeTaoT BH,IL

Au+4 ——— T grad divu = ——pg-2—(l—E'{—'——°)—. (7,2)

Huorga 6niBaeT yAOOHEIM IHCaTh 3TO YpaBHEHHE B HECKOJbKO HHOM
BHJIE, BOCIHOJIb30BABUINChL H3BECTHOMN (HOpPMYJIOH BEKTOPHOIO aHaAH3ai

graddivu = Au -+ rot rotu.
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Torpa (7,2) npuoGpeTaer BHA

1—20 trotu =
2(T__'—0')—r0 rotu = —pg

{1 + o) (1 —20) (7’3)

graddivu — E0—0) .

Mul nHileM ypaBHEHHS PaBHOBECHS B OAHOPOAHOM IOJIe CHJ TH-
JKecTH, HMesl B BHAY, UTO NQCHEJHHE SBJISIOTCH HanGosee OCBIYHBIMH
B TeOPHH YNpPYTOCTH OGBEMHLIMH cHsaMH. IIpn Hasuunn KaKHX-Ja160
HHEIX OGBeMHBIX CHUJI BeKTOp Pg B NpaBOH CTOPOHE YpaeBHEHH:A JO0J-
*eH ObITh 3aMeHeH COOTBETCTIBYIOHWIeH APYrofl MIOTHOCTHIO 0ObeM-
HEIX CHJL

HauGosee cymecTBeH cay4ali, Korga aebopMallhst BHISLIBAETCA He
o0beMHRIMA CH/IAMHE, & CHAAMH, BPHAOKEHHBIMH K MOBEPXHOCTH Teda.
Torja ypaBHeHHe paBHOBeCHS IJIZCHT

(1 — 20) Au+}-graddiva = 0 (7,4)
Wi B APYTOM BHJAE
2(1 —o)graddivu — (1 — 20)rotrotu = 0. (7,9)

BHeuinne cuJnl BXOAAT B pellleHHe TOABKO Yepe3 MOCPEACTBO TPaHRY-
HBIX YCJIOBHH.

[Mpumensia K ypaeHenuwo (7,4) omnepamuio div u NOMHA, 49TO
div grad = A, naxopnm

Adivu =0, (7,6)

T. e, BeqnyuHa div u (onpelessomas u3MeHeHHe o0beMa IIPH Jedop-
Manmu) fABJsSEeTCA rapMoHHuecKoli (gyHkUHell. IlpaMeHss e K ypap-
HeHuio (7,4) omeparop Jlamnaca A, nosyuuMm Ttemepb

AA“ = 0, (7;7)

T. €. B DaBHOBECHH BeKTOp JedopMaliHH YAOBJIETBOPSET Oucapmoruye:
CKOMY YpasHesuro. STH Pe3YAbTAaTHl OCTAIOTCA B CHJIe H B OLHOPOJHOM
foJie TAXECTH (IpH onepamusXx IupdepeHLHPOBAHHA ApaBas CTOPOHA
ypaBHeHUA (7,2) ncue3aeT), HO OHH HECHPABEJHBH B OGUIEM CAyyae
nepeMeHHBIX BJOJb . Teja 0OObEMHBIX BHELIHHX CHJI.

Tor ¢akr, yTo Bektop AedopMalyii YROBRETBOPseT GUrapMoHHYe-
CKOMY YDaBHEHHuIO, He O3HavaeT, pasyMmeercs, uto ofWufl HHTErpas
ypaBHEHHH paBHOBecHs! (IpH OTCYTCTBHH OOBEMHBIX CHJ) €CTb NPOH3-
BosibHAst GHrapMOHHYecKas BeKTODHast QYHKWMA; CJAELyeT MOMHHTB,
uTo QYHKLHS u (x, ¥, 2) Jo/IKHA B NeHCTBUTE/ILHOCTH YAOBJETBOPATh
eme H InddepeRnHaipHOMY YpaBHEHMIO GoJiee HHSKOTO NOpPSAKa
(7,4). B 10 Xe Bpemst OKa3LIBAeTCH BO3MOMKHBIM BHIDASHTh -OOIIHHA HH-
TerpaJ YpaBHEHUHl PaBHOBeCHs uepe3 IPOHM3BOJAHBIE OT MPOH3BOJIb-
HOro GHrapMOHHYECKOro BekTopa (cM: 3agauy 10).

Ecau Ten10 HepaBHOMEpHO HAarpero, TO B YpaBHEHHH DaBHOBeCHs
ZonxkeHd OHTb A06aBJeEH AONOJIHUTENLHHA 4ieH. B TeH3ope Hampsxe-
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HHH JoJKeH OniTh yutTeH ujeH — Ko (T — Tp) 6;, (eM. (6,2)) n
COOTBETCTBEHHO B 00;,/0x; BO3HHKAeT 4YJEH

kg T _ ___ Ex__ T
ox; 3(1—20) o0x;

B pe3yJabTare noJiyuaeM ypaBHEHHA DAaBHOBECHA B BHAEC

3(1 —o0) 3(1—20)
140 PIETR

OcranoBuMcsi Ha 4acTHOM cJayuyae naockotl Oegopmayuu, npu Ko-
TOpPOi BO BCEM Tesle OJHA H3 KOMIIOHEHT BeKTOpa CMeElleHHS paBHa
Hymo (u, = 0), a KOMIOHEHTHl Uy, U, 3aBHCAT TOJBKO OT X, 4.
Ilpu 3ToM TOXAECTBEHHO 0OpaIlAOTCH B HYJb KOMIOHEHTHL Uy, Uy,
1y, TeH3opa AedopMalluHi, a C HHMH H KOMIIOHEHTBl Oy,, Oy, TeH30pa
HanpsiKeHHH (HO He INPOJAOJIbHOE HalpsXKeHHe 0,,, CYLUeCTBOBaHHE
KOTOPOTO JOJXKHO O0eCNeydTbh MOCTOSHCTBO AJAMHEL TeJda BJOJb
OCH 2).

[lockobKy Bce BeJHYHHBL He 3aBHCAT OT KOODJAMHATHI 2, TO
yPaBHEHHS1 DaBHOBecHsl ([IpH OTCYTCTBHH BHEIIHHX OOBLEMHBIX CHJI)
00;,/0x, = 0 cBoasiTcsi B JAaHHOM cCJaydYae K JBYM YpaBHEHHSM:

any 4 9w 60yu = 0. (7,9)

grad divu — rot rot u=avy’l. (7,8)

60xx 4 9% acrx v

’

Haun6Gosee o6uum BHIOM dpyﬂxunﬁ Oxxs Oxyy Oyys YAOBJIETBODSAIOUIHMX
STHM YDaBHEHHAM, SIBJSETCA

0y, 0y 02y,
O =T Ow T TGy w =g (010

rje y — NPOU3BOJbHAs (GYHKIHSA OT X H 4. JIerko MOJy4YyHTb ypas-
HeHue, KOTOpOMY J0JIKHA YJAOBJAETBOPAThL 3Ta PyHKuHsA. Takoe ypas-
HeHHe JIOJUKHO CYIIECTBOBATb B CHJY TOTO, UTO TPH BEJIHUHHBL Oy,
Gyy, Oy, BbIPAXKAIOTCSl B JeHCTBHTENLHOCTH BCErO yepe3 [BE BeJH-
YHHBI iy, U, ¥ NOTOMY He SIBJISIOTCS HE3aBHCHMbLIMH. C nomombw
¢dopmyn (5,13) mafimem s miockolt aedopmanuu

E .
Oxx 1+ Oyy = T 0) (=30 (Uyx + uyy)-

Ho
ou Ou .
Oxx T Oy = Ay, U+ Uyy = 'a_;— + ayy = divu,

B nockoJbKy div u ecth, corsacHo (7,6), rapMoHuyeckas (YHKUHSA,
TO MHI 3akJiodaeM, uTO (YHKIHSA % YAOBJETBOPSET ypPaBHEHHIO

AAy = 0, 7,11)

T. e. sBJsiercA GUrapMOHHYecKo#. PYHKIMIO ¥ Ha3BIBAOT PyHKyued
nanpancerut. [locsie TOro Kak miockKas 3ajaya pelleHa H QYHKIHA ;.
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H3BE€CTHA, NPOJAOJIBHOC HaNPAXKCHHE 0,, ONpere/isAeTCss HENoCpeacr-
BEeHHO NO Qopmyne
oE

Moy (T=20) Wax T ) = 0 (Oux + 0y,

Oy =

HJIH
0, = oAy (7,12)

Bamgaunm

1. Onpenennts AedopMauMio JJIHHHOTO CTepXHA (AIHMHE [), CTOSINEr0 BEpTH-
KaJbHO B MOJ€ TAXECTH.

Pemenne Hanpasmsem och 2 mo ocH CTepxHsA, a IVIOCKOCTb X, ¥ — B [0~
CKOCTH ero HHIKHETO OCHOBaHHA. YpPaBHEHHS DAaBHOBECHA

0G4 - oy -0 00,;
dx; dxy T Oy

= 0g.

Ha GoxoBo#l mOBepXHOCTH CTePKHA NOMKHB 06PAILATECA B HYJ/b BCe KOMIOHEHTH 0jp,
KpoMe 0y, a Ha BepXHeM (2 == [) OCHOBAaHHH Oy; = Oy, == 0,, = (. ¥YnoBrersops-
Iolllee 3THM YCJAOBHSAM pellleHHe ypaBHEHHH DPABHOBECHA €CTb

Oy = —pg (I — 2),
a Bce ocTambHble 0 = 0. [lo 0;;, ompesnensieM u;; B BHAE

G | —z
uxx=u‘yy=fpg(l“2): Uy = — ﬂg(—E“")“'a Uy = Uxy = Uyy == 0,

a OTCI0fa HMHTErPHPOBAHHEM — KOMIIOHEHTH BeKTopa JedopMauun

u;c:—g—pg(l—z)x,
g
4y =4 0g (1 —2) y,
ty = — oo (P — (| —2)* — 0 (2 + 47)}.

BripaxkeHHe A/ 4, YNOBJETBOPsIET TPAHHUHOMY YCIOBUIO U, = 0 TOJLKO B OLHOR
TOYKe HHXKHeH MOBEPXHOCTH cTepKHA. [lo3TOMy noJyYeHHOe pelnedve HelpHMe-
HHMO BOJIM3H HHXKHErO KOHUA CTEPXKHA. :

2. OnpenesraTh fepoOpMallHIO MOJOrO WIapa (HAPYXKHBIA M BHYTpeHHHH DajiH-
ycot Ry M R;), BHYTPH KOTOPOTO JiefiCTBYeT HaBJeHHe pj; NaBJICHHE CHapyXH ps.

Pemesn ne DBaoxnv chepuyeckne KOOPAHHATHI C HAYAJIOM B UEHTpe Liapa.
Hedopmauns u HanpapJeHa Be3jie 0O DaiHyCy H ABJAAETCH QYHKUHER TOJLKO OT 7,
ITosromy rot u = 0, u ypanHenue (7,5) npuoGperaer BH[

Vdivu=0.
Orcioga
. 1 d() _
divu = e const = 3a,
HITH
U= ar + b/fa-

KomnonenTsl Tensopa Aedopmanuu (cm. dopmyss (1,7)):

26 b
7 Meo=lep =10+ (5.

Upp == a0 —
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Papnansuce Hanpsxenne
E E 2£ b

Opp = (0 +0) (=20 [(1 — 0) uy - 201gp] = T—% a-— T+o -
TMocTostBHEE @ W b ONpeNeARIOTCE U3 TPAHHUHMX YCAGBHA: Op. = —p; npH r = Ry
H Op = —p, NpH r = R,. Orciofa Haxonny

g PRI—pR3 1—20 . RiRi(p—p) 1+0
- RI—R} E Ri—R} 2E °

Tak, pacnpefeneHue HanpfKeHHA 1O TOJI{HHE LIAPOBOTO CJOf, BHYTPH KOTO-
poro AelicTByer IaBjeHHe p; = P, @ CHapyxu pp, = 0, KaeTca QopMyJaaMH

R} R: PR} R}
o= gy (1= 7 ) o= =gy (1 5)-

s Tonko# cepuueckoii 06OJOUKH TOMHHE A = Ry~ R; < R mnmeeM npuGiu-
HeHHO

_ PRI (1—0) PR = _ p

9ER  * T Oee= gy O =-g-
(G, — CpefHee 1O TOMI{HHe OGOJIOUKH SHAUCHHE DAJHANLHOTO HANpKeH#s).
Pacnpenenenne nHanpsxkenHit B HEOrPAHHYEHHOH YNPYrod cpelle ¢ HIapooGpas-
HOH moJsiocTsio (pafinyca R), NOABepraeMofl paBHOMEPHOMY BCECTODOHHEMY CXKAaTHIO,
NOJNYYHM, NOJNOKHB Ry= R, Rz =00, py= 0, py=p:

R3 R3 !
Urr=—P(1_’r3_): 006=0¢¢=_P(1+_2‘r‘§‘)-
Ha rpasuile nojocTH TaHTCHIMA/JbHBIE HANDAKEHHA Ogg = Opgp = —3p/2, T. e,

NpEBHLIAOT JaBJeHHe Ha GeCKOHEYHOCTH.

3. Onpenenuts gedopmarnmo cnnowHo# cdeper (paguyca R) moa BAHAHHeM
COGCTBEHHOTO TPaBHTAIHOHHOTO MOJf.

Pemenmne Cuna TsroTeHns, AeficTBylomlas Ha eIHHHUY MacCH cdepuye-
CKOTO Tes1a, pasHa —gr/R. [TofcTaBuB 3TO BLIpaXKeHue BMeCTO g B ypasHennue (7,3),
LDONYYHM JJA pajHajbHOTO CMeIeHHsT CJelyioillee YpaBHeHHe:

E(l—o0) d 1 d(ru) r
(1¥o0) (I —20) T(r_‘z dr )‘_‘pg'ie"

Pewenne, xoueynoe npu r = 0 u yAOBJIETBOPAIOUlEe YCAOBHIO Opp == 0 npH 7 = R,
€cTb

u___ng(l—2o)(1+c) . 3—o r® ]
- 10E (1 — o) 1+ R®J°
y 3—0 172
OtMmeTnM, yTO BHYTPH cepHyeckoil NOBepXHOCTH pajHyca R (m)

BEINECTBO CKaTO (urr<Z 0), & BHe ee — pacTanyTo (Urr > 0,, llaBnenre B lentpe
mapa OKasbIBaeTCsi PABHBIM
3—o0
0= &R

4. pnpenenHTb AebopMallAlo NOJOH NHAHHADHYECKOHR TPpY6H (HapyxHHf H BHY-
TpeHHHH pajHych Ry H R;), BHYTPH KOTOPOIl JeHCTBYeT JaBJIeHHE p; JABJEHHE CHae
PYXH OTCYTCTBYeT 1),

) B, sajauax 4, 5, 7 mpeamojiaraercs, UTO IHIHMHADH YAEPXKHBAIOTCH OpPH MO-
CTOHHOH JJIHHE, TaK YTO MPOJOMLHAs JedopManHs OTCYTCTBYeT,
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Pemen ne, Bpogum nHAUHApHUECKHE KOOPAHHATH C OCHIO Z MO OCH TPYOHI.
Ipn oxnopoxHOoM BROML TPyGbl JaBjeHHH Aedbopmauusi MpeicTaBasier COGofi 4YHCTO
pajHa/ibHOe CMEUeHHe U, == u (r)., AHaNOTHYHO 3ajaue 2 uUMeeM Temneph

divu = N . const = 2a.
r dr
Orciona
U= ar —|— b/r
OrnuyHple OT HYJAS KOMMOHEHTH TeHzopa jedopmauns (cm. dpopmynm (1,8)):
d: b L b
be= g =0T TE s M=o T At
Hs ycnosnft 0, = 0 nmpu 7= Ry # Oy = —p 0pH 7 == Ry HAXOLHM
= PRE (140 (d—20) pow PRIRG 140
T R}—R: E ? R{—R} E °

Pacnpenenenne wanpsixennfi no TojlusHe TPYOHl gaeTcs GopMmysamu

o= gy (1) oee = 2 (14 45),

b. Onpepenuts jedopMallmio UHAKHAPA, PAaBHOMEDHO BpAUIAOMICTOCH BOKPYT
cBOelt ocH.

Pemeunwue Hanucas B (7,3, nesTpobexuyo culy pQ%r mMecrQ CHAH 1-
skecTH (€2 — yrroBas CKOPOCTb), NOJyYaeM B UHJAHHAPHYECKUX KOOQpPAHHATaxX Aas
CMelteHHsl i, =  (r) ypaBHeHHe

E(1—o0) d (_1_ d (ru) ) — o0,
(14-0) (1 —20) dr r dr

Pewenne, KoHeynoe npu r = 0 K yA0BJIeTBOpAIOLIEE YCIOBHIO Cpp == 0 pU 7 = R,

€CTh
022 (14 0) (1 — 20)
8E (1 —0)

U=

r[(3—20) R2—r?].

6, Onpepenute AebopmaUHI0 HEPABHOMEPHO HarpeToro Imapa co cdepyuecKy
CHMMETD H4BLIM pacIpele/eHHeM TeMIepaTyph.

Pemeune. B chepudeckix KOOpLHHaTax ypasHeHHe (7,8) Aas umcro pa-
JHaJLHOH KedOopMANHH [VIACHT:

d 1d(r2u))_cc l4+06 dT
dr (’Fs— dr } " 8(1—o0) dr°

Peluenue, koHeunoe mpH r == 0 H yIOBJETBOPAIINEE YCAOBHIO Tpp == 0 Opu r = R,
€CTb

r R
140 1 2{1l—2
u=a'—3-(—l—:_-F)—{-—rz——J.T(f)fzdr""_(T“_i—_‘&—)"R{;J‘T(f)fzdf .
Q 0

Temnepatypa T (r) OTCUHTHIBAETCS OT 3HAYEHHs, MPU KOTOPOM PABHOMEPHO Harpe-
THfl map cuxTaeTcs HelehOPMHPOBaHHHM. B KasecTse 3TOR TemmepaTypH 3%ech
Bu6paHa TeMmnepaTypa BHemHeH NOBePXHOCTH Wiapa, Tak uyre T (R) = 0.

7. To xe 111 HepaBHOMEPHO HArPeTOro HHAHHADA € OCCCHMMETPHYHEIM pacnpe
HC/ICHHEM TeMIepaType, '
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Pewen He. AHEJIOIMYHBIM ayTeM B UHJABHADHYECKHX KOOpAKMHATaX noay-
yaeM

r R
140 1 r
wma g | [TOrar+ 0 —2) 7 [T rar .
0 0

8. Onpenennte AedOpMalUHI0 HEOTPAHHYEHHOH yNpyrodl cpeisl € 3afaHibiv
pacnpeleneHueM Temnepatypnl T (X, ¥, 2) TakuM, 4TO Ha GeCKOHEYHOCTH TeMmnepa-
Typa CTPEMHTCS K TOCTOSTHHOMY 3HaueHmio Ty u jedopMalis OTCYTCTBYET.

Pemenue VYpasrenne (7,8) umeer, OUEBHIHO, pelleHHe, B KOTOPOM

1+o

rotu=0, diVU:as_(l:aT

T (x, y, 2) —T)-

BexTop U, JA¥BEpreHNHs KOTODOrO paBHA 3ajaHHON (GYHKIHH, ONpeleseHHOHN BO
BCEM NpPOCTDAHCTBE M O6pallaiolyeiics B HYJb Ha GECKOHEUHOCTH, a POTOpP KOTOPCro
TOMKNECTBEIHO HCUE32eT, MOXKET OblTh HanucaH, KaK H3BeCTHO W3 BEKTOPHOTO aHa-
JIM3a, B BHIE

’

1

div’ u (x',
u(x; ¥, Z)=~—HVJ‘ ¥

r

» 7)) av,
rre 2= (x— %'+ (y — y')? + (2 — )% [loatomy mnoayuaem ofmee peurenue

MOCT&BJEHROU 3ajlayd B BHJE :

a(l+o0) T"—T ,
120 (1 — o) V_[ 7 - dv’, (1

o= —

rpe T =T, ¥y, 2). -

Ecnn B oueHs mMasoM yuacTKe o6beMa HeOrPaHH4EHHOH cpellnl (B Hayase KOOp-
JMHAT) BHJEJSETCS KOHEYHOe KOJIHYECTBO Temsa ¢, TO pacnpefieJiEHHe TeMNepaTyphl
MOXHO Hanucats B BHAE (C — TeNIOeMKOCTb Cpefbt)

T—Ty=2-6(x60 80

rae 6 o6osnavaer O-bynkuuio. Huterpan 8 (1) pasen torga ¢/Cr, u gedopmauns na-
ercs GopMyaoH

__a(l+a9q r
TTign(i—o)C

9. BriBecTH ypaBHEHHSI paBHOBeCHS H30TPOIHOTO Teja (NPH OTCYTCTBHH OGBEM-
HHIX CHJ), BHpaxeHHHE uepe3 KOMMOHEHTH TeH30Pa HanpsXeHHH.
Pewenye Hcromas cuct2Ma ypaBHeHHH CONEPXHT HapAAy C TPeMA ypas-
HEeHHSIMH
aﬂih
—_—=0 1
e 1

elle ypaBHEHHUs, SBJSIONIHECS CJeJCTBHEM TOro (akTa, uTO WECTb PASJH4HHIX KOM-
TMOHEHT U;p, He ABJSIOTCH He3aBHCHMEIMH BeJIMuMHaMH, [lns BLIBOJA 3THX ypaBHeHHH
MumeM CcHauajJa cHeTeMy AubdepentHaipHbIX COOTHOLIEHHH, KOTOPHIM YJIOBJETBO-
PAIOT KOMINOHEHTH TEH30pa U;p. JIErKO BHJETh, YTO BEJHYHHH

1 6ui duy,
un =5 (G + o)

TOXJECTBEHHO YJIOBJETBOPAIT COOTHOLICHHAM
Pusp Puym,  Puy Pupm
0x] OXp, Ox; Oxp  Oxp 0%y, ox; 0%} °
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3jech HMeeTcsl BCErO IECTb CYLIECTBEHHO PasNHYHEIX COOTHOWeEHHHA (COOTBETCTBY-
Iouux 3uaueHusm i, k, I, m: 1122, 1133, 2233, 1123, 2213, 3312); MH cOXpaHHM HX
BCe, YNPOCTHB HaNHCaHHOE TEH3OpHOE PaBEHCTBO MO HHAEKcaM !, m:

2 62 N 62
Ausgn + Pupy  _ Ouy Uni @

6x,- Oxy - 6xh 6xl ax,- 6xz :
Nopcrasnas clona u;p, BHpameHHOe yepes O;p coraacHo (5,12), u yuurspas (1),
TO/IY4YHM HCKOMLlE ypaBHEHHs

%oy .
(1 +0) Aaik-i-——;ia—xh--—- 0. 3

DTR ypaBHEeHHS OCTAIOTCHA B CHJIE H NPH HAJMHYHH NOCTOSHHBIZ BLOJb TeJla BHEHMIHHX
O0BEMHHIX CIJI.
Ynpoctus ypanHenue (3) no uuzekcam i, 2, Hafigem, uTO

AO'” =0,
T. e, 0j; — rapmonnyeckasd ¢yukuus. [IpumeHHB Ke Temeps K STOMY ypaBHEHHIO
omepanuio A, Haijem, uTO
) AAG, = 0,

T. €. KOMIOHEHTHl O — GUrapMoHuueCKHe QyHKIHH; 3TH Pe3yJbTaThl CJAELYIOT, BIPO-
ueM, yXKe HemocpeACTBeHHO H3 (7,6) H (7,7) BBHAY NHHeHHON CBA3H MeXAY O H Ujp.
10. BoipasuTe of6uiufi HHTerpan ypaBHeHHH paBHOBeCHs (NPH OTCYTCTBHH OGbe
€MHBIX CHJI) Yepe3 NPOH3BOJMLHEIH OurapMoHuuecku#i Bektop (5. I'. Taaéprun,
1930).
Pewenue EcrecTsenno uckath pemeHHe ypansenus (7,4) B BHje

u = Af + A graddivi.
Orciopa div u = (1 4 A) div Af. Tloacrasass 310 B (7,4), nonyunm
(1 —20) AAT 4 [2(1 —a) A + 1]} grad div Al = 0.
Otciona BHAHO, 4YTO eciH f ~ NpoH3BOJbHEIA GHrapMOUMYECKHH BeKTOp

AAf = 0,
T0
1 .
o= Af — ———————grad divi.
T1—0) °
11. BuipasuTe HanpsimKeHHS Oy, Ogp, Orp NPH MAOCKOH JAedopMalluH (B IOAspe
HEIX KOOpAHHATaX r, ¢) B Buje NPOU3BOAHHX OT GYHKUMH HanpsKeHuit,
Pewmwenne [lockonbky HCKOMbIE BbIpaKeHHS He MOTYT 3aBHCETh OT BEIGOpA
HayaJ/la OTCueTa [OJSIPHOTO yI/a ¢, TO OHH He COAEpXKaT ero ABHLIM o6pazoM. [lo-
9TOMY MOXKHO NPHMEHHTb CAeAYIOIHA NpHeM: NpeoGpazyeM [eKapTOBLHI MPOH3BOL«
Hele (7,10) B Mpou3BojHLle MO NEpEMEHHEIM 7, ¢, IOCTe Yer0 3amMeyaeM, uTO

Orr == Oxyx, Opp = Oyy, Opp==0xy Npu ¢ =10
(yrosm ¢ oTcuuTEIBaeTcsl OT OCH Xx), TakuMm 06pa3oM, mOSyYHM
0 1 oy

1 &y 1 0% _ 0% _
U“""T' or T_a'(pT’ UW—‘—&E" Ur@““”y ",“a(p)-

12, OnpepenuTs pacnpejeneHne HanpsXKeHHR B HeOrpaHHueHHOH ynpyrok
cpejie ¢ IMApoBOil MOJOCTHIO, NOABepraeMofl (Ha OeCKOHEUHOCTH) OZHODOAHOH Aedop-
ManHH,

Pemeunne, O6mas ojgHopojHasdA HedopManusd MOMKeT OHITb NpeACTaBJIeHA
B BHJIE HaJOXeHHS OJHOPOJHOrO BCECTODOHHErO DaCTMKeHHs (HJH CXKAaTHf) H ONHO«
poanoro cisura. Ilepsoe GblIO paccMOTpeHO B 3ajave 2, TAK WTO JOCTATOYHO PACCMO+
TpeTb OJHOPOXHHIH CABHT, .
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Tycm 64 — opsopogioe nose HanpsXeHnH, KOTOPOE AMENO Gbl MECTO BO BCeM

NPOCTPAHCTRE DPH OTCYTCTBHH NOJOCTH; NPH YHCIOM CJABHIe 0}?’ == 0, Cootsercray-
IO A BEKTOP CMelleHHA 0603HauaeM kak ul®) W fiiem HCKOMOe pemieHHe B BHIE U ==
= u{® L uid), rae o6ycaoBieHHas HaJudHeM noJocTH dyHKOHA ull) pcuesaer Ha
GEeCKOHEUHOCTH,

Besikoe peluenye GHrapMOHHYECKOTO YPaBHEHHs MOXeT GbiTb HalHCaHO B BUA®
JHHeHHOH KOMOHHAL(HM LEHTPaJbHO-CHMMETPHUYECKHX pelleHHH# 4 HX NpPOU3BOJLHHIX
pasHyHBHIX MNOPSAAKOB 1O KOOpAHHaTaM, He3aBHCHMLIMH LEeHTPaNbHO-CHMMETpHYe-
CKHMH pemenuamu spasiores r2, r, 1/r, 1. TlostoMy nauGosee o6uuii BUI, KOTOPHIL
MOeT HMeTh GHrapMOHHYeCKHH BekTop ud), 3apucaulni, Kak OT NapaMeTpPoB, TOJNBKO
OT KOMIOHEHT NOCTORHHOLG TeHsOpa G}’ M ofpawaowuiicas B Hyab Ha GecKOHeuHO-

CTH, eCTb

J .1 a3 1 a’
D e Ag0 9 o 1 o 2 .
“ Aoy Oxy 1 + Bok[ 0x; Oxp Ox; 1 + Coki O0x; Oxp 0%y r O

INoncTaBHB 3TO BhIpaxeHHe B ypabHenHe (7,4), nonyuum

?u; 0 Oug
(1—20) 0x} + 0% ox;
=[2(1—20)C+A+20)00—2 L _4o
kL "QOx; Oxy O0xy 1 '
oTKYyJa

A= —4C (1 - 0').
Fiue Ba COOTHOMIEHHA MEXAY NMocTosuHbMH A, B, C NOAyyaloTcA H3 YCAOBHA Ha
TpaHHIe MOJNOCTH:
0 1
(oS +0l))n, =0 npu r=R

(R — pajyyc moJIOCTH, HayaJO KOODJHHAT BLIGPAHO B ec LEHTPE, N — eIHHHUHBIH
BeKTCD B Hanpab/eHHH r). JloBOJIbHO AJIHHHOE BHIYNC/JeHHe ¢ mnomouwbio (1) npu-
BOJHT K CJeAYyIOUIHM 3HAYEHHAM:
CR?
5 1

c_ SR (1+0)

b= =2E(—50) *

OkoHuaTeNbHOe BhIpaXKeHHe IJsl pacnpefleleHHs HanpsxeHuid IJacuT;
O =i [’+£7(1_—ts?§9‘)‘ V= (%)5] +
+ —7-:_15?0‘ ('?‘)3 [" - (%)2] (0 + o5 ymy) +
ey () [0+ (2 ot

oy (2 =0 (2] s

Jaa TOTO 9TOOH NOAYYHMTb PACTIpelejeHue HanpsxeHHid APH TPOHIBOJNLHBHIR

i
(0 [ ) . (0)
(e 9uCTO CABUTOBLIX) 072, HA0 3aMEHHTL B STOM BbIDAXKEHHH o}g’ Ha 0} 3 Gikou

B NpwGaBATL BHpANKEHMRR

1 ({¢}] 6 ¥ RS 8
5% [ w5 ( ik_3"i"h)] ’
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COQTBETCTBYIOIIEe PABHOMEPHOMY OZHOPOJHOMY DaCTSKEHHIO Ha GeCKOHeYHOCTH (Cp.
8apagy 2). Beinumem sgech peaysabraT, MOJYuaOmpEdcs B OOMEM C/lydae AndA Ha-
NpsiXKeHH# Ha CpaHHIe NOJOCTH:

15 :
_,—_—— _— 10y _ gl®) — 0 (0
= 5o {(1 0) (01> —o;nmy, e Pnm) +opnn nny

) 50 — |
—oo,nn 8, + 5 010 (8;p — mynp) } .

B6ausn oTBepcTHA HanpsKeHHS SHAUMTENbHO MPEBLIIAIOT HANDAXEHHA Ha
GeCKOHEYHOCTH, IpHYeM 3TO yBeJHYeHHe HAaNPSMeHHH HMeeT Pe3KO BhIpaKeHHLI
MeCTHEIt XapakTep, ObICTPO yObBasg C paccTofiHHeM (TaK Ha3hiBaeMas KOHIEHTpa-
LHA HanpsikeHu#l y otBepcTus). Tak, eciH cpela NoABepraercs NpocToMy OJHOPOA-

HOMY paCTSKEHHIO (OTJ!Hl{HO OT HyAS TOJBKO 0;2)), TO HaHGOJBIIHE HaNpIMKeHHT
6yAyT HMeTb MeCTO Ha 3KBaTOpe [ONOCTH, MPHUEM 34ECh
27—150 .,
=575t 9z
2 (7 — 5a)

§ 8. PasHoBecHe ynpyroii cpefibl, OrpaHH4YeHHOH NIOCKOCTbIO

PaccmoTpuM ynpyryio cpeny, 3anofHsmomyio OGeCKOHEYHoe [oJay-
OPOCTPAHCTBO, T. €. OTPAHUYEHHYI0 € ORHOH CTOPOHH GeCKOHEYHOH
mnocKoctbio. OnpenenuM Je¢opMaLHI0 cpelpl 0] BJIHSHHEM CHJ,
MPHJOXKEHHBIX K ee CBOGOAHON NoBepXHOCTH !). Pacmpenenenue 3THX
CHJl JOJIKHO YJIOBJETBOPATHL TOJLKO OZHOMY YCJOBHIO:! OHH HOJIKHBI
Hcye3aTh Ha GECKOHEUHOCTH TaK, uTobbl Ha GecKOHEYHOCTH Redop-
Manug oTcyTcTBoBana. Ilas Takoro ciayyasi ypaBHEHHS DaBHOBECHSA
MOTYT GHITh NMPOMHTErpHpoBaHbl B obuieM Bune (J. Boussinesq, 1885).

Bo Bcem oGbeme, 3aHHUMaeMOM cCpelolf, HUMeeT MeCcTO YpaBHEHHe
paBHoBecus (7,4)

grad divu + (1 — 20) Au = 0. , )]
Bynem uckaTh pelreHme 3TOro ypaBHEHHS B BHJIE
u=11vye, 8,2)
rae ¢ — HEKOTOPHH CKajap, a BeKTop [ yloBaeTBOpsieT ypaBHEHHIO
Jlannaca
Af = 0. (893)

Ioxacranoska (8,2) B (8,1) mpuBoIuT Torga K cJjenyioueMy ypasile-
HHIO ANs @:
2(1.— 0) Ag = —div f. 8,4)

BriffepeM cBoGOIHYIO NOBEPXHOCTb YNPYroH cpeml B KadecTBe
IJIOCKOCTH X, Y; OOJIACTH CpeJibl COOTBETCTBYIOT MOJIONKHTEJNLHLIE 2.

1) HauGonee mpAMO#i H CTARAAPTHHIE METG[ pellleHH? ROCTABIEHHOH 3aflauH
BAKJIIOUACTCA B NPHMEHEHHM K ypasHesHw (8,1) Metoa QPypee. [lpn sToM, oxHakaq,
" MPHXORMTCH BRIYHCIATH AOBOJIBHO CJIOXHHEE RHTerpassl. Manaraempfft umxe MeroRr,
OCHOBaRHHf Ha APHMEHCHHH PAJla HCKYCCTBEHNbIX HPUEMOB, cBadal ¢ Oolee NPOCTRME
BbIUHCIEHHAMH,
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Hanunmem ¢ynkuuu f, u [, B Buie npou3BOAHEIX 11O 2 OT HEKOTOPHIX
OYHKUHA g, H g

og Ogy

fr= "3;" fo= 9z ° (8,5)
Ilockonbky [, M f, — rapMonuveckue (yHKIUMH, TO MOXKHO BCerja
BeIG6paTh QYHKLHH gy, g, TAK, YTOOLI H OHM Y/OBJSTBOPSAJM ypaBhHe-
Huto Jlannaca:

Ag, =0, Ag,=0. (8,6)
YpaBHenue (8,4) npuUHHMaeT Temepb BHI
2(1 — o)A —-———‘?—(ag" ag"' +f)
¢ = 0z d z

Hmes1 B BHAY, uTO g, & f;—rapMOHqucxne (GYHKIHH; Jerko
y0enuTbcs B TOM, UTO YAOBJIETBOPSAOLLAN ITOMY ypaBHeHHI0 QYHKLIUA @
MoxeT OblTb HalucaHa Kak

0gx 0,
o= — o (h+ 2+ L)+ (87)
Ifie p — OUATb TrapMOHHYecKass QYHKIHA!
Ay = 0. (8,8)

TakuM o6pasoM, 3afiaia o6 onpelie/leHHH JepopMallii U CBeJEHA.
K HaXOX[eHHI0 QYHKUHH gy, Zys [, |, KOTOpblE BCE YIOBJETBODPAIOT
ypaBHeHuio JlanJjaca.

BrinymeMm Tenepb FpaHHYHBIE YCJIOBHS, KOTOPLIE JOJIXKHEI BBHITIOJ-
HATBCS Ha cBOOOJHOH MOBEPXHOCTH cpelbl (Ha MJIOCKOCTH 2 = ().

TlocKoNbKY €AMHUYHEIH BEKTOD BHelIHeH HOpMaJH n HalpabJeH
B OTPHIATEJHHOM HamnpapJIeHHH OCH 2, TO, COryiacHo ofiel gopmyJe
(2,9), mo/xkHO ObITH O0;, = —P;. Bocnoab3oBaBwuch Ajs1 Gy, 06-
KM BeipaxkeHHeM (5,11) u BbIpa)kas KOMMNOHEHTHI BEKTopa U 4epes
BCIIOMOTaTeJILHEIE BEJHYHHB Qy, &y, [z P, NOMYYHM MOC/TE NPOCTOrO
BEIYHCJIEHHS rpafmqﬂble YCJOBHSI B CJeAYIOLIEM BHJAe!

a:g; o T o {21(1——2:;) f— 2(11—0) (aagx agy )+ } =
= _Lli_f’lpx, (8,9)
Ph| o+ o vy b= s (e + ) + 2| =

—__ 2(1+49)
~=F2p

y1

2Q
— 2049 p,. (8,10

- (e 32 Lm

KOMHOHeHTbI P,, P,, P, BHElIHHX CHJ, NpPHJOXEHHbIX K IOBEpPX-
HOCTH, SBJAIOTCH 3aflaHHBIMH QYHKUHAMH KOOpJHHAatT X, Yy, ofpaiia-
IOIIHMHCA B HYJIb Ha OGECKOHEYHOCTH. _
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OopMyJbl, C HOMOLIBIO KOTOPHIX BBEeJEHH BCHOMOraresbHEE BeH-
YHHBl gy, Sy [2» ¥, HE ONpENENAIOT HX BIOJHE OJHO3HAUHEIM OC-
pasoM; B HX BHOGOpe oCTaeTcsa elile HeKOTOphH NpousBo/. Ilostomy
MOXHO HAJIOKUTh Ha 3TH BeJMUYHHH elile KaKoe-AH00 NPOH3BOJbHOE
LONOJIHUTENbHOE YcioBHe. B KauecTBe TaKoBoro yAoGHO noTpeGoBaTh
ofpalileHus B HYJb BeNHUHHEI, CTOsIEelH B QUTYpHBIX CKOOKax B ypaB-
HeHusix (8,9) 1):

dge | O
(=20 — (Lot %) pag—o) =0 @1
Torpa ycioBus (8,9) ympomaiorcss H JalOT
0°gx __2(+09 O’gy ___2(1+09
2 =" F Py, azzy =— =3P, (8,12)

YpaBHeHusa (8,10—12) nocraTouHbl AJisi MOJHOIO BBIYHCJIEHHS rap-
MOHHYECKHX GYHKUHH gy, €y, [o P

JJas ynpolueHust 3amucH JajbHEHIIHX (GOpMYJ MBI pacCMOTPHM
cayuail, Korja Ha CBOGOJAHYIO NOBEPXHOCTb YNPYIOTC MOJNYINPOCTpaH-
CTBa AEHCTBYeT cocpedomovernas cuia F, T. e. cuaa, npunoxenHas
K BechbMa MaJIOMy Y4YacTKy IOBEPXHOCTH, KOTOPHIH MOXHO CYMTATh
ToueuHLIM. JleficTBHE 3TOH CHJILI MOXKeT OhITh ONMHMCAHO KaK JeHCTBHE
NOBEPXHOCTHHIX CHJ, paclpeleJeHHBIX [0 3aKOHY

P =Fd8(x)8 (),

rjae 8 o6o3uauaer 8-byHKuMIO, a Hayaldo KOOpAUHAT BEIGPAHO B TOUKE
NpUWIOKEHHs CUJBl. 3Has pelieHHe 3ajayd JJsg COCPeJoTOYeHHOH
CHJIBl, MOXXHO HENOCPeJCTBEHHO MOCTPOHTb pelieHHe /IS NPOH3BOJb-
Horo pacnpefnenenus cua P (x, y). Hmenuo, ecnu

Uy =Gy (x, y, 2) Fy (8,13)

ecTb gedopManus noj AeHCTBHEM cocpeloToyeHHOH cuawl F, npuno-
JKEHHOH B HauaJje KOOpAHHAT, TO JedopMalus NOJL JAEHCTBHEM CHJA
P (x, y) naerca uHTerpasom 2%

uz=ijih(x_x/, y__ yl’ Z)Ph (xr, yl)dxldy,- (8,14)

H3 Teopuu moTeHLHaNa H3BECTHO, UTO rapMoHHYecKas GyHKIHA f,
ofpamatoniascsa Ha GeCKOHEYHOCTH B HYJIb H ofnajaioniasi 3afaHHOR

1) Mu He JIOKaseIBaeM sfieCh BOSMOXKHOCTH HaJIOMeHHs TaKOTO YCJIOBHH, OHA
6ynieT ABCTBOBAaTb M3 TOTO, YTO B Pe3yJbTaTe MHl He MpHJEM HH X KaKHM I1POTHBO-
peunsm.

%) CornacHO MaTeMaTHiecKOH TepMHHOJIOTHH Gy, ectb TeHsop I'puna gaa ypas-
HeHHHK DaBHOBECHS TOJYGECKOHEUHOH Cpefjbt,
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HOPMaJbHOH npou3BoHoi 0f/0z Ha nnockocru 2z = 0, ompeaesserca
thopmynoit

.” of (x’,ay’, 2) L=0 dx’'dy’

r

[, 9, )= ~ 5
r=vx—xP4y—yr+2a

INocKoBKY BeMWYHHB! 0g,/0z, 0g,/0z ¥ BeJHUYHHA, CTOAMAA B Guryp-
HBIX CKoOKax B ypaBHeHHH (8, 10), VJIOBJIETBOPSIOT ypaBieHuio Jlan-
Jaca, a paeencTBa (8,10) u (8,12) Kax pas onpeiensioT 3HAUCHHA HX
HODMA/bHBIX MPOU3BOAHBIX - HA MJIOCKOCTH Z = O, HMeeM

o (e ) o - 2 [ S acy - 2

dx dy 2 “aE 1
(8,15)
O0gx Y40 Fy ogy 140 F
9z~ @E 1 ’ @ aE _r!i’ (8,16)

rae Tenepb r =y x* -+ y? + 2%.

B BuIpameHHs /7 KOMIOHEHT HMCKOMOIO BEKTOpa d BXOJAT He
caMble BEJHIHHBI g, gy, @ TOJbKO HX MPOM3BOAHBIE MO X, ¥, 2. [aa
BbigucaeHHs 0g./0x, 0g,/0y puddepennupyem papenucrsa (8,16)
COOTBETCTBEHHO 00 X H O Yi

Pge 140 Fux Pgy _ 1+a Fyy

oxoz nE ' dyéz aE st
Hnrerpiipys Tenepb mo dz B mpeiesax OT oo JO 2, NOJYYHM

0Zx - 140  Fux dgy — 140 Fyy (8,17)

ox nE r(r+2 ! Oy nE r@r¥2 °

Mrpl 1e craHeM NPOH3BOMHTE 3[€Ch MAJbHEHIIHX NMPOCTHIX, HO JHO- .
BOJIBHO TrpPOMO3JKHX BuiumcneHufi. M3 ypaewenuit (8,11), (8,19)
u (8,17) onpenensem f, w Op/0z. 3Has OY/0z, Jerko BBHIUHCIHTH
OP/dx, OY/0y, mHTErpHpysA CHadasna no 2z, a 3areM AutpdepeHUHPYA
0o x u no y. Tak Mbl DOJYTHM BCe BEJHUHHEI, HYXKHBIE JJIs BBIIHC-
JIEHHA BeKTOpa fepopMauuu corsacuo (8,2), (8,5), (8,7). B pesyasrare
HOJIYUHM CJeAYIOIHe OKoHUYaTe bHBIe (OpPMYJIBL:

140 x2z (1—20)x 2(1—o0)r+z
Ux = —9.F {[’Fs"' ) ]F,+ T I
2 2 :
+ B et o),
_1+o(rye (1—20)y 2(1—o)r4z2
w="mr{[ - R TR 61y
2, 2
+ “,’I(:;’;;”‘%xnwn)}.

PRSRESH IECWREL I SES NS W)
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B uyactHoCcTH, cMelleHHe TOYEK caMo# CBOGOJHOH MOBEPXHOCTH CpeAbl
laercs (opMyJjamH, nodydamomuMacst ortciona npu z = 0
20x

Uy = 121-50'1—{_ Uotox Fz+2(1—0)Fx+’Fz—(xe+yFy)}’

r r

4, = 1+oi{_ <1*r20>y p,+2(1-c)Fy+—2%;y—(xe+yFy)}:

2nE r

1 1
°, = 2:;-}{2(1 —0)F, (1 —QG)T(xe—]—yFy)}. (8,19)
3anada

Onpegenuts aeOpMalluI0 HEOTPAHHUEHHON YNpPYrodl cpeibl, K MaJOMy Y4acTKy
Kotopoil npusoxena cuna F (W. Thomson, 1848) 1),

Pemenue PaccmaTpupass JefopMaluio Ha PacCTOAHHAX 7, SOJBIIHX MO
CPaBHEHHIO C pasMePaMH yyacTKa IPHJIOMEHHS CHJBI, Mbl MOXKEM CYHTaTh, YTO CHJA
NPHJIOKEHa B Touke. YpaBHeHHe paBHOBecHs Iacut (cp. (7,2)):

1 s 2(1 4+ o)
Au+—1—__-2—0-gradd1vu__—-—E—-F5(r) (l)
(rae 8 (r) = 8 (x) 8 (y) 6 (2), a Hawano KOOpPZHMHAT BHOpAHO B TOYKE MPHJIOKEHHA
cunnl). Minem permenyue B Bue U == Uy -|- Uy, TAe U, YAOBJIETBOPSET YPABHEHHIO THNA
[lyaccona:

Au0=._i(_%'”i)l=6 . @
CooTBeTcTBEHHO JJI Uj MOJYYHM YypaBHEHHe
Vdiv u; 4+ (1 —20) Auy = — V div u,. 3)
O6pamaioineecs: Ha GeCKOHeYHOCTH B HyJb pelueHue ypaBHenHs (2) ectb
R E
0T "2mE 1 °

Tlpumenus K ypasHenHo (3) onepauuio rot, monyunm A rot uy == 0. Ha Geckoneu-
HOCTH JOMKHO OuTb rot uy == 0. Ho ¢yHKUHs, rapmoHudYecKas BO BCeM NpOCTpaH-
cTse ¥ ofpamammancs B HyJb Ha 0eCKOHEUHOCTH, PaBHA HYJIO TOXIECTBEHHO, Ta-
KHM 06pa3oM, rof u; = 0 H COOTBETCTBEHHO 3TOMY MOXHO I[IHCATb Uy B BHEE Uj =
= grad ¢. 13 (3) nosnyuaem

V{2 (1 —0) Ap + div ug} = 0.

Orciona CJeAyeT, 4yTO cTosimas B CKOOGKaxX BeJIMUHHA e€CTb MOCTOSHHAs, H IIOCKOJILKY
OHA JOJIXKHA HCYe3aTb Ha GeCKOHEUHOCTH, TO BO BCeM NMpOCTPAHCTBE

_ dive - l+o 1
=—a0—g =" TmEa—=o [¥ 7

Ecan Y — pemenne ypasHenus Ay = 1/r, 1o

. 140
= mE(—0) FV.

') AxanoruuHasi 3ajaya JAS TPOH3BOABLHON HeorpaHHueHHO! aHH3OTPONHOM
cpe;més) pewena H, M, Jupwuyes w J1. H, Posenyseiicon QKIT®, 1947, 1, 17,
cl L]
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Bubpas He umeowee ocoGennoctefi pemenue Y = r/2, noayuum
‘1406  (Fn)n—F
8nE (1 — o) r '
flle n — eJHHHYHLIA BEKTOp B HaNpaBJIeHHH pajHyc-BeKTOpa r. OKOHUATENbHO HMeeM
_ 140 (3 —40) F 4- n (nF)
8nkE (1 — o) r '

u1=Vq)=

u
Ipencrarus sty ¢opmyny B Buie (8,13), noayunm tensop I'puHa ypasHeHu#
paBHOBeCH KeOTPAHHYEHHOH H30TPOIHOH cpefsl 1):

1 i
Gy = -Wli(:i—i—o) (3 —140) ;p + niftg) — =

=L [%____I_L ,J
T 4ap | r 4(1—0) 0xi9xp y

§ 9. ConpuKocHOBEHHE TBEPABLIX Ten

[lycTe ABa TBepABbIX Tesa CONPHKACAIOTCS APYT € APYrOM B TOUKe,
He sBJAsoUeicss ocofoff TOUKOH mX nosepxuoctedl (ma puc. 1, a
u3obpaxen paspes uepe3 obe NOBePXHOCTH BOGJIM3H TOUKH CONpPH-
KocHoBeuusi O). B 3roil Touke 06e noBepx-
HOCTH HMeIOT OoOIyl0 KacaTeJbHYIO IJIO-
CKOCTb, KOTOPYIO MbI BbIOEpeM B KauecTBe
IJIOCKOCTH X, Y. [lomoxurennHoe 2Ke Ha-
npasJjeHde OCH 2 YCJIOBUMCS CUHTATb pas-
JHYHBIM 51 OGOHX Tet, — JJIST  KaxKAoro
W3 HUX OyJeM OTCUHTBIBATE 2-KOODJHHATY
[0 HanpapJeHuio B r1y6p Tesa, 0603Hauas
ee COOTBETCTBEHHO Kak z H 2.

Kak usBectHo, BOGIH3H OOGBIKHOBEHHOH
TOUKH KacaHHsi KOOPAHHATHOH ILIOCKOCTH
(DJIOCKOCTH X, Y) YpaBHeHHe IOBEpXHOCTH
MOxeT ObITb HAmHCaHO B BHJe

Puc. 1 Z = RapXuXps N

rie 0o ABa)<Abl NOBTOPSIIOIIMMCST HHJEKcaM o, B Iofpa3yMeBaeTcs
CyMMupOBaHue 10 3HaueHusM 1, 2 (¥; = X, X3 = y), @ %qp €CTh ABYX-
MEPHBIH CUMMETPHYECKHHA TEH30D, XapaKTepU3YIOUMH KPHBH3HY IO-
BEPXHOCTH (IJIaBHBIE 3HAUYEHHSI TEH30Pa Xqp PaBHH 1/2R; u 1/2R,,
rie R;, R, — I'iaBHble pajuyChl KPHBH3HBI TOBEPXHOCTH B TOUKe

1) ToT ¢akT, uTO KOMNOHeHTH Tensopa Gjp — ONHOPOAHEIE (QYHKIIMH IEPBOTO
mopsifka OT KOODAHHAT X, Y, Z, 3apaHee OYeBHJIEH H3 COOGpaXKeHHH OJHODORHOCTH
B CBS3H C BUAOM ypasHeHHS (1), B JleBOH CTOpOHe KOTOPOrO CTOHT JIHHEHHasd KOM-
GuHalys BTOPHIX MPOH3BOAHBLIX OT KOMIOHEHT BeKTOpa W, a B NpaBoil — OAHOPO.-
Has QyHKUHUs TpeThero nopaaka (8 (ar) = a~ 38 (r)). 10 cBO#CTBO OCTaeTcA H B O6LeM
CJyyae MPOH3BOJBLHOH AHH30TPONHOH cpepnl,
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KaCaHPIFI). AHa/NOrH4HOE COOTHOILEHHE JAJ5 MNOBEPXHOCTH BTOPOro
Tesa BOMH3H TOYKH CONPpHKOCHOBEHHA HaluleM B BUIE

7 = HopXaXp. 9,2)

[lpeanonoxuM Tenepb, 4To 00a TeNa CHABAHBAIOTCS TPHJOMKEH-
HBIMH K HHM CHJIaMM, B pe3yJbTaTe 4ero OHH CONUIKAIOTCS Ha HEKO-
TOpoe MaJioe paccTosHHue hl).

Torpa B6IM3M TOYKH NEPBOHAYAJbHOIO CONPHKOCHOBEHHSI HA IO-
BEPXHOCTH TeJl BO3HHKAaeT BMATHHA, U Tena OYAyT CONPHKACATbCA
yxe He B OIHOH TOYKe, a NO HEKOTOPOMY MAaJOMYy, HO KOHEUHOMY
YUYaCTKy HMX MOBepXHOCTH. I1ycTb #, M 4; — KOMIIOHEHTH (COOTBeT-
CTBEHHO MO OCSM 2z H 2’) BEKTOPOB CMEILEHHS TOYEK MOBEPXHOCTel
oboux Tten nmpu ciaBauBanud. Ha puc. |, 6 NyHKTHPOM H306paxeH:l
[IOBEPXHOCTH TeJl, KAKUMH OHH OblIx Obl IPH OTCYTCTBHH JAeoOpMallyH,
a CHJIOWIHOH /MuHHel -— MOBepXHOCTH CAaBJEHHBIX Tesd; OYKBBHl 2 H 2/
0603HAYaI0T JJHHH, ompenenseMmble paBenctBamu (9,1) u (9,2). Kaxk
HENOCPeJCTBEHHO BHIHO H3 PHCYHKA, BO BCeX TOYKAX 0O0JacTH CONPH-
KOCHOBEHHSI HMEET MeCTO paBeHCTBO

(tu)+(@ fuw)=h,

(#ap + Hap) XoXp + U, + Uz = h. 9,3)

B Toukax e BHe 3TOH ofnacti, riae ofe NOBePXHOCTH He CONpH-
KacawTCs, HMEET MEeCTO HepaBeHCTBO 2 + 2° -+ u, + wu; < h.

BriGepem nanpas/jeHHs oceHl x, y TakuM o6pa3oM, YTOOB TEH30p
Rap - Hap OB IpUBEJEH K TIJaaBHBIM ocsiM. OO603Hauas TrJaBHBE
8HaYeHHs 3TOro TeH30pa nocpenctBoM A W B, nepenuiueM paBeHCTBO
(9,3) B BHIE

HIIH

Ax® + By + u, + u, = h. 9,4)
Benuunuel A w B cBA3aHBI ¢ paguycaMu KpuBH3HH Ry, R, u Ry, R

06eHX NOBEPXHOCTEH CJAELYIOILHMH (OpMyJaMu, KOTOpHle MPHBENEM
6e3 BHIBOZA:

24+ B =g+t t
-7 (e ) + ()
+ 20052 (7= ;) (77— 7).

rie @ — YroJ MeXJ1y TeMH HOPMaJbHBIMH CeYeHHSMH [OBepXHOCTEH,
B KOTOPBIX DaJHyCH KPHBH3HB — R; W Rj. 3HaKH PajuyCOB KpH-

1) Msnaraemas Tax HasblBaeMmasi KOMMAKMAHAA 6adaua TeOPHH YNPYTOCTH Olia
Brepsbie pemeHa lepyem (H. Herfz, 1882), o
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BH3HBI [PEANOJAralrcs MNOJOXKHTeNLHBMH, €CH COOTBETCTBYIOLIHE
LEHTPE KPUBM3HBI pacNOOKEHB BHYTPH COOTBETCTBYIOUIETO Tena,
U OTpulaTeNbHBIMH -~— B OOpaTHOM cJyuae.

OGosnauuM mocpeAcTBOM P, (X, y) LaBreHue Mexay 0GOMMH ClaB-
JIEHHbIMY TeJaMH B TOMKaX HX CONPHKOCHOBEHHA (BHE 06JacTH CO-
NPUKOCHOBeHUd, pasymeercd, P, = 0). [lpu onpenenennn saBuCH-
MOCTH MeXJy P, M CMEUEeHHAMH U, U, MOXHO C AOCTaTOYHOH TOY-
HOCTBIO pacCMaTpuBaTh NOBEPXHOCTH TeJ KaK IJIOCKHE H BOCIMOJBL30-
BaTbCH NONYYEHHBIMH B TNpeaplnyinem naparpade dopmynamu. Co-
IJ1acHO TpeTbeil u3 GopMyn (8,19) (yuuteiBas takxe (8,14)) cMeuenue
U, NOJ BJHSHHEM HOPMANbHBIX Cul P, (x, y) ompelensercs Bbipaxe-
HHSAMH

U, = 1~02 jP’(x ) dx'dy’,
. 1—0’2 P, (x, v") 'y
e = wE’ ,” r dx'dy

(0, o' u E, E' — kosppuunentst [TyaccoHa u MOAYMH pacTsKeHUs
o6oux Ten); NOCKOJbKY BHe 0f1acTH CONPHUKOCHOBEHHS P, = 0,
TO MHTETPHPOBAHHE NPOU3BOLUTCS 31eCh TOJBKO MO 3TOH OOJAcCTH.
3aMeTuM, UYTO H3 3THX (GOPMYJ CJAEAYeT, YTO OTHOLIEHHE U/ u; IOo-
CTOSIHHO H PaBHO

(9.,5)

w, _ (1—o%E
. u; (1 . Gl‘) E *
Cootnowenunsi (9,4) u (9,6) BMecTe HeloOCpPEIACTBEHHO OINpPeLENSIOT
pacnpeienedue JedopMalld U, U; N0 OGJIaCTH CONPHKOCHOBEHHS
(camu xe popmyast (9,5) u (9,6) oTHOCATCA, KOHEUHO, H K TOUKaM BHE
31O 06JacTH).
[Toncraeus Belpaxenus (9,5) B (9 4), mosyynm

e

(9,6)

D10 HHTErpasJbHOEe ypaBHEHHE ONpeJlefsieT paclpelesieHHe JaBJe-
HHUsl P, 1o ob6JacTd CONPHUKOCHOBeHHsi. Ero pernieHne MOXKET ObITh
HaliJleHO U3 aHaJOTHH CO CeJYIOIUMU H3BeCTHBIMH U3 TEOPHUH NOTEH-
HHana coorHomenusamu. Ha MbiCab BOCIIONbL30BaThCA STOH aHaNOrued
HaBOAMT TOT (aKT, YTO, BO-NMEPBLIX, HHTErpai, CTOSIMMH B JeBOU
cTopoHe ypaBHeHusi (9,7), — THNa OCBHIYHBIX B TEOPHH IIOTEHIHAJa
HHTErpasioB, ONpEJeNsIOUX NOTEHLHa, CO312BaeMbIH HEKOTOpPHIM
pacnpelefieHHeM 3apsjoOB, H, BO-BTOPHIX, YTO NOTEHUMAJ MOJs1 BHY-
TPH PAaBHOMEPHO 3apsiKEHHOIO 3/MHICOUA eCTh KBajpaTuuHas QyHK-
LHS KOOPLHHAT. '
Ecan 1o ofbeMy TPEXOCHOro S/AJHACOHAA

a2+

22::!
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paBHOMepHO pacrpenejied 3apsA (C NOCTOSAHHOH OOBEMHOH nMOT-
HOCTBIO P), TO MOTEHUMAN IOJsSE BHYTPH SJJIHICOHAA ONPENENseTCs
BhipaxKeHueM
(P(xy Y, Z) =

oo

=T abcg 1 — 2 v _Z } ds
pee FIE T FHE . T V@ ror 1@t
0

B npenenbuom ciyuae CHABHO YIUIOWIEHHOTO (B HaNpaBJeHHH OCH 2)
3JIMNCONJiA, YTO COOTBETCTBYET ¢ — 0, ModyuHM OTICIOAa

oo

_ N CE A dag
@5 ) = wpabe [ {1 — s — ety )
0

V@+g e +eE

(npu nepexoje K npepeny ¢ — 0 Hafo, pasyMmeercs, NOJOKHTL PaBHOH
HYJIO TakXe U KOOPAMHATY Z TOUeK BHYTPH aanuncoupa). C apyroii
CTOPOHEI, NMOTeHUHaR ¢ (¥, Y, 2) MOXKeT ObITh HalHCaH B BH/JE HHTET-
panaa

, o, 2) = o dx'dy’dz’
AR _HfV(x—x’)'3+<y—y'>2+<z—~z')2’

Tjie HHTerpupoBaHye MPOU3BOAUTCS N0 06beMy sanunconja. [lepexons
3ech K mpeaeay ¢ — 0, MBIl JOJIKHBl MOJOXHTb MOJ KODHEM 2 =

= 2’ = 0; npou3BOAS HHTErpupoBaHHe NO dz' B Npefenax MeEXAY
s2 ,2 1/2
X {

¢ (l - ———Jbz , TOJIy4nM

d ld'l ’2 ,2
w(x,y)==2mi§§ g L/r1~—%%—-%%—

(r=vVEx—=xP+y—y)P):
rjae nm‘erpupOBaHHe l'IpOHSBO,ZLPITCH HO\ nJjaomanu BHyTpH 3JVIHIICA

x"’Ja? 4 y'*/b* = 1. TlpupaBuuBas 06a BbIpameHus s o (x, y),
NONYYHM CJIEVIOIIEe TOXKAECTBO:

dx’dy’ : | — % y’z .
T az ~ i

o0

__ mab o 8 dg
R f{l @43 b2+§}1/(a3+§>(b*+§>§' ©:8)

0

CpaBHUBAsl 5TO COOTHOLIEHHe ¢ ypaBHeHueM (9,7), MBI BHAHM, YTO
B HX NpaBhIX 9acTAX CTOAT KBaApatuuHble QYHKIHM OT X U y OAHHA-
KOBOr'O BHJA, 2 B JIeBBIX — HHTErpajsl ofuHakoBoro THNa. [lostomy
Mbi MOXKEM Cpa3y Sak/OUHTb, YTO OOJAcCTb CONPHKOCHOBEHHS TeA
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(r. e. obnacTb HHTErpHpOBaHUA B uHTerpade B (9,7)) orpaHuueHa
SJITUIICOM BHJA

2 2
=1 9.9)
u uyro ¢yHkuua P, (x, y) no/mxHa GBITH BHAA

P, (x, y)=const-V1 __.Z;__%:_ )

BuiGrpas const tak, uto6bl HuTETpad JJ P,dx dy mo oGnactu compH-
KOCHOBeHHs1 OblJl paBeH 3afaHHOH mosHOH cune F, ¢ KOTOpOH cAaBJH-
BaloTCs o6a Tesa, MOJYYUM

x?
P, (x, y) = mb ]/1 - bz. (9,10)

Sra ¢opMmyna onpefenser 3aKOH paclpefiesNeHds AaBJeHHS MO IJO-
mand obaacty conpukocHoBeHHs. OTMETHM, YTO AaBJCHHE B LEHTPE
obnactd B NOJTOpa pasa MpeBHILIAeT cCpefHee AaBiaeHue F/mab.

INoacrasus (9,10) B ypaBuenue (9,7) H 3aMEHHB IOJYYaroIIHHCH
B HeM MIUTEerpas ero Bblpa}KEHI/IEM cornacto (9,8), monyunm

A l—_*
FD @+ & b2+§ h— Ax® — By?
E VEToeToE v

0
rae

3 1 —o? 1—o'°f
D=T( E T TE )

370 paBeHCTBO LOJKHO BBHIIOJHATLCA TOXKIECTBEHHO NPH BCeX 3Haye-
HUAX X, Y (BHYTPH 3jaunca (9,9)); nostoMy AOMKHBEL ObIThb [OMNAPHO
PABHBE B OTAEJBLHOCTH KO3(UUHEHTH NPH X H Y H CBOOOILHBIE UJEHBI
B oGeux cropoHax. Orciofia HaXOAMM CJeLyIOllHEe COOTHOIICHUS:

dg
h=-— ’ 9,11
n 5‘V(a2+§)(bz+§)§ ®.11)

0
A=_F___°§ dy
. @+)V @+ +EE
. 9,12)
B=FfD 48
a 5(02+§)V(a'2+§)(b"+§)§

YpaBuenus (9,12) onpejensior noayocu @ 1 b 061acTH CONPUKOCHO-
BeHusi no 3ajaunHoil cune F (A u B — u3BecTHHe /151 JaHHBIX Ten
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Beanuuubl). [locae atoro coorHomenue (9,11) onpefenuT 3aBUCHMOCTh
Mex1y cuioll F u Boi3biBaeMuiM eio cOauxenuneMm Ten h. MuTerpasei,
CTOsIMe B IPaBbIX CTOPOHAaX STHX YDaBHeHHH, 3JIJIHITHYECKHE.
Takum o6pa3oM, 3a7auy O CONPUKOCHCBEHHH TeJ MOXKHO CUHTATh
IIOJIHOCTBIO pelleHHOH. PopMa NOBepXHOCTH Tead (T. €. CMelleHHd
U, U;) BHe 06JaCT CONMPUKOCHOBEHHUS ONpefeasieTCH TeMu xe PopMy-
aamu  (9,5), (9,10), npuyeM 3HaueHHN HHTErPANOB MOXKHO Ccpasy
OINpefeNHuTb, HCXOJisl H3 AHANOTHH C IOTEHIHANOM IIOJIS 3ap AKEHHOrO
3JUIHIICONA, — HA 3TOT pa3 BHe ero. Hakonen, no gopmynaMm npe-
Jblyluero naparpacda MoxKHO Gbl10 Obl ONpejlleNHTh Takxke ¥ pacrpe-
Jenenue fedopMmanun 1o obbeMy Ted (HO, KOHEYHO, JHIIbL HA PacCro-
SHAAX, MaJblX MO CPAaBHEHHIO C pasMepaMu TeJa).
[IpuMeHuM nonyueHuble GOpMYAH K CONPUKOCHOBEHHIO BYX 1lia-
poB ¢ pamuycamu R u R'. 3jgech
1 /1 1y,
A=B=5(g+7)
U3 coobpaxeHuii CUMMETPUH SICHO, 4TO 6yjer u @ = b, T. e. 06JacTh
CONPHUKOCHOBeHHSI ecThb Kpyr. M3 (9,12) moayuum mas pajguyca a
06/1aCTH CONPHKOCHOBEHHS 3HAueHHe

a— ‘/s(D R+R, )"". 9,13)

h ecTb B JlaHHOM cJyuyae pasHOCTh Mexay cymmolt R - R’ u paccro-
sHHeM MeXxAy leHTpamu mapos. M3 (9,10) monyunM ciaenymouee coot-
HouleHue Mexny Fu h:

h:F%[Dz(%+ %)]/ 9,14)

OtMmeTuM, 4TO A IPONOPIHOHANBLHO cTenieHy F*/: ciaBauBatoleil CuJb;
obpatHO, cuaa F mponopuuoOHaabHa CTeneHd A'/: MPOM3BOLMMOrO €io
cOmuxeHus ten. HanuineM eule noreHiuanbHyw snepruio U conpu-

KacaollKXcsl mapos. 3ameyasi, yTo JOKHO Owith (—F) = —oU/oh,
LOTYYHM
RRI 1/2
/s 237}
U=h (R+R,) . 9,15)

Haxonen, ykaxem, 4T0 3aBHCHMOCTbH B#JA
h = const-Fs, F = const-h*/s

HMeeT MeCTO He TOJBKO JJIsl HIapoB, HO H IPH CONPHKOCHOBEHHH JpY-
THX TeJ KOHEUHBbIX pa3MepoB. B 3ToM jierko yOeauThcsl H3 COOGpake-
Huft nopobus. Echu rnpoussectu 3ameny a® — aa?, b2 — ab?, F —
—a'/*F, rie o — Npou3BoJbHAS NOCTOSIHHASI, TO ypaBHeHus1 (9,12)
OCTaHyTCsl HEHU3MEeHHbIMH. B ypaBuenunm xe (9,11) npaBad 4acTb
YMHOXKHTCS HA O, H JJisl TOrO 4TOGBI OHO OCTAJIOCh HEM3MEHHBIM, HAlO
saMeHuTb h Ha och Orciofia u caenyer, 4ro F JomKkHO GbITH Hpomop-
uHoHanbHO A'/e,
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3anaun

1. OnpepennTs BpeMs, B TeueHHe KOTOPOTO CONpPHKACAlOTCS JBa CTaJKHBa-
JOINMUXCA YyNpyTHX Ilnapa.

Pemenue. B cucreme orcuera, B KOTOpOH LEHTp HHepLiMH OBOMX IIAPOB
MOKOUTCA, 9HEPTUA 11apOB N0 CTONKHOBEHHA PABHA KHHETHYECKON 9HEpPrHH OTHOCH-
Te/bHO ABHKEeHHS Wv*/2, Tlie U — OTHOCHTEJbHAs CKOPOCTb CTaJKHBAJOLIMXCA MapoB,
a B == Mymg/(my - My) — MX npuBeleHHAs Macca. B TedeHHe CTOJKHOBEHHS MOJ-
Hag SHeprHs paBHa CyMMe€ KHHeTHUeCKOHR 3HepTHH, KOTOPYIO MOXKHO HanmHCaTh B BHAe

ph%/2, u noterunanpHoil aneprun (9,15). B cuay sakona cOXpaneHHS SHePTHH HMECM

dh \? 54 2 _‘i‘- RR’ /s
P<‘B_t") + kb=, k= 35 <*R—_T__—R-7 .

Maxcumanbroe cOMHXKeHHe IIapOoB Ay COOTBETCTBYET MOMEHTY, KOTAA HX OTHOCHTENbe
Hast CKOpPOCTh /i 06pamaeTci B Hyab, H PaBHO

2
. hy= <—:-) /’U‘/".

Bpemst T, B TeueHHe XOTOPOTO AJHTCS CTOJNKHOBeHHe (T, e. h MeHsercs ot 0 fo
hy u o6paTHO 10 HyJf), paBHO

p2

hy 1
=2 dh -9 )‘/a dx
R (5 (vz '—'khb/z /”)‘/: k2 g ]/]_—:-—;T/: b
o AVRD ) (

l/n_ },I.Z 1/s
BT (%10) ) “2’g4<?7) ’

Tonbaysice npu pelleHHH 3TOH 3ajaud NONYUEHHLIMH B TeKCTe€ CTaTHYECKUMH
dopMyaaMy, Mbl TeM CaMbIM nIpeHefperaeM YNpyrHMH KoJeGaHHAMH biapa, BO3HH-
KaIOIHMH TpH CTOJIKHOBeHHH, Bo3aMa:XHOCTb Takaro npeHebpexceHust TpeGyeT, yTOGLE
CKOpOCTb U GblIa JOCTATOYHO MaJja [0 CPaBHEHHIO CO CKOPOCTbIO 3ByKa. PaKTHuecKH,
OJHAKO, NIPUMEHHMOCTb 3TOH TEOPHH OTDAaHHYMBaeTCs ellle paHplle 6Aarojaps Tomy,
YTO BO3HHKAIOUIHE NPH CTOJKHOBEHHH AehOpMallHH NepeXOoAAT 3a Npejes yNnpyrocTH
BellecTsa.

2. OnpenennTs pasMepl 06/1aCTH CONPHKOCHOBEHUS H pacnpefie/leHHe AaBJjieHHs
B Hell NpH CJABIMBAHHH ABYX LHJHHADOB BJOAb HX 06pasylomux.

Pemenne O6r1acTe CONPUKOCHOBEHHS NpeAcTaBisieT €060 B 3TOM cjyvae
y3KYI0 N0JI0OCKY BAOJb AMHHE UHAHHAPOB. Ee mupuuy 2a n pacnpejesnense JasjaeRun
B HeHl MOXHO HallTH H3 NOJY4YeHHKIX B TeKCTe QOPMYJ NyTeM NpeAeNbHOIO Iepexoia
bla-> oo, Pacnpepenenue JaBaenun Gyjer ¢yHkuuelr Bria

HJIH

ue
Rk

Y
Py (x) = const--!/ 1 —
(X — XoopAKHATa BAOJL IIMPHHE IOJIOCH CONPHKOCHOBEHHS); HOPMHpYH ee Ha OT-
HECEHHYI0 K elMHHLE JJHHE LWIHHADPOB CA4BJHBAIOMYI cHAy F, noayunM

2F x2
Py (x) == e -z

[Moactapass o7o Bepaxerue B (9,7) H NPOH3BOAA HHTerpupoBanue ¢ nomowsio (9,8),
HMeeM

_4DF " 4t 8DF .
T 3m Y (a® + B)'/eg  3aad’
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OfHH M3 pajHyCOB KPHBM3HH HWABHADHYECKOH IOBEPXHOCTH GECKOHeyeH, a APYTofi
coBnajaer ¢ pajHycoOM LMJAHHADA; NO3TOMY B JaHHOM c/yuae

it ), om0

OKoHYaTeALHO HaXOJHM A8 HCKOMOI UIHPDHHBI TIOJIOCHI CONPUKOCHOBEHHA:

o_ (16DF_RR’ )'/2
T\ 3t R4R *

§ 10. Yunpyrue CBOHCTBA KPHUCTANIOB

Hsmenenne cBOGOANON HEPrHU NPH H3OTEPMHUYECKOM C3KATHH KPH-
cTasnia ABJASETCA, KaK H Y U3OTPOMHLIX TeJ, KBaAPATHYHOH QyHKIHeH
reH3opa Aedopmanuy. B npoTHBONONOKHOCTL TOMY, YTO HMEJIO MECTO
A/l H30TPOIHLIX TeJl, 9Ta QYHKIUHA COAEPIKHT Tenephb He JBa, a GOMb-
[Iee YHCJAO HEe3aBHCHMBIX K03((pHLMEeHTOB.

O6muit BuR CcBOGOAHOH sHepruu AedOpPMHPOBAHHOrO KpPHCTaJIa
€CThb

F = 5 Mpimtantim (10,1)

Te Ajnin €CTh HEKOTOPHIH TeH30p 4-1'0 paHra, HAa3LIBaeMBIH MeH30p0M
modyaed ynpyeocmyu. JTocKOABKY TeH30D AedOpPManny CHMMETpHUYEH,
TO NPOU3BEJEHUE U;U), HE MEHsIeTCs DU NepecTaHOBKe HHAEKCOB i
c k, ! c munu napw {, k ¢ napo#t [, m. OueBHAHO NOITOMY, YTO U TEH-
30D Ajnim MOXET ObiTh OUDEJeNieH TaK, YTOOH OH OONARAN TAKMMH e
CBOKCTBAMHM CHMMETPHH MO OTHOIIEHWIO K I€PecTaHOBKE HHIAEKCOB:

}Vihlm = }‘kilm = }‘ihml = A'lmih- (10’2)
ITyrem mpocToro mojcuera MOXKHO y6eAuTbCca B TOM, 4TO YHCJIO pas-
JIHYHBIX KOMIIOHEHT TeH3opa 4-ro paHra, 06/14Raioliero TakHMH CBOIl-
CTBAMH CHMMETpHH, PaBHO B ofmeM ciayuae 21 1),
CootsercTBeHHO Bripaxernuo (10,1) mjaa cBOGOAHOH 3HEPTHH 3aBH-
CHMOCTb TEeH30pa HanpsKeHu# OT TeH3opa JedopMauuyd MMeET B KpH-
cTannax BuJ (Cp. Takike CHOCKY Ha ctp. 59)

afif:h = Mirimbime (10,3)

O ==

Hanpuue Tofi MM HHOH CHMMETPHM KPHCTa/1a IPHBOLHT K I10-
SIBJICHHIO 3aBHCHMOCTeH MeXAY pas3JHYHBEMH KOMIIOHEHTaMH TeH30pa
Ajpimy TAK UTO UYHCJO €r0 He3aBHCHMHIX KOMIOHEHT OKa3hlBaeTcs
MeHbIIHM, uYem 21.

PaccMOTpUM 3TH COOTHOLLIEHH S AJIS1 BCX BO3MOXKHEIX THIIOB MaKpo-
CKONMHYECKOH CHMMETPHH KDHCTaJLUIOB, T. €. A/l BCEX KPHCTaJLIH-

1) B nutepaType HCIONB3YIOTCA TaKie 0603HAUSHHT, B KOTOPHIX KOMIOHEHTH
TeH30pa 4-r0 paHra 3amuCLBAlOTCH KaK Agg C ABYMS HHJEKCAMH, NpOOETaloliHMH
$wagenns 1, 2, 3, 4, 5, 6, KOTOpPbIM OTBEYAIOT COOTBETCTBEHHO Napul MHIEKCOB XX,
vy, z, yz, zx, xy.
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YeCKHX KJacCoB, pacnpejesuB MX IO COOTBETCTBYIOLHM KDHCTaJJIH-
yeckuM cucremam (cMm. V, § 130, 131).

Il. TpuknuHHas cucTeMma. TpPHKIHHHAS CHMMETPHS
(gnaccw C, v C;) He HaKJIaAbIBAeT HUKAKHX OrPAHHYEHHH HA KOMIIO-
HeHTHl TeH30Pa Appm, @ BBIOOP CHCTeMBI KOODAHHAT C TOYKH 3PEHHS
CHMMeTPUH BIOJHE NPOH3BOJeH. [IpH 3TOM OTJMYHEI OT HYJAS H He-
3aBUCUMBI Bce 21 Moaydb ynpyroctd. [Ipon3BoabHOCTE BRIGOpA CH-
CTeMBl KOODAMHAT HO3BOJSIET, OAHAKO, HANOKHTh HA KOMIIOHEHTHE
TeH30pa Ajniy LOMOJHHTEIBHEIE YCJIOBHA. llocKOMbKY opueHTamus
CHCTEMBl KOODAHHAT OTHOCHTENbHO Tesla OIpelesieTCsl TpeMsl Besi-
yyHaMd (yrjJamMd II0BOpPOTa), TO TAaKHX YCAOBHH MOMKeT GHTb TpH;
MOKHO, HAanpuMep, TPH H3 KOMIIOHEHT CUMTAThb DaBHHIMH HYJIO.
Torna He3aBuCHMEIMM BeJMYMHAMH, XapaKTePU3YIOIUMH YIpyrue
cBo#icTBa KpHcTadia, 6yayT 18 oTnnuHBIX OT HYJAs MonyJell u 3 yraa,
ONpefeNsIOliNX OPUEHTALHI0 OCell B KPHCTAJIE.

2. MoHogknuHHAag cucTeMa., Pacemorpum kiace Cy;
BhHIOHpPaeM CHCTEMY KOOPIMHAT C MJOCKOCThIO X, Y, COBIajalolled
€ MJOCKOCTBIO cHMMeTpHH. [Ipu oTpakeHHH B 5TOH MJIOCKOCTH KOOPAHK-
HaTHl NOJBEPraloTcsl npeofpa3oBaHHIo: X — X, Y — Y, 2 — —2. Kom-
TIOHEHThl TeH30pa Npeol6pasyloTcsl KAk NPOM3BEIAEHHS COOTBETCTBY-
oUX KoopAauHat. [losToMy siCHO, 4TO NPHW yKa3aHHOM HpeofpasoBa-
HHU BCE KOMIIOHEHTBl Ajpym, CPEAM HHAEKCOB KOTOPHIX HHIEKC 2
conepxurcss HeuetHoe (1 mim 3) umcjo pas, nepeMeHSIT CBOH 3HaK,
a OCTaJbHbIE KOMIIOHEHTH OCTaHyTCsi HensMeHHbMH. C apyroi cro-
POHBI, B CHJIY CHMMETPHH KPHCTaJ1j1a Bce XapaKTepusylollue ero cBoi-
CTBAa BE&JHYHHH (B TOM 4YHCJ€ H BCE KOMIOHEHTHl Ajpyy) JOJIKHEL
OCTaTbCsl HEU3MEHHBIMH IPH OTPa)K€HHH B IJIOCKOCTH CHMMETDHH.
IlosToMy sicHO, 4TO BCe KOMIOHEHTHI C HEYETHBIM YUCJIOM UHIEKCOB 2
JIOJIKHBE ObITh PaBHBIMH HyJto. COOTBETCTBEHHO 3TOMY oO6lliee BhIpa-
JKeHue st CBOGOJHON ynpyroil sHepPrdH KPUCTaAJa MOHOKJHHHOH
CHCTEMBI €CTh

F =Yk guxstiey + zxyyyyuZy A Yahzoooti3, - Agxyglhaaliyy
-+ Mixozll itz + }"yyzzuyy U+ 2}‘fxyxyu§y + 2hizxatty, + 2}"yzyz uzz -+
+ 2}"xxxyuxxuxy -+ 2)"yyyxuyyuyx + 2}‘ixyzzuxyuzz -+ 4}"xzyzuxzuyz- (10>4)

3nech crosaT 13 HesaBuCHMBIX Ko3dhuunentoB. Takoe ke BIpaxKeHue
nosnydaercsi Ass Kiaacca C,, a Takxke u Kiaacca C,p, COLCPIKAINETO
06a sjementa cumMmeTpuu (C, U Op) BMecTe. B H3JOXKEHHBIX paccy-
JKIEHHAX, OIHAKO, COOOpa)keHusi CHMMETPHH (HKCUDPYIOT BHIGOD
HaupasjeHyusl JHIIb OJAHOH M3 Ocell KOODAWHAT (2), HANPABJIEHHS XKe
ocell X, y B MEPNEHAHKYAAPHOH MIIOCKOCTH OCTAI0TCS1 IPOH3BOJLHBIMH,
STUM [pPOM3BOJIOM MOXHO BOCIONB30BATbCH IJS TOrO, YTOOBI Hajl-
JexalllyM BEIGOpOM ocefl 06paTHTh B HYJb OAHY M3 KOMIIOHEHT, CKa-
KEM Ayy,,. TOrna 13 BeuunHaMu, XapakTepu3yIOUUMH YIPYyTHE CBOH-
CTBa KpHCTa/MIa, 6YAyT 12 OTMIMYHBIX OT HYJs1 MOAYJNeH H OJMH yrod,
onpenensolf OPUEHTAlMI0 OCeH B IIOCKOCTH X, Y.
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3. Pom6uueckasa cucrtema. Bo Bcex kmaccax 3ToH
cuctembl (Cy, D, D,;) BHIGOp OCeHl KOOpAMHAT OLHO3HAYHO IHK-
TYyeTCsl CHMMeTpHell i JJ1s1 CBOGOAHON SHEPTHH NOJYYaeTcsl BhlpaXKeHHe
omuHakoBoro Buaa. Paccmorpum, nanpumep, kaacc D,, u BoiGepeM
[JI0CKOCTH KOOPIWHAT B TPeX MJOCKOCTAX CHMMETDHH 3TOrO KJjacca.
OtpaxKeHUus1 B Kaxaof H3 3THX TNJOCKOCTell TNpeACTaBAAIOT CO60OM
npeobpasoBanusi, NPH KOTOPHIX OJHA K3 KOOPAMHAT MEHseT 3HAK,
a ABe Apyrue He MeHstorcs. OUeBHIHO, NOITOMY, YTO H3 BCEX KOMIIO-
HEHT Aypym OTIMUHBIMH OT HYJISl OCTAHYTCS TOJBKO Te, Cpelll UHAEKCOB
KOTOPHIX Kaxa0oe M3 MX 3HAYeHHH X, Yy H z BCTPEYAETCs YETHOE HHCJIO0
pas; BCce OCTaJbHBIE KOMIOHEHTH! JOJKHBE Obl/iH Obl MEHATH 3HAK TPH
OTpPa)KeHHH B KaKOH-HHOYAL M3 IMJOCKOCTENl CHMMETPHH. 1aKHM
ob6pa3om, ofliee BhipaxKeHHe AJs1 CBOOOAHOH 5Hepruu uMeeT B poMOu-
YecKOH cHCTEME BHJL

F= 1/2}"xxxxu:zvx + 1/2}"yyyyu!3y + 1/2}”2222”32 -+ }\lxxyyuxxuyy - Arxzzllxrtizz
—I— A'yyzzuyyuzz —I— 2}‘fxyxyu?¢y ‘+‘ Qhxzxallsz -+ 2}"_1/2_1/2 uZz- (10,5)

Ona coJeps;KUT BCEro JeBsiTb MONyJeH Ympyrocrd.

4, TerparonaannrHass cucTeMa, PaccmorpuM kiacc
Cy.. Bribupaem KoopauHaTH ¢ ocbio z o oct Cy4, a OCH X, y — Neprien-
JUKYASPHLOIMM K JBYM M3 BEPTHKANbHBEIX ILIOCKOCTEN CHMMETDHH.
OrpaxkeHusi B 5TUX JBYX TJIOCKOCTSX O3HAYalOT COOTBETCTBEHHO
npeo6pa3oBaHusl X - —X, Y —> Y, 2—>2 H X—> X, Y > —Y, 2 > 2;
B CHJIY 3TOTO HCYe3al0T BCE KOMIOHEHTHl Az, C HEYETHBIM YMCJIOM
ONIMHAKOBLIX MHJeKcoB. [anee, moBopoT Ha yroa n/4 Bokpyr ocu C,
npeacrabasier co6oit npeoGpasoBanve x -y, y > —x, 2> 2. Or-
CIOZa BHITEKAIOT COOTHOLIEHHS

}"xxxx = A’yyyyv }"xxzz = A'yyzzi }"xzxz = }"yzy‘l
Ocranbuble npeoOpa3oBanusi, Bxopsuue B Kiaace C,, HHUErO He

JN06aBJAIOT K 3THM YCJ0BHAM. TakuM ofpa3om, cBoGojnHasl SHepTHs
KPHCTAJJIOB TETPArOHaJbHOH CUCTEMBI HUMeeT BUJ

F =" 5hexnx (u}:x -+ uzy) -+ Yohzazstis, -+ y— (txxlizz -+ uyyuzz) -+
-+ }"xxyyuxxuyy -+ Zxxyxyuiy -+ 2N xzs2 (uiz -+ uzz)- (10’6)
OHa comepXHUT LIeCTh MOAYJefl ympyrocru.

Tako#i Xe pe3ysnpTaT MOJAYYMTCS M IJ1s1 APYTHX KJ4acCOB TeTpa-
TOHAJIbHOM CHCTEMEl, B KOTOPHIX eCTeCTBeHHEIH BEIGOP OceH KOODAHHAT
Jukryercsl cumMmerpueit (D, D,, D). B knaccax xe C,, 8, Cy
OJJHO3HAUeH BHIGOP JuIUb OgHOH ocH (2) — BHOAb ocu C, uau S,
Tlpu stOoM TpeGoBaHHSI CHMMETPHH JOIYCKAIOT CYLIeCTBOBaHHE (IO~
MuMO (urypupymoumunx B (10,6)) emre 1 KOMIOHEHT

Mxwy = —hyyya-
Hanne:kauum BpiGOpoMm HanpaBjeHnii oceft X, y 3TH KOMIIOHEHTH

MOTYT OBITH OGpaLIeHH B HYJIb, M TOTAa F CHOBa NPHBEALTCS K TOMY Ke
Buny (10,6).
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b, PoMG6osagpuueckas cHdcTeMa. Paccmorpum kiaace
C;, u BbiGepeM CHCTeMY KOOPIAHHAT C OCbI0 Z BROJEL OCH TPETbero
NOPAJIKA ¥ OChIO Y, NEPHEHAUKYASPHOH K OJHOH M3 BEpPTHKAJbHEIX
IIOCKOCTeH CHMMETPHU. [l BHISICHEHHS OrpaHHUeMEH, HaJaraeMuX
Ha KOMITOHEHTHl TEH30Pa Appy HaMugHeM ocH Cg, YAOGHO NPOU3BECTH
¢dopManbroe IpeofpaszoBaHHe, BBEAS KOMIJIEKCHBIE «KOODIMHATHY
E, 1} corznacHo onpejejieRHIo

E=x+4iy, n=x—1iy; (10,7)

KOODAHHATY XKe 2 oCTaBasAeM Ge3 uaMeHeHuH. K 5THM HOBBIM KOOPAH-
HaTaM npeo0pasyeM TaKxke H TEH30P Ajnym; B €ro KOMOOHEHTAX WH-
Jlekcel npoGeraloT Tenepb 3HaueHus &, 1), z. Jlerko Bujierb, uTO NpH
noBopore Ha 120° BOKPYr OCH 2 HOBble NEPEMEHHbBIE MOJABEpPraloTCs
npeobpasoBaHuI0

E—>Ee2iB, >N B 72

OTAUYHEIME OT HYJISI MOTYT ORITb B CHJY CUMMETPHH KPHCTAJJIa TOJBKO
T€ H3 KOMIIOHEHT Az, KOTOPBHIE He MEHAIOTCA NPH 3ToM npeobpaso-
Banud., QueBHIHO, YTO 3THM CBOHCTBOM 06/aJial0T Te KOMIIOHEHTHI,
Cpel HHJEKCOB KOTOPHIX TPH pasa NMOBTOPAWTCS & uaH 1) (ofpaiaeM
BHHMAaHHE Ha TO, 4TO (e2(/3)® = ¢ = |}, uam ungexc & comepkurcs
CTONIBKO e Pas, CKOJIbKO 1) (MOCKOJBKY e2%/3¢2%i/3 = 1); TaKOBLIMH
ABJIAIOTCSI KOMIIOHEHTHI
Mz x%n%n’ x&%nnv )"Enzu }“Eznzi }“EE,E:» )‘nnnz'

Janee, orpakenue B ILUIOCKOCTH CHMMETPHH, NePHEeHAHKYJ/APHOMH
K OCH Y, €cTb NpeobpasoBaHue X — X, Y —» —Y, 2 — 2, UJIU JJ5 Beju-
yud E, m: §—mn, n— . Ilockoabky npu 3TOM HpecOpa3oBaHHH
Atzz, IEPEXOJUT B Ayyye, TO 3TH JABE KOMIIOHEHTHI JOMKHBI ObITh PaBHBI
Apyr zpyry. Takum o6pa3oM, KPHCTalbl poMOOIAPHYECKOH CHCTEMBI
06/1afialoT BCEro IHeCTbio MOAYNAMH yupyroctd. [Ias Toro 4rto6ut
HaIMCaTh BHPaXXeHHe JJis CBOCOAHORA 5HEPTHH, HAJI0 COCTABHTb CyMMY
AintmUinlim, B KOTOPOH HHJEKCH mpoGeraror 3Hayewust &, m, z; mno-
CKOJMbKY HaM HaJO0 BHIpa3uTh F uepe3s KOMIOHCHTH Ter3opa AedopMa-
H#H B KOOpPJHHATAX X, ¥, 2, TO Mbl ROJIKHEL BHIPA3HTh Yyepe3 HUX KOM-
NOHEHTH B «KOOpAuHatax» &, 7, 2. DTO JIerko C/ieaaTtbh, BOCMNOJb3O-
BaBUIHCH TEM, YTO KOMIIOHEHTHl TEH30pa Uy NPeo6pas3ylorcs Kak Hpo-
M3Be/IeHNs COOTBETCTBYICHIMX JABYX KOOpauHar. Tak, U3

B = (x4 iy =2"—y* |- 2ixy

eaenyer. uTo
Upp = Uy — Uyy = ity

B pesyabTare HaxoauM fna F craeflyioliee BEIpaxkeHHE!
F = ahzzzlizz -+ 2hgngn (Lax -+ ) -+ Mggan [(Uex — 1g)* + 4031 4
+ Wgnzz (w1 thyy) thaz - Shamz (32 -+ Uiz} -
+ A, (U0 — Uyy) Uz — quyuyz}- (10':8)
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Ono copepxHT 6 He3aBUCHMBIX KOagduuuenToB. Tako# XKe pesyabrar
nosyuntcst ans kaaccoB Dy u Dgy. B kiaccax xe Cgu §q, B KOTOPHIX
BEIGOD oOcell X, y OCTAeTCs NDPOM3BOJbLHLEIM, TDeOOBAaHUA CHMMETDHH
JONYCKAIOT TaKike H OTIHUYHYI0 OT HYJs pasHOCTb

heger — Minne-

Ona, o1Haxo, MO:xeT OHTh OfpaleHa B HYJb HaJJdeKaluyiM BHOOPOM
ocedl x, y.

6. Texcaronanpnasd cucTema. Paccmotpum Khacce
C,; 1 BLIOEpeM CUCTeMY KOOPAMHAT C OCbI0 2z IO ocH 6-ro Topsixa.
Beenem cuoBa koopauuatel (10,7). Ilpu mnoBopore Ha yrom 2m/6
BOKPYT OCH 2 OHH IOABEpraroTcsl npeofpa3oBaHHIO

— @27 /6 —> 127 /6
E—-EeM0, 1 .

Orciofila BHAHO, YTO OTJUYHBL OT HYJSA TOJABKO Te KOMIIOHEHTH Aipim,
CpefH HMHIEKCOB KOTOPBIX HHAEKCH § W 1) BCTPeYaloTCs OAMHAKOBOe
yuca0 pa3. TakoBbiMu SBJATIOTCH

Mrzzzs }”Enén’ }“éﬁnn’ }”Enzzv ?”Eznr

Jlpyrie BO3MOXKHBIE 3JE€MEHTH CUMMETPHU TeKCAarOHaJbHOH CHCTEMBI
HHYero He J0GaBASIIOT K 3TUM orpaHuueHusiM. Taxkum ofpasom,
HMeeTCsl BCEro maTh MoAyJel ynpyroctu. CBoGojHas HEPrusl HMeer
BHJL

F= 1/27"2222u§2 _I‘ 27"&*137] (uxx _I_ uyy)z _I_ }”Eg’ﬂ’ﬂ [(uxx - uyy)2 —I‘ 4”’.:;!/] +
4 2henzether (e - tyy) -+ Ahganz (Uzz + ug2).  (10,9)

Cnenyer oTMeTHTB, 4YTO JethopManusl B NJIOCKOCTH X, y (dedopmaruis
C OTVIHYHBLIMH OT HYJS Hyy, Uyy, Uyy) ONPEALNAETC BCETO ABYMsS YIPY-
THMH MOJYNAMH, KAaK H JAJAS M30TDONHOIO TeJa; APYTHMH CJIOBaMH,
B ILUIOCKOCTH, NEPNEHJIUKYJAPHOH K TeKCAaroHaJbHOM OCH, YNPYTHe
CBO#ICTBa IeKCaroHaJbHOIO KPHCTa/1a U30TPonHH. 1o 310l npuumue
BLIOOP HanpasjieHu#l ocefi B STOH IJIOCKOCTH BOOOLIE HeCylleCTBEH
H HUKAaK He otpamaerca Ha Buje F. Bweipaxenue (10,9) otnocutcs
MO3TOMY KO BCEM KAaccaM TeKCarOHa/IbHOH CHCTeMEL.

7. Ky6ugecrxas cucTeMma, HanpaBum ocH x, y, 2
0o TpeM ocaM 4-ro nopsiika KyGuUeCKOH CHCTeMBl. YiKe HaluyHe
TeTparoHaabHoO# cuMMeTpuu {(C ochbi0 4-ro INopsiika BAONb OCH 2)
OTPaHAYHBANO HHUCJIQ Pa3AMYHBIX KOMIOHEHT TeH30pa Aqpm CJACRY-
IOLIMMHY  1UECTBIO: .

}‘”xxxxi A’ZZZZ) A’xeZ) xxxyyi xxyxyi xxzxz'

[ToBopoter Ha 90° BOKpYF oceft ¥ u y LAlOT COOTBETCTBEHHO npeobpa-
80BaRUA X —» X, Y > —2, 2>y x—>2, Yy >y, 2> —x B cuny
HUX K3 HANHCAHHBIX IUSCTH KOMIIOHEHT HeJaroTCsl PABHBIMH NepBas
€O BTOpOMi, TpeTbsl C YeTBePTOH H msaTas ¢ mecroil, Takum o6pa3oM,
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OCTaeTcs BCEro TPH Pas3HYHBIX MOAYJS ynpyrocTH. CBoGOAHas 3Hep-
THsl  KPUCTaJJOB KyOHUeCKOH CHCTeMBl HMecT BHJ !)

F =1Yhexxx (u?vx -+ u;y -+ u%z) -+ }"xxyy (uxxuyy - Uirtizs -+ uyyuzz) -+
A 2Ny (Uiy -+ U3 -+ 1l (10,10)
Bomuuem elle pa3 uYMCJIO HE3aBHCHMEHX NapaMeTpoB (MOAyJel

YOPYTOCTH HJH YIVIOB, ONpPENENSIOUX OpHEHTalul0 ocell B KpH-
CTaJljie) AJisT KJIaCCOB PasHYHBIX CHCTEM!

TPHKAHHHAT . . . . v v v v 0w v oo« 21
MOHOKAHHHAT 4 . & v & v o v v o v o+ + s
pombrueckas ., . e e e e
TeTparonaJjbHas (C4, S4, C4h) e e e e
terparonaibiast (Cyy Dog, Dy, Dyp) .« . . .
pomGosapuveckas (Cs, Ss) . . . . . .
pombosgpuyeckas (Csy, Dy, Dsq) e
TEKCATOHAMBHAS , . 4 v & 4 v v o v v s
K}GH‘{CCKaH...............

Munnmanproe e 4YMCJIO OTJIHYHHX OT HYyJsd MOAyJeHl, KOTOpOro
MOXKHO JOOHTBCA HajJexalluM BIOOPpOM ocell KOOpJHHAT, OAMHAKOBO
JLJIsi BCeX KJacCOB B KaxIOH cHCTeMe:

TPUKJHHHAA ., . . , , . . 18
MOHOKJHHHas , . . ., . ... 12
pombuueckast . . ., ., . ... 9
Terparonanvkas . . . . . .. O
pom6osfpHyecKast , ., . . .. 6
rexcarouaipdas ., . , . ... D
Kybuueckast , . . . . . ... 3

Bce ckasanHoe OTHOCUTCSI, pasyMeercs, K MOHOKDHCTaJJIaM.
Tlomukpucraaauueckne e Tesla C JIOCTATOYHO MaJbIMH pasMepaMu
BXOASIIHX B HX COCTAB KPHCTA/NJIUTOB MOXKHO DaccMaTpHBaThb Kak
H30TPONHEE Tena (MOCKONBKY MBI - HHTEpecyeMmcss JedopMalusiMu
B yuacTkaX, GOJbIIMX IO CPaBHEHHIO ¢ PasMEpPaMH KPHCTaJLIHMTOB).
Kak u BcsiKOe H3OTPONHOE TeNO, NOJHKPHCTANI XapaKTepudyercs
BCEro ABYMsI MOAYJSIMH ynpyrocti. Moxno OblIO 6Ll Ha MepPBHIH
B3IVISII TMOAYMAaTh, YTO 3TH MOAYJH MOXHO IOJYYHTb H3 MOAYyJeH
yOPYTOCTH OTAENBHBIX KPHCTAJJIHTOB NOCPEACTBOM INPOCTOrO YyCpen-
HeHnusi. B JaeficTBUTENbHOCTH, OAHAKO, 3TO He Tak. Ecau pacematpu-
BaTh JedopManuio NOJIUKPHCTANIA KaK Pe3ynbTaT JedopMauuy BXos-
IMX B HEr0 KPHCTa/LTMTOB, TO CJefoBaJo Obl B MPHHIHIE PELIHTh
ypaBHeHHsI PaBHOBeCHs JJis BCeX 3THX KPHCTAJJIUTOB C YUeTOM COOT-
BETCTBYIOIIMX IPAHMYHBIX YCJAOBHH Ha MNOBEPXHOCTAX HX pasjena,
Orciona BHAHO, UTO CBSI3b MEXAY YNPYTHMH CBOHCTBaMH KpHCTalJja,

1) B xy6uuecknx kaaccax T u Tq HeT oceil yetBepTOoro mopsifka. ToT xe pe-
8yJabTaT moJdyyaeTcs, OJHAKO, B ITHX CAyuasX NyTeM PacCMOTPeHHsA OCell TpeTbero
nopsAKa, TOBOPOTH BOKDYT KOTODHIX INepeBORAT JAPYT B Apyra OCH BTOPOrO mo-
pALKA — OCH X, Y, 2.
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paccMaTpMBaeMOro B IIIOM, W CBOHCTBAMM COCTaBJSIOLIUX €ro KpH-
CTAJIJINTOB 3aBHCHT OT KOHKPETHOH (OPMbl KPUCTAINHTOB H OT KOP-
peJsllMH MeX1y HX B3aUMHBIMH opueHTauusivu. [lostomy He cyme-
cTByer oOmeH 3aBHCUMOCTH MEXAY MOAYJAAMH YNPYrocTH MNOJHKPH-
CTaJJIOB M MOHOKpHCTAJMJIA (TOTO Ke BElLIeCTBa).

Bolunicsienne MoOpy/nel H30TPONHOrO NOMUKPHCTANAa IO MOHO-
KPHCTAMJIMYECKHMM MOJYJSIM MOXKeT ObiThb NPOHU3BENEHO CO 3HAYHTEJNb-
HOM TOYHOCTBIO JIMLIbL B cJydae cabol aHH3OTPOIHM YIPYTHX CBOHCTB
MOHOKpHCTa/M1a ). B nepsoM npuGaukeHu MOAYJIH YIPYTCCTH NOJH-
KPHCTA/Ia MOMKHO MOJIOXKHTb PaBHLIMH IPOCTO <H30TPONHOH YaCTH»
YIPYrUuX MofyJel MoHOKpucraina. Toria B caefymolieM NpubIHKe-
HHY [OSIBJASIIOTCS WIEHB, KBajpaTuuHble 110 MaJOH «aHH30TPONHOH
yacTH» 3THX Moayaedl. OkasplBaercs, UTO STH IMONPABOYHLIC UJEHRBE
He 3aBHCSIT OT GOPMBI KPHCTANJIHTOB U OT KOPPEISIUH UX OpPHeHTaluH
H MOTYT ObITb BHIUMCJEHBl B OOLIEM BHIE ?).

Haxkonen, ocTaHOBHMCS Ha TEIJIOBOM PpAaclIMPeHHH KPHCTAJJIOB.
B H30TPONHBEIX TeJaX TEIJIOBOE pacllHpeHHe NPOHCXOAUT OJMHAKOBO
IO BCEM HANpPAaBJEHHSIM, TAK YTO TEH30p Ae(OPMAaLMH NPH CBOGOAHOM
TEIJIOBOM pacHIMpeHun uMmeeT BUL (cM. § 6)

Uip = -;—a (T — To) bin,

rle o — KO3()pHUIHEHT TeIIOBOro pacumupenus. B kpucraanax xe
HaJo NUcaTth

uy, = = (T — To), (10,11)
TI€ O -— HEKOTOPbll TEH30p BTOPOr'O0 pPAaHra, CHMMETPHUHBIE IO
HHIEeKcaM i, k. BbISICHUM YHCJIO Pa3/JHYHHX HE3aBUCHMBIX KOMIIOHEHT
3TOT'O TEH30pPa B KPHCTANJAaX pas3HblX cucteM. [Jis sToro npolile Bcero
BOCIIO/Ib30BATbCSl M3BECTHBIM H3 TEH30PHOH anlrefpnl o6CTOSITENb-
CTBOM, UTO BCAKOMY CHMMETPHYHOMY TEH30pPY BTOPOrO PAaHTa MOXKHO
IPHBECTH B COOTBETCTBHE HEKOTOPBHIH, KaK TOBOPSAT, TEH3OPHHIH
aanuncoup ®). M3 coobpaxkenufi CHMMETPHH HENOCPEACTBEHHO OyYe-
BUJIHO, YTO INPH TPUKJIMHHOH, MOHOKJHHHOH W DPOMOHYECKOH CHM-
MeTpHSiX 3JJHICOMJ siBJAsIeTCsi, BOOOLIe TOBOPS, TPeXOCHBIM (T. e.
JUIMHBI BceX ero ocell pasaununbl). [Ipn TeTparoHanbHOH ke, poMGo-
3JIPHYECKOH W TEKCArOHAJbHOH CHMMETPHSIX 3JJMNCOUA JLOJIKEH
SIBJASAITBCS] SJJINIICOHJOM BpAlIEHHS (C OCbIO COOTBETCTBEHHO BJOJb
ocefi cummerpun C,, C; unu Cg). Haronel, Ky6uueckasi CHMMETPHHA
TOPUBOAHT K BEIPOXKIEHHIO S/MIHIICOMAA B wap. Ho TpexocHuIH 3aaun-
COUJ OmpeflesieTCs TPeMsl He3aBUCHMBIMH BeJHUHHAMH (ILJHHAMH

1) Taxk, Mepoli aHM3OTPONHH YHPYTHX CBOHCTB KyCHYECKOTO KpHCTANIA SB-
A5eTCH PASHOCTD Ayyxy = Axxyy — 2hyyxy} €C/IH OHA DaBHA Hy.u0, BhIpaxenHe (10,10)
CBOAMTCSI K BHPaKeHHIO YNDYroff sHeprHH H30TpOnHoro teaa (4,3).

2y Cm. H. M, Jludwuy, J1. H. Posenyseie. — YXIT®, 1946, . 16, c. 967,

8) TensopHH#l S/IIMIOCOMA ONpefe]sieTCH YPaBHEHHeM O;pX;xp = l.
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ocefi), 3/JIMNCOXJ BpalleHUss — JABYyMd, & Iuap — BCEro OfHOH (pa-
JAurycoM). Takum 06pasom, YHCIO HE3ABHCHMBIX KOMIIOHEHT TEH30pA Ky
B KpHCTaJ1aXx PA3NMYHBIX CHCTEM eCTh:

TPpHKJIHHHadA, MOHOKJMHHAA, poménqecxax s s o s & s e &

TeTparonaJbHad, pomﬁoanpnqecxaﬂ, rexcarosaJjnHiasa ,
KyOHUECKAA ., & v v v v v v v 4 e v v v v o n e s

. .

3
2
1

Kpucrannsl nepBbiX TPeX CHCTEM HasbIBAWOTCH JIBYXOCHBIMH, @ BTO-
PBIX Tpex — oAHOOCHBIMHK. O6paTHM BHUMAHHE Ha TO, YTO TEMNNOBOE
paciuupeHne KPUCTANIOB KyOHUeCKOH CHCTEMHl ONpefensieTrcsi BCero
OJHO# BeJHUHHOH, T. €. YTO OHH BeAYyT ceBf B OTHOUIEHHH CBOETO

TEIMJIOBOTO DACHINPEHHA KaK H30TPOINHLIE Tend.

Bdajgadm

1. BppasuTh yIpyryio SHeprHiO reKCaroHaJbHOTO KPHCTAMMa C MOMOILBIO YIPY-
THX MOAYyJel Ajpym B KOODAHHATAX ¥, Y, 2 (OCh X-— HO OCH LUECTOrO NOPSKKa).

Peurenue Ilpy npoussosibHOM (He OPTOFOHATLHOM)} NpeolpasoBaHHH KOOD-
OWHAT HALO Pa3iuuaTh KOHTpA- H KOBAapHaHTHble KOMIIOHEHTE BEKTODOB H TEH30DOB;

tiepBhle PeoGpasyloTCs Kak CaMH KOOPAHHATH X' (HX NIPHHATO 0603HAYATh C BEpX-

HHMH HHJEKCAMH), 2 BTOPHE — Kak onepaTopii Auddepennuposanus 8/0x' (ux ofo-
8HayalOT ¢ HWKHHMH HHAekcami). Cxansp (10,1) Hajo 3anHCHIBaTL NpPH ITOM Kak
F =)ok imu®ul™.

B Bupaxennsix (10,8 — 9) KOMIOHEHTH! #;p NpeoGpa3oBaHy KaK KOHTpaBapHaHTIILR;
No3TOMy 1JIsi YCTAHOBJEHHSI CB3H MeXKAY KOMIOHEHTaMH Ajn1m,m B KOOPAHHATAX &,
7, Z 4 X, Y, 2 UX HaJl0 pacCMAaTPHBATh KaK KOBapHaHTHBIE (B JeKapTOBHIX KOOPJAHHa-
Tax Te U JAPYTHe KOMIOHEHTHI, pa3ymeercs, copnajtaior). Ias npeobpazopasus (10,7)
HMeeM

d

SR RO R R -
ox ag dy * Oy 0% an
FpeoBpasys KOMIOHEHTH Mgy, Kak [IPOH3BeAeHH| ITHX OHEPATOPOB, HaliieM
Aiwax == Ryyyy = 4hentn + egnny  Aayay = Zhagnm,
Mxxyy = 4hentn — 2Aeenm haxze = Ryyzz = PAgnazs
Mygzxz = xyzyz = 27v§znz-
CeoGopuas dueprus (10,9), BbipaskeHHasd uepe3 3TH MOLYIH, HMEET BHJ
F= 1/ 2}‘xxxx (uxx + uyy)2 + 1/ Zkzzzzugz + ;"xxzz (uxx + uyy) uzz +
+ 2}‘xzxz (u.ztz + uiz) + (Lxxxx - ;‘xxyy) (u?fﬂ - uxxuyy)'

2. Hality ycioBHS FROJMONKHTENbHOCTH YNpyrofi ameprHH KyGHYeCKOTO KpH-

cTaina,
Pemen ne. Ilepsue aBa uirena B (10,10) cocrapasior ksazpatHaryios Gopmy

TpeX HE3aBHCUMBIR HEPEMEHHHWX Uyy, Uyy, Uz;. YCIORHE MOMOMUTENLROCTR 3TOH
¢opMil  TpeOYIOT HOFOKHTENbHOCTH Onpelenkre]s ce Kod(duumenros, OAHOrO K3
€ro MHHODPOB: H KO3Q®dHIHEHTa Ayyyy. Kpome Toro, fosiken GbITh MOJOXKHTENEH Tpe-
Tufi e B (10,10). ITH ycaoBuS NPUBOAAT K HePaBEHCTBAM

Ai>0, kg >0, —A/2<T A< 2y,

rae 0603BaueHO Aj = Axxyys do = Axryy, Az = Axyxy-
3. OnpegesuTh 3aBHCHMOCTb MOAYJAf DPacTMKeHEs KybwyecKoTo KpHCTaAda OT

HallpapJ/ieHHAA B HeEM,
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PeweH He. BuGHpaem ocu KOODAHHAT B HanmpabJieHHAX pebep KyGa. IlycTs
0Cb BbIPEIAHHOTO H3 KPHCTAJIA CTEPIKHH HMeeT HafpaBAeHie elHHHUHOMO BEKTOpA n.
TeH30p HanpseHHd B pacTAHYTOM CTep:KHe JIOJ/KEH YNOBJAETBOPATbL CHELYIOUIHM
YCIOBHAM: LOJIKHO OHITb Gjpfy = phj, Tle p — AefiCTBylOLMas HA €JHHUILY IIOUIaAH
. OCHOBAaHHH CTEPXHS pacTATHBaOMlas cunia (YCJIOBHE HAa OCHOBAaHHAX CTEPXHA); IR
HanpaBJienull t, mepHeHAUKYJAPHHIX n, HOJIKHO OHITb Oynfp = 0 (yciaoBue Ha Go-
KOBHIX CTOPOHAX CTepKHs). TaKOH TeH30p JAOJMKEH HMeTb BHI O;p == pn;np. Buune
CJIHB KOMIIOHEeHTH O;; ILH¢depeHunposanueM Boipaxenus (10,10)1) m cpaBuus KR
C BHIPAXKEHHSMH Ojp = pfifly, NOJNydYHM AN KOMIIOHEHT TeH30pa JedopMallHH Bbl«
paxeHus

2
poep Pt Py —Ry —ph
TR W 7 W AT
U aHAJIOTHYHBlE ]S OCTAJbHLIX KOMIIOHCHT.
OTHOCHTENbHOE MPOAOJBROE YAAHHEHWE CTEpIKHS ecTb 4 == (dI’ — dl)/dl, rne
dl' naerca dopmynoit (1,2) u dxy/dl = n;. D10 jaer AnA MadHX RepopMalui U ==
== ujpniny. Mopyap IOHra onpenensiercs Kak KoadHLIHEHT TpONOPUHOHAJILHOCTH
B p==FEu, W IJA Hero HaXONHM
1 Ay 42y 1 2 ‘)
—— [ — I ) 41 nin? n2n?
E T+ h—iy) + Ag M—2y (3 4 s + i)
OH HMeeT SKCTPeMaJbHbIe 3HAUeH sl B HANPaBAEHHAX pebep (OCH X, ¥, 2) H NPOCTpaHs
CTBeHHBIX JAHaroHaneli ky6a. B Hampaenennu Bposb pebep KyGa
E = (A4 2h5) (M — M)/ (Mg - o).
IIpu 5TOM NOMEpeYHOe CXKATHE CTEPXKHA Uyy == u”ﬁ == —OU,, = ~—OU, T/e BeJIHIHHA
yac

0 == Ay/(Ay + Ay) urpaer poan koaddbuuaueHTta cona, COIVIaCHO NOJIYYeHHHM
B Npelnyliel 3ajade HepasencTBam; —| < 0<C 1/2,

') Eciiu BHIYHCASTD Oj He HEIOCPEACTBEHHO MO GOPMYAaM  Ojn = AjpimUims
a nyTem auddepeHUHPOBaHHA KOHKDETHOrO Bbipa)KeHHs F, TO MPOU3BOJHLIE IO
ugp, ¢ %k JaloT yABOEHHble 3HAYEHHS O;n. DTO CBASAHO C TeM, 4TO dopmyJaa
Ojp = OF/Oun MMeeT nO CyUIeCTBY cMbICA JHIIb Kak BHpaxaomas TOT (hakT, uTo
dF = O;p dujp; HO B cymmy O;p duyp unenn ¢ gubdepennnanaMu du;p Kaxjod H3
KOMIIOHEeHT ¢ { 7% kB CHMMETPHYHOTO TEeH30pa ;5 BXOAAT ABAMKIHL,
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PABHOBECHE CTEP)XHEH MW IJIACTUHOK

§ 11. 3uepruda H30THYTOH NJACTHHKH

B stoft rnase Mbl OyleM 3aHHMaTbCsl H3YYeHHEM HEKOTOPEIX ya-
CTHHIX CN1y4yaeB PaBHOBECHS AeOPMHpPYEMBIX TeJ M HaYHEM C paccMo-
TpeHusl AepopMaliil TOHKHX INJaCTHHOK. Korma Mbl rosopum, uTo
NJIaCTHHKA SIBJAAETCA TOHKOH, TO MOAPAa3yMEBAeTCs, UTO €€ TOJIIHHA
Majla 1O CPaBHEHHIO € pa3MepaMd B JBYX JApYTHX HaMpaBJEHUSK.
Campte fedopMalMu NO-IPeXKHEMY CUHTAIOTCH MandbiMH. B jaHHOM
cJlyuae KpUTEpHEM MaJoCTH AedopMaluH fABJISETCS MaJOCTb CMelle-
HHH TOUEK NJACTHHKH [10 CPaBHEHHIO C ee TOJIIHHOMH.

Ilpu npuMeHeHHH K TOHKHM IJIACTHHKaM obuiye ypaBHeHHsl paBHO-
BeCHsl 3HAYMTENbLHO YNpowiaiorcs. YaoOHee, OJHAKO, BLIBOAUTbL 3TH
yOpOLLEHHbIE YPAaBHEHUS He HEMOCPEeACTBEHHO U3 OOMIMX, a BHIYHC/IHB
3aHOBO CBOOOJHYIO SHEPrui0 H3OrHYTOH NJACTHHKH M 3aTeM Npo-
BapbHpOBaB 3Ty B3HEPTHIO.

[lpu crubGaHud [JACTHHKH B HEKOTOPHIX MeCTaXx BHYTPU Hee
BOSHHKAIOT PaCTSXKeHUs, a B APYTUX — cxkKaTusd. MiMeHHO, Ha BBINMYK-
JIOfl CTOpOHE IJIACTHHKH, OUEBHAHO, MPOHCXOJIUT pacTsAKeHHe; IO
Mepe yrayGieHuss B TOJILY [JIACTUHKH 5TO PACTAXkKEHHE IOCTeNeHHO
yMeHbllaeTcs, LJOCTHIasl B KOHLE KOHIIOB HYJfA, BCJeJ 3a ueM B JaJib-
HeHLIMX CJOSIX HAUMHAETCSl [IOCTENeHHO yBEeNHYUBAaloOLleecsl CxKaTue.
Takum 006pa3oMm, BHYTPH NJACTHHKH HMEETCS HelmpaAabHas nosepx-
HOCMb, HAa KOTOPOH pacTsixkeHHe BOOOLIe OTCYTCTBYeT, a MO JABYM
cropoHaM ee JedopMalds HMeeT NPOTHBONONOXKHEE 3HaK. Oue-
BHJHO, YTO 5Ta MOBEPXHOCTb pAaclONO)KeHa IO CepeiuHe TOJILHHBI
IJIACTHHKH.

BuiGepeM cucteMy KOOpPAHHAT C HayaJoM B KaKOH-HHOYIb TOYKe
HefATpalbHOH MOBEPXHOCTH H OCBIO 2, HanlpaBleHHOH 0O HOPManu
K He#. [TnockocTh X, y COBNajaeT C MIOCKOCThIO HeAeQOPMHPOBaHHOH
niactHakd, OG03HAUHNM BepTHKaJbHOE CMELIeHHe TOYEK HEeHTpaJbHOMH
MOBEPXHOCTH, T. €. X 2-KOOpAHHATY, mocpeactsoM § (puc. 2). Uro
KacaeTcsi KOMIIOHEHT CMeLIeHHH STHX TOYEK B IVIOCKOCTH X, Y, TO OHH
ABJSAIOTCS, OYEBMAHO, BeJHUMHAMH BTOPOTO MOPsAAKAa MaJOCTH IO
CpaBHEHHIO C { M NOTOMYy MOTYT OBITh MOJOMEHB DaBHBIMH HYJIO.
TakuM 06pa3oM, BEKTOpP CMeLleHHs TOYeK HeATpaJbHOH NOBEPXHOCTH;

uP =uP =0, u® =C(x y). Ly

JAna nanpHeHIIMX BLIYHCJAEHHH HeoOXOJHMO cliesiaTh clefylollee
saMeuaHue OTHOCHTENbHO HAUpsXKeHu#, AelicTByiouX B AefopMupo-
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BanHoB nJaacTHHKe. IloCKOMBKY mJlacTMHKa TOHKas, T0, AJs TOro
4yTOo6Hl H30THYTH ee, TpefyeTcs MPUJIOXKHTH K ee HOBEPXHOCTH CPaBHH-
TeJIbHO HeOOJblide CHJbl. DTH CUJLl BO BCAKOM ciyvae OYAyT 3Ha4H-
TeJbHO MeHbllie, YeM Te BHYTPEHHHE HaNpsKeHHs, KOTOpble BO3HH-
KaloT BHYTPH JedOpPMUpPOBAHHOH NJAacTHHKM Osarofiapa HMeIOInUM
B Heli MeCTO pacTsiKeHHSM H cKaTHsIM. [103ToMy B rpaHMYHBIX YCJO-
Busx (2,9) MoxHo npeHeGpeyb cHJaMH P;, Tak 4YTO OCTaeTCsi OyH, ==
= (0, IlockosbKy miacTuHKa cna6o H30THYTa, TO MOXKHO CUHTATh,
4TO BEeKTOp HOpMaJu N HampasJeH [0 OCH 2.
Takum oOpa3oMm, Ha 00GeHX MOBEPXHOCTAX [Jla-
CTHHKH JIOJIXKHO OBITb

- Oy == 0y, = 0, = 0.

Ho nockonpKy ToJlMHA NJIACTHHKH MaJa,
TO H3 DaBeHCTBA STHX BEJHYHH HYJIO Ha JIBYX
CTOpOHAX MJIACTHHKH CJEAYeT, YTO OHH Malihl
H BHYTpH Hee. Takum ofpasoM, Mbl IPHXOJUM K BHIBOLY, YTO BO Bcefl
NJIACTHHKE KOMIOHEHTBI Oy, Oy, 0, Majbl 0 CPABHEHHIO C OCTalb-
HbIMM KOMTNIOHEHTaMy TeH3opa Hanpsixkenuil. Ha s3ToM ocHOBaHHM Mbl
MCKEM INOJIOXKHTb HX DPaBHBIMH HYJIO H ONPENEJNHTb KOMIOHEHTHI
TeH30pa AeOpMalHH H3 3TOro yCJIOBHS.
Coraacno o6uuM ¢opmynam (5,13) nMeem

__ _E ___E
Oy = '—1—_—}_—0—113;. ¢ Oy = T_r&‘uzyi .
o (11,2)
s = Aoy a =20y W1 — 0) e = 0 (e + ty)]-
HpHpaBHHBaﬂ 35TH BbipaXe€Husg HYJIO, HaXO0IUM
ou ou ou ou o
0: =_'('3'xl_r szz_—gj‘) uzz='—'_1t'0_(uxx+uyy)'

B nepBeie ABa ypaBHeHHs MOXKHO s u, C AOCTATOYHOH TOYHOCTHIO
NOACTaBUTE § (X, y):

Oty e at uy ag
9z ax ' a9z oy’
OTKYJZa
ac oL
Up= =2, My=—2-5-. (11,3)

TlocTosiHHEIE HHTETPHPOBAHHSA NOJIOXKEHb! PABHLIMH HYJIO TaK, 4TOOLI
npu z = 0 HMeJO MeCTO u, == u, = 0. 3Han U, U U, MOXHO ompe-
JequTh BCe KOMIOHEHTH TeH3opa AedopManuu:

Kid L ix
Upy = — 255 Freat) Uyy = —2 2’ Upy = — axg
(11,9)
0% o
= Uy =0, ”u—z(axa +7yi‘)7_—o*-
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Temepb yxe MOXHO BRIYHCJHTB, BOCHOJIb3OBaBIIKCh OOmeH op-
myJioit (5,10), ceoGoAnywo sHepruio F eJvHHILI 00beMa IUIACTHHKH.
Ilpoctoe BbiUHCAEHHE NPHBOAUT K BHIPAXKEHHIO

o, E 1 o azg L \* oL o
F_221+0{2(1-—-0) rroies ) +[(6x6y ~ o Oy"‘]}'
- (1L5)

ITonnas cBo6oiHas SHePrHs IJIACTHHKH HOJYYHTCA OTCI0JA HHTErpu-
poBaHHEM MO BceMy ee oGbeMy. HMHTerpupoBaHue Mo 2z Npou3BOJHTCA
B npexenax or —h/2 no +h/2, rie h — TOJIUMHA IJACTHHKH, a MO
X, y — no Bcefl NOBEPXHOCTH NJACTHHKH. B pesyabrare Haxomum
NoJHyio cBoGoAHylo sHepruwo F, = deV JethopMHPOBaHHOH IJja-
CTHHKH B BHJE

Fun= gri—a | | (55 + 5

+2(1-—o)[(a‘f§y el g;g]}dxdy (11,6)

(a1 sneMeHTa NOBEPXHOCTH MOXKHO BBHAY MasoOCTH JeOopMaluy IH-
carb C JOCTaTOYHOH TOUYHOCTBIO npacto dx dy).

ITocne Toro kKax nosydeHo BbIpaxKeHHe JJIsi CBOOOJHOM SHepruu,
MOX(HO paccMaTpHBaTh MJIACTHHKY KakK He 0G/1aJamoIyi0 TOJILHHOI,
T. €. KaK reoMeTPHYECKYIO NOBEPXHOCTb, MOCKOJBKY HAC HHTEDECYeT
TOABKO (opMa, NPHHHMaeMas €0 IOA BJIHAHHEM NPHJIOXKEHHBIX CHJI,
a He pacnpejeneHue jaedopMmaluii BHYTpH camoli niacTHHKH. Beau-
yHHa { ABJfercs TOrAa CMeleHHeM TOYeK INIaCTHHKH, paccMarpuBa-
eMOH KaK MOBepXHOCTb, NpH ee H3THOAaHHH.

§ 12. ¥YpaBHeHHe pPaBHOBECHS IJIACTHHKH

YpaBHeHHe pABHOBECHA NJIACTHHKH Mbl BBIBEEM H3 YCJOBHS
MHHHMYMa ee cBoGOAHOH 3Hepruu. [is 3TOro Hajo BBEIYHCAHTH Ba-
puanuio Belpaxenus (11,6).

Pa3obreM croaumuii B (11,6) uurerpan Ha cyMMy ABYX HHTErpasos
H Oy[eM BapbHpOBaTh KaXKABIM U3 HHX B OTJAeAbHOCTH. llepBmri uH-
Ferpaj MOXKHO Hamucarth B BHIE

[ @agydf,

rae df = dx dy — snement noBepxHocTH, a A = §?/0x? - 0Ydy?
o6o3Hadaer 3jech (u Besge B §§ 12—14) aByxmepurift onepatop Jla-
niaca. Bapeupys 3TOT uHTerpana, HMeeM

G—Q—j(t\é)”df = jAc A8 df = jAg div grad 8¢ df =
= j div (AL V8E) df — j V8L VAL df.
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Bce BeKTOpHHIe ONepalHH NPOH3BONATCH 3JieCb, KOHEUHO, B JBYX-
MepHOIl CHCTeMe KOOpJHHAT X, y. IlepBoif uHTErpas cnpasa npeoGpa-
3yeM B HHTErpaJ IO 3aMKHYTOMY KOHTYPY, OXBaTHBAIOIIEMY Il1a-
CTHHKY 1): _
. - a6
[ div(agverydf = § At mgrad sty al = § Az 2=,

rie 0/0n osHauaer AH(ppepeHLHPOBAHHE MO HampaBJeHHIO BHeIUHef
HOpDMaJlH K KOHTYpY.

Bo BTOpoM HHTerpase mNpHMeHseM TaKoe ke IpeoGpasoBariile
H HoJyyaeM

XVGQVAgdf= XV(G;VA;)df—XGQAZQdfz
dAL

= d}é@(nV) Ardl — XGQAZQdf - g"; 6 228 at — 5 LA df.
IToacrapasisi mosydeHHBIE Pe3YJLTAThI, HOJYydaeM
1 - OA a8
8 —2—§(A;)2 df = §6§A2§df — (55 s 08 (55 Ar 25 a1 (12,1
IlpeoGpasopanue BapHallHH BTOpPOro HHTerpana B (11,6) Heckobxo

Gosee nyuHHO. 310 npeobpasoBanue YAo6Hee NPOH3BOJHTL He B BEK-
TOPHOM BHJEe, a B KOMIOHeHTax. Mmeem:

o [{(a5r) — ) =

_ 5 {2 &L L L POL  OL o } dof.

0xdy 0xdy oxt dy? 0x? oy
HOI.IBIHTEI‘paJIbHOC BbIpaxKe€HHE 3JeCb MOXKHO HanHcaTb B BHJIE

8 rab oL 08 _QZ_C_)_{___Q_ a6 9% __66; 02;)
Ox dy OxO0y ox Oy? dy ( dx Oxdy dy ox2/?

T. €. KakK ABYXMEpHYIO JHBEPreHIHI0O HEKOTOPOI'O. BEKTOPA. HOQTOMY
MOXKHO IepenHcartb BapHalHIO B BHJE HHTErpaJja 1o KOHTYpY:

LN PL oL 08, @@L a8 o
6“ D) "'&T—a;f}df—@dlsme{ 3% dxoy oy TF}"‘

a8t o A8t o
-l—d}dlcose{ o e — —55,,,-} (12,2)

1) ®opMmysa nmpeobpasopanua ABYXMEPHHX HHTErpajJoB B TOYHOCTH aHaJOTHuHa
Tpexmephol opmyse. Poab smementa o6bema dV urpaer Temepb 3JeMEHT NOBepX-
HocTH df (paccmaTpuBaeMblit KaK CKaasip), @ BMeECTO 9JIeMeHTa [OBepXHOCTH df
CTOHT 3JIeMeHT JJIHHbBl KOHTYpa d/, yMHOXKeHHNH Ha BEKTOD n BHellIHefl HOpMAJIH K KOH-
Typy. Ilpeo6pasopanue HuTerpata no df B HHTErpal no d/ ocymiecTBJseTCs 3aMeHoi
oneparopa df 0/0x; na Benuuuny nydl. Tak, ecaH @ ecTb HeKOTOPHE CKaaAfip, TO

pr df = § pndl,
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rie 0 -— yron Mexnzy OCbi0 ¥ H HOpPMaZibid n K KOHTYypYy (puc. 3).
[poussonuete ot 6§ Mo x H y BHIPA3UM Yepe3 NPOM3BOAHBIE MO HA-
NpaBJ/ieHHI0 HOPMA/AH N K KOHTYpY H IO HanpaB/eHHIO KacaresbHOH I
K HeMy COIJIaCHO (hopMyJiaM
0 0 . 0
e cosO 5, — sin G'aT’

N 9
?@'“SmGWTCOSO'@T

Torna unrterpanst B dopmyne (12,2) npuo6peTaz0T CJeNYIOUWHHA BHI;

65{ }df @dl‘”C {QSmecose e~

a6 0% 0?
—smzeaxé } @dl C{smecosﬂ( y% — af)—{—

-I- (cos? 0 — sin?0) 5 ay}

Bropoi#t uHTerpaJ MOXKHO BBIYHC/IHTb, B3fIB €ro no dactsM. Ilo-
CKOJIbLKY OH Oepercst Mo 3aMKHYTOMY KOHTYpPY, TO NpeJesbl HHTeTpH-
pOBaHHS CAMBAIOTCS B OJHY TOYKY, H MOTOMY MbI
noJiysaeM HpOCTO

0%
_Sﬁdza_ 2 {sm@cos()(aw — %)+

. J?
+ (cos?0 — sin? 6) -5‘%7} .

Puc. 3 CBojs BCe NoJyueHHHE BLIPAXKEHHS BMeCTe H

HamucaB mepef HHMH KO3(G(QHIHMEHTL COIJACHO

dopmyne (11,6), nmosydaeM OKOHYATEIbHO C/AELYIOLIEE BhIPAKEHHE
JUIsT BapHallu# CBOGOJHOH 3HEpTHHU:

6an=D{SA2§ 8¢ df — aAc

+

+ 1 —0)—=r P (sinecosﬁ(ag - )T(cosze sm2e) axay ]—{—’
+§3—"ﬁ§-dz[Ag+(1—.o)(2mecose ey

3% o
— sin?0-— =~ — cos?0 2> )]} (12,3)
rue
D = Em/12(1 — o). (12,4)

Jlas TOrO YTOGHI MOJYYUTH OTCIOAA ypABHEHHe PABHOBECHS IIa-
CTHHKH, HaJl0 IPHPABHSATE HYJIIO. CMMY BapHalHH 8F u Bapuanuu 8U
NOTEHUHANBHOH 3HEprHH IJIACTHHKH, CBA3aHHOH € HaJHyHeM Jei-
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CTBYIOIIMX Ha Hee BHEIUHHX CHJ. Jra NOCIEJHSs BapHauus paBHA
B35iTOl ¢ OODATHEIM 3HAKOM pafoTe BHEMHHX CHJ IpPH CMEIIeHUH
unacteHKH, [lycte P ecTb HeficTByioulas Ha NJIACTHHKY BHEIIHssi
CHJIa, OTHECEeHHAas K eJMHHUE IJIOWAlH ee NMOBEPXHOCTH !) M Hampas-
JIeHHas No HopMaJH K Hefl. Toraa padora, Npou3BeleHHas CHJAAMH NPH
CMeUleHHH TOYeK NJacTHHKH Ha 8, paeHa

| Potf.

Takum oGpasoMm, HMeeM B KauecTBe YC/JIOBHS MHHHMAJBHOCTH IOJIHOH
CcBO0OJHOH 3HEPTHH IVIACTHHKH YypaBHEHHE

8Fq— | P8df = 0.

B JsieBOH 4acTH 3TOro paBeHCTBA CTOAT KaK MHTErpajbl MO MOBEpPX-
‘HOCTH, TaK H HHTErpasnl no KOHTYpYy. [ToBepXHOCTHLIN HHTErpas ecTb

[ \D A% — Py 8L df.

Bapuanus 6 B HeM NpOH3BOJIBHA. ITostomy HHTETpal paBeH HyJuo,

€CJIH
D A% = P, (12,5)

310 — ypaBHeHHE pAaBHOBeCHs NJIAaCTHHKH, H3rHOaeMoH JelcCTBY-
IOWHMH Ha Hee BHeIUHUMH cujiamu. KoadpuuueHt B 3TOM ypaBHEeHUH
HA3BIBAIOT HeCMKOCM6 TJACTHHKH NPH U3THOE WJIH 4uaurOpudeckol
HCECIKOCHIBI0.

I'paHuvHbBIe YCJIOBHS JJsi 3TOTO ypaBHEHHs NOJYYalOTCA H3 paBeH-
CTBa HYJIIO KOHTYPHBEIX uHrterpanoB B (12,3). Ilpn stom caenyer pac-
CMOTDETh HEeCKOJNLKO Pa3JHYHBIX YaCTHBIX CJYy4aeB.

IIpennonoxum, 4ro YacTp Kpas MIAaCTHHKH CBOGONHA, T. €. HA Hee
He JeHCTBYIOT HHKAKHe BHEIIHHE CHJIBL. Torxaa sapuanuu 8 u 8 (95/0n)
Ha Hel NPOH3BOJILHHL H JOJKHBI OBITh PaBHBIMH HYJIO KO3(DHIHEHTH
OpH 3TUX BapHalUsgX B HHTerpasax 10 KOHTYpy. IJTO MpUBOAUT
K YypaBHEHHSM

aA 0? 0%
g (1 — 0) 3 {cosOsme<axg — 6y§>+

| (sin®6 — cos? 6) %} =0, (12,6)

. 0% 5 0% apn %) __
Az (1 —0){251r16cose s — SIN® 0 S5 — cos*0 5 }_o. (12,7)
OHH JOJ/IKHBI BBINOJHATHCS HA Beell cBOGOJHOH rpaHHUe IIACTHHKAH.

Kpaesole yctoBus (12,6—7) BecbMa CoXHbl. 3HauuTeJIbHO GoJiee
HPOCTHL C/yYay, KOTrJa Kpasi IJIaCTHHKH 3adeaarst WM onepmol. Ecln

1) Cuaia P MoMXeT ABIATLCSA 8[eCh Pe3yJ IbTaTOM NReHCTBHA OGBbeMHBIX CHJI (HanpH-
Mep, CHJIB! TAXKeCTH) H PaBHA TOrfla HHTerpaJy oT nocjaejHel MO TOJNIIMHE MJIACTHHKH.
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Kpas NJAaCTHHKH 3ajenaHbl (puC. 4, @), TO OHH He MOTYT HCHLITHIBATh
HHKAKOTO BePTHKaJAbHOIO CMEINEHHS H, CBepX TOTO, He MOXKET H3Me-
HHTbCA TaKXe H HamnpaBJeHHe STHX KpaeB. ¥TOJ, Ha KOTOPHIH MOBO-
pauuBaeTCa JaHHBIA yYacTOK KpAasA IJACTHHKH OTHOCHTENIbHO CBOETO
nepBOHAYANLHOTO MOJNOXKEHUA, paBeH (NIpPH MaJlHX cMmelleHHAX {)
npousBofHoll 0f/on. Taxum o6pasoM, Ha 3ajeNaHHBIX KpasX Ia-
cTiHKH Bapuaunu 8f u 68 (00/0n) paBHBI HYJO, TAK YTO KOHTYDPHEIE
unterpadsl B (12,3) HCue3al0T TOXKAECTBeHHO. I'DAHHYHLIE YCJOBH
HMEIOT B 3TOM CJydae HDOCTOH BHI:

r=0, % —o. (12,8)

on

IfepBoe Bripaxkaer coBoi TOT (aKT, YTO Kpas NJIACTHHKH BOOOLIe
HE HCHOBITHIBAIOT BePTHKAJbHOTO CMelleHHs NpH JdedopMauuH, a BTO-
7 poe — YTO HampaBJeHHe Kpas OCTaercsl ropu-

a) // : 30HTaNbHBIM.
% Jlerko onpefenuTh CHJEL peaKiuH, AeACTBY-
Ipe Ha IJIACTHHKY CO CTOPDOHEE OIIOPHI B TOY-
Kax 3akpenJieHds. ITH CHJbl DaBHBl H HDOTH-
BOINOJIOKHLI CHJaM, JAHCTBYIOIUM HA OMOpY
CO CTOpOHBEI MJacTHHKH. Kak wu3BectHo wu3
MeXaHuKH, CUJIa, JEHCTBYIOIIAA B HEKOTOPOM
HanpaBJjeHHH, paBHA NPOHU3BOAHOH OT SHepPTHH
Puc. ¢ o KoopJuHarau, B3ATOH no sTOMY Hamnpas-
Jeunto. B vacrHocth, cHsa, € KOTOpOH mnJa-
CTHHKA JIEACTBYeT Ha OIOpY, ONpeJlesseTcsi NPOH3BOAHOR OT SHEPTHH
o CMeIleHHI0 { Kpasi mJacTHHKH, B39TOH ¢ 06paTHEIM 3HAKOM, a 06-
paTHad Cuja peaklHk -— TOH Ke NPOH3BOIHOH C TNOJOMKHTEJNLHEIM
snakoM. Ho srta npousponuas ectb He YTO HHOE, KaK KO3(D@QHHHEHT
npu 88 Bo Bropom nnterpase B (12,3). Takum 06pa3oM, cuiIa peakiiH,
OTHeCEHHAss K eJMHHIe JJHHBI KOHTYpa, paBHA BBHIPAKEHMIO, CTO-
sillleMy B JIeBOH yacTH ypaBHeHHs (12,6) (KoHeuno, He paBHOMY Tenepb
EYJ/IO), YMHOME€HHOMY Ha D. AHaJOTHYHO, MOMEHT CHMJI PCAKIHH
CTIpeJieNIsieTCsl BRIPA’KCHHEM, CTOSIHM B JIEBOH YacTH YpaBHEHHS
(12,7), ymHOxceHHBIM Ha TOT ke KosdduuumeHT D. 3r0 Cienyer u3s
H3BECTHOTO H3 MeXaHHKH OOCTOATeNbCTBA, YTO MOMEHT CHJIBl paBeH
GPOU3BOAHON OT 3HEPTHH 110 YTJY NOBOPOTA Tesa. ¥YToJl Ke IOBOpOTa
Kpasg IJIaCTHHKH paBeH NPOU3BOAHOH OL/0n, TaK UYTO COOTBETCTBY-
IOWHA MOMEHT cuJl onpelensieTcsi Kosgdumuerrtom npu 6 (0L/0n)
B TperbeM MHTerpade B (12,3). Ilpu stom o6a 3T# BeipamkeHus (11s
CH/IbI H MOMEHTa) BBUAY ycaoBui (12,8) cusbHo ynpomaiotces. HmerHo,
IGCKOMBKY § H 00/On paBHBI HYJIO BIOJIb BCErO KOHTYpa Kpasi Iuia-
CTHHKH, TO 00pallaioTCsl TOXAECTBEHHO B HYJIb TAKXe H HX IPOH3BOJ-
HLIe BCEX MOPAAKOB MO HanpaBieHHIO KacaTesbHOH L. YuuThIBag 310
oficToaTesbeTBO ¥ nepexoas B (12,6) u (12,7) oT npOM3BOAHKIX MO x
B Y K NPOU3BOJHHIM B HampaBJIeHHAX N H |, NOJYYHM caelyroung

6)
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NpCCThie BHIPAXKEHHA Aa cHAbl F u MoMeHTa M peakIuH OmophL:

_ *r | do o
F=—D[Zx+ga] (12.9)
a2
M=DZ5. (12,10)

Jlpyroii Bakubifl ciyuall — onepras nsiacTHHKa (pHc. 4, 6), y Ko-
TOpPO#l Kpasi TONbKO OIMPAIOTCS Ha HENOABHIKHYIO ONOPY, HO He 3a-
KpemieHsl B Hell. B rtakoM ciyuae Ha KOHType OJacTHHKH (T. €.
Ha JIHHHH, 10 KOTOPOH NJacTHHKA OMHPAeTcsl Ha ONOpY) BEPTHKAMbL-
Hoe cMelleHHE IIo-IpexHeMy OTCYTCTBYeT, HO HalpaBJeHHe OTHIOMb
He ocTaercs HeHsMeHHLIM. COOTBETCTBEHHO 3ToMY B (12,3) B HTerpane
N0 KOHTYPY

60 = 0,
HO
;
aa?f 0.

FMostomy w3 aByx ycaosuit (12,6), (12,7) ocTaercssi TOMBKO BTOpOE.
Brrpakenne ke, crosiuee B Jepoll uwactu (12,6), ompenenser, Kak
H B IpeiRAyIeM cayuyae, CHJIY peakluH, AeHCTBYIOILYH) B TOUKAX
ONMOpPHI IJIACTHHKH (MOMEHT K€ 3THX CHMJI PaBeH Temepb B PABHOBECHH
Hymo). I'panuunoe ycnosue (12,7) ynpomaercs, ecay nepefiTd X mnpo-
H3BOAHEIM [0 HanpaBJeHHsM A U |, DpHueM yuecTh, YTO B CHJAY
paBerctBa § = 0 Ha BceM KoHType oOpauljaloTcs B HY/Ab TaKXe H
npoussoaubie 00/0l u 0°C/0f, B pesyJibTate NOJIYyudM TpaHHYHBEIE
YCJOBHSI B BHJAE

0% de  d :
r=0, S5 +o--% g (12,11)

3apaun

1. Onpenennth AedOpMalHio KPYIJIOH MJAcTHHKH (pazuyca R) C saje/laHHBIMH
KpasiMH, pacnojioXeHHOH FOPH3OHTAJLHO B MOJIe TAXECTH.

Pemenue DBo6upaem noiaspHble KOOpARHATHL C HAYaJOM B LEHTpPS IJia-
crunkd. Cuana, JeficTByomiast Ha eIHHHIY MJOMALH NOBEPXHOCTH IVIACTHHKH, PaBHA
P = phg. YpasHenne (12,5) nproGperaer Bmj

A% = 640, B ==3pg (1 — 0%)/161°E
(MO0 HUTENbHEIE [ COOTBETCTBYIOT CMEULEHHIO MO HanpaBJeHHIO NeHCTBHA CHJM
1skecth). [TockoabKy § éctsh yHKIHA TOJBKO OT 7, TO A4 A B MOIAPHBIX KOOPAHHA-
d d
TaX Hajo NHcaTh A=TE7 (r -/ O6wunft MHTErpaj STOrO YpaBHEHHA eCThb

— 2 |1n L
{=frtta?r+b+cr?ln 7 +dln -

’
B nanunom canydae Hapo nonoxuts d = 0, Tak kax in '3 o6pamaerca npH r =0

B GeCKOHEYHOCTb, 8 TAKKe ¢ = 0, TAK KaK STOT 4JeH NPHBOLHT K 0coGoil Touxe y Al
aopy r = 0 (370 COOTBEICTBOBA/IO OBl CHJE, NPHIOKEHHOR K UEHTPY MIACTHHKH, —

o



63 PABIIORECHE CTEPXHEN M HOJACTHHOKR lra. 11

cM. 3ajauy 3), [locTosiHHble @ H b ONpeleJsicTCs U3 TpaHHuHBIX ychosuil § = 0,
v

2 =0 npu r= R, B pesyiprate naxozaum

dr
L= B(R— o).
2. To xe ZnA NIACTHHKH C ONEPTHIMH KPasgMH.
Pemenne Ipanuunbe ycaonusa (12,11) B cayuae Kpyr/Io# muacTuHKH npn-
o6peTaloT BHA
a2y o d
dr? r o dr

{=0, =0.

Pewenue ananoruuno peuIeHNIo 3alayu In NpUBOSUT X pesy.nmary‘

c=p (R — ) (LI R —1).

3. OnpenennTs JedopMallHIO KPYIJAOA NJAACTHHKH € SafelaHBLIMH  KpasuaMH,
K LEHTPY KOTOpOH MpHJOXKEHa cuaa f.
Pemenue DBesne, xpome Hauana KOOpAHHAT, HMEET MeCTO ypaBHEHHe
A% =0.

Hnrerpupys, Haxogum

Q:ar2—|—b—]-cr7]n—1%—

(waett ¢ In r onate onyckaem). Iloanas cuana, ReficTByloWas 1a_IIaCTHHKY, pabua
cusle f, TPHJOMEHHOHA X ee LeHTpy; mosroMy HuTerpan oT A% nmo [OBepXHOCTH
LJIACTHHKA J0Mxen OHTh paBeH

R
anrAzgdr_—__[f)_,
0

Orciopa noayuaercs ¢ = f/8nD. Tloctosinibie @ 1 b onpele]siOTCA M3 TPaHHYHBIX
YCJOBHil, H B pe3yJbTaTe HaXGIHM

§=_8—T{T [-—é—(R2—~r2)—r2]n—$—].

4. To ke AaR NJACTHHKH C ONepTHIME KpasiMH.
PeweHnne,

gz.._____f [——3+0 (R% ~—r?) —2r2 Inijl,
l6aD [ 140 r

5. Onpe:xenmb JedopMalluio KPYIVIOH NJI2CTHHKH, NMOABEUIeHHON B CBOeM len-
Tpe W HaxOLsIieHCA B TOJe THAMKeCTH.

Pewewnne Ypapuedue fasn § u ero ofiee pelueHHe — TaKHe Xe, Kak B 3a-
naue 1. ITockomuky B nentpe cvemenue § = 0, 1o ¢ = 0. [Tocroanuue @, b onpefe-
JSOTCA H3 TpaHHunbLX yeaophil (12,6) u (12, 7), HMEIOIHX MPH KPYToOBO# CHMMeTpHH
BUA

d Af d o df

1
dr =—( dil+ T ar =0, dr‘+ =0.

B pesyanTaTe HaXOAHM

. 340
g_ﬂr2[r2—[—8RZIn 4 2R? +}
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6. Ot Tena oTphiBaeTcsd TOHKHH ¢JIOH (TOJMHHOR A) NPHJOKEHHBIMH K Hemy
BHEUIHHMH CHJIaMH, JEHCTBYIOLIHMH [POTHB CUJl MOBEPXHOCTHOrO HAaTAMEUHA Ha
NOpepXHOCTH OTpuBa, [Ipu 3ajaHHBIX BHEMIHHX CHJAX YCTaHABJIHBAETCA PAaBHOBECH:
C onpeje/eHHBIMH BeAU4NHOH NOBEPXHOCTH OTpnBa W GOpMOH OTpPHIBAEMOR NJa-
ctunku (puc. 5), Brectu dopmysy, CBSI3LIBAIOLLYIC BEJHUYHHY NOBEpXHOCTHOIO fia-
TaXeHnd ¢ GOpMOH OTpLIBAEMOH MJIACTHHKH,

Pemenue. Orpupaemnfi c/0f paccmaTpuBaeM Kak IJIACTHHKY, OAHH H3
KpaeB KOTOPOH (NBHHA OTphina) safenan. Herutatomuii momenT, gefictpylomuil y s1oro
Kpas, onpegeasercs qopmysofn (12,104
paboTa, NPOH3BOZUMAA STHM MOMEHTOM A
DU yLaAuHelhnu ofnacTy oTpsiBa Ha Ox,

PaBHa
a8t o 2 \2

N Puc. 5

(paGora e nmarubawowel cuan F o ap-

JisleTcsl MaJIofi BeJHMYHHO BTOPOro Mo-

psiiKa). YcaopHe paBHOBECHA COCTOMT B paBelCTBE 3TOH paGOTHE U3MEHEHHIO SHEPTHn
cucrembl. [locnesnee ckIaabBaeTcss U3 JABYX 4HacTeil: H3MEHEHHsi HOBEPXHOCTHON
SHEPTHH H H3MEHEHUS YNpyrof SHepruH OTPHIBACMOH IVIACTHHKY 3a CUeT YAAHHEHUH
ee Hsoruytoli yacru. Ileppas pasra 2abx, rRe ¢ — Ko3(PHUHEHT NOBEPXHOCTHOTO
HATAKEHHUS, & MHOXKHTEJNb 2 yYHThIBAGT BO3HUKHOBCHHE MpH OTPLIBE ABYX CBOCOA-
HblX mopepxnocteft, Bropas xe wacTb paBHa

[ER3/24 (1 — 0)] (3%2/0x2)2 6x

(aueprus (11,6), npuxoasmascsa Ha AauHy OX NIACTHHKH), T, €, COCTABJACT NOJOBUHY
pa6orn (1), Taxum ofpasoM, nosyuyum

a2 _‘92_?)2
! (6)52 *

§ 13. IlipoposabHbie fedopMalMd MAACTHHOK

Oco6biM BHIOM JedopMalui TOHKHX IWIACTHHOK SIBJISIIOTCST OpPO-
ZoJbHBle edopMaLiy, NPOHUCXOAsALINE B CaMOH MJIOCKOCTH NJIACTHHKH
H He compoBoXjawolnuecss ee nM3ruboMm. BbiBegeM ypaBHeHHs paBHO-
BECHs, ONHCBHIBAIOINHE Takue aedopmaiuy.

Ecau nuacTHHKa JOCTaTOYHO TOHKA, TO AedopMalluio MOXKHO CYH-
TAaTb OJHOPOJHOH no ee ToJuguHe. TeH3op jedopMailuH ABAAEICH
npu 3ToM QyHKUHeH TOMBKO OT X H Y (NJOCKOCTD X, y BeibpaHa B ILIO-
CKOCTH MJIACTHHKH) M HE 3aBHCHT OT 2. [Ipojo/ibHbIe RePOpMALHH
IJIACTHHKH BBHI3BIBAIOTCS OOLIYHO AMOO CHIaMH, OPHJIOXKEHHBIMH K €€
KpasaM, Ju60 HEHCTBYIOIUUMH B IJIOCKOCTH I[WIACTUHKH OODbEeMHBIMH
cunaMi. I'paHnuHble ycoBHA Ha OGEHX MNOBEPXHOCTAX NJNACTHHKH
r1acsiT IPH 3TOM: Oypny == 0, HAH, NOCKOJBKY BEKTOpD HOpPMAaJsH Ha-
npaBJieH o OCH 21 o, = 0, T. e.

Oy; = 0y, = 0, = 0.

CrepyeT, OZHAKO, 3aMCTHTb, YTO B H3JaraeMoil HHXKe NpHOJIHXKeHHON
TEOpHH 3TH YCJOBHS OCTAIOTCA B CHJe H B TOM CJy4ae, KOria pactsi-
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[IIBQOIINE BHEUIHEE CHJB NPHJIOXKEHH HENOCPeACTBEHHO K MoBepx-
HOCTSM IUIACTHHKH, TaK KaK 3TH CHJBI BCe pasHO OYyAYyT MaJbIMH 00
CpPAaBHEHUIO C RO3HUKAIOIMHMH B MJACTHHKE NPOROJbHBEIMH BHYTPEH-
HHMH HQTPAXKEHUSAMH (O, Oy, Oy,). DYAYIH paBHBIMH HYJUO Ha rpa-
HHIAX, BeJIHUHHBL Oy, Oy, O, OYVAYT MaMLIMH H Ha BCEM INIPOTSIKEHHH
Masof TOJIIMHBEI IIACTHHKH, B CHJAY YEro MBI MOXKeM INpPHGJHXKEHHO
CU¥TATL HX PaBHBIMHM HYJIO EO BceM O0beMe NAACTHHKH.

IlpnpaBeuBas Hymo Boipaxenus (11,2), noayuaM caepyioulic
COOTHOLLI€HHS:

Uy = — T (e - Uy)s Uy = 11, = O. (13,1)

Tlonctarus ux B ofmue Gopmydsl (5,13), nosydaeM OTAWYHBIE OT HYJISA
KOMHOHEHTL TE€H30pa HaNlpsXKeHHH B BHIE

E

Opx = T2 (”xx + Guyy):
E

Opy = T—ot (tyy -+ Otdy)s (13,2)
E

O'xy == T_*_—Ouxy.

Crenyer o6paTHTb BHHMaHHe Ha TO, 4TO IyTeM (OpMasbHON 3aMeHHI

E~-E£ (13,3)

1—o2’ G

l—o
5TH BBIpQXKEHHUS NePeXoasiT B QOPMYJBI, ONpelessioliie CBA3b MEXIY
RANPSKEHHAMH Oy, Oy, Oy W JEQODMAUMAMH lyy, Uyy, Uy TPH
naockolt pedopmauun (gopmyas (5,13) ¢ u,, = 0).

Ilocste Toro Kak MBI TaKuM 00pa30M HCKIIOYHIAH BOBCE CMeHIeHHE i,
MLl MOJKEM PaccMaTpHBaTh IIACTHHKY NPOCTO KaK HEKOTOPYIO ABYX-
MEpHYI Ccpefly (ynpyeasa naockocme), He O6JafaOMIY0 TOJLIUHOL,
U TOBOPUTH O BeKTOpe JAehopMmauyu u Kak o0 ABYXMEpPHOM BeKTOpe
C ABYMs KOMNOHEHTaMH u, u u,. Ecan P,, P, — KOMIOHEHTEl BHell-
Beli o6beMHOH CHJBI, OTHECEHHOH K eJHHHUe IJIOUIAAM IJacTHHKH,
TO 0ofillHe ypaBHEHHS] PABHOBECHS TJ1acsT:

(s )+ P, (M 2 4 2,

IonctaBnss cioha Boipaxenns (13,2), noayyaeM ypaBHeHHs paBHO-
BeCHsI B BHJE

1 0%,y 1 Py %
Eh[l—c2 ax? +2(1+0) oy* +2(1—0) axa;y/]""szo’
(13,4)
1 0ty 1 0%y

&u 3
Eh[l—o" y +2(1+0) ox? ‘*‘2(1—0) 6x6y]+P”=0'




§ 13] nroacasHblE IEQOPMALINM TMJACTHHOK 71

STy ypabBHEHHA MOTYT ObITh HalmHCaHbl B ABYXMEDHOM BEKTOPHOM BHJAE

graddivu — 25 S rotrotu = — P22, (13,5)

rJe BCC BEKTODHBIE ONlepalHH NOHMMAIOTCS KakK llBYXMCprIe.
B 9aCTHOCTH, B OTCYTCTBHE 00bEMHBIX CHJI YpaBHEHHE paBHCBECHA
LJacHT:

=2 rot rof u = 0. (13,6)

graddiva — ! 5

Ono orsnvyaercss aumb 3HAueHueM Ko3PEHIHEHTa (B COOTBETCTBHH
¢ (13,3)) oT ypabhenHa paBHOBeCHs IJAA IJOCKCH jedopMalHH He-
OTPAHHYEHHOTO BA/b ocH 2 Tesa (§ 7) 1). Tak xe Kak ¥ 15 NJIOCKOIT
JeopMaliiy, MOMHO BBECTH 31eCh (UHKYUI0 Hanpajenus, ONnpele-
JIEHHYIO COOTHOIIEHHAMY
oy , 0%y o%,

Onx = Tpa» Oxy = 7 Groy 0 TwT Tpo (13,7)
aBTOMaTHYECKH YAOBJETBOPSIOLHMH ypaBHeHHSAM paBlioBecus, lalu-
CaHHBLIM B BHJE

005 o,y acy,C aoyy _
Ox + dy =0, + =0.

OyHKUUA HaOpaXeHHH [O-NpeKHeMy YIOBAeTBOpReT GHrapMOHHYE-
CKOMY ypaBHEHHUlO, TaK Kak ;:ma Ay umeeM COOTHOIIEHHE

Ay, = 0xx+ Oyy = (uxx + uuy) = le u,

OTJIHYaolleecs AHIEb MHOXKHTEJIEM OT TOrO, YTO Mbl HMeMH IS IIJIO-
CKO¥t Jedopmauuy.

OtMeTuM 3mech caexyiomiee OGCTOSITENLCTBO: pacnpejeneHye Ha-
NpAXEHHUH B IJacTHHKE, AedopMHPYeMOH NPUJIOMKEHHLIMH K €& KpaaM
33faHHBIMH CHJaMH, He 3aBHCHT OT YNPYTHX IOCTOSTHHLIX BEIHECTBA
nTacTHHKH. [leficTBHTENHHO, 3TH  MOCTOstHHBIE HE BXOJAAT HH B OH-
rapMOHHYeCKOe ypaBHEHHE, KOTOPOMY YHIoBJeTBopsieT (GYHKLHA Ha-
npsikeHu#t, Hu B dopmyart (13,7), ompejensiollie KOMIOHEHTH Gy
no 31ofi GyHKUHHM (a HOTOMY H B TpaHHUYHLIE YCJOBHs Ha Kpasx Iuia-
CTHHKII).

Banaaun

1. Onpepennts fe¢opManmio mJIOCKOrO XHCKA, DABHOMEPHO BPAIIAIOUIEIOCH
BOKPYF OCH, DPOXOLRIlel Yepe3 ero LEHTP M NepHneHJHKYJSPHOA K ero MIOCKOCTH.
Pewmenne Fckomoe pewenne oTaydaercd JAUb 3HAYEHHSMY NOCTOSHHBIX
KO3((pHILHEHTOB OT NOJYYEHHOIO B sajaye 5 § 7 peluenust LJs NJOCKOH AedopMalHu

1) Onuopofnyio BROJML OCH 2 AeOPMALMIo, MPH KOTOPOH BO BCeM Tene Oy =
= Oy = 0,; = 0, MHOIA HASKIBAIOT MAOCKUM HANPAICEHHEILM COCTIOAHUEM B OTIHUHE
OT MI0CKO# AedOpMaLliH, MPH KOTOPOH BO BCEM TEME Uyx = Uy == Uz = 0,
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EpAlLaoerocs UHARBApa. PaauanbHoe cmelwende w, = u (r) Aaetcs ¢opmy.oi

_ pR2 (1 —0?) 340
u= 35 r<l+0R2—r2).

310 — BHpaKeHHe, Nepexoidmee npu 3aMede (13,3) B popmyny, nonyuennyio B 3a-
naue 5 § 7.

2. Onpenennts nedopMailnio moJayCGeCKOHEUHOH MIAaCTHHKH (C NPSIMOJHHEHAHHM
KpaeMm) NIOJ BJHSHHEM COCPeJOTOUEHHOH CHJBI, NPUJIOKEHHOH K TOuYKe Kpas OJa-
CTHHKM H IeACTBYKOUEeH B ee MIOCKOCTH.

Pemenue BBoauM noaspHbie KOOPAHHATH C YIJIOM @, OTCUHTLIBAEMBIM OT
Hanpar/ieHUs NefiCTBHS NPHIOXKEHHON CHJILL OH NpoGeraer 3HaueHus OT — (/2 4- o)
A0 Ti/2 — @, Tjie & — yroJ MexJy Hanpab/JeHHeM CHJH H HOPMAJbiO K Kpaio naa-

cTuHKu (puc, 6). Bo Bcex Toukax cBoGogso#l rpa-

F HHULB!, 32 UCKJIOUEHHEM TOUKH MPHJIOXKEHHS RHEI-
Hell CHIBl (Hauajlo KOOpPAMHAT), AOJIKHHI BHINOJ-

HATBCS YCNOBHA Ogy = Orp = 0. Bocnonnsosas-

Y S N IIHChL BLIPAXKEHASMH M Opgp H Opy, NOJYYCHHHIMA

\ o
/'/ SO N B 3ajave 11 § 7, HafigeM, uTO 1715 3TOro ¢yHKLHSA
i iw N/ \ HanpsixKeHHH JO/IKHA YJOBJETBOPATL YCIOBHAM
[ / :
(U N /. %
) N/ —= == const,
N P N\ 7 or
N v
[ RCNS AN
| 1 0 —=const npn = F ——q
Puc. 6 oy pu @ ) .

O6a 3TH yc/0BUS BLINOJHSIOTCH, ecaH ¥ = 7f (¢). Ilpn Takoft noxcranoBke GHurap-
MOHHYECKOE ypaBHeHHe

1 9 d ”# 1?2
[+ (r27) + 5 1 =0
Raer 118 f () pemeHus Buza sin @, cos @, @ sin @, ¢ cos ¢. K3 Hux nepruie ABa pHK-

THBHRI, TaK KaK MNPHBOAAT K TOKAECTBEHHO pDAaBHBIM HYJIO0 HANpAXKEHHUAM. PemeHHe,
jalouiee OpaBHJABHOE 3HaueHHE HpHJIO)KeHHOﬁ B Hayajsie KOOpPAHHAT CHJEBI:

F 2F cos
X=——?—rcpslncp, Urr=—'n———;‘('P‘, 0rq>=0cptp=0 (l)

(F — 3HayeHHe CUJIBI, OTHeCEHHOE K €IMHHIlE TOJUIHHEI NVIaCTHHKH). eficrBuTrenbHo,
NpoenHupys CHJIH BHYTpEHHHX HaNpsKeHHH Ha HalpaBleHHS, NapajjeabHoe H
nepreHAHKyAApHOe K CHie F, H HHTerpupys MO Masoil NOJYOKDYKHOCTH C LIEHTPOM
B Hauyajle KOOPAHHAT (pPaiuyc KOTOpOH MOMKHO NPEACTaBHTh Cebe CTPEMSIIUMCH 3aTeM
K HYJIO), NOJYYHM

jo,, cos grdp = —F, jo,, sin@rdp =0,

T. €. KaK a3 Te 3HaYeHHs, KOTOPble KOMIEHCHPYIOTCS MPHJOXKEHHOH B Hauale KoOp-

JMHAT BHeIHeHd CHJOH. ) '
Gopmyant (1) onpenensior HCKOMOe pacnpelleieHHe HanpskeHH#. OHO OKaswl-

BAETCSl YHCTO PajHatbHLIM! Ha BCAKYIO IVIOWAJKY, NMEePHEHNHKYJISPHYIO K pajuycy,

JeHCTBYeT TOJMBLKO pajHajbHafg CKHMaoomas cuaa, JIHHHAMH pDaBHBIX HanpsKeHui

ABJISIIOTCA OKPYMHOCTH r = d COS ¢, NPOXOAALINE Uepe3 HayaJO KOODAMHAT H HMe-

I0lKe UeHTPH Ha NpAMol, BAOJbL KOTOpoil jaeiicTByer cuna F (puc. 6),
KomnonenTs Ten3opa Aedopmalihu

arr g
Upr = E Upp = — I Orry  Upp =0,
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OTciofa HHTETPHPOBAHHEM (€ MOMOIBIO BHpaxkeHuil (1,8) A1 KOMIOHEHT Mjp B ITO-
JSPHBIX KOODAMHATAX) MOXHO HaHTH BEKTOp CMeIleHHA:

2F r (l—ao)F .
U= ——% cosmln—a———nE—@SIqu,
20F 2F

(1 —a)
e nE T

smq;-;-—ﬁln—g—sinq:—;- g F(sintp—-tpcosq?)-

TlocTostHHBIE MHTErpUPOBAHHA BhLIGpAHBI 37€Ch TaK¥M OGpa3’oM, uTOGH HCKJIOUHTHL
nepemellieie (Mepenoc WM MOBOPOT) MJACTHHKH KaK IleJOTe; WMEHHO, NpeanoJa-
TaeTcsl HeCMelleHHON HeKOTOpas YCJIOBHO BHIOpaHHasl TOUKA, HaXOZAsiascA Ha pac-
CTOSIHHH @ OT Haua/la KOOpAMHAT Ha JMHHH JEiCTBHA CHJH,

I
Puc. 7 ) Puc. 8

C NOMOMIBIO MOMYYEHHOTO PellleHHS MOXKHO NOCTPOHTH PelieHHe A/S NPOH3BOJb-
HOTO pacnpeje/eHHs CHJI, ReHCTBYIOMHX Ha Kpaft miacTuHkH (cp. § 8). Camo no ceSe
OHO, pa3yMeeTCsi, HeNPHMEHHMO B HENOCPEACTBEHHONI OKpEeCTHOCTH Hayajaa KoOp-
JHMHaT.

3. Onpenenuts JehopManuio GeCKOHeYHOH KJIMHOBHAHON [JIACTHHKH (C yIJOM
20, mpu BepIIMHE) MOX BJIHAHHEM CHJBI, NPHJIOKEHHOH K ee Beplipne.

PemweH ue Pacnpenenenne HanpsiKeHuit ompenensercsa GOpMyJaMH, OTJH-
YAOWHMHCST OT MOJYUEHHEIX B NpejplAyllell 3ajade Juluis HOpMupoBkoi. Ecnu cuia
JeficTByeT BLOAb cpelHefl AuHMH KaHua (cusna F; Ha puc. 7), TO uMeeM

Fycosg

TG T psinde I T =0

Opp = —

Ecan xe cuna peficTByeT B NepNeHAUKYASPHOM HanpaBaenud (Fy na puc, 7), TO

- Facoso
T r (@ — Y, sin 20) °
B KaKZI0M H3 9THX ABYX CJIYYa€B YTOJ ( OTCUHTHIBAETCA OT COOTBETCTBYIOILETO HANpa-
BJIeHHS HeHCTBHA CHJIBL

4. Onpefennts nedoOpMalHIO KPYIJOro JHCKa (pajuyca R), cKaToro AByust
PABHEIMH M [POTHBOMOJIOXHEIMH CHJIaMH Fh, NPHJIOXKEHHEIMH K ABYM KOHUAM jHa-
Metpa (puc. 8). .
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Pewenne Pemwenne 3ajaun 1nosyyaeTcs NyTem HalOXeHHS Tpex pacnpe-
JeneHuil pHYTpeHHHX Hanpaxeuuil. [lsa pacnpefenesnus:

() ___ 2F cosqy M s
rary 24 ry Orios = %919, = 0,
@ . 2F cos@ 9 _ @ _
Oryrs = T org 0r,0. = Og.0, = 0,

rie ry, Qi H ry, Qg -— MOJAPHBE KOOPAHHATH IIPOH3BOJBLHOH TOuKH P ¢ Hauanamu
COOTBETCTBEHHO B TOYKax A M B (3TO ecTb HanpsiKeHus, KOTOpPble BO3HHKJIH Gbl OT
HopMaJlbHOH cuJibl F, NPHJIOAEHHOH K TOUKe HA PaHHIe NOJTyIOCKOCTH, CM. 3a1ayy 2),
TpeTbe pacnmpejenerue

& _F s
Oy = R Sin
npeicrasaser co6oil paBHOMepHOE pAacTSKEHHE Onpele/eHHOH HHTeHCHBHOCTH.
Jelicteuteabno, ecyid TOUuK2 P jiexKHT Ha OKPYXKHOCTH Kpasl JJMCKa, TO JJ1f Hee ry ==
= 2R cos @y, ry = 2R c0s @y, TaK 4TO ’
(1) (2) - _
O, = Opp, = F/nR.
TTockosnky HanpasjeHHS [{ H Ty B 3TOf TOuKe B3aHMHO NepHEeHAHKYJIAPHBI, TO MHL
BULHM, YTO MepBhle ABe CHCTeMbl HanpsKeHHH NDHBOAAT HA Kpal0 JHCKa K paBHO-
MEPHOMY CXKATHIO; 5TH CHJIbI KaK pa3 KOMIEHCHPYIOTCS PaBHOMEPHBIM PaCcTAXKEHHEM
TpeTbell CHCTeMH, TaK YTO Kpall AHCKAa OKa3blBaeTCs, KaK H CJeJOoBaso, CBOGOLHLIM
OT HanpsxeHHH. .
5. OnpezennTb pacnpejiesieHHe HanpsKeHHH B HeorpaHHuUeHHOH NJIACTHHKe
¢ KpyIJLIM OTBepcTHeM (paguyca R), NojBepraemoill paBHOMEDHOMY DAaCTSXEHHIO.
Pemenne PaBHOMepHOMY pacTAXeHHIO CIJIOMIHOH MNJACTHHKH COOTBET+
CTBYIOT Hampsixenna 0.9 =T, 0L2> == 0%’ =0, rae T — pacTAruBauas cuia,
FM orBewaer ¢yHKLUHA HanpsKeHHH
T T . 1
%0 = Ty“‘ = —2—r2 sin? @ == - Tr2 (1 —cos 29).

Flps HaZuuMH KPYIVIOTO OTBEPCTHA (C LEHTPOM B Hayajle HOJSIPHBIX KOOPAHHAT
7, @) Hilem (PYHKUHIO HANpsikeHHH B BHAE

=% 4 x®, @ =[f(r) + F(r) cos 29.

He 3aBucamuii or q>‘ HHTEerpas GHrapMOHHYECKOTO YpaBHEHHS HMeeT BHE
. f(ry=oartlnr+4br2+4clnr,
a B HHTerpase, NPONMOPUHOHAJILHOM COS 2¢:
F(r)=dr* 4 er*t 4 g/r2.

Bxopsmue ciola MOCTOSIHHbIE ONpPEIENSIOTCS YCJAOBHAMH Cff) =0 npu r=o0 1
9, = O;¢ = 0 npH r = R. B pesysbrare nonyuum

X(D=-T—§-2—[——lnr-|—(l——‘§;—) cos2q>], ]

B pacnpepegcHue Hanpﬂ'}KeHHﬁ onpeneaaeTca Tak:
T 2 3R? )
grr=—§-(1~—-§ )[:l-l—(l— rI; )cos?q;],
T RZ 3R4
UW‘P=T[1+-,T_(I+ ) )C052q)],

T [1 2R? 3R“] 09
—5— — —a— | sin2e.

Orp = 5



§ 14] CHJIbHBIA H3IrHB TJIACTHHOK 75

B uacTHOCTH, Ha TPAHHIE OTBEPCTHA Ogg == T (1 = 2 ¢0s 2¢), a npn P = /2
Opp = 3T, T. €. B TPH pasa [PeBOCXOAHT HanpsKeHHA HAa GeCKOHEWHOCTH (cp. sa-
naay 12 § 7). '

§ 14. Canbublli B3rué nNaacTHHOK

Msnoxennaa B §§ 11—13 Teopus muzruGa TOHKHX MOJNACTHHOK
npHMeHHMa JIHIIb K JOCTaTOYHO caabbiM H3THOaM. 3aberast Bhepef,
yKa:KeM yiKe 3LeChb, YTO YCJOBHEM NPHMEHHMOCTH 3TOH TEOPHH AB-
JIAETCS MaJIOCTh nporufa { Mo cpaBHEHHI C TOJIIMHOH A MIaCTHHKI.
Teneppr Mbl nepeiifieM K BLIBOLY YpaBHEHHH paBHOBECHA CHJBHO
n3oruytoli maactHHKH. Ilporud { npu sTOM yKe He Npejnosaraercst
MalblM IO CpaBHeHUWIO ¢ h. IlopuepKueaem, OAHAKO, YTO caMas Je-
(hopMauHs Mo-npeKHeMY [0J(Ha OLITh MaJja B TOM CMBICJE, 4TO TEH30D
ITedopManMu JoJKeH G6HITh Mas, IlpakTuueckw 3To OGBIYHO O3HAUYaeT
TpeGoBarne § & I, T. €. nporu6 AoJxeH OHITh MaJ fl0 CPAaBHEHHIO
¢ pasMepamu [ NJacTHHKH.

H3ru6 nnacTHHKH conmpoBoXiaeTcs, BooOlle roBops, ee O0HIHM
pacraxenueM ). B cnyuae cnaGoro uaru6a sTHM pacTaKEHHEM MOMKHO
npeHeGpeun. [IpH CHJIBHOM 3Ke H3THOe 3TOTO yXKe OTHIOAb HeJb3sl
cllenaTb; B CHJLHO H30THYTOH NJACTHHKE He CYIIECTBYET MNO3TOMY
HUKaKoH «HefiTpanbHOH noBepxHoctu». Hannume pacrtsimedus, co-
IIPOBOXKJAIOMIET0 H3THO, sBJAseTcs ChNelHpHYeCKOH 0CO6EHHOCTHIO
IJIACTHHOK, OTJMYamIed HX OT TOHKHX CTepXKHeH, KOTOpLle MOTYT
ObITh NOABEPTHYTHI CHJALHOMY H3ru0y, He HCMBITHIBAS INpPH 3TOM
06IETO pacTAXKeHHsl. DTO CBOACTBO MJACTHHOK HBJAAETCS YHCTO
reoMerpuueckuM. IlycTb, Hanmpumep, mJocKas Kpyraas TNJacTHHKa
u3rubaercs B NOBEPXHOCTh LIAPOBOro cerMeHra. Ecan npoH3BecTH
U3THO TakK, 4YTo0bl JJIHHA OKPYMKHOCTH OCTa/lach HEH3MeHHOH, TO
JIOJIKEH pacTAHYTbCs ee aHameTp. EcaM XKe pHaMeTp IVIACTHHKH He
pacTaTHBaeTCs, TO JCJIKHA CXKATbCA €€ OKPYKHOCTb.

Brruncnennas B § 11 smeprus (11,6), KoTopylo MOXIO Ha3BaTh
aHeprueil yucroro usruba, npeacran/seT co6ol JAHIIb TY 4acTh NOJHOR
3HEpTHH, KoTopas o6yc/oBJAeHa HEPaBHOMEPHOCTbIO PACTSAXKEHHSA
H CXKAaTHS BIOJb TOJNMHUHBI MJIACTUHKH NPH OTCYTCTBHH KaKoro-aut6o
HOJIHOTO ee pacTsixeHHsA. Hapany c 3Toit sHeprHeii B TOJMNYIO HED-
THI0 BXOAHT eme YacTb, OOYC/JIOBJEHHas Kak pas HalMuHeM 3TOro
OBLIETo pACTSKEHUS; €e MOXKHO Ha3BaTh 3Hepriefl pacTaxellns.

Jedopmanun gpcToro uarub6a H 4YHCTOTO pacTsAXKeHHA ObLIH pac-
cMoTpeHBl cooTBercTReHHo B §§ 11, 12 u 13. TlostoMmy Tenepb Mul
MOXKEeM HellOCPeACTBEHHO BOCNOJb30BaThCsl NMOJMYYEHHEIMH TaM pe3ydib-
raramd. llpu 3TOM oTnanaer HeoGXOAMMOCTb B PacCMOTPSHMH CTPYK-
TYpbl MJIACTHHKH MO ee TOJIIHHE, H MBI MOXEM Cpa3y paccMaTpHBaTh
NacTHHKY KaK JBYXMEDHYIO NOBEpPXHOCTb, He o6najaicliyr ToJ-
HIMHOA. :

1) Mickmodennem fIBAAETCS, HanpuMep, H3THO NJOCKOH [WIACTHHKH B IHJMHADH-
UeCKYyl0 MOBEPXHOCTb, .
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[pensapurenbHO BhIBeJEeM BbIpa)KeHHe IJIs1 TeH3opa JedopManiu,
OpeJeNsOLIEero pacTsaKeHne NJIaCTHHKH (DPaccMaTpHBaeMOH Kak IO-
BEPXHOCTB), MOJABEPTHYTOH OJHOBPEMEHHOMY H3THOY H DacTsIXKeHHIO
B cBoefi miockocTH. IlycTe u ecTb ABYXMepHBIi BEKTOp CMelleHHS
(C KOMIGHEHTaMH U, U,) IDH YHCTOM pacTsiKeHHH; § Mo-mpesxkHemy
o603HauaeT NomepeuHoe cMelieHue npu usrube, Torjaa s/JaeMeHT AJHHBI
dl* = dx* + dy* HemedOpMHDOBAHHON MUIACTHHKH IEpeHJIET mocJe
JedopManuu B aseMeHT dl’, KBajpaT KOTOPOro paBeH

dl’? = (dx - du ) + (dy + du,)® 4 dz2.

Hanucas sgecp du, = %dx-l—%;idy H aHaJOTHUHO In;a du,
H df, noayuuM C TOYHOCTBIO A0 UJeHOB 6OJiee BBICOKOTO INOpsSAKa
dl’* = dI® + 2ugp dx, dxg,

rZe ABYXMepHLIA TeH30p AedopMauHu ONpelensiercss Kak

1 [ Oug , Oup 1 ot o

Uop = =5~ m+m)+7m%- (14,1)

(B stom u crenymoueM naparpadax Mel 6yZeM 00603HA4aTbh NOCpen-

CTBOM TpedecKHX OYKB HHJAEKCHI, Npoleramoliye BCero ABa 3HAUEHHS X

H y; N0 JBaXJpl NOBTOPSAIOIIMMCA HHJEKcaM, Kak Bcerjaa, noipasyMe-

BaeTcsl CyMMHpOBaHue.) YJeHsl, KBaJpaTHYHbIE [0 IPOU3BOAHBIM OT i,

3jlech ONYIIEHBI; TOTO K€ CaMOro ¢ TNPOH3BOJHBIMH OT { crenars,

pa3yMeeTcs, HeNb3sl, MOCKOJbKY YJEHOB NEpBOrO MOpsAKA MO HUM
BooOlIlle He HMeeTcs.

Tensop nanpsikeHUH O,g, CBS3aHHBIA C PACTAXKEHHEM ILUIACTHHKH,
onpefensiercs ¢dopmysamu (13,2), B KOTOpble BMECTO U, HA0 NOJX-
CTaBHTLb NOJIHKH TeH3op AedopMaluH, onpeiessieMbldi corgaacHo dop-
myne (14,1). Dueprus uucroro usruba onpejenserca GopmyJioh
(11,6), KoTOpylO MBI HamuiIeM YCJOBHO B BHJE

[, @) dxay,

rae ¥, (§) ofosnauaer Bce BbIpa)KeHHe, CTOsllee IOJ HHTErpajoM
(11,6). Dueprusa Xe pacTaeHHs, OTHeCeHHAsa K eJUHHIE oObeMa
IJIACTHHKH, €CTb, COTJIACHO OOGIIHM (opMyJaM, UqpOqs/2. DHEprus,
OPUXOAALIASICSA HA eIHHHUIY [OBEPXHOCTH, MOJAYYaeTcsA OTCIO/A YMHO-
KeHHeM Ha h, TaK uTO [OJIHAs SHEepPrHsA DacTAXKeHHs MOXeT ObITb
HaNHCaHA B BHJE

J‘lyz (uaﬂ)df’
rae
Ua T
¥, =h—22F, (14,2)
Takum o6pasoM, nHoJHass CBOOOAHAs 3Heprud CHJIbBHO H3OTHYTOH
IVIaCTHHKH eCTh

Fua = [ [¥1(2) + Y2 (ap)af. (14,3)
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Panbiie ueM nepedTH K BbIBOLY ypaBHeHHH paBHOBeCHS, OoueHHM ofe
yactu sHepruu. Ilepsele npouspoannie ot § — nopsaaka §/l, rae | —
pasMepbl NJACTHHKH, a BTOpble — nopsagka /2, [lostomy H3 (11,6)
BUIHO, 4TO ¥ ~ Eh3§2/l" [TopsJiox ke BeJHYHHBI TEH30PA Ugp €CTh
C¥®, u motomy ¥, ~ EA{Y/I*. CpaBHeHHe 06OMX STHX BbIpaKeHHI
nOKa3bIBaeT, 4TO npeHe6pe)erHe ¥,, ZenaeMoe B NPHOJIHKEHHOH
TeOpHH u3ru6a MJIaCTHHOK, 3aKOHHO TOJbKO npH ycaoBuu &3 & A

Yenosue MHHHMAaJgbHOCTH 3Hepruu raacut: 8F + 86U = 0, rje
U — noteHuuanbHas 3HepIHs B I0Jle BHEIIHUX cua. Mbl 6yneM cau-
TaTh, YTO HeHCTBHEM BHEMIHHX PacTATHBAIOWHUX CHJ, €CJIH TaKOBLIe
HMEIOTCA, MOXKHO npeHeGpeub 10 CPaBHEHHIO C CHJIAMH H3rHOAICIIHMH,
(210 MoxHO Bcerna ciesaTh, €CJH TOJIbKO PaCTATHBAOLIHME CHJBI He
CJIHIIKOM BEJIHKH, TMOCKOJbKY TOHKasi IJIacTHHKA Topas3jio Jierye
nojiBepraercs uaru6y, yem pacrsxenuio.) Torna ans U umeem 10 ke
BBIpaxKeHue, 9to U B § 12:

8U = — | Pozdf,
rie P — BHemHAs cuja, OTHECEHHas K eIHHHLE MOBEPXHOCTH MJa-
CTHHKH. Bapuaius nHrerpaza j‘Pldf 6bl1a yKe BhHYHMCIeHA B § 12
H paBHa
8 [w,df =D | A% sz d.
Hurerpansl no KoHTYpy, crosuue B ¢opmyJe (12,3), Mbl He muiueM,
NOCKOJNLKY OHH OINpelefilioT He caMoe YypaBHEeHHE paBHOBECHH,

a TOJIbKO I'DaHHUYHBIE YCJIOBUA K HEMY, KOTODEIMH MBI HE CTaHEM 3J€Ch
HHTEpecoBaThCd,

Hakonel, BBLIYHCJIHM BapHaLHI0O HHTErpaJa j‘Pde. Bapsuposa-

HHE B HeM JIOJI2KHO NPOW3BOAUTHLCS KaK [0 KOMIOHEHTAM BEKTOPA U
Tak ¥ no {. Mmeem

8 [Wadf = | g:iﬁ Sttgp df.

ITpon3BoaHbIe OT CBOGOJHOH 3HEPTHH eJHHHLBLI OOBEMa IO HUgp
PaBHBI Gup; NM03TOMY OV,/0uqp == hayg. IlopcraBaas Takxe AnA Ugp
Beipaxenue (14,1), noayyaem

GJ‘I’zd[= h joagéuasdf=

dbue | 98
hjc { u g g;_aac+aacac}f

=73 B oxp Oxq xq Oxp 0xq Oxp

WJIH BBHIY CHMMETDHYHOCTH Ogyg

8 [ Wadf =1 [ o {6£uﬁa+%f; dfi;}'df

I/IHTel‘pprﬂ Tenepb [0 YacTsM, MOJYYaeM

6 Wydf = —hj[ ua—}—a—%(caﬂa—i%)&f_,]df.
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HHrerpasisl N0 KOHTYPY, orubaiouleMy MOBepXHOCTh IVIACTHHKH, MEL

OATH HE NHIEM.
Cpoja BMecTe Bce TIOJTYYEHHLIE BLIDAKECHUA, HMESEeM

OF o -1 8L =
— [{[ Azg—ha (aaﬁ ara)—P]Gg——h%%f'éua]dfzo‘

JsAs Toro urofpt 3TO COOTHOIIEHHE HMEJI0 MECTO TOXKJeCTBeHHO,
JOJIKHEL 00p2marThesi B HYJb OTAEAbHO Kostuunentsr npu 8% u npu
Ouy. Takum cofpasoM, nosaydaeM CHCTEMY ypaBHEHHH

. 0T )

D/_\z;,~hm( b 3 ):P, (14,4)
60&3

o = 0. (14,5)

B 3Ty cHcTeMY BXOXAT B KauecTBe HEH3BECTHRIX (YHKLHH Tpi
BeIMUNHb Be KOMIIQHEHTHI 4., U, BEKTOPa U H NONEPEUHOe CcMelle-
Hue {. Ee pelneHue onpejejisier ofHOBpeMeHHO (OpPMY H3OTHYTOI
naacTuHKY (T. €. QyHKUHio § (X, y)) H BO3HHKaOUlee B pe3yJbTare
usruba pacrskeHne. YpasHenus (14,4) u (14,5) moryr OuTh He-
CKOJIbKO YIIPOUIEHH NOCPEACTBOM BBefeHHs1 B MMX (YHKIHH 7y, CBs-
8aHHOH C Ogg cooTHoweHusiMu (13,7). Ilocae noacranoBku (13,7)
B ypabrenne (14,4) oHOo npHBOAHTCA K BHAY

2 &Py L Py L o Py 0%
ba? ;“h( 3 o0 T or op axayaxay) P (14,6)

70 KacaeTcsa ypapreHu#i (14,5), To Beipaxenuamu (13,7) oHH ylo-
BJICTBOPAIOTCA aBTOMaTHdecKH. [losToMy HeoGXOIMMO BbIBECTH elie
OJHO ypaBHeHHe, KOTOPOe MOKeT ObiTb NOJYUYeHO HUCKJOUEHHEM U,
n3 cootHowwenud (13,7) u (13,2).

JList aToro nocTynaeM cieRyomuM o0pasoM. BoipakaeM ugg uepes
Oqa. U3 (13,2) nmonyyaem
1 ' 1 1+a

Uyw = = (Ogx — 00y,), Uy = 5 (0yy — 00.x), Uyy= —f— Oy
INoncraBass ciofa 1451 Ugg BeipaxkeHue (14,1), a8 ans Og3 — BhIpa-
wenua (13,7), HaXO,ZLHM paBeHCTBa

d L(BY L (P o 21y
( T E \og ox2 )?
Ou ¢ 1 7 d%y 32y
“”+—‘(_) = (@ —95%)
611,5 auu oL or — 21 +40) 02y
Ty +a—xa'; TTTE  oxoy’

IpuMenuM K nepBoMy onepauuio 9%/0y®, ko Bropomy 0%/0x?, K Tpern-
emy 0%0x Oy, 0OCJIE 4ero CJIQ¥KHUM TEepBOe CO BTOPBHIM U BBIYTEM TPEThe,
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-2

Torna uwneHs!, coiepikalltie u, H #,, B32IIMHO COKpaWlaOTCs, f Mil
nonydaeM ypaBHeHHE
' 2 0% 0% P\ _q.

Nt E (G~ (o) ) = (147
YpaBuenus (14,6) u (14,7) npexnctaBnsior coGoH MOMHYIO CHCTEMY
VpaBHeHHH CHALHOrO H3Trnba TOHKHX nJaacTuHOK (4. Foppl, 1907).
JTH ypaBHEHHS BecbMa CJOXKHEL H HE MOTYT OBITb pelieHbl TOYHO
Jaxe B mpocrefiunx caydasx. OfpawaeM BHHMaHHe HA TO, 9TO OHH
HeJHHel k.

YnoMsHeM KOpPoTKO 00 ocofoM cayudae JedopMalHid TOHKHX
NJIACTHHOK — O TaK HasklBaeMblXx MemOpaHax. Memubpanol Ha3LIBAOT
TOHKYI0 MJACTHHKY, MNOZBEPTHYTYI0 CHJBHOMY DaCTSXCHHIO TIpH-
JIOXKEHHBIMH K €e KpasiM BHEIUHHMH pacTATHBaouMH cuaamu. B Ta-
KOM cJyyae MOXHO npeHeGpeus MONOMHUTENLHBIMH [POXOJLHLIMH
HaTAXeHHAMY, BO3HMKAWIOHMH NpH H3rube MNACTHHKH, H COOTBET-
CTBEHHO ITOMY MOXHO CUHTaTh, YTO KOMIIOHEHTHI T€H30pa Ogs PaBHBI
NpPOCTO MOCTOSIHHLIM BHENIHHM  PacTSTHBAIOIEM  HANpPSKEHUSM.
B ypasuennu (14,4) MoXHO Teneps NpeHe6peub NEPBHIM YJIEHOM HO
CpDaBHEHHIO CO BTOpBHIM, H Mbl NOJIyYaeM ypaBHeHHe paBHOBECHS

a2

hoaﬂaa—gﬂ;—{—P:O (14,8)
C TPaHHYHLIM YetoBHeM § = 0 Ha KOHType Kpast MeMGpaHkl. 310 ypaB-
HeHHe JHHeHHo. B 0COGEHHOCTU MPOCT caydail H3OTPONMHOIO PacTsl-
XeHHS, KOrja HaTsizKeHHe MeMGpaHbl OJHHAKOBO NO BCEM Hampabiie-
uuaM. Ilyers T ects aGconoTHas BeJHUYHHA IIPHIOKEHHOH K Kpaio
ITACTHHKH PACTATHBAOmeEd CHJBI, OTHECEHHOR K efuHHIE J/IHHBI
storo Kpasi. Torna ho,s = T0.,p, U MBI NOJNyyaeM ypaBHellHe DaBHO-
BecHsl B BHJe

TAL+ P =0. ' (14,9)

3apnayn

. OnpefieinTs 3aBHCHMOCTb BEJTHUMHBL nporuGa IJIACTHHKH OT XefiCTBYOILei
Ha Hee CHJH NMpPH M3rH6e HACTOJNBKO CHJAbHOM, uTO { > A.

Pem en ne Olenka wienoB ypasHenusa (14,7) nmokasmsaer, uto x ~ EZZ.
Mpu { > h nepsu#t unen B (14,6) MaJ MO CPaBHEHHIO CO BTOPHIM, KOTODLIH HMeet
nopARoK peanunus hly/14 ~ ERT3/I4 (I — pasmeps miactuakH). Cpasnusas ¢ BHel-

Heil cuiof P, nosyuzem
AP\ /s
£~ ( Eh ) '

Orciofia, B 4aCTHOCTH, BHAHO, YTO { NPOMOPIIHOHANLHO KyGHUIECKOMY KOPHIO H3 CHJIEL
2. Onpepeautd pedopmanuio Kpyraoi memGpannl (pagmyca R), pacro/IoxeH-
HOR TOPH3ORTANLHO B TIOJE THKECTH.
P ew e n B e. FveeM P = p gh; B MOAAPHLX KoopAHHATaX (14,9) npHuHMaeT BHA

L4 (LY et

T e\ or )T T T
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Pewrenue, goneynoe npu r= 0 H yjaosnersopsiouiee yenopuio § =0 npu r = R,
€CcTb

§ 156, Jedopmannn obonouex

T'oBops j0 cux nop o fedopMalusiX TOHKHX NJACTHHOK, MBI Beerja
nojipasymeBaJy, UYTO B HeJeOPMHPOBAHHOM COCTOAHHH IJACTHHKA
sIBJIsTeTCA IJIOCKOHA. Mexx iy TeM NedopMaluy MJIaCcTHHOK, 06JaaolHX
B CBOEM €CTECTECHHOM COCTOSHHH HCKpHBJeHHOH ¢GopMol (rakue
IVIACTHHKH HA3LIBAIOT 060404KaMy), OOHAPYIXKHBAIOT OCOOEHHOCTH,
NPUHLUUNHAJABHO OTJAHYAWIIHE HX OT Je(popMalHi NIOCKHX NJIACTHHOK.

Pacrsaxxenne, conpoBoxjawlnee H3THG I1IOCKOH NJACTHHKH, $iB-
aserca 3¢¢peKToM BTOPOTro MOpAAKA MaJOCTH IO CPABHEHUIO C BEJH-
YuHOH caMoro mnporu6a. IT0 NPOSIBIACTCS, HANpUMep, B TOM, 4TO
TeH3op AedopMauuu (14,1), onpelensomuil Takoe pacTsiXkeHnue, Kpa-
Apatuved 1o f. CoBepLIeHHO HHOE NOJIOXKEHHe HMeeT MecTO NpH Je-
(opmanusax o0oJoueK: 3Jechb pacTAXKeHue ecTb 3PPeKT nepBoro
nopsajka H NOTOMY HIpPaeT CYyLIECTBEHHYIO POJb JAaxe NpH caaboM
usrube. Ilpome Bcero 5To0 CBOACTBO BHAHO YK€ H3 CaMOI0O IIPOCTOrO
npuMepa paBHOMEPHOTO pacraxeHHa chepudyeckofi obosouku. Ecan
BCe ee TOYKH I[0JBeprarTcsl OJHHAKOBOMY pajHalbHOMY CMelleHHio L,
TO YyBeJHYeHHE JUIMHBEI 3KBatopa paBHo 2n{. OTHOCHTeJbHOe pacTs-
xenue 2nf/2nR = /R, a notomy u TeH3op AedopMallUH MPONOPLH-
OHaJleH mepBoll creneHH {. D10T 3ddeKT cTpeMHTCs K HYJo NpH R —
> 00, T, €. [IPH CTPEMJIEHHH KPHUBHU3HBEl K HYJIO, ¥ ABJAETCS, TAKUM
o0pa3oM, cnenupuiyecKUM CBOHCTBOM, CBSI3aHHBIM C KPHBH3HOH o06o0-
JIOUKH.

Ilycts R ecTb NOpsAoK BeJNHUMHBl pajnyca KPHBH3HBI 000JOUKH,
coBnajaiouieil oOBYHO C NOPAJKOM BeJHUYHHBI ee pasMepoB. Toraa
TE€H30p JedopMall#H DAaCTsKEHHs, CONPOBOXKIAIOIIEro H3ribd, — no-
psaaka {/R, cooTBeTCTBYIOIUE TeH30p Hanpsxenuii ~LL/R, a anep-
rus jedopmaluy (OTHeCEHHAs K eAWHHIE ILIoliajau), coraacHo (14,2),
~Eh (L/R)% Snueprus e umucroro uarua no-npexnemy ~LEh3(%/R*.
Mn BHAUM, uYTO OTHOLIEHHE MEepPBOH KO BTOpol ~(R/h)%, T. e. oueHb
BeJiHKO. [JonuepKHeM, 4TO 3TO HMeeT MECTO He3aBHCHMO OT COOTHOLIe-
HHs Mex1y BesquuuHOH § usru6a u TOMUHUHONA A, B TO BpeMsl KaK IIpH
u3ru6e MJIOCKUX INIACTHHOK pAacTA>KeHHe HauHHaJO HIpath poJib
TOJIbKO npu { ~ hA.

B HekoTOpHIX c/yyasx MOXET CyLIEeCTBOBATb OCOOBIH THN H3ruba
060/104eK, IPH KOTOPOM HHKAKOIO pAaCTAXeHHS He IPOHCXOAUT
BoBce. Tak, Hanpumep, LWJIHHJApDHYeCKas o000J04Ka (C OTKDBLITHIMU
000HMH KOHLAMH LHUJHHJpA) MoxkeT ObIThb JepopMHpOBaHa 6e3 pac-
TSXEHHS, ecJH Bce o6pasyiollue LHJIHHIApA OCTAOTCA MPH Hsrnée\
napaJIeIbHeIME IPYT Apyry (T. €. o6ojouKa KaK Obl BJAABJHBAeTCH
no Kakoi-HHOyAb M3 oOpasyromux). Takme gedopmaunu Ge3 pac-



§ 151 JAE®OPMALIMH OBOJIOYEK 81

TSXKEHHs1 TE€OMETPHYECKH BO3MOIKHBI, €C/iH 000/0YKa HMeeT cBoGOM-
Hple Kpas (T, e, He 3aMKHYTa) HJIH Xe eclH o00JoYKa 3aMKHYTa,
HO ee KPHBH3HAa B Pa3HBIX MeCTax HMeeT pasHbifl 3HakK. Hamnpumep,
3aMKHyTas codepHyecKas o060JOYKA He MOXeT ObiThb H30THyTa G6e3
pacTaXkeHHs, eClH XKe B HeHl npope3aHo oTBepcTHE (NIPHUEM e€ro Kpa:
He 3aKpelvieHbl), TO TakKie AedopMalHH CTAHOBATCS BO3MOMXKHBIMH.
TTockonbKy 3HeprHs YHCTOrO M3ruba MaJa [0 CPpaBHEHHIO C SHeprHefi
pacCTsiZKeHHsI, TO fICHO, YTO ecaM AaHHas ofoJgouKa AOMyCcKaer je-
tdopmaLuu 0e3 pacTsiKeHHS, TO HMEHHO TaKue aehopMauud H OYLYT,
BooOIIe TOBOPs, peajibHO OCYLIECTBJSITbCA IIPH BO3ACHCTBHHM Ha Hee
NPOHU3BOJIbHEIX BHeIUIHHX cuJ. TpefoBaHue OTCYTCTBHSI PacCTSIKEeHH:
npu uarufe HaKAa/pIBaeT CYLUICCTBEHHbIE OTPAHHUEHHS] HAa BO3MOXKHBIE
CMEIEHHST Uy. DTH YCAOBHS SBJASIOTCS YHCTO FeOMETPHICCKHMH H MO-
ryT ObITh BbIpa)KeHbl B BuAe Au(depeHUHANbHBIX YpPaBHEHHH, KOTO-
pBie JOMXKHB! COJEPKATHCA B NOJHOH CHCTEMe ypaBHEHHH paBHOBECHS:
ans takux Aehopmauuii. Mel He 6yleM 3Jech OCTAHABJAHBATHCSI Ha
3TOM BOIIpOCE. '

Ecnu xe nebopmanus o60JOYKH CONPOBOKAAETCA PACTSIKEHHEM,
TO HANpsIXKEHUsT PACTKEHHS, BOOOIle TOBOPS, BEIHKH II0 CPABHEHHIO
¢ HamPsSDKEHHSIMH H3rHba M TNOCJEIHHMH MOXKHO IMpeHe6peub (OCHO-
BAHHYI0 Ha TaKOM TMpeHe6peXeHHH TeOpHIO 000JOUEK HAa3bIBAIOT
membpannol).

DHeprus pacTsiXKeHUsi OOOJOUYKH MOXKeT ObITh BBIYUHC/ACHA KAk
HHTErpaJ

5 .
an ='2_Iuaﬁcaﬁdf» (15’1)

B3ATBI MO €e MOBEPXHOCTH. 31ECh U,p €CTh ABYXMepHBIH (@, B =
= ], 2) Teusop nedopMalliM B COOTBETCTBYIOMIHX KPHUBOJHHEHHBIX
KOOpJHMHATaX, a TEH30p HAaNPSKeHUH Oyp CBSI3aH C Uy HopMyJaMu
(13,2), xoropeie Moryt ObITb HAaNHCAHBl B JBYXMEPHDLIX TEH3OPHBIX
0003HAYEHHSAX KaK

E
Oap = 73 [(1 — 0) o + 08yt (15.2)

Oco6oro paccMoTpeHHsi TpefyeT cayualf, KorAa o0o/0uka IOA-
BepiKeHa BO3JEHCTBHIO COCPEJOTOYCHHBIX CHJ B IONEPEYHOM K 060-
JIOYKe HanpaBJAeHHH. TaKHMH CHJIAMH MOTYT SIBJATHCS, B YACTHOCTH,
CHJIBl DEeaKklUHH, JeHCTBYOmHEe Ha 000/J0YKY CO CTOPOHBI OIOP B TOY-
Kax (U/d JHHHsX) 3aKpeneHusi. CocpefoTOYEHHEIE CHJBI [IPOH3BOIAT
u3ru6 o60J04YKH B HeOoJIbIIoH 06J1aCTH BOKPYT TOUEK HX NPHJ/OKEHHA.
Tlycts MOpsIAOK BeJHYHHBI 3TOH 00JacTH AJs NPUJIOXKEHHOH B TOYKS
cuJbl [ ecThb d (TaK uyTo ee miomagb ~d?). ITockoabKy H3ru6 { CHJIbHO
MeHsIeTCsl Ha NPOTSXKEHHH paccTossHHH d, TO 3Heprus uaruba (Ha eiu-
HHLY INIONAAH) — Nopsiika Beaunuuunl Eh3%/d*, a nosnnas sneprus
usruba (ma naomagy ~d?) ~ Eh3L*d®.  Tenzop ke nedopmauuu
pacTsiKeHus No-TipexkHeMy ~§/R, H moJHas SHEPTHS BBI3BAHHOTO
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COCPENOTOYEHHOH cusofl pactaxenun ~Eh (L/R)? d®. Tlockoabky
sHeprusi u3ru6a pacrter, a SHeprus PacTsXKeHHs MafaeT ¢ yMeHblle-
HHeM d, TO FICHO, 4TO IIpH olipejeseHHH AedopManuH BGAU3M MeCTa
HPHJIOKEHHS] COCPELOTOYEHHBIX CHA JNOJUKHBI OLITh yYTeHBl ofe 3TH
sHepTuH. Benuuwmna o6nactH wusruba d onpeleddTcs GLO HOPAIKY
BeJIHYHHBI M3 YCJAOBHS MHHHMYMa CYMMBI 3THX SHEPIHH, OTKyza

d'~ 1/ FR. (15,3)

Tpu 3TOM speprus ~Eh*(YR. BapbHpysa ee mo { M npupaBHHEAA
pa6ore cHsnl f, HaljeM BeqHuuHy nporuba & ~ fR/Eh3.
Oxnako ecnn JAeHCTByWIHe La o0o-
£ JIOUKY CHJBI JOCTATOYHO BeJHKH, TO B 000-
] JGYKE MOTYT BO3HHKHYTH  BBIIYYUBAHHA,
| CYyIIeCTBEHHO MeHsouxe ee ¢opmy. Ompe-
5 ‘T—‘— JeneHne nedopManMH B 3aBHCHMOCTH OT
M IPHJIOIKEHHBIX HarpysoK Tpefyer B STOM
I ! cBoeoGpasHOM cJyyae CIeNHaJbHOrO HC-
| / clenoBanusa ).
’ / [Tycts BHTyKJAas 0060/0uKa (C KpasMH,
| F 3aKpelJieHHBIMH Tak, 4ToObl rapaHTHpOBATh
./ ee reoOMEeTpUYecKylo HecrubaeMoCTb) HaXO-
lgﬂ/ JUTCS moj JelcTBHeM 6oJapLIoH cocpesoTe-
iy 4eHHOH cHJbL f, HampaB/eHHOH MO BHyTpeH-
V Hell HOpMaJH K NOBepXHOCTH. JIJ1s1 IpOCTOTEl
P 6yleM CYHTaThb, YyTO 06OJI0YKA TNpeACTaBJIAET
He. 9 o
' co6ofl yacTb cdepnl paguyca R. O6sactb
BbINYUHBAHHA OYJET 1IADOBBIM CETMEHTOM,
OJH3KHM K 3epKajpbHOMY H300pakeHHIO ero nepBoHAYaIbHOH (opMbl
(ma puc. 9 usobpaxkeH MepHAHOHATbHBIH paspe3 o6osouku). 3ajgaya
COCTOHMT B ONpefe/eHHH pa3MepoB BHIIYUYHBAHHA B 3aBHCHMOCTH OT
BeJINYHHEI CHJIBL.

OcHoBHas 4acTh ynpyrofi 3HEPTHH CKOHUEHTPHPOBAHA B Y3KOH
noJjioce BOJU3H Kpasg 0OJACTH BBIMYYHBAHHA, Tle H3rub COOJOYKH
CpaBHHTEJBbHO BelnK (6yJieM Ha3bIBaTh ee MOJoCOR H3ruba H o6o3Ha-
YHM ee IHPHHY Yepe3 d). OueHHM 3Ty 5Hepruio, npuyeMm 6yleM npes-
nosaraTth pasmepn (pasuyc) 06JacTH BeiyulBaHHA r « R; Torza
yroa & « 1 (cM. puc. 9). Ilpu atom r = R sin & ~ Ra, a raybuua
nporuba H = 2R (1 — cos &) ~ Ra?. O603HauuM NOCPEACTBOM {
CMelieHHe ToueK o6oJ0uKkH B moJoce #aruba. ToyHO Tak Xe, KaK 3T0
OLIJIO ClelaHO BRIIIE, HaXOAHM, YTO 3HEPrHs H3ruba BIOJIL MEpH-
IHaHa H pACTSKeHHs BJAOJL Napanenu %), orHeceHunie K 1 cm?

1) Manaraemble Huxe pesyabTaTel npuHaggexar A. B. IHozoperosy (1960).
Bonee TouHmi#i aHajsu3 JaHHOrO BOMpoca, a4 TaKxkKe JApyrye aHAJIOTHuHHle 3ajayn,
MOM(HO HafTH B €ro kHure «Teopusi 060/109eK NPH SaKPHTHUECKHX AedopMaLHAX», —
M,: Hayxa, 1965. .

?) Ha usru6e no MepHAHAaHY KPHBH3HA OGOJOYKH B NepBOM NPHOIHMKEHHH He
CKa3HBaeTcsl, TaK YTO OH NPOHCXOJHT, KaK W NpH LUIUHAPHYECKOM H3rHOe IJIOCKOI
TIaCTHHKH, Ge3 oOIiero DACTAXKEHHA IO MepHAHaRny.
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[OBEP XHOCTH, MO MOPSEKY BEJHYHHHE PaBHBI COOTBETCTBEHHO
ER3C%*d* w EAC/R2,

[MopsAZox BeNHUMHEl cMemleHHs § ompefensieTcs BJAHHOM ciydae

reOMeTpHYECKH: HANpaB/JCHHe MepHIHAHA MeHsieTca Ha WHpuUHe d

Ha yroi ~o, U noroMy §{ ~ ad ~ rd/R. YMHOXKHB Takke Ha IJoO-
anaep noJocel uaru6a (~rd), NOJAY4YHM SHEPrHH

EWri/R*d u Ehd*r/RA.

U3 ycnoBusi MMHHMAZBHOCTH HX CyMMbl CHOBa HafineM d ~ (hR)V2,
a MoJiHasi ympyrasi sHeprHsi npu sToM ~£Erd (A/R)5? unu, unaye ),

s
const- Er/x (15,4)
B npousBeeHHOM BBIBOJE MNoJpasymeBanoch, 4t0 d & r; NO3TOMY
¢opmyna (15,4) cnpaBepnuBa NpH yCAOBHH

RhIr* L 1. (15,5)

ITpu o6pas3oBaHuu BhIIyYHBAHHA BHEIIHHE CJOH IIAPOBOTO CErMeHTa
CTAHOBATCH BHYTPEHHHUMH M COOTBETCTBEHHO CXKHMAIOTCA, a BHY-
TpPeHHHE — BHEUIHUMH U pactarupalorcsd. OTHOCHTENbHOE pacTaxke-
HHe (MJIH CKaTHe) ~HA/R, TaK 4TO CBSI3aHHAfA C HHM [OJIHAS SHEPrHusd
B obJactH BeinyuusaHusi -~ E (h/R)* hr®. Ilpu ycaosuu (15,5) ona
JeHCTBUTEIbHO MaJia MO CPABHEHHIO C 3Heprued B moJoce H3THOA
(15,4).

Hckomas 3aBucuMocTb Mexay Tay6uHOH nmporu6a H ¥ npH/oOXKeH-
HOM cuJIoH f mosyuHTCcs NpUpaBHHBaHHEM f K NPOH3BOLHOH OT SHEPTHH
(15,4) no H. Takum obpasom, Halizem

H ~ f*RYE?h. (15,6)

OGpaTuM BHHUMaHWe HA HeJMUHEHHBIH XapakTep 3TOH 3aBHCHMOCTH.

Haxkonen, nycrts znepopMmanusi (BbiMyYHBaHHE) OGOJIOYKH INPGHC-
XOJMT [OA JAefiCTBHEM PaBHOMEpPHOrO BHeLIHEero AaBjeHus p. Pabora
BHEMIHHX CHJ B TaKOM cayuae paBua p AV, rae AV ~ Hr* ~ H?R —
H3MEHEeHHe OTPaHHYMBAEMOr0 000JOUKOH OGbeMa NpH BBITyYHEBAHHH.
IlpupapusAB HYJ/O NPOH3BOIHYIO MO [ OT NOMHOH cBOGONHOH SHEPTHH
(r. e. ympyro# ,snepruu (15,4) 3a BbiueTOoM yKas3aHHOH paGoTEL),
Oy YHM

H ~ hSEX/R%p™. (15,7)

OG6paTHbiH XapakTep 3aBHCHMOCTH (yBesHYeHHe / IIpH yMEHbIUEHNH p)
yKasblBaeT HA HEYCTOHYMBOCTb BBIIYYEHHOTO COCTOSIHHS B 3TOM
cayuae. Onpegensiemoe ¢opmyJoit (15,7) sHauenue H orBeyaer He-
YCTOHYHBOMY DPABHOBECHIO INIPH 3aJaHHOM p: BBIIYYHBAHUSA ¢ OOJb-
IIMMH 3Ha4YeHHsIMH /{ CaMOIpOH3BOJBHO PaCTyT, a C MEHbHIIMMH —

1) Bosee TOUHOE BHIUHC/IECHHE JZACT LA NOCTOAHHOIO KOI(GHIHEHTA 3HAUECHHE
const = 1,2 (1 — o¥~%/4,
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YMeHbIUAloTCs1 (erKO NpoBepHTb, uTo (15,7) oTBeuaer MaKcuMywmy,
a He MHHHMyMy DOJHOH cBoGoAHOH sHepruu). CyluecTBYeT TaKoe
KPHTHUECKOe 3HaueHHe BHEIIHeH HarpysKH p = py,, 32 KOTOPHIM
CaMONpOH3BOJILHO BO3PACTAlOT YKe MaJsble H3MeHeHMs (opMbl 060-
JoukH. Ero MOXHO OLleHHTb KaK TO 3HayeHHe p, NPU KOTopoMm ¢op-
myaa (15,7) paer H ~ h:

pRp ~ EhZ/R‘.!. (15,8)

Mur orpanuuynMcsi B TeopHH 000J0OYEK H3J0XKEHHLIMH KPaTKHMH
CBEleHUSIMH H HEKOTODBLIMH TPOCTHIMH INpHMEpaMH, NpHBeReHHLIMHA
B 3ajauax K 3ToMy naparpady.

3anaun

1. BuiBecTu ypaBHeHHSI paBHOBecHs s chepuueckoll oGonouru (paguyca R),
JedbopMHpyeMOH CHMMETPHUHO OTHOCHTEJBHO OCH, NPOXOAsLell uepe3 ee HEHT).

Peuwenne B kasecTBe ZByXMepHHX KOODJAHMHAT Ha NOBEPXHOCTH OGOJOUKH
noab3yemcss yraamn 0, @ chepuueckoll CHCTeMEI KOODAMHAT ¢ HAuaJOM B LEHTpe
Cepl M DOJSPHOH OCbIO MO OCH CHMMETPUH HeGOpMHPOBaHHON OOOJOUKH.

[Tycte P, — oTHeceHHas K eIHMHHIE NMOBEPXHOCTH OGOJOUKH pajHajbras BHell-
HS cHsa. DTa cHla JOJXKHA KOMOEHCHDOBATbCA pajuanibHOM paBHOAeHCTBYIOLICH
CHJl BHYTPEHHHX HanpsKeHuH, ACHCTBYIOLINX Ha 9seMeHT O6OJOYKH B TaHrenilhalbs
HBIX K HeMy HanpasjeHHfX. COOTBETCTBylOllee YCJIOBHE TJ1acHT:

& (Ggg + 060) = Pr. (1)

3T0 ypaBHeHHe B TOYHOCTH aHAJOCMYHO W3BECTHOMY ypasHeHuio Jlanjaca, onpepe-
AFI0IleMy PagHOCTDb AaBjeHHult ABYX cpell, CB3aHHYIO ¢ LeHCTBYIOIUUM B IIOBEpXHOCTH
UX pasjesa NOBEDPXHOCTHBIM HampsXelHeM.

[Mycrs, panee, Q, (6) ecTs HanpaBienHas BXOJb NOASPHOH och (OCH 2) pasHo-
JReficTBYIOLIAsA BCeX BHEWHHX CHJ, LeHCTBYIOIHX Ha 4acTb OOOJOYKH, PaCIOJONeH-
HY® Haj napaanedbiRbiM KpyroM O = const. Dta cHia LOMKHA KOMIEHCHPOBATBHCSH
npoexnHedl Ha och z HanpsKeHH 2R sin Bhogg, peficTBYIOWNX Ha ceueline 2RA sin O
060JIOUKH RO yKa3zanHol OkpyxkHocTH. OTcioja

2nRh sin? Bogg = Q, (0). (2)

Ypasuenusmn (1) u (Z) onpelenseTca pacnpeleleHHe HanpsiXeHHH, nocie
uero TeH3op nedopmalMH HaXOAMTCS mo QopmynaMm

1 . 1
Ugp = 'f' (069 - oocpq;): Upp = 'T;;‘ (qup - 0096)’ Upgg = 0, (3)
a 3aTeM BEKTOp CMEleHHS ¢ MOMOLIbI ypDaBHERHH .
1 due 1
uo=-"7p\Zg T+ ur): Ugy = (Up ctg 6 + u,) 4

2. Onpesenuts RedopMauHio NoA BIHAHHEM COGCTBEHHOTO Beca nomycdepuve-
cKOH 06OJIOuKH, pacno/ioKeHHOH KyNoJioM BBepX; Kpas Kynojla CBOGOLHO mepeme-
LIAlTCT N0 TopH3oHTaabBOH onope (puc. 10).

Peuwenue Hmeem

Pr=—pghcost, Q,=~2nR?(1— cosb)pgh
(Q, ecTb noaH Bec 060I0UKH Hal OKpYRHOCTHIO 8 == const). M3 (1) 1 (2) Haxoaum

- e _ - P )
080 =~ T} cos0’ 0""'Rpg(l—i—co‘se-—coSG '
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Mo dopmynam (3) BHUHCAfEM Ugpe H Ugg, TOCAE Yero H3 ypaBHeHHH (4) BeYHCIAEM
Ug U U, (NOCTOSIHHAS, BO3HHKAIOUAAl TIPH MHTETPUPOBAHHH TEPBOIO U3 3THX YpaB-
HeHHH, onpefieJisieTcs Tax, yTobw npu O = 7/2 6p10 4y = 0). B pesyastare nonyuum

2
uoszg(1+0)[ cosfse—{-ln(l—{-cosﬁ)] gine,

E 1+4¢
ur =R2pgg+0) [1—?igcos9—coseln(l —{-cosﬁ)] .

3uaueHue 4, npu O = m/2 jaer TOPH3OHTAJILHOE CMElIEHHe ONOPHI.

3. Onpenenuts febopmanuio noaychepHyeckoii o60/104KH € 3aKpemJIeHHHIME
KpasiMH, pAaclOJIOXKEHHOfl KynojioM BHH3 H HamoJHeHHOH XHAKoOCThiO (puc. 11);
BeCOM caMOH O0GO/IOYKH MOXKHO mpeHe6pedb IO CPABHEHHIO C BECOM MHAKOCTH,

Puc. 10

Pemenue Imeem
P, =pegRcos0, Py=0,
0
Q, = 2nR® j P, cos 0sin 0 do = 3’%% (1 — cos’ 0)
: .
(0 — maornocts xuAKocTH). Hanee, mo ¢opmynam (1) # (2) Haxomum

P R20,g 1 — cos? 0 __ R?pyg (— 1 4-3cos 6 — 2 cos? )
9= "3, “smze ' "%® "3 SIn2 .
JAnsi cMmelneHu#t nosnydaercs
___ Rpg(l+0) . [ cos 0 ]
Uy = — — g sin © TTcos® + In(1+cos) |,
_ Rpeg (1 + ) [ _ 3c059—]
Uy = cosOlm (1 +cos 0) — 1 4 1o

[Mpu 0 = 7/2 u, ocTaeTcs KOHEUHBIM, a He ofpalldeTcs B HYJb, KaK LONKHO GBLIO
6nTb, JTO 3HAUHT, YTO B JEHCTBUTENbHOCTH BOJH3H JIHHHH 3aKpeIJIeHHs OGOMOYKH
NPOUCXOAHT HACTOJIbKO CHJBHBIA ee H3THG, 4TO NOJYYeHHOE pellieHHe CTaHOBHTCS
HENIPpUMEHHMEIM, )

4. O6onouka B Bufie l1apOBOTrG CETMEHTa ONupaeTcsi CBOHMH cBOGOAHBIMH KpasiMu
HA HeNMOABHXKHYIO onopy (puc. 12), Onpenennts BeJHUYHHY ee nporu6a nol AeHCTBHEM
coBcTBEHHOTO Beca Q

Pemenune OcHoBHasg JehopMauua NPOHCXOAMT BOJMH3M Kpaes, oTru6a-
IOMHKXCS B CTOPOHY (WITpHXoBast JuHuS Ha puc. 12). Ilpu stoM cMemenne ug Majo
N0 CpaBHEHHIO ¢ pPafHalIbHHM cMemeHHeM 4r = . Ilockoabky { GbicTpo yGbiBaEeT
[0 Mepe VAJeHHA OT JIHHHH ONOPHl, TO BO3HHKAIOMYIO AeOpMaIHIO MOXKHO paccMa-
TpHBATb Kak AehopMaIHio MJIOCKOH MJIHHHOR (AIHHB 2R sin o) miacTHHKH. J1a
IebopMalus CKJIAJHBAETCS H3 H3rK6a H pacTskeHus MiacTuHKH. OTHOCHTeNbHOe
YAJIHHEHHe TJIACTHHKM B Kaxjoi ee Touyke paBuo §/R (R — /pazmyc 0GOJIOYKH),
M MOTOMY 3HEpPrHs pACTAKeHHs (Ha €AHHRLY oGweMa) ectb EL*/2R%, Bpoas B Kaue-
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CTBe Me3apHCHMOH MEPEMEHHOH paccTofHHe X OT JIHHRH ONCpH, HMeeM Uil NoJHoil
9HEPTHH pacTsKEHHA

Finn = 2R sin 0 s 2R2 J' 22 dy.

Auepriusn xe Haruba ecTb

. a3
Fonn=2aR sina 24(1 O'Z)J.(dx“‘) dx

Baprupys cymmy Fyg = Fipg -+ Fenn 0o §, moayunm ypasmerue
@t 12(1 —o)
dxt + h2R?

Tpn x — oo § KOAXKHO CTPeMHTbCS K HYJIO, 4

npu x==0 JOMKEH BHIOJHATBCH TPaHUYHL'E

YCJIOBHS paBeHCTBA HYJIO MoMeHTa cwi: (== 0,

H YCIOBHE DAaBeHCTBA pasBHBalomiefics mpu H3ru€2

CHJIBI HOPMaJbHOH K TOBEDXHOCTH OOOJOYKH KOLi-
TOHEHTE CHJIBI TSIKECTH:

- hE
2nR sin (Z‘—l2—(—l—_‘—02;— é

{=0.

"= Qcos a,

.Y,uon.*lemopmomee 3THM YCJOBHSM pelISHHE eCTb

£ = Ae™®* cos ux,

¥ = [3_(1__—._"_22]‘“, 4 - Qctga [SRZ (1 —o?) ]1/4 .

rne

o h2R? Eh 8kt
Bennunna nporn6a o6oNOUKH eCTh
d=7{(0)cosa = Acosc.

§ 16. Kpyuenue crepxHei

IlepefimeM Tenepb K H3yYeHHIO JepopManufl TOHKHX CTEpKHeil.
DT0T cay4all OTJIHYAETCS OT BCeX PaHee PAcCMATPHBABILIMXCS TEM, YTO
BEKTOp CMelleHHS @ MOXKeT OBITh 60JbILIHM Jaxe NpU caabolt Aedop-
MaIMH, T. €. TPH MaJoOM TeH3ope ;; ). Tak, npu cmaboM crubanui
TOHKOFO JJIMHHOTO CTEpKHfl €ro KOHIbl MOryT 3HAYHTEJbHO TIepe-
MECTHThLCS B MPOCTPAHCTBE, JaXe eC/IH OTHOCHTR/bHbIE CMeIleHHs! co-
CeJlJHUX TOYEeK B CTEpXKHE MaJIbl.

CymecrByer zBa Tuna AedopManuii crep:HeH, MOTYILHX COMPO-
BOKJATbCH GOJBUIMM CMELleHHEM OTAENbHBIX dacTedl ctepxHA. OJNHAM
M3 HUX sIBJsieTcs U3ruG CTePXKHA, a BTOPLIM — eTo kpyuernue. C pac-
CMOTPEHHA 3TOro BTOPOro CJAy4ash MB H HayHeM.

HedopManys KpyueHHs 3aKJIO4aeTcsi B TOM, UYTO B CTepPXKHe,
ocTaloleMca IPH 3TOM NpPSAMBIM, KaxJoe IollepeyHoe CeyeHHe NOBG-
paunBaeTcsi OTHOCHTEJBHO HHXKeE JexalluX Ha HeKOTOPBId yrod.

1) HcrmoueHnem ABJAETCS TONBKO MPOCTOE PACTSIKEHHE CTEPIKHA 663 HIMeHeHns
ero ¢opmel, — NpH CHaboM PacTAXeHHH HapAZy C TEH30POM iy BCErJa Mas TaKxe
H BeXTOp u,
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Ecnu crep»eHb IJHHHBIA, TO NPH cJaboM KPy4YeHHH JOCTAaTOYHO yia-
JIeHHB!e ADYT OT JPYra CeYeHHs MOTYT NOBEPHYTHCA HA 6OJbILIOH yroJ.
Ofpasyromye GOKOBOH INOBEPXHOCTH CTEp:KHf, NapasJeNbHbE €ero
ocH, NMpHOOPETaloT MPH KPYyYeHHH BHHTOBYIO (GopMy.

PaccMoTpuM TOHKHH NPSIMOH CTepKeHb NMPOH3BOJLHOIO CEYEHHS.
BriGepeM cHcTeMy KOOPAHHAT C OCLIO 2 BAOJb OCH CTEPKHA M HAYaJIOM
KOOpAHHAT IJe-HHGYAb BHYTPH Hero. BBemeM yeon xpysenus T Kak
yToJI NOBOPOTA, OTHECEHHHIl K €AUHHIIE JJIHHBL CTEDXKHA. DTO 3HAUHT,
uTo B2 OeCKOHeYHO OJM3KUX IONepeyHBIX ceuyeHus, HaXOAAMHXCH
Ha' PacCTOSHUH (2, NMOBOPAYHBAIOTCA JAPYTI OTHOCHTEJNBHO Apyra Ha
yron dp = Tdz (tak uro T = dg/dz). Cama Aepopmanus Kpyue-
HUA, T. €, OTHOCHTEJNBHBEIE CMEIIEHHSA COCeHHX uacrefl CTep:KHA,
NpeANOaaraloTcs MaAblMH. ¥ CJAOBHEM 3TOrO SIBAAETCA MaJoCTh OTHO-
CHTeJIbHOTO INO0BOPOTA CeYeHHH,  yAAJNEHHBIX BIOJAb AJHHBL CTEPXKHS
Ha pacCTOfHHAl NOpAAKa ero MomepeyHblXx pasMepoB R, T. e.

TR << 1. (16)1)

PaccmotpuM HeGo/bL1yI0 0671aCTh AJHHBL CTEPXKHS BOJH3H Hayasla
KOODJMHAT H ONpeJe/]HM CMEUIeHHS U TOUYEK CTePXKHA B 3TOH 06sacTH.
B kauecTBe HecMelleHHOro BHIOepeM IONEpPEYHOE CEYEHHE CTepIKHS

B KOODIMHATHOH msocKocTH x, y. Kak H3BecTHO, npH moBopoTe pa-
JAHyC-BEKTOpa I Ha MaJIblil yroJ 8¢ cMelleHUe ero KOHIa onpefessercst
(popmy.1oi

or = [6gr], : (16,2)

rie 8¢ — BekTop ¢ aGCOMIOTHON BeJHYHHON, PaBHOA yrJy NOBOPOTA,
HaNpaBJeHHBH BROJb OCH, BOKPYI KOTOPOH NPOH3BOAMTCSH .IOBOPOT.
B HameM ciyyae mOBOPOT MPOH3BOAUTCA BOKPYI OCH 2z, NpHYEM AJs
TOYEK C KOODPJHHATOH 2z yroJl MOBOPOTA OTHOCHTENBHO NMJIOCKOCTH X, i
paBed 1z (yron T B 06JacTH BOJIM3H HayajJa KOOPIAHHAT MOXHO pac-
CMaTpHBATL KakK mnocrosuuwit). Qopmyna (16,2) naer temepb ans
KOMIOHEHT U,, U, BEKTOpa CMELIEHHA

Uy = —T2y, U, = 12X (16,3)

- Tlpu KpyueHHH CTepKHA €ro TOUKH HCIBITHIBAIOT, BOOGLIE TOBOPH,
TaK»Ke H CMelLleHHe BJ0Jb OCK 2. [Tockoasky mpu T = 0 310 cMelleHHe
OTCYTCTBYET, TO NpPH Ma/blX ¥ €r0 MOXKHO CUHTATh NMPONOPLHOHAJb-
HbIM T. TakuM obpasoM, -

=T (%, ¥), (16,4)

rﬂ,e[ ¥ (x, y) — HeKoToOpas quHKLmH OT X U Y, Ha3blBaeMas (pyuxyuel
Kkpyuenus. B peésyibTate omuchiBaemonl ¢opmysamu (16,3) u (16,4)
JedopMallH Kax/oe NomnepedyHoe CeYeHHe CTEPIKHS NOBOpaAYHBAETCS
BOKPYT OCH 2, OJHOBPeMEHHO HCKDHBJSAACH, NepectaBas GHITH IJIO-
ckuM. Cienyer 3aMeTuThb, 4TO, BHIGpAB ONpEJENEHHEIM 06pa3oM Ha-
Y470 KOOPAUHAT B IIOCKOCTH X, Y, MBI TEM CaMbIM «3aKpernJsgem»
ONpeJieNIEHHYIO TOUKY CEUECHHS! CTEDXKHS TaK, YTO OHA He CMeliaercs
B 3T0fi MJIOCKOCTH (CMelasch, OJAHAKO, BAOJb OCH 2); U3MEHEHHe BhI-
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fopa HayajJa KOOPAHHAT He OTpasu/och GBI, pasyMeercs, HAa caMoOH
JdedopMallii KPyuYeHHS, IIPUBEAs JIHIID K HECYUleCTBEHHOMY 06uieMy
CMEIlEeHHIO CTePKHA KakK LeJsoro.

3Has u, MOXHO HaHTH KOMIOHeHTH TeHsopa HAedopmanuu, [lo-
CKOJIbKY U B paccmarpuBaeMoil 06J1aCTH MaJsio, TO MOXHO BOCINOJIb30-

BaTbCsA GOpMYJIOH Uy = L ( Ouy 4 == un, ) B pesyabrate Haxoaum
2 \ Oxp O0x;
Ugy = Uyy = Uyy = U, = Q;
T /0y T /0P
ux22—2—(-5x—'— l), uyz—"“- T('a—;——l—x). (16,5)
O6pauiaem BHMMaHHe Ha TO, 4TO 4;; = 0; APYTHMH cJ0BaMH, Kpyde-

HHe He CONpOBOXKAAeTCA H3MeHeHHeM o6beMa, T. €. IIpeJACTaBJsAeT
co6oit nedopMalHi0 YHCTOrO CHBHrA.
JJi7 KOMIIOHEHT TeH30pa HaNpsKeHHH HaXOXHUM

Opyx = Oyy = Ozp = Oyy = O;

Oy = 21lly, = UT ( ?31) ), Oy, = Uy, = Pt (g—j - x) (16,6)

(34ech yao0Hee HOJNB30BaTbCH MOAYJeM cIBHra p BmecTo £ H 0).
TToCKOJILKY OTJIHYHLI OT HYASl TONLKO Oy, H Oy, TO OOlHE ypaBHEHHHA
paBHOBecHA 00;;/0xy = 0 CBOZATCA K YpPaBHEHHIO

By B o, (16,7)

HoxcraBus ciofa (16,6), Mol HaﬁllEM, 4TO QYHKUHUSA KPYUYeHHsS NOJKHA
YJOBJIETBOPSITE YPABHEHHUIO

Ap = 0, (16,8)

rie A — pByxMepHLEl oneparop JlanJaca.

Hecxkonbko 6ojiee yLo6HO, OLHAKO, HONbL30BATLCA APYTOH BCIOMO-
ratesibHOH yHkuuel ¥ (x, y), onpelenasemMoil paBeHCTBAMH

9y, 9% .
= 2}1'[—5!7, Oy = — QMT—(??’ (16,9)

IJs 3TOH QYHKIHH NoJyvaloTcss 6ojee yaoGHble rpaHHYHLIe YCJIOBHSA
Ha KOHType ceyeHusi cTepxkHs (cM. Huxke). CpasuuB (16,9) c (16,6),
NOJTyYUM

o 9y, o _ 9%

Juddepenuupys nepBoe paBeHCTBO MO Y, BTOpOE MO X M BLIYUTAsA
OJHO H3 IpYroro, moJyyum A/ QYyHKUHH ) CJAejyiollee YpaBHEHHE;

Ay = —1. (16,11)
,U,JIH OHpelIEJIeHI/Iﬂ I‘paHI/I‘IHbIX YCJIOBI/Iﬁ Ha HOBerHOCTH CTep}KHH

sameyaeM, uto GJjarojlaps MaJjoll TOJIUIHHE CTepXKHS HeHCTBYiomue
Ha ero GOKOBYIO NOBEPXHOCTb BHELIHHE CHJIbI MaJbl IO CPaBHEHHIO
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C BO3HHKAIOIIUMH B CTepPKHE BHYTPEHHHMH HaNpAXKEHHSMH H NOTOMY
MOTYT GBITb IOJIOXKEHB! ([IpH OTHICKAHHHM T'DAHHYHBIX YCJOBHH) pab-
HEIMH HYJI0. 3TO 06CTOATENLCTBO B TOYHOCTH AHAJIOTHUHO TOMY, YTO
MBI MMeJM NPH PACCMOTPEHHH H3rH6a TOHKHX IJIACTHHOK. Takum
o6pa3oM, Ha GOKOBOII OBEPXHOCTH CTEPKHS JOMNKHO OBITb Opry = 0;
MOCKOJILKY OCh 2 HamnpabjeHa IO OCH CTEPIKHA, TO BEKTOD HOPMAJH
N UMeeT TOJbKO KOMIOHEHTHI M, M, TAK YTO HAallHCAHHOE ypaBHEHHE
CBOAMTCS K YCJOBHIO

, O.xlly + Oy = 0.
IMoacrabpasas cioga (16,9), noayuaem

9y, o . _
'a—y— n, — —a~x— ﬂy = 0. 7
Ho KOMNOHEHTH BeKTOopa HOpMand K MJIOCKOMY KOHTYDY (KOHTYpPY
d X
CEUeHHsl CTEPKHs) PABHH 1, == _TLI/—’ ny = ——, TI€ X, i — KOOPJH-

HaThl TOYeK KOHTypa, a dl — saemenT Ayru. Takum oGpasom, noJy-
yaem

ox O g1 — dy =
E—‘-dx—l—a/—dy—dx_o,

OTKyJAa y = const, T. e. Ha KOHType ce-
uyeHHS! (QYHKIHA ¥ NocTosHHA. [locKoabky
B onpefenenusa (16,9) BxogfiT TOMLKO mpo-
H3BOJIHBIE OT @YHKIMH ¥, TO ACHO, YTO K ITOH
(P)YHKIHH MOXKHO npHOaBaATh JM00yI0 NO-
CTOSIHHYI0. EcIM  KOHTYD ceueHHs OfHO- Pnc. 13

CBA3€H, TO MOXHO, CJeJ0oBaTebHO, 0e3

BCAKOIoO OrpaHHyeHHss OOL(HOCTH NOJOMKHTL Ha HEM B KaueCTBe Ipa-
HHYHOTO ycJI0BHS K ypaBHeHH1o (16,11) )

y = 0. (16,12)

B cayuae ke MHOTOCBI3HOIO KOHTYpa y OyJeT UMeTb pas/HuHBle
MOCTOSTHHEE 3HAYEHHUS Ha KaxAoH W3 3aMKHYTBIX KPHBLIX, COCTaB-
JSIOMHUX KOHTYD. 1103TOMYy NOJIOXKUTE % PaBHBIM HYJIO MOXKHO OyJeT
JHUIIb Ha OJHOH M3 3THX KDHBBIX, HalpUMep Ha BHELIHEM KOHTYype
(Co Ha puc. 13). 3HaueHns xKe ¥, Ha OCTAJbHHIX YacCTAX KOHTYpa OIpe-
AeNATCSA U3 YCJOBHS, SBJSIOMETOCS CJAEICTBHEM ONHO3HAYHOCTH CMe-
IWeHnAa 4, = TP (¥, y) Kak GYHKUUH KoopjauHat. HwmenHo, BBHRY
OJHO3HAYHOCTH (QYHKUHH Kpyuenus P (X, y) unterpasa ot ee nudpde--

1) 3agzaua o6 onpegesennn fedopManHi KpyueHus mo ypassenuo (16,11) ¢ rpa-
HHYHEIM ycaoBHeM (16,12) gopManbHo coBnapaer ¢ sanauell o6 onpeneseHnH dopMul
nporu6a paBHOMEPHO HAarpyXeHHOH IJIOCKOH MeMmGpaHbl no ypasHeHuio (14,9).

IlosiesHo 8aMeTHTb TakKXKe THAPOAMHAMHUECKYIO aHAJOTHIO: ypaBHEHHEM BHja
(16,11) onpenensercss pacnpefieleHHe CKOPOCTeH U (X, ) BS3KOH MKUAKOCTH MO ceve-
HHIO TPYGH; TpaHHuHOMY yciosHio (16,12) cooTBercTByer ycaoBHe v = 0 Ha Hemo-
ABHXHHX cTeHKax Tpy6u (cM, VI, § 17).
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pernuata dp no 3aMKHYTOMY KOHTYDY JROJKeH ObiTh paBeH HYJIo.
C nomomwpio coornowenui (16,10) umeem nosromy

$av=§ (5 dx+ 5 ) =
"—'297((3)( dy_a—;(dx)-gﬁ(xdy—ydx)=d,

HJITH

K4
5{5 £l = (16,13)

rae 0y/On ecTb nNpou3BoiHass QYHKUHH ¥ O HANPABJEHUID BHeIUHeH
HODMaJiil K KOHTYpPYy, a S — 0XBaTblBaeMas 3THM KOHTYPOM IJIOWLAfb.
INpumensna (16,13) k kaxaoil U3 3aMKHYTHX KpuBHIX Cj, Cy, ..., MBI
H MOJYUHM HCKOMBIE YCJOBHSA.

OnpepenuM  cBoGOJHYIO SHEpPrHIO MNOABEPrHYTOr0 KPYYEHHIO
crepxkHA. A SHepruu eAMHHLBI obbemMa HMeeM

- 1, .,
F= ('TLI?‘;‘[’& = Ogllyy 1 Oylly, = 7&(022 + U..Zz)
H, nojacraBass cwaa (16,9);
= oue? [(22Y L (24T = oue? (uy)2
ezt ()" + (%) = e,

rie V o3Hauaer ABYXMEpHBIH IpajiHeHT. OHeprus KpYy4yeHHs, OTHe-
CeHHas K eAMHHULE JAHHBI CTEPHKHS, NOJYYHTCA OTCIOLd HHTErpHPOBG-
HHeM N0 IJIOWAAX NOHEePeyHOro ceyeHus, T.e. paBHa Ct%/2, rie Koad-
¢uunent C papen

C=4p | (ynRdf. *

Bennuuny C Ha3blBalOT Kpymuabrotl scecmyxocmpro crepxusa. [NonHas
ynpyraﬁ SHEpPrusl CTepKHA paBHa HHTETpaxy

Fon=— j crzdz, (16,14)
B3ATOMY [0 €ro JAJHHE.
Hamucas

(VR P=v@vy —xAr=vuve+x
H npeobpasysl HHTerpaJ OT [EPBOIC YJjeHd B HHTerpasg N0 JHHHH
KOHTypa CeueHusa CTep}KHH, HOJIquM

d
C=4p5ﬁx%dl—i—4uj‘xdf. (16,15)

~ Ecnn KOHTYp ceueHHMS ORHQCBSI3eH, TO BBHJY TPAHHYHOTO YCJIOBHS
== () mepBBLIH YI€H HCYe3aeT M OCTaercs

C=4p j.xdxdy. (16,16)
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Last MEOrOCBA3HON ke rpanuusl (pHc. 13), nosoxus § = ( Ha BHem-
HeM KOHType C, M 0603HAaYHB TMOCPEACTBOM ¥ NOCTOSHHbLIE 3Haye-
HMSI % Ha BHYTPEHHUX koHTypax C,, noayumm c¢ nomoupwo (16,13)

C=dp ) 1:Ss+4p [ narxdy (16,17)
k

(clemyeT NOMHHTS, UTO NPH HHTErPHPOBAHHH B nepBoM usene B (16,15)
KouTyp C, 06xoauTca B npsiMoM, a KOHTyp C, — B o0paTHOM nampas-
JIeHUSIX).

PaccmoTpum HauGosiee oObluHbIA cayuall KpyudeHHs, Korja OAHH
M3 KOHILIOB CTEPXKHA 3aKperJieH HeNOJBINKHO, a BHEUIHHe CHJBLI IpH-
JIOJKEHBl TOJILKO K ITOBEDXHOCTH JIPYFOTO €F0 KOHUA. DTH CHJBL Ta-
KOBbl, 9TO NOPOH3BOJAT TOJBKO KpydyeHHe CTepKHsl 0e3 KaKoi Ohl TO
HH Obl1o ApyroH ero jaepopmanus, Hanpumep usruba. Jpyrumu
CJT0BaMH, OHH COCTaBJAAIOT HEKOTOPYIO NMapy CHJ, 3aKpy4YHBaIOULYO
CTep’KeHb BOKDYF ero ocu. MomeHT 3Toit mapbl o603HAuYHM mNOCpel-
cTBOM M. :

EcTrecTBeHHO 03KMAaTh, YTO B TaKOM CJydYae Yroj KpYyYeHHs T
NOCTOsIHEH BJOJb NJHHEI CTEPKHA. B 3TOM MOXHO yOeIHTbCHA, HANPH-
Mep, U3 yCJIOBHS MMHUMyMa MOJAHOH CBOOOLHOH 3SHEPruM CTepXKHs
B papHoBecHH. IlosHas 3Heprua JAeOpMHPOBAHHOTO CTEPKHA papHa
cymme Fop + U, rae U — noreHnuanbHas sHeprus, o0ycJjoBJeH-
Has JeficrBHeM BHewHux cuJj. IToxacrasiass B (16,14) © = de/dz n
BapbHpya MO YIJy ¢, HaXOAHM

85 [C(SF) dzt8U=[CG2 00 gz 8U =0,

WJIH, UHTErpUpys MO YacTaM,
: d
- jC—EZLG(de—}—(SU—}—CTacp: 0.

B nocnennem unene cneBa Oepercss pasHOCTb 3HAUeHHH Ha mpenesax
HHTETPHPOBAHHA, T. €. HA KOHLAX CTepxkHA. ONHH H3 3THX KOHIIOB,
CKaxeM HHXHHH, 3aKpemJieH Tak, yto Ha HeM 8¢ = 0. Uro Kacaercsa
BapHanud 60U moTeHUHaNbHOH SHEPrHH, TO, B3fiTasg C 0OOPATHBIM 3HA-
KOM, OHA MpEICTaBJsAeT Co60H paloTy BHEWIHHX CHJ IIpH [OBOPOTE
Ha yroa O8¢. Kak H3BeCTHO u3 MeXaHWKH, pafora mapsl CHJ IpH
TakOM [OBOpPOTe paBHa mnpoussesennio MO yrna nosopora Ha
MOMEHT mnapel. ITOCKOJbKY HHKAKHX JAPYTHX BHEMHHX CHJ HeT,
10 8U = —M8¢, u Mbl monmyuaem

§ Cg- 80 dz + 89 (— M+ C1) = 0. (16,18)

Bo BTopoM usieHe Gepercs ero sHayeHue Ha BepxHeM Npepeie. B HaTe-
rpajte no dz Bapuauusa 0@ NPOM3BOJBLHA, & MNOTOMy MOJIKHO OHITh
Cdtldz =0, T.-e.

T = const. (16,19)



92 PABHOBECHE CTEPXHER U MNJNACTHHOK [rn. 11

TakuMm o6GpasoM, yroJ KpydYeHHs IMOCTOSIHEH BIONbL BCefl JJHHBI
crepkHA. [TosHBlH yroJ NoBopoTa BepXHEro OCHOBAHHS OTHOCHTENLHO
HHKHETO pPaBeH MO3TOMY MNPOCTO NPOU3BENEHHMIO T/ yIria T Ha MIHHY [
CTEpIKHSI.

B ypasuenun (16,18) ponxeH HCYe3HYTb TakKiKe H BTOPOH WJieH.
Orciona HaxoguMm cJjelyiouiee BBIpaXKEHHE [JIs IOCTOSIHHOTO yrJa

KpYy4eHHs:
= M/C. (16,20)

3agauwn

1. Onpepennts KPYTHJABHYIO JKECTKOCTh CTEPXKHS C KPYTOBLIM CeyeHHeM (pa-
auyca R). |

Pemenne Pemenns 3anay 1—4 $opMasbHO COBNAJAIOT C pellleHUAMH
3a71a4y O ABHIKEHHH BSISKOH »KHIKOCTH B TpyGe COOTBETCTBYIONIETO CeYeHHs (CM. Nph-
MeyaHHe Ha c. 89); koaumuecTBY Q mpoTeKawomeH dYepes3 ceueHHe TPYyGHI }KHAKOCTH
COOTBETCTRYET 3jech Beanuuna C.

JLIs1 cTep KHSI KPYTOBOIO ceueHHsI HMeeM (Hadajo KOODAHHAT B LEHTpe CeueHIst)

%=1, (R? — x% — y?).
KpyTH/ILHAsT XKECTKOCTE:
C = psRY/2.

Ina dynxkuun § nosygaem u3s (16,10) = const. Ho nmocrosnHas {y COOTBETCTLYeT,
cornacHo (16,4), DIPOCTOMY CMEINEHHIO CTEpHHSA Kak LEJOro BJAOJAb OCH 2; MO3TOMY
MOKHO CYHTaTh, yT0YP = 0. TakuM 06pasomM, onepeyHble CEUeHHI KPYTOBOIO CTEP AL
IpH KPYYEHHH OCTAOTCHA IIOCKHMH,

2. To xe prs CTepKHA 3JIJHNTHYECKOrO CEYEHHS (HoJyocn a Hu b).

Peme&Hnue, KpyTuibHas KecTKOCTb:

a’h?
= T

Pacnpesiesenne mpoXoabHBIX cMemeHHH Aaercd (yHKUHER KDPYYCHHS:
b2 — a?

V=¥

(ocH KOOpAHHAT HANpaBJeHb HO OCHM 3JJIHIICA).
3. To xe mna CrepHS ¢ CeueHHEM B BHJAE DaBHOCTODOHHEIO TpeyroJbHUKA

(AnHA CTOPOH @),
Pemenue, Kpyraasnas xecTkocTb:

o—V—

uad,
QYHKIHS KPYUYeHHS:

Y=y (VE +9) VT — )y

npuueM Hayaslo KOOpAHHAT BLIGPAHO B LEHTPE TPEYTOJbHHKA, a OCh X COBNIANAET C Ol-
KOR M3 €ro BBHICOT.
. 4, To xe g CTepKHsl, MMEOWETo BHA JJIHHHOH TOHKOH IJIACTHHKH (LWIMpHHA d,

TonmiHa £ K d). 3
Pemenue 3ajaua 5KBHBANEHTHA 3ajiaye O TeYeHHH BASKOH MUAKOCTH MCHLY

MOCKOHapaJIJIEJIbHLIMH CTEHKaMH, Pesym?TaT:
C = pdr¥3,
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5. To me ajst nuInHADHYecKoll TPyOH (BHYTpeHHMH H BHEWHud paauycel Rj
1 Ry).
Pemenne Pysxnus
x="L(Ri—r?)

(B monsPHBIX KOOpAMHATAaX) yAoB.erBopsier ycaophio (16,13) Ha ofenx rpanuuax
KOJibIleBOro ceyenns Tpy6ul. Ilo ¢opmyae (16,17) naitnem

= - R (Ry—RY).

6. To xXe IS TOHKOCTEHHOH TpyOLl NPOM3BOILHOIO CeUeHHs,

Pemenue BBHIy TOHKOCTH CTEHKH TPYOBl MOXHO CYMTaTb, 4TO Ha IPOTH-
JKEeHHH ee MHPUHB A GyHKUHUS ¥, MEHSIeTCS! OT HYJsl HA ORHOH CTOpPOHE LO ¥y Ha ApY-
rofl 1Mo JIMHEHHOMY 3aKOHY ¥ = Y¥;4/h (y — KOOpIHHATA BAOAb TOJILMHBI CTEHKH).
Torpa ycaosue (16,13) naer 4, L/h = S, rie L — panna nepumerpa ceueHust Tpy6bl,
a S — oxBaTbiBaeMast UM IJIOmMazAb. B Bepaxkennu (16,17) BTOpOH u/eH Maa O CpaBHe-
HHIO C TIepBEIM, H MBI NOJydYaeM

C = 4hS%/L.

Ecnn Tpy6y paspesarh NPOJOILEO RO OAHOMN M3 ee 0o6pasylomuX, TO KPYTHIbHAS
)K(:‘CTKOCTI:/ PE3KO yMeHLIIAETCs, CTAHOBACH PABHON (COIVIACHO Pe3yJbTaTy 3ajaun 4)
C = plLh3/3,

§ 17. HU3ru6 crepxueit

B H30THYTOM cCTep:XHe B HEKOTOPHIX MeCTax ero NPOHCXOZHT
pacTsKeHHe, a B [PYTHX — cxXaTHe. PacTAHYTH JHHUH HA BBIMTYKJOH
CTOPOHE H30THYTOTO CTEPXHS, a4 HAa BOTHYTOH CTOPOHE NPOHCXOAMT
cxkarue. Kax u B coryyae NJIacTHHOK, BAOJL JAJMHBI CTEPKHSA BHYTPH
HET0 CYLIeCTBYeT «HeHTpasibHasi» MOBEPXHOCTb, HA KOTOPOH HE mpo-
HCXOJAHT HU pacTSKeHHUs, HU cxxatus., Ouna otrhenser coboil o6aacti
cxKatud 0T obJsacred pacTAXKEHHS.

HauneM ¢ uccnegoranus gedopManud H3ruba B HeOOJBILIOM yda-
CTKE JJHHBl CTepXKHs, B KOTOPOM H3rHO MOXHO CYHTaThb CJabHIM;
HOA c/a0bM Mbl MOHHMAaeM 3/eCh M3rUG, DU KOTOPOM MaJj He TOJBKO
TeH3op Aedopmanuu, HO W abGCOMIOTHAS BeJAHYMHA CMelleHHH ToueK
crepkHs. BoiGepeM cucTeMy KOODAMHAT ¢ HAYajOM B HEKOTOPOH TOUKe
HeHTDaJbHOH  MOBEPXHOCTH BHYTPH paccMaTpHUBaeMOro ydyacTka
crepxHA. Ocb z HAMpaBUM [apaJljieIbHO OCH CTepKHS (HeZedopMH-
POBAHHOTO); H3THO NYCTh NPOMCXOJAUT B MJIOCKOCTH 2, X. IIpu cuaabom
HU3THOAHHH CTEpKHS MOXKHO CYMTATb, YTO M3rHO NPOMCXOIHMT B OAHOH
IJIOCKOCTH. 2DTO CBSA3aHO C H3BECTHBIM H3 AuddepeHIHaJbHOH Teo-
MeTpHH 00CTOSTeLCTBOM, YTO OTKJOHeHHe ¢1ab0 H30THYTOH KpHBOH
OT IJIOCKOCTH (TaK Ha3sbiBaeMOe ee KpyueHHe) fBJseTCS MaJsoH Be
JIMYMHOH BHICIIErO MOPSAKAa MO CPaBHEHHIO ¢ KPUBH3HOH.

AHasoruyHo TOMy, YTO MBI HMEJH B cayyae u3ruba MJIAaCTHHOK
H KDYYeHHsl CTepXKHeH, M NpH H3rHGe TOHKHX CTepxkHeH BHEILHHE
CHJIBI, JeficTBylomue Ha OOKOBYIO NOBEPXHOCTh CTEPKHSA, MaJbl IO
CPaBHEHHIO C BO3HHKAIOWIMMHM BHYTPH CTepPXKHS HaNDIXKeHHSIMH,
H [pH ONpefeJleHHH TPaHHYHLIX YCJOBHH Ha 3TOH MOBEPXHOCTH HX
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MOXXHO CYHTATh paBHBIMH HYMI0. TakuM o06pasoM, BROJb Beell GOKOBOH
NOBEPXHOCTH CTePXKHA HMeeM Ouf, = 0, MaH, nockoabKy n, = 0,

Oxlly + Ogylly = 0

M aHaJOTHYHO AJas { = y, z. BoifepeM Takylo TOUKY Ha KOHType Mo-
NepeyHoro ceyeHHs CTePXKHs, B KOTOpOH HOpMasab n HamnpasJieHa
napanjenbno ocH x. Jlpyras Takad e TOuKa HMeeTcsl rie-HHGYIb
Ha NPOTHBOIMOJOXKKOA CTOPOHE KOHTypa. B ofeHx 3THX TOYKax n, =
= 0, W H3 HaMWCAHHOI'O Bhbille DaBeHCTBA HMeeM 0., = 0. Ho mno-
CKOJIBKY caMblif CTep:KEHb IpeAlNoJaraeTcsi TOHKHM, TO, €CJAH Oy
Hcye3aeT Ha JABYX CTOPOHaX ero cedeHus, OHO MaJo H BIOJL BCEro
CeUeHHd, TaK YTO MOKHO IOJOXHTb Oy, == 0 BO BCeM CTepiKHe.
AnanornyHetM ofpasoM yOexpaeMcss B TOM, YTO BCe KOMIIOHEHTEHI
TEH30pa HANPAKEHUH JOJKHDBI ObITh DaBHBIMH HYJIIO, 32 HCKJIOUEHHEM
TOJBKO KOMIIOHEHTBl O,,. Jpyrumu cjaoBamu, npu u3rHGe TOHKOIoO
cTepxkusA GoNbIOH SIBJAAETCS TOABKO pacTsruBaioniasi (HJIH CKHMa-
Iomas) KOMIOHEHTAa TeH30pa BHYTpeHHHX Hamnpsikeau#t. Hedopma-
LHsI, B KOTOPOH OT/JMYHA OT HYAs TOJLKO KOMMOHEHTa O,, TeH30pa
HanpsiKeHHH, eCcTb He YTO HHOe, Kak JedopMalHsi NpocTOro pacTs-
weHus uad cxkatda (§ 5). Takum ofpasoMm, B KaxKJOM 3JeMeHTe
ofbeMa H3TH0AEMOTO CTep:KHsl IPOHCXOJAHT MpPOCTOe pacTAXKeHHe
(unu cxkarune). Camas Be/lMYHHA 3TOrO DACTAXKEHUs, KOHEYHO, pas-
JIHYHA B PA3HEIX TOYKAX KaKAOro H3 MOMNepeyHLIX CeUeHHH CTepxkKHSH,
YTO U NPHUBOJHT B pe3y/bTaTe K H3ruby BCero CTep:KHA.

Jlerko onpeie/uTh BEIHYHHY OTHOCHTEIbHOIOQ DACTSXKEHHA B Kaxk-
JoH TOYKe crepxkHf. PaccMOTpHUM KakOH-HHOYAb 3JeMeHT AJMHBL dz,
napajiienbHBIl OCH CTEPKHA H HaXoAAIMHCR TRe-HUOYAb BOJIH3H
HayaJja KoopiuHaT. IlpH u3sruGaHum cTepkHA AJMHHA dZ H3MEHHTCH,
cAesaBLIC, paBHOH d2’. HeH3MeHHBIMH OCTAIOTCA TQJILKO T€ 3JIEMEHThI
JJIMHLI, KOTOpBlE pacloJIOXKeHH Ha HeHTpaslbHOR nosep XHOCTH. [TycTh
R ecTb papnyc KpHBH3HBI HeATpaJrHOH NOBEPXHOCTH BOJIHM3M Hayana
KoopAuHatr. Jauubl dz u dz’ MOXHO paccMaTpHBaTb KaK 3JIeMEHTHI
AYTH OKDYXKHOCTeH ¢ pajMycaMH COOTBeTCTBeHHO R H R + x, rie
X — 3HAaYeHHe KOOPJAHHATH X B TOUKe, B KOTOPOH BHIGpaH 3JeMeHT dz’.
Iloaromy

d2 = -2EE dz= (14 %) dz

OI‘HOCHTeJIbHOG YAJHHEHHE paBHO, cJjleloBaTeqbHO,
dz —dz x

dz R’
C npyro#t cTopolbl, OTHOCHTEJIbHOE YAJUHEHHE 3JIEMeHTa AJIHHBL dz
PaBHO KOMIIOHEHTe &, TeH3opa nepopmauuu. CienoBaTesbHO,

x , L any

uzz "_:'—R—n
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Mer MOXEM HaNHcaTh Telepb O,,, BOCHOJbL3CBABIUMCH HENOCPEACT-
BEHHO COOTHOUIEHHEM O, == Eu,, HMEIOmHuM MeCTO IOPH MNPOCTOM
pacrskeHHH. Takum oGpasom,

0, = —;—E. (17,2)

Jo cux nop eire pacnosoxKenne HelHTPaabHOIl MOBEPXHOCTH B H30-
THYTOM CTEP:KHE OCTaBajloch HeonpefesdeHHBIM. Ero MoxHO ompe-
IeAHTb M3 YCJIOBHS, YTO paccMaTpHBaeMasi HaMH 3/lech JedopMamns
JOKHA HpeAcTaBaATbh coGoH 4ducThii M3rub, Ge3 Kakoro 6kl TO HH
OLi10 O0MIero PAcTSIXKEHHS HJIH CKATHA cTepxHs. [las storo nosHas
CHJIa BHYTPEHHHX HaNpsiKeHHH, LelCTByIOLias HA MoOlNlepedyHoe cege-
HHe CTepKHsl, NAO/KHA ObITb PaBHOH HYJIO, T. €. JQOJKEH HCYE3aTh
HHTerpan

[ 0.,

B34ThIl N0 3TOH moBepxHocTH. B cBA3M ¢ Buipaxkenuem (17,2) nad o,
3TO NPUBOAUT K YCJOBHIO

[xdf=o0. (17,3)

C mpyroff CTCpOHH, MOXKHO BBECTH MOHSITHE O LEeHTPe UHEPIHH
CeueHUsl CTePHfA, KaK O LEHTPe MHEPLHH OIHOPOJHOIO IJIOCKOTO
IHCKa COOTBETCTBYIOLieH (opMbl. KoopAuHATHL 3TOro HeHTpa:

' [xat/far, [yar|[ar.

Takum o6pa3oM, ycaopue (17,3) o3HauaeT, 4ro B CHCTEME KOODAHHAT
C HavaJoM, JeXalluM Ha HeHTpaJbHOH NOBEDPXHOCTH, X-KOOpAMHATA
LeHTPa HHEPUHH CEUeHHs CTEPKHsA paBHa HyJso. Hpyrumu cioBa,
HeHATpaNbHAas - IOBEPXHOCTb NPOXOAMT Uepe3 LEHTPE! HHEePLHH IOoIe-
peuHBIX CeYeHHH CTepKHA.

[ToMuMO u,,, OTJHYHBI OT HYJA eHle IBe KOMIIOHEHTHl TeH30pa
JedopManny, Tak Kak IPH NPOCTOM PACTSIKEHHH HMEEM Uy, = Uy, =
= —0Uu,,. 3Has TeH30p jepOpManuH, JErKO HaHTH Takke U CMelle-
nus Touek. Ilumem:

_ O, x duy Oy ax -
bu="3% =R’ "o 3y R

6u,c

+ (?u, =0, ou,_ Gy Oy ax — 0, ouy 4 Qe ()uz =0.

I/IHTerpHpOBaHHe 3THX coomomeﬂnﬁ HIPUBOAHUT K -CNEAYIOUHM BHIpa-
JKEHHSAM JJIsi KOMITOHEHT nepeMellleHHns: ‘

1
Uy = — 55 (2 -+ 0 (x* — ),
wy=—0, u = - (174)
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[TocTosiHHBIE HHTEPHPOBAHHS MNOJIOXKEHBl PaBHBIMH HYJIO; 3TO 3Ha-
YHT, YTO MBI 3aKpelJIfgeM B NPOCTPAHCTBe NOJNOXKeHHe Hauala KOOpAH-
Hat. -
Hs ¢opmyn (17,4) BupHO, YTO TOUKH, pacloJIOXKeHHble B HOIepey-
HOM ceueHHH z = const = z,, nocne uaru6a 3amnoJHAIOT NOBEpXHCCTh

2=2z+u,=2 (l—l——;—;—).

Mgt BHIMM, YTO B paccMaTpHBaeMOM HPHOMIXKEHHH CeYeHHS OCTAlOTCs
0pu u3rufe IVIOCKMMH, JIMIIL NMOBOPAYMBAsich HA HEKOTOPHIH yrod
z4 ~ OTHOCHTEJIbHO CBOEro [epBOHAYANBLHOrO MO-

b JoxkeHHsi. DopMma ke CeyeHHS MeHseTcsl; Tak

} npy u3rube CTepKHs NPAMOYTOJBHCIO ceue-
P I HUs (CO CTOpoHAMH a U b) GOKOBBIE CTOPOHEI
S .. KonTypa ceuemus y = £b/2 nocne wusruba
4  3aHHMAIOT MOJIOXKEHHS
b (o]
e ) y=i%+”y=i7( -—%)’
Puc. 14

T. €. CTAHOBSITCH HAKJOHHBIMH, OCTaBasiCh
NPSIMBIMH, BepXHfAs K€ W HHXKHAS CTOPOHEI
= +4a/2 usrubaTcs B napaGonnqecxne KpHuBble (puc. 14):

a a
=g b= kg =g (Ao (- )]
CBoGozHasi 5HeprHsl eIHHHLBL O0BEMAa CTepKHA:

Oinldin/2 = O,,U,,/2 = Ex*/2R2.
Hurterpupys no Bcemy HOHepelIHOMy CEYEHHIO CTEPKHSA, HMEeM

T [ xar. (17,5)
310 ectb cBOGONHAS SHEPIrHA €IUHHIBI AJHHB H30THYTOTO CTEPXKHA.
Paguyc kpuBu3HEl R ompezeseH 31ech Kak paiHyC KPHBHU3HBI Hefl-
TPaJbHOH TNOBEPXHOCTH. HoO B CHJYy TOHKOCTH CTEPIKHS 3JeChb C TOH
e TOYHOCTbIO R MOMKHO CUHTaTh UPOCTO pPajAuycoOM KDHBH3HHI ca-
MOrO H30FHYTOTO CTEPXKHHA, DACCMATPHBAEMOro Kak He HMemas
TOMUIUHL JUHHS (06 3ToH JHHHH YacTo TOBOPAT Kak 06 ynpyeoli
AURUL).

B Beipaxenuu (17,5) yHo6HO BBeCTH MNOHATHE MOMEHTA HHEDLHH
IJIOILAH TIOTIEPEYHOro ceueHus crepKHA. VMeHHO, ompenenum Mo-
MEHT HHEpLHH CeUeHHS OTHOCHTEJNBHO NPOXOAslleH uepe3 ero mio-
CKOCTP OCH Y Kak HHTerpaJg:

= [, (17,6)

. €. aHAJIOTHYHO OGBIYHOMY MOHSITHIO MOMEHTA HHEPUHH C TOH TOJNbKO
PasHHLEH, 4TO BMECTO 3JEeMEeHTa MacChl CTOMT IPOCTO 3JEMEHT Ino-



§ 181 SHEPI'l NE®OPMHPOBAHHOI'O CTEPKHSA . 97

BepxHoctd df. Torga cBoGopnasi SHEpPrusi eMHHIB JAJHHBI CTEPKHS
sanulueTcd B BHJE
E .
Tl 1, (7,7
OmnpegesuM elle MOMEHT CHJI BHYTPEHHHX HanpsiKeHui, AeHCTBY-
IOIHX B JAHHOM CEYEHHH CTePIKHS (3TOT MOMEHT Ha3hBaloT H3ruba-
tomuM). K sneMeHTy df NOBepXHOCTH CeueHHS NPHJIONKEHA CHJIA

x
0, df =—R—Edf, HanpaBsJeHHasl BAOAb ocH 2. Ee MoMeHT oTHO-

_CHTEJIBHO OCH Y eCThb X0y, df. ITo3ToMy HMOJNHBIA MOMEHT CHJ OTHOCH-
TeNbHO 3TOH OCH ecCTb
E
My=Z [ s2df= fRiy_. (17,8)

Takum ofpasom, KpuBM3Ha 1/R ynpyrofl JMHHH NPONOPLUHOHANbHA
JeficTByIOlleMY B JAaHHOM CeYeHMH H3rHGaIoleMy MOMEHTY.

Benuunna I, 3aBHCHT OT TOro, Kak HalpaBJeHa OCb y B IJIOCKO-
CTH ceueHHMs. ¥YJJOOHO, KaK 3TO NMPHHSTO B MeXaHHKe, BulpaxaTb [
yepe3 JiBa TAaK HA3bIBAEMBIX TIJIAaBHEIX MOMEHTa HHepuud. Eciu 8
€CTh YIoJl MEXIY OCbIO y H OJHOH H3 IVIABHBIX OCell MHEpIHU CeueHUs
CTepIKHS, TO, KaK H3BECTHO,

I, =1I,cos*0 + I,sin®0, (17,9)

rae I, I, — raaBuble MOMeHTHl MHepLHH. IlnockocTH, mpoxopsiiye
yepe3 OCb Z M IVIaBHBlE OCH HHEDIMH CEYEHHS CTEPXKHsI, HA3bIBAIOT
IVIABHBIMH IIJIOCKOCTSIMH H3ru0a.

Ecnu, Hampumep, ceyeHHe CTEPXKHS ABJSETCA NPSMOYTOJLHHKOM
(co cropoHaMHu a H b), TO ero LEHTP MHEPUHH HAXOAUTCS B LEHTpe
NpsIMOYTOJbHHKA, a IVIaBHble OCH MHEPIHH NapajefbHbl ero cTopo-
HaM. [JlaBHble MOMEHTHI HHEDUUH paBHHI

I, =a%/12, I, = ab’/12. (17,10)
IMpu KpyroBoM ceueHHH (C pagHycoM R) LEHTP HHEePUUH HAXOAUTCA
B LieHTpe Kpyra, a HalpaBJeHHe IVIABHBIX OCeH HHEePIHH MPOU3BOJIBHO.
MoMeHT HHepLHH BOKDYT JI0GOH OCH, MPOXOAsAIIel B MIOCKOCTH ceve-
HHSl Yepe3 ero LEeHTp, paBeH

I = naRY4. (17,11)

§ 18. 3BHeprusa AedopMHPOBAHHOrO CTEpPXKHS

B mpexbitymem maparpade Mbpl paccMaTpHBaAM TOJLKO HeGOJb-
myio o6aacTb BLOAb JJHHBL H30THYTOI'O CTEPXKHs. Ilepexons Teneps
K HCCAeJOBaHHIO JeOpManHH BO BCeM CTeprKHE, HeoOXOAUMO HayaTh
¢ BHIGOpa MOAXOAfLIEro crocoGa omucaHus Takoll pepopmanuu. Cy-
IeCTBEHHO, YTO NMPH CHJABLHOM ') H3ruGe CTepKHs B HEM OXHOBDEMEHHO

i 1) HapoMHHM, 9TO NOJ CHJLHOM MBI NOHHMaeM 3/eCb TaKyl ZedopMaluio, Npu
KOTOpO#l BeKTOp U He MaJ, TeH30p e jJedopMallMH NO-NpeKHeMy fBJAETCS MaJbiM,
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BO3HHKaeT, BOOOMe I'OBODS, TakXKe M HeKkoropas JAedopMalus Kpy-
YeHHs, TaK UYTO pPe3yAbTHpyWWaa AedopMaunusd eCcTb KOMOHHaUHSA
yhcTOro M3ruba M -KpyuyeHHs.

Hasi onucanus pgedopMalHH YHOOHO NOCTYNHTb CJeRYIOMHM
o6pasoM. Pasnenum Bech cTepxeHb Ha psifi GECKOHEUHO MaJblX 3Je-
MEHTOB, Ka)XXABH H3 KOTOPLIX BBIPe3aeTcs M3 CTepXHsA ABYyMs Gecko-
HeyHo GJTH3KHMMHU NONepedYHbIMH CeYeHHAMH. B KaxJ0oM TaKOM 3JeMeHTe
BBEJIEM CBOIO CHCTEMY KOOpJHHAT &, 1), {; HanpaBienus ocefl BriGepeM
TakuM o6pa3oM, 4ToObl B HeJehOpMHDOBAHHOM CTEpIKHE BCe 3ITH
CHCTEMBI OBIIH NapaJiJielbHBl ApPYT IpPYTy, NPHYeM BCe OCH { Hampas-
JIHBI 1apaJyieIbHO OCH CTePXHA. [IpH H3rH6aHHHU CTEpPKHSA B KaXKJOM
3JIEMEHTE CHCTeMa KOOPJUHAT NMOBOpauHBaeTCs, MpHYEM B Pa3JHYHBIX
3JIeMeHTax, Booble roBopd, pa3JHuHbIM o6pa3oM. Kaxkarle iBe Gecko-
HeusO 6JIHM3KHE CHCTeMBl OKa3hIBAIOTCA MPH 3TOM NMOBEPHYTHIMH ApPYT
OTHOCHTEJIbHO Jpyra Ha HEKOTOphIfi GeCKOHeYHO MaJjblfl yrod.

ITyctb dp — BEKTOp yIJia OTHOCHTEJNbHOTO NOBOpOTA JBYX CH-
CTeM, HaXofAMuXcsd Ha paccTosHuu dl BAONb JAMHBI CTEPXKHA (Kak
H3BeCTHO, O6eCKOHEYHO MAaJIbIfi yroJl [OBOpOTa MOXKHO paccMaTpHBaTh
Kak BeKTOp, HalpaBJeHHbIH BAOJL OCH MOBOPOTA; €r0 COCTABJAIILKE
npeicTaB/siioT co6ol0 yrabel NOBOPOTa BOKPYT KaxXkJAOH H3 Tpex ocel
KOOpAHHaAT).

Jna onucanus jfegopMalHH Mbl BBEAEM BEKTOD

Q- o

., (18,1)

ONpeneNsIomHi «CKOPOCTbY MOBOPOTa ocell KOOpAUHAT BAOJb AJMHHBI
crepxkHsa. Ecau JepopMauus siBAsercAd YHCTBIM KpyuyeHHeM, TO Io-
EOPOT MOCJEROBATEJNbHEIX CHCTEM KOOPDJHHAT MPOUCXOAHT TOJBKO
BOKPYT OCH CTEpPXKHsi, T. €. BOKpyr oceil {. B stoM cayuae, cnenoBa-
TEJbHO, BEKTOp Q HampaBJieH BAOJb OCH CTEPXKHS W IpPeACTaBAseT
co60# He 4TO HHOE, KaK YroJ KPyueHHsd T, KOTOPBIM Mil I0JIb30Ba-
Juchk B § 16. CooTBeTCTBEeHHO 3TOMY M B 00IleM CJyyae NpOH3BOJBHOM
JedopManu¥ KOMIOHeHTY £, BexkTopa £ MOXHO HasBaTb YIVIOM
KpyueHusi. IIpu uncTOM e H3ruGe CTepXHA B OJHOH IJIOCKOCTH
BeKTOp { He HMeeT KOMIIOHEHTHl £J;, T. €. JIeKHT B KaxJOH Touke
LEeMHKOM B mJiockocTH §, v. Ecnu npu 3ToM BHIGpaTh NJIOCKOCTD,
B KOTOPOH NIPOUCXOJHT H3THO, B KauecTBe IJIOCKOCTH §, , TO NOBOPOT
NPOHCXOJHUT B KaXKAOH TOUKE BOKPYT OCH 1, T. €. { napaJiyiesieH OCH 1.

BeeseM eiMHHYHEIA BekTOop t, HanpaB/JeHHBIA MO KacaTeJbHOH
K CTEPXKHIO, paccMaTpHBAeMOMY 37eCh I[IPOCTO KaK ynpyras JIHHHS.
Tlpouseognas dt/d! HasbiBaeTcs BEKTOPOM KPHBHM3HHI JHUHHUH; €ro
aGcoJloTHasl BeJauuHHa paBHa 1/R, rie R — paguyc KpPHBH3HH 1),

1) HanomHHM, 4TO BCAKaf KPHBas B NPOCTPAHCTBE XapAaKTEPHIYeTCA B KaMIOf
TOuKe CBOHMH TaK HAa3HBAaeMHIMH KDPHBH3HOH H XpyueHHem. JT0 KpyueHHe (HaM
HE TIPHAELTCA NOJL30BATLCA HM) He cJeayeT CMEHBaTbh C TeéM, YTO MHl Ha3uHBaem
afiech  fedhopMalHell KPYyueHHH, nNPeACTaBAAIONIed co6off 3aKpyuuBaHHE CYEPIKHSA
ROKpPYT €ro OCH,
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a ero HamnpabJieHHe Has3hBaeTcsl HanpaBJieHHeM IVIaBHOH HOpMaJu
kpupoii. H3MmeneHHe BekTOpa npH GecKOHeYHO MaJoOM [OBOpPOTE
paBHO BEKTODHOMY HDOH3BeIEHHIO BeKTOpa yrJa MOBOPOTA Ha caM
paccmaTtpuBaemslil BekTop. [TosToMy It pa3HOCTH BeKTOpOB t B IBYX
GeckoHeyHO G/IH3KHX TOYKAX YNPYrofl JIHHHH MOMKHO HamHCAThi

dt = [det],
HIH, pa3fenuB na dl:
dt
= [Qt]. (18,2)

yMHO)KHB 3TO paBEHCTBO C O6EHX CTOpOH BeKTOpHO Ha t, HOJIyLIEIEM
: dt
Q:“WMMM. (18,3)

Hanpaenenue BekTOpa KacaTeqbHOH B KaxKAOH TOuKe COBMAajaer
¢ HanpaBJeHHeM ocH { B 3Tofl xke Touke. [Tostomy (tQ) = Q. Brens
eIMHMYHBIH BEKTOP N IVIaBHOA HOpMaJH Tak, uto dt/dl = n/R, MoxHO,
CJIeNOoBaTeNBHO, HANMHCATh: ‘

Q = - [tn] 4- te. (18,4)

ITepBLii ujeH clpaBa NpeAcTaBJ/seT cO00H BeKTOp C ABYMS KOMIIO-
HentaMH Qp, Q.. Enunnuuniit BekTop [tn] HaspiBaeTcs, Kak usBe- .
CTHO, €IMHHYHEIM BeKTOpoM GuHOpMasau. TakuMm o6pasoM, KOMIIO-
HeHTH £, Q, o6pasylor BeKTOp, HanpaBJeHHHH 00 GHHOpMaJH
K CTEPXHIO H mo abCoOMIOTHOH BeJHYHHE paBHbIH ero kKpuBusHe 1/R.

Beens, Takum o6pa3oM, BekTop ), Xapakrepusyiomui ledopma-
HMIO, H BLISICHHB €ro CBONCTBAa, MBI MOKE€M BHIBECTH BHIpaXKEHHE VIS
ynpyro#l cBOGOLHOH 3HEpI'HH H3O0THYTOrO CTEPXKHS. YIpyras SHeprus
(oTHeceHHass K €IUHHIE JJIHHBLI CTEPIKHS) ABJSETCA KBaApaTHYHOH
¢byukuuell rehopmanuy, T. €. B JaHHOM cJayudae KBaJpaTHUHOH (yHK-
IHeH KOMIOHeHT BekTopa Q. Jlerko BHJETH, YTO B 3TOR KBajpaTHYHOMK
¢dopMe JOJUKHBI OTCYTCTBOBATb UJIEHBI, [pPONOpPUHOHAJbHBIE $2:Q2,
uan Q,Q,. JlefiCTBHTENbHO, MOCKOJbKY CTepieHb OJHOPOJAEH BIOJb
BCeHl CBoell JJIHHB, TO Bce BeJHYHHBEI, B UAaCTHOCTH H 3HEPrHfd, He
JOMXHBl MEHATCA IPH W3MEHEHHH HanpaBJeHHS IIOJIOKHTEeJbHOIO
OTCueTa KOOPJAHHATH (, T. €. NpH 3ameHe { Ha —{; yKa3aHHbe Xe
Npon3BeJeHHA NPH TaKOH 3ameHe MepeMEeHHJH Ghl CBOH 3HAK.

YTo KacaeTcs wieHa ¢ KBajpaToM 2, TO HaJ0 NMOMHHTb, YTO HPH
Q = Q, = 0 MbH HMeeM JeJI0 C YHCTLIM KPYyueHHeM, H TorAa Bblpa-
KeHHe JJIA 3HepPTHH JO/IKHO COBHACTb C BHIpaXKeHHEM, HOJYyUYeHHBIM
B § 16. Takum o6pasom, cOOTBETCTBYOUIMA ueH B cBob6oAHOH 3HEp-
FHH HMeeT BHJ

1/,CQE.

Hagkonen, uaseHbl, KBajgpaTHuHee no €, 2, MOKHO HalMCaTh,
HCXolIsi M3 Bplpaxenus (17,7) ans sHeprun cnabo H30THYTOrO He6OJb-
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UIOro yvacTKa cTep:Hs. [IpeanosoxkuM, uTo CTepikeHb NOABEPraeTcs
Jinpb caabomy uaru6y. [Taockocets §, § BhiGepeM B MJIOCKOCTH HM3THGa
TaK, YTO KOMIOHeHTa £y Hcue3aeT; KPyueHHe TaKXKe OTCYTCTBYeT NpPH
cjJabom u3rube. BripakeHne I/ 3HEPTHH JOJMKHO B 3ITOM CJyuae
coBnazare ¢ (17,7):
E
TRE I,

Ho Mol Bunenn, uro 1/R? siBasieTcss Kak pas KBajapaToM IJIOCKOTO
BekTOpa (2, €2,). IlosTOMY 3Heprus JOJKHA HMETb BHJ

E
2 Les

[Tpn mpousBosibHOM BbIGOpe ocedl §, M 9TO BhIpaXKeHHe HaMHILETCH,
KaK H3BECTHO M3 MEXaHHKH, B BHIE

E
o (T - 200 - T2 Q8),

rie lyq, Iyz, ez — KOMIIOHEHTHI TeH30pa HHEPUHH CeYEHHS CTEePIKHA.
¥ 10610 BEIOpATh ocH §, M) TaK, YTOOb! OHHM COBNAJIH C IJIaBHBLIMH OCAMH
HHepUHH ceueHHst crepxkHsA. Torma Mpl 6yleM HMETb IPOCTO

5 (198 -+ 1.9%),

rge I;, I, — rnaBHBIe MOMEHTHl HHePLIHH cedyeHHsl. [TOCKOJBKY
Ko3(pbHuMeHTH Ipy QF 1 Q) MOCTOsHHBIE, TO NOJYYEHHOE BhIpaAXKe-
HHe JIO/KHO MMeTb MeCTO H NpPH CHJIBHOM H3arube.

Haxkonen, uHTerpupys no Bcel IJIMHE CTEDPXHs, NMOJYUYUM OKOH-
garesbHO Clelyloliee BhIpaXKeHHe AJig CBOOOJHOH yNpyrofl sHepruy
H30THYTOTO CTePIKHA!

ILE 1,E C
. Fa= [{1-op+ 1 or 4 Lot (18,5)

Jasnee, Boipasum yepe3 @ MOMEHT CHJ, JeHCTBYIOIIHX Ha CeueHHe
CTep:KHs. ODTO JIETKO CJesaTb, MCIOJAb3Ysl ONATb Pe3yJbTaThl, MHOJY-
YEHHBIE DaHee /I YHCTOTO KDY4YeHHs1 H CJaboro 4YHCTOTO H3ruba.
Ilpy uYHCTOM KPYUEHHH MOMEHT CHJI OTHOCHTEJIbHO OCH CTEPKHS pa-
Bed Ct. ITosToMy 3akJ/iouaeMm, 4TO B oOIieM caydae MOMEHT My OTHO-
CHTeNLHO OCH § Jo/ken OHTL paBeH Mg = CQ.. Hanee, npu caabom
u3rube B IJIOCKOCTH §, { MOMEHT OTHOTHTeNBHO OcH 1) ectb El/R.
Ho npu taxoMm usrube BexTop £ HanpapJieH 1O OCH 1), Tak uro 1/R
€CTb NMPOCTO ero abconioTHas BeqnuuHa H El/R = EI,Q. Tlostomy
sakJouaem, uTo B o0uleM ciyyae AO/KHO Obth My = E1,Qy, M, =

= EI,Q, (ocu §, n BbIOpaHb IO IVIABHKIM OCSIM HHEPLHH CeYeHHs).
Takum o6pa3oM, KOMIIOHEHTHI BeKTOpa M MOMEHTa CHJ paBHBI

My=ELQ,, M,=ELQ, M;=CSQ,. (18,6)
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Yupyras sneprus (18,5), BoipaxenHas yepes MOMEHT CHJI, HMEET BHJ

2 2 2 ‘
Fou= o+ 2+ =) & a8,
1 2

BaxHbIM ciyyaeM uarufa cTep:kHel siBaserca cnabuiii u3ru6, npu
KOTOPOM Ha BCEM MPOTSKEHHH CTEPXKHS OTKJOHEHHE ero OT nepBo-
HaYyaJbHOTO IMOJIOXKEHHS MaJo IO CPaBHEHHIO C JIHHOH CTEpIKHS.
B 3ToM cayuae KpyueHHE MOXKHO CUHTAThb OTCYTCTBYWOLIHM, TAaK YTO
MOKHO NOJIOKHTb & = 0 u u3 (18,4) umeeM npocto

= It = [t4]. (18,8)

BBenem HENoJBHIKHYIO B NPOCTPAHCTBE CHCTEMY KOOPAMHAT X, Y, 2
C OCBIO 2 BJOJIb OCH HelehOpPMHPOBAHHOIO CTEPXKHA (BMECTO CBf3aH-
HBIX B KaxKIOH TOUKe co cTep:kHeM KoopiauHat &, M, {. OGosmauum
nocpefcTBoM X, Y KOOpJAHMHATHI X, ¥ TOUEK YIPYToH JIHHHH CTEPIKHSA;
X u Y onpeze/siorT cMelleHHe TOYEK JHHHH OT MX NEPBOHAYANLHOIO
MOJIOKEHUA OO H3ruba.

BBuny toro uto usrub ciaalb, BekTop KacarteanHofl t mourd mapaJ-
JeJleH OCH 2, TaK YTO NpHOJMAKEHHO MOXKHO CUHTATb €ro HamnpaBJeH-
HBIM BJOAb 3ToA ocH. Jlajee, eNUHHUYHHIH BeKTOp KacareJdbHOH
paBeH IPOHU3BOIHOH

OT pajuyc-BeKTOpa I TOoueK KPHBOH Io ee jajuHe. [Io3TOMy MMeeM
dt d’r dr

di — dir 7T T d2

(IpOM3BOAHYIO NO JJIHHE CTEPIKHS MOMKHO MPUOIHKEHHO 3aMEHHTb
NPOH3BOAHOA 1O 2). B 4acTHOCTH, X- H Y-KOMIOHEHTH STOrO BEKTOpa
paBHBI COOTBeTCTBeHHO d?X/dz* m d?Y/dz?. KommoHenthr £,

C TOH Ke TOYHOCTBIO PaBHBI Telepb KOMIIOHEHTaM £, £,, u us (18,8)
HoJIyyaeM

a2y
W2

Q, = 2% (18,9)

Q= — n =g
IToacrasiss atu Bulpaxenud B (18,5), nmosyuaem ynpyryio sHep-
THIO ¢/1260 M30THYTOrO CTEPIKHS B BHIE

FGT-:%HA %;;_>2+12 i;z-’z‘—)'”’}dz. (18,10)

Hanomuum, uro Iy, I, — MOMEHTH WHEDUHH COOTBETCTBEHHO OTHOCH-
TeJbHO OCell X, Yy, ABJAIOUIMUXCA TJAaBHLIMH OCAMH HHEPLHH.

B uactHocTHM, A cTep:KHS Kpyrosoro ceuenus I, = I, = [
H B MOABbIHTErpaJbHOM BHIPAXKEHHH IMOJyyaeTCa NPOCTC CyMMa KBa-
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ApaToOB BTOPHIX MNPOHU3BCIHBIX, COBIIaAawOinas B pacCMaTpHBaeMOM
HpHéJIPDKeHHH C ‘KBaIlpaTOM KpHBHSHbI CTeDKHA:

Y+ (5L~

Beuay atoro ¢opmyny (18,10) MOXHO ecTecTBeHHHIM 06pasoM 06o6-
IATE A9 c1aboro usrnba crepHed (KpyroBoro CeYeHHs), HMEIOIHX
B CBOEM eCTeCTBeHHOM (HeAe(hOpMHPOBAHHOM) COCTOAHHHM JOGYIO
HenpsaMoauneitnyo ¢opmy. JHas aToro Hajlo HalHcaTh SHEPTHIO Ha-

ruGa B Buje
Fa=-5[(m—7) ¢ (18,11)

rie Ry — pajuyc eCTeCTBeHHOH KDHBHM3HEL CTEDPXKHS B KaXAOH ero
TOYKE. 3TO BRHIPaXXEHHE, KaK H JONKHO OhiTh, 06JafiaeT MHHHMYMOM
B HejeOpMHpPOBaHHOM cocTosiHuH (R = R,), a npu Ry —> oo mepe-
xopuT B dopmyay (18,10).

§ 19. YpaBHenna paBHOBeCHs CTepxHed

Mbl MoeMm Temeph mnepefiTH K BHBOAY ypaBHeHHHl paBHOBecHs
H3OTHYTHX CTepxkHeH. PaccMoTpuMm onsth KakoH-HEGYAb H3 Gecko-
HEUHO MAJHX 3JIEMEHTOB CTEPIKHA, BHIDE3aHHBIH JABYMs GECKOHEUHO
GMM3KHMH CeUeHHSIMH, H BBHIYMCIUM HOJHYIO JEACTBYIOMYIO Ha Hero
cuny. O6Go3HAUYMM CHJIY BHYTPEHHHX HaINPSXKeHHH, NPHJIOKEHHYIO
K NJIOIAAH CeueHmsi cTepiKHS, nocpeactBoM F 1). KomnoHentnr storo
BEKTOpPA papBHBl HHTeTpajiaM OT Gy NO MVIOMAAH CEeYeHHs:

Fi= [o.df. (19,1)

Ecnn paccMaTpuBath ABa GecKoHeuHO OJAH3KHX CEUEHHA KaK NMOBepX-
HOCTH OCHOBAHHH BHIPe32eMOTO HMH 3JIeMEHTa CTeDIXKHS, TO Ha BepX-
Hee ocHoBaHMe JefictByer cuna F -+ dF, a Ha HHXHee — cuia—F,
X cymMa ectb Aauddepenunan dF. Ilyctb nanee K ects jpefictBy-
1011451 Ha CTePXKeHb BHEILUHSS CHJA, OTHECEHHAas K €MHHIE erO AJHHBL.
Torna Ha aneMeHT MJiHHEL df mefcTByer BHemnnsia cua K di. PaBuo-
JeHCTBYlOWasi BceX CHJ, AEHCTBYIONIHX HAa 3TOT 3JEMEHT, €CTh, CJe-
JosarenbHo, dF 4 K df. B paBHOBecuH 3Ta CHJa JQJKHA 00pa-
marthes B HyJb., TakuM o6GpasoM, noJydaeM

dF
a = — . . (19,2)
Bropoe ypaBHeHuHe moJyuaercsi H3 YCAOBHS paBeHCTBA HYJIIO
MOJIHOTO MOMEHTA CHJI, MPHJAOXKEHHHX K JaHHoMY ajaementy. Ilycts M
€CTb MOMEHT CHJN BHYTDEeHHHX HalNpsikeHUH, AeHCTBYIOMIMX Ha MNJo-

_ 1) O6oanauenne sTofi cUaH nocpencTBoM F He MOXer nppmecm K CMellleHHIO
co cBoGonnofi sHeprmef, KOTOpOi Ml He moab3yeMcs Hmke, B §§ 19—2I,
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[aih CeYeHHS CTEPKHA. DTOT MOMEHT Gepercsl OTHOCHTENbHO TOYKH
(#auana KOOPAMHAT), JexkalleH B CaMOH IJIOCKOCTH 3TOIO CEYeHH:;
ero KOMAOHEHTH onpepeisiorcs dopmytamu (18,6). Bypem BeIunc-
JITb CYMMAPHBIH MOMEHT, MPHJIOKEHHHH K JaHHOMY 3JIEMEHTY
CTEpIKHS, OTHOCHTEJbHO TOUKH (Ha3oBeM ee ToukoH O0), Jexamiel
B IJIOCKOCTH €r0 BepXHEr0 OCHOBaHHsA. TOTAAa BHYTpPeHHHE Hanpsxe-
HHs Ha 3TOM OCHOBaH#H JanoT MoMeHT M -+ dM. Moment xke (OTHG-
cuteibHO 0) CHJI BHYTPEHHHX HanpsiXkKeHHH B HHKHEM OCHOBAEHHM
5J€MEHTa CKJaAbLIBAeTCs M3 MOMEHTA — M 3THX CHJ OTHOCHTENBHO
Hayajla KOOPIHHAT B IJIOCKOCTH HHXKHero ocHoBaHHs (touka O')
H MoMeHTa (oTHOcHTenbHO O) cymmapHofi cuibn — F, pelicrBytomeit
Ha 3TOM OCHOBAHHH. JTOT BTOpoi MomeHT paBed [(—dl) (—F)I,
riae dl — BexTop 3a/neMeHTa AJHHBI cTepxkHA OT O' Kk O. MOMEHT iKe,
00ycJIOBJIeHHBIH BHEIHHMH cHjaamu K, sBisiercss Masioll BeqMuHHOM
BeicIIero mopsiaka. Takum o6pasoM, NMOJHBIH JeHCTBYIOWMA HA 3Je-
MEHT cTep>kHS MomeHT cual ectb dM -+ [dIF]. B paBuoBecun o
JoJKeH OBITb PAaBHLIM HYJIO:

dM -} [dIF] =

PazpenuB 3T0 paBeHCTBO Ha di ¥ 3aMeuas, uTo dl/dl = t ecTb eguHny-
HbIH BEKTOP KacaTeJbHOH K CTEPHKHIO (paccMaTpHBAaeMOMY Kak Jd-
HHf), HOJYYaeM YypaBHeHHe

D = [Ft). (19,3)

Ypasuenusa (19,2) u (19,3) nmpenacraBiaswT coGoH NOJHYIO CHCTEMY
ypaBHEHH!i paBHOBECHs IIPOU3BOJILHBLIM 00Pa30M H30THYTOrO CTEPIKHA.

Ecau peficTByIOLHE HA CTEpXKeHb BHEIIHHE CHJB ABJSIOTCA, KaK
TOBOPSIT, COCPEJOTOYEHHBIMH, T. €. NPHJIOXKEHH TOJbKO K OTAeJbHBIM
H30JIHDOBAHHBIM €roc TOYKAM, TO HA YYacTKaX CTEPKHS MeXAay Tou-
KaMH NPHUJOXKEHHS CHJ ypaBHEHHS pAaBHOBECHA 3aMeTHO YyIpo-
masorca. M3 (19,2) umeem mpu K =

F = const, ‘ (194

T. €. CHJIBl BHYTPEHHHX HAOpSIXKEHHH NOCTOSIHHBI BIAOJb JJHHBI KaX-
JOTO M3 YKa3aHHLIX YYacTKOB CTEpPXKHS., 3HAYEHHSl 3THX IOCTOSIHHBIX
onpenensTcs TeM, yto pasHocth F, — F, 3HaueHu#t cuaml B TOU-
Kax I u 2 paBHa

Fa—F1=—‘ZK, (19»5)

rje cymma Gepercs 1o BCeM CHJaM, NPHJIOMKEHHRIM K OTPE3Ky CTepKHA
Mexay Toukam# | H 2. OGpamaeM BHHMaHHe Ha TO, YTO B Pa3HOCTH
F, — F, TouKa 2 sBjserca OoJiee YyAaJeHHOH OT Mayaja oOTCYeTa
AAHHE cTepHA (T. €. NAMHW AyrH [), 4yeM Touka I; 9TO 3aMedyaHHE -
CYIECTBEHHO NpH ONpeJe/IeHHH 3HAKOB B PaBeHCTBe (19,5). B uvacr-
HOCTH, €CJIM Ha CTepXKeHb JeHCTBYeT BCEro ojfa COCPeIOTOYEHHAs
cuja f, npuijioxkeHHas K ero cBoGoZHOMY KoHuy, To F mocTosxno
BJIOJIb Bceﬁ JJIHHH CTEPXHS H paBHO f.
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Bropoe ypaBuenne parxosecus (19,3) Toxe ynpomaercs. HamucaB
B mem t=dl/dl = drldl (rie r — pajuyc-BeKTOp OT HEKOTOPOH
3aJlaHHON TOYKH K IPOM3BOJbLHOH TOUKE CTEPXKHS) ¥ HHTErpupys,
nosyyaeM BBHAY nocrosHcTBa F

M = {Fr] -} const. (19,6)

Ecnu ke OTCYTCTBYIOT TaKKe H COCPEJOTOYEHHBIE CHJIBI, a H3ruG
CTep2KHfl HPOHCXOJHUT MOJ JAeHCTBHEM NPHJIOXKEHHHIX K HeMYy cocpefo-
TOYEHHH X MOMEHTOB (T. €. COCPeJOTOYeHHBIX map cuJ), To F = const
BJIOJIb Beeil JUIMHBEL CTEPKHA, a M HCILITBIBAET B TOUKAX NPHJIOXKEHHS
COCPE/IOTOUEHHBIX NIap CKAuKH, PaBHble HX MOMEHTaM.

O6patumcsi, Jajee, K BONPOCY O IPDAHHYHBIX YCJOBHSIX Ha KOH-
nax uaruGaeMoro CTep:kHs. 3Aech MOTYT NPEACTABHTHCS Pa3JHYHEHE
cayuyaH.

Konell crepxHsi HasplBalOT 3ajejaHHEM (puc. 4, a cM. c. 66),
€CJIH OH He MOXET HCIIBITHIBATE HUKAKHX CMEIleHHH — HH NpPOJAOQJIb-
HBIX, HH TONEepevHBIX, H, CBEPX TOrO, He MOXKeT H3MEHHThCS €ro Ha-
npapJenne (T. €. HalpaBJeHHe KacaTeJbHOH K CTEPKHIO B ero KOHILE).
B 3ToM cnyuae rpaEMuHBIE YCJOBHSA - 3aKJIOYAIOTCS B TOM, 4YTO 3a-
ZAlOTCA KOOPAHHATH KOHIlZ CTEPKHSA M €XUHHYHBIH BEKTOP KacaTeilb-
Holt t K Hemy. CHJ1a Ke H MOMEHT CHJI P€AKUUH, AEHCTBYIOUHE Ha
CTepXKeHb CO CTODOHBI ONOPH B TOYKE 3aKpelJeHHs, ONpeJessioTcs
B pe3yJbTaTe peIICHHS YypaBHEHHH.

ITpOTHBOHOJOKHBIM SIBJSETCS CaAy4al CBOGOAHOTO KOHLA CTEpIKHS.
B atom clyyae KOOpAMHATHL KOHIIA H €r0 HanpaBJeHHe NPOHU3BOJbHEL.
I'panunuHble yCIOBHSA 3aKJ/I04AIOTCS B TOM, YTO cHaa F u moMeHnT cua M
Ha KOHIE CTEPKHS JOJKHBE OOGpaTHTBCS B HYJBb ).

Ecin KoHell CTep:KHS 3aKpelyieH Ha [IAapHHDE, TO OH He MOXET
UCIILITHIBATL HHKAKHX CMEIIEHHHl, HO ero HalpaBJeHHe He 3ajJaHo.
MomMeHT cuJ, JeHCTBYIOIHX Ha TakoH cBOGOJHO NOBOpaYHBaIOIUMCS
KOHell, JIO/DKeH HCYe3aTh. ‘

Haxkonen, ecau crepiXkeHb ONEPT B HEKOTOPOH TOYKe OHOPHI
(puc. 4, 6), To OH MOXeET CKOJb3UTb NO 5TOH TOYKe, HO HE MOXKET
MCTBITHIBATE B HeH NOollepeuHBIX cMellleHHH. B stom ciyuyae nHesajas-
HBIMH SIBJISIIOTCSL HalpaBJeHHe t M NOJOXEHHe TOYKH, B KOTOpOH
ONHUpaeTcsl CTepXKeHb, N0 ero JJuHe. MoOMEHT CHJ B TOYKE OINOpH
JoJoKeH OLITh PaBHBIM HYJIIO COOTBETCTBEHHO TOMY, YTO CTEepIKEHb
MOXKeT CBOGOJHO NOBOpauuBaThbesl, a cusa F B 5ToH TOYKe HOJIXKHA
ObIT NEpPIeHAUKYJISIPHA K CTEDIKHIO; NPOJOJABHAS KOMIOHEHTA CHJIBL
Bbi3Basia Obl ZaJbHeflllee ero CKOJbXEHHe B TOUKE OHOPHI.

AHajiorHyHEIM 06pasoM JIETKO  YCTAHOBUTb TPaHHYHEIE YCJOBHS
U NpH JAPYTHX clioco6ax 3akpenJieHus CTepxHs. Mbl He Oynem ocTa-
HaBJHBATLCA 3[eCh HA 3TOM, OrpaHHYMBINHCH NPHBEJEHHBIMH THIIHY-
HBIMH NPHMepaMH.

1) Ecan K cBOGOJHOMY KOHILY MPHJOKEeHa COCpefOTOYeHHasA chaa i, To rpaﬂm-
Hoe ycaosue ryacut He F = 0,-a F =1,
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¥Yxe B Hauale npeibiayulero naparpada GBLIIO OTMEYEHO, YTO
CHJbHBIH H3rHG CTePXKHS TNPOH3BOJNBLHOTO CEYeHHS CONPOBOMKAALTCH,
Boo6iuie roBOps, ONHOBPEMEHHBIM €0 KpYyuYeHHeM, Jaxe ecJH K crep-
JKHIO He npuJaraetci HHMKAKHX BHEINHHX KDYTAUUX MOMEHTOB.
Hckamouennem sBsiercst U3rHG CTEPKHsI B €ro IVIaBHHIX MJOCKOCTSX.
[Ipy TaxoM mu3ruGe KpyueHUe He BO3HHKAET. ¥ CTEPXKHS KPYIOEOTO
CeYeHHs] HHKaKkoH H3TH6 He COMPOBOXKIACTCS KpYYeHHeM (ecJH,
KOHEYHO, HeT BHELIHHX KPYTAUHX MOMeHTOB). B atom MmoxHo yGe-
IUTBCA  CJelyioulHM ofpasoM. KpyueHue onpenesieTcsi KOMITOLeH-
Tofl £ = () BexkTOpa ). BHIUHC/IHM €ro NpOH3BOAHYIO IO JLJIHHE
cTep:KHA., [laa storo numem, sameuas, uto Q; = My/C:

d _,dQp dM L dt
ar M) =C—p = t+ Mo
[1pn noactanoBke (19,3) nepBulll ujen obpaiiaercsi B HyJb, TAK YTO
aQr dt
C—q- =M.

Y crepxkHa Kpyrosoro ceuenus Iy = I, = I; cornacHo (18,3) u (18,6)
MOKHO NO03TOMYy Hanucate M B Bufe

M= E1[t—‘jf—] - 1CQ,. (19,7)

[lpu yMBOxcenun Ha dt/dl o6a uneHa AaT HyJb, Tak uro dQ./dl = 0,

OTKYja
Q; = const, (19,8)

T. €. YTOJl KpYYeHHsI NOCTOSIHEH BAOJAb CTepikHs. ECAH K KoHHam

CTEepIKHS He TIPHJIOMEHO KPYTAUMX MOMEHTOB, TO {; Ha KOHUAX paBHO

HYJMi0, @ NOTOMY KPydYeHHe OTCYTCTBYeT H IO BCeH JJIHHe CTepKHs.

JlJIs1 CTep:kHSI KPYTOBOTO CeYEeHHs! MOXKHO, TakuM obpa3om, Ha-
nucaTth NPH YUCTOM H3THOe -

dt dr d’r

m=Ert-9-| = B2 |- (19,9)

[ToacTanoBKa 3Toro BhipaxeHHs B (19,3) HNpUBOAUT K YpaBHEHHIO
UHCTOTO U3THba CTepikHeH KPYroBOIO CEUeHHsI B BH/E

El[—f;—-j%] =[F —jj—] (19,10)

3axaagn

1. IlpuBecTH K KBazpaTypaM 3ajayy o6 onpegeneHHH OPMEI CTEpXKHSA KpYyro-
BOroO ceueHHsl (YIpYroro IpyTa), CHALHO H3OTHYTOTO B OAHOH IVIOCKOCTH IIpHJIOKEH-
HLIMH K HEMY COCPEJOTOUEHHBIMH CHJIaMH.

PemeHHe PaccMarpupaeM yuacTOK CTEPXKHS MeXAy TOUKAMH NPHJIOKEHHS
cus1; Ha TakoMm yuactke F = const. BuiGepeM nuockocth usru6a B KayecTBe ILIO-
.CKOCTH ¥, Y, @ OCh Yy — napamaenbio cure F. BBogum yron O mexay kacaTenbHoi
K JHHHH cTepxHA B ocblo y, Torga dx/dl = sin 0, dy/dl = cos 6, rhe x, y — Koop.
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JHHATH TOUeK CcrepxHA. PackpuiBas BekTopHbie Npon3pesenus B (19,10), noxyuaem
ypaBuerne pas 0 kak GyEKnMu aanHL LyrR {

d%0
1E —Ela— — Fsinf =0,
[NepBoe nHTErpHpOBaHHe AaeT )
IE do \2
—~5— (T) +Fcose_-_c,
H 0oTC101a
1

E do
I ._f______ . (1)
2 Ve — Fcos® +

Oyuguua 0 (/) MoxeT ObITb BbIpameHa OTCIONA uYepe3 AJIHNTHUSCKHE (YHKUHH,
Has koopayuar x == | sin 0dl, y= J cos 0 d! monyuaem

x= :i:—I:I:-VfZlE V¢, — Fcos 9 + const,

IE cos 040
= I V'——— ————— -}~ const’.
y 2 Vcl — FcosH +
Moment M (19,9) nampapJjex mo OCH 2 H paBeH
do

M=lE-d—l-.

) 2. Onpeneauts ¢$OpMY CHJABHO H30THYTOTO CTepK-

Puc, 15 Hf, OJAMH KaHell KOTOpPOro sajellaH, & K APYyromy, ¢Bo-

GonyoMy, MPHAOKEHA CHAA f; HampanienHe § nepneHAHKY-

NAAPHO K NIPAMOR HeRehOpMHPOBARHOFO CTepXKHN (pHc. 1D).

Pemenue Ha scedt naune crepxng F = const = f. Ha aagesnarHoM Konie

g = 0) 8 = xn/2, a Ha croGognoM (I = L, rne L — ganna crepxus) M = 0, 1. e.
‘= (. Bpogs oGo3nauesne 0= 0 (L), umeeM B (1) c; = f cos 6

/2
. V IE. d
. 2} Vcosty —cost

Orcioga nodyuaeM ypaBHeHue, onpefiensiouee 0y
2

L_1/TE d
2f V cosOp —cost

®opMa cTepxHA ompenenderca GopMyJaMu

@

/2

X = ]/-2—;5— (Vcoseo-VcosHo——cosa). Y= ]/12-,5; 5 cos § 49

V cosOy —cas B

3. To me, ecn cura f, ApHIOKeHHAS K cBOGOLHOMY KOHLY, HANpaBAcna Oas
paRieibHO JIHEMH - HekeOPMHPOBAZHHOTO CTEDPMH,

.
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Pemenne, Humeem F= —f (0CH KOOpZWAAT BHODAHH YKa3aHHEIM Ra
puc. 16 o6pasom), I'pannubbie yeaosua: 6 = O npu =0, 8’ = O npu ! = L. Umecem

I
I__'l/ 1E j’ do
2f g V cos 0 — cos 0

rae 0, onpeneasieres us I (6)) = L, Hna x u y nonyuaeM

X = 2;5 (Vl—coseo-l/cosﬂ-casﬂg),
) 8
IE cos 6 d9

b= 2f p Vcos0—cosBy

IIpu caa6om uaru6e 0y < 1 H MOXKHO HamHCATL:

— -
,_~1/_1_E_j___d9..__,__.11/£
YTy ve=¢ 2 e

T. e, O, BHInazaeT H3 3TOr0 COOTHOWIEHWH, FTO MOKASHBAET, B COMACHY C PE3YIL-
TaToM 3ajaun 3 § 21, yTo patcMaTpuBaeMoe pemleHHe CyHIECTBYET TOJALKO IpH f 2=
> n?/E/4L?, T, e, NOCAe NOTEPM YCTOMUMBOCTH NpPSMONHHEHHOR dopMOil.

4. To e, ecin 06a KOHLA CTEPXKHSI ONEPTH, a K €r0 CepeiHHe NpPHJOMKEHa
cuaa f; paccTosiHHe MeXAY TOUKaMH OHOPH €CThb Lg,

s

N

Puc. 17

PemeHnne DBubupaeM ocH XOOpPAHHAT yKasaHHHM Ha pHc, 17 oGpasom,
Cuna F nocrosinHA Ha KaXzioM H3 yuacTkoB AB u BC, npuyeM Ha KamJOM H3 HHX
NepleHJNKYyAApHa K JHHHH CTEDXKHS B TOYKaX omOph — cooTBercTBeHHo A n C.
Pasuocth suauennit F Ha AB u BC paBHa f, oTkyaa 3akaiouaem, 410 #a AB F sin 6, =
= —f/2, rae 8, — yrou Mexay ocbio y u nunuer AC. B Toure A (I = 0) umeem ycuo-
it O=n/2u M= 0, 1. e, & = 0, TaK 710 Ha AB

1E 172 e do
| = [ —=-si ———
( e Bo) J- Veost ’

2
1/2 2 —
§=2(—{-;i-sin9,cose)/ s y=(—-1-;—5—sineo)l/ j ¥ cos 0 db.
. b -
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Yroun 0, onpenesnsieTcst H3 YCIOBHS, YTO NpOeKUust Kiuubl AB Ha npamyo AC xomxHa
6T pasHa Ly/2, oTKy#a HMeeM

L IE 127" cos (0 —0;)
= ——~s1ne) L5 —"0) 4,
2 ( f ’ F Vsin@

Tpx HeKOTOpOM OmpeeneHHOM SHaueHHH 6, Jexamenm Mexay 0 u 7/2, npoussonsas
df/dB, (rze f paccmatpuBaeTcs kak QyHKUusA oT 0p) ofpamaercs B HyJb H JenaeTcs
II0MOXKHTebHOA. JlanbhefilieMy yMmeHbIIeRnIO Og, T. e. YBeqMYeHHIO nporuba, COOT-
BeTCTBOBA/IO OH yMeHblueHHe f. JTO 3HAYHT, YTO HalijileHHOe pellleHHe JeaeTcsl He-
YCTOHYHBEIM; CTEepXKEHb «IPOBAJIHBAETCH» MEXIY ONOPAMH.

5. IpusecT KX KBajpatypaM B8ajauy O NPOCTPAHCTBEHHOM CHJbLHOM H3ruGe
CTEep3KHSI [OX JeHCTBHEM COCPEJOTOUEHHBIX CHJI.

Pemernue. PaccmarpuBaeM yyacTOK CTepXKHS MeXAY TOYKaMH IIPHJIONe-
Hust cua, Ha KoropoM F = const, Wnrerpupya (19,10), moayuaem

dr  dr
El [—d-;——[ﬂ%] = [Fr] + cF; M

[IOCTOSIHHAS HHTETPHPOBAHHSA HaNHCaHa B BuAe BeKtopa ¢F, HampaBJIEHHOTO BAOG/AD
F, mockoabky HajnexamuMm Bbi6OpoM Hayajsa KOOpAHHAT, T. e, mpubaBieHHeM K r
HEKOTOPOro NMOCTOSIHHOT'O BEKTOPa, MOXKHO HCKJIOYHTH afIHTHBHBIH BEKTOp, MepIeH-
AuKyaspHef K F, YMHoxKast (1) ckassipHO M BEKTOPHO Ha r’ (IUTpHX O3Hayaer Aud-

depenmuponanne no f) ¥ sameuas, uto r't” = 0 (mocKoaBKy ' = 1), monyuaem
Flrr') 4+ cFr' =0, EIr" = [[Fr]t'] 4 c[Fr’].
B kommouenrax (ocb z BHGpaHa 10 HampasiaeHuio F)
wy' —yx' )+ c2 =0, El =-—F (xx' +yy').

BBoas B 3THX ypaBHeHHMAX LMJIMHAPHYECKHE KOODIMHATH 7, @, 2, NOTyYaeM

PQ o =0, Elf =—Frr, @
M3 BTOPOr0 ypaBHEHHS HMeeM
v — F 2
= (A1), (&)

rae A — nocrosinHas, Kom6uHupys (2) m (3) ¢ ToxaecTBoM
ri4rgttt=1,
noJyJaeM

rdr

d=zm

2 F? 3102 (A 22 |12
GO =[P —gm A= |,
nocsie gero H3 (2) u (3) HaxoauM
__F (A—1r¥)r _ cF A—r®
2= 9E[ J G 9 == 3] G

yeM H onperensaercs ¢GopmMa H3OrHYTOTO CTepKHS,

6. CrepeHb KPYrOBOLO CEYeHHs MOLBEPrHYT KDYYEHHIO (yrosl KPY4YeHHS T)
M H30THYT B BHHTOBYIO JIHHHIO, ONpeze/uTb CHIY. H MOMEHT CHJ, KOTOpHIE IOJIXKHbL
6LITh IPHIOMEHH K KOHLAM CTEpIKHA AJA TOro, WTolH yAEpMKHBATb €0 B TAKOM Co-
CTOSIHHH,

Pemenue, Ilycte R — paauyc unannipa, Ha nOBEPXHOCTH KOTOPOI'O HaBHTA
BHHTOBAs JMHHA (OChb 2 BHIGHpaeM IO OCH 9TOro UMJIHHApA), 8 & ~— yIoad MEXKAY Kas



§ 201 CJIABEBI1 H3TrHB CTEPXHEN 109

caTeJbHOH K JIHHHH M ILIOCKOCTBIO, IepPHNEHAHKYJISAPHON X OCH 2; IIar BHHTOBOH JIH-
HHH h cBf3aH ¢ & M R mocpencteoM A = 2nR tg o, YpaBHeHHA BHHTOBOH JIMHHH:

X=Rcosp, y==Rsing, z=¢@Rtiga

(¢ — yron noBOPOTAa BOKPYT OCH 2); 3/MeMeHT Jauuk nyru dl = R dg/cos a. [ox-
CTaBa1Ag 3TH Bhlpaxelus B (19,7), BeuncnsieM KOMIOHEHTHl BeKTopa M, a 3aTeM IO
¢dopmyae (19,3) — cuny F (mocTosiHEyI0 Bionb Beell AMMHBI CTepXkHs), B pesynn-
TaTe Haxo/uM, uto cuia F pampaBsJeHa no ocu Z # paBHa
sin a El —

— —5 cos? o sin a.

R R

MoMeHT M HMeeT COCTaBASIOIMIYIO IO OCH 2%

F,=F=Ct

MZ=Ctsina+-—%I-cos3a

H COCTaBJSOIYI0 Mg, HampapleHHYI0 B KaXJOH TOuUKe CTeDXKHS IO KacaTeJabHOH
K OKPYXHOCTH IONEpPEYHOTO CedeHHS LHAHHApPA, paBHyw Mg = FR

7. OnpezenuTb ¢opMy I'HGKOH HHTH (CONPOTHBJEHHEM KOTOPOH Ha H3rHG MOXKHO
npeHe6peub MO CPABHEHHIO ¢ COMPOTHBJCHHEM Ha pacTsKeHHe), MOJABELIEHHOH 3a JBe
TOYKH B MOJIE THAMECTH,

Peuenue, DBni6upaeM miockocTs, B KOTOPOH DacnoJIOXKeHa HHTL, B Kade-
CTBE MJIOCKOCTH X, § C OChIO ¥, HaNpaBJeHHOH BepTHKaJAbHO BHH3. B ypasnenun (19,3)
MOXHO TpeHe6peub uienoM dM/dl, -mockonsKy M npomopuuonaibHo EI. Torma
[Ft] = 0, 1. e, F HamparJieHo B KaxJoi TOUKE HHTH No t H MOXHO Hamucath F ==
= Ft. YpapHenue (19,2) naer Tenepn

d dx d dy
dl (F a)=% =@ (F a )=

(9 — Bec eNMHMIK JJIHHH HHTH), OTKyJa

dx dy
F—d—l—-—-c, FT—ql'

(rne A = ¢/q). Unrerpuposanne paer

x=AAnsh—;-, y=V AL,
OTKYJa
y=Ach -—:—,

T. €. HNTb uMeeT GOPMY LeMHOH JHHHH, BLI6Op Hauana KOOpAHHAT X TOCTOAHBAR A
OMpeReaA0TCS TeM, 4To KpHBas JOKHA NMpPOITH yepe3 fiBe 3aiaHHHE TOUKH H NOJKHA
HMeTb 3aJaHHYIO IUIHHY,

§ 20. Cnabuiii H3rub crepxHed

YpaBHeHHs] PABHOBECHS 3HAUUTEILHO YIPOMIAIOTCS B NPAKTHUECKH
BasKHOM cayuae ciaGoro uaruba crepixuefl. Maru6 sipagerca cinadey,
€CcJIH HampapJieHHe KacaTeJbHOH t K CTepkHI0O MEAJEHHO MEHAETCA
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BAOJVIb €ro JJMHH, T. €. npousBopHas dt/dl mana. JIpyrumu ciosamu,
pajuyC KPHBH3HBI M30THYTOTO CTEPKHS B KaxIOH TOUKe JOJKeH
OLITb BEJHK MO CpaBHEHHIO C AJAWHOH CTepxHs. IlpakTHuecKH 3TO
YC/OBHE CBOIHTCA K TpeGOBAHHIO MAaJOCTH [ONE€PeyHOro mnporxba
CTEPKHS 0 CpaBHeHHIO C ero AnuHofl. IloguepkueM, 4To nmpH 3TOM
OTHIONb He TpebyeTcss MaJoCTH mporu6a Mo CPaBHEHHIO C TOJIHNHHOMH
CTepxKHHA, KaK 3TO ROJIKHO Obi10 OLTh B NPUOIHIKEHHON TEOpHH CJa-
Goro u3ru6a nJacTHHOK, passuToil B & 11—121).
IMpomuddepennupyem (19,3) no anune:

N [—Zf—t]—{— [Fj—E] (20,1

o dt
BTopoii uieH COZepKHT Manyio BENNYHHY —r, BCAEICTBHE Yero HM

OObIYHO (32 HCKJIIOYEHHEM HEKOTOPHX OCOOhIX CJaydaeB, O KOTODBIX
peub HJeT HHKe) MOXHO NpeHeOpeub. [ToAcTaBisis B MepBOM uJeHe

dF/dl = —K, mnonyyaeM ypaBHeHUe paBHOBeCHS B BHIe
d*M
— = [tK]. (20,2)

HanumeM 3To ypaBHeHHe B KOMIIOHEHTAX, IS Yero OACTABHM B Hero,
cornacHo (18,6) u (18,9),

My = —ELY", M, = ELX", M, =0 (20,3)

(3Hak ‘ o3HayaeT Be3fe IH(depeHnrpoBaHHe No 2). EnuHHUHBIA
BEKTOp t MOXKHO CYHTAThb Hanpas/eHHHIM N0 ocH 2. Torza Mel nosay-
UHM

ELX" — K, =0, ELY" —K,=0. (20,4)

OTH ypaBHeHHS ONpeeNsIoT 3aBUCHMOCT mporuboB X u Y ot 2,
T. €. (opMy c1ab0 M3OTHYTOTO CTEpPKHA.

Cuny F BHYTpeHHMX Hamnpsi:KeHHH, ACHCTBYIOUYIO HA MoONepevyHoe
CedyeHHe CTepKHHA, TaKXKe MOXKHO BLHIPa3HTb Yepe3 NpOH3BOAHBIE OT X
u Y. IoacraBasa (20,3) B (19,3), nonyuaem

F, = —ELX"', F, = —ELY'". (20,5)

Mb BUAMM, Y4TO BTOpLIE NPOHM3BOJHEIE ONPEAENSOT MOMEHT CUJ BHY-
TPEHHHX HANpsxKeHHH, a TPeTbH NPOH3BOAHBIE ONPEJENSIIOT CAMH
5TH cuapt. Cuay (20,5) HaswBalOT nepepeswisaiowets cuaoii. Ecnu
H3rH6 NpPOM3BOAHTCS COCPEJOTOYCHHBIMH CHJIaMH, TO Mepepe3biBa-
IOLIAs CHUJIa MOCTOSIHHA BJOJb KaxKJAOTO H3 OTPE3KOB CTEPXKHS MEXAY
TOYKaMH NPHJOXEHHS CHJI, a4 B KaXXJAOH M3 3THX TOYEK UCIBITHIBAET
CKa4OK, DaBHBIA NpPHJIOXKEHHOH BHelUIHeH CHJe.

1) My He BaJaraeM BOBCE CJIOXKHON TeOpHH H3rHOa crepxnefl, KOTOpHE B CBOEM
€CTeCTBEHHOM, Hele(OPMEDOBAHHOM, COCTOSIHHH HMEKT H3OTHYTyi0 ¢opMy (OrpaHs-
YHBasCh JIHIWb ORHHM NPOCTHM NMPHMEPOM B 3aAadax 8, 9 storo naparpada).
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Bennunnn El, 1 EJ; Ha3wnBaOT XeCTKOCTbIO CTEPXKHA Ha H3THO
COOTBETCTBEHHO B IVIaBHEIX IIOCKOCTSIX X, 2 H Y, 2 Y).

Ec/in MpHJIOKEHHEBIe K CTEPIKHIO BHEIIHHE CHJIL JIeHCTBYIOT B OLHOH
IJIOCKOCTH, TO H H3rH6 CTepXKHsA NPOH30HAeT B OAHOH IJIOCKOCTH.
OTH JBe MJIOCKOCTH, OAHAKO, B o6lieM clydae He COBMNAjAlOT ApYT
C JIpyroM; JIerko HafiTH yroJ MexJy HHMH. Ecin @ — yroa Mexay
MJIOCKOCTbIO JEHCTBHA CHJI H MNepBOH IVIaBHOH INIOCKOCTBIO H3ruba
(nOCKOCTBIO X, 2), TO YpaBHEHHS DPABHOBECHS MPHHHMAIOT BHJ

e cos 1rer sma
X = TiE K, Y =1113K’ :
O6a ypaBHeHHs oTyiHUaoTCA TOMbKO Kosdhdunuentom npu K. ITostoMy
X u Y nponopunoHaJbHB APYT APYTY, HpHUYEM

Y=X —;itgoa.
1

¥Yroa 0 mMexay IIOCKOCTbIO H3THOa H IVIOCKOCTBIO X, 2 ONpefeNsercs
PaBEHCTBOM

g0 = j—l tg a. : (20,6)

s crepxua Kpyroeoro ceueHuss Iy = J, 1 o = 0, T. e. H3ru6
NPOHCXOAUT B IUVIOCKOCTH HeHCTBHSI cHJI. To ke Camoe HMeEeT MecTo
H JJ8 CTepXXHA NpOH3BOJILHOIO CedeHust npH a = 0, T. e. Korza
CHJIBl HAaNlpaBJeHb! B IVIaBHOH NMJIOCKOCTH. J/s1 2a6COMIOTHON BETHYHHEBI
nporu6a

=V X F7?

HMECET MECTO YpaBHEHHE

Elt" =K, 1 I/ ‘ (20,7)

VTicosa + 13 sina

1) YpaBuennem .BHAa
DX™ — Ky =0 (20,4a)

ONHCHIBAeTCA TaKXKe B ONpefeJeHHHX IpefesbHbIX CIy4adXx H H3rHO TOHKOH Iia-
crurkH, [1ycTh npsAMOyro/ibHas nJacTHAKA (C AJHHAMH CTOPOH @ H b H ToJuiuHoi h)
yXpelieHa BIOJb CBOHX CTOPOH a (HamnpaBJieHHe y) H H3rHGaeTcsi BJOJb CTOPOH &
(och 2) opHOpOAHOH BAOAbL OCH y Harpys3xofi. B ofimeM ciyyae NPOH3BOABHHX &
H b ana onpeieseHus u3ru6a ZOMKHO OHTB HCNOJB3OBAHO ABYXMEpHOe ypaBHEHHE
(12,5) ¢ cOOTBETCTBYIOLIHMH TPaHHYHBIMH YCJIOBHAMH Ha YKpelJeHHBX H Ha CBOGOJA-
HBIX CTOPOHAX MJACTHHKH. B npejenbHOM ciyuae a > b xedopMaIHIO MOXHO CYHTaTh
OLHOPOAHON BROJbL OCH Y, U TOTAA JBYXMepHOe ypaBHeHHe DEBHOBeCHs NepeXOXHT

B ypaBHeHHe BHAa (20,4a), mpHuYeM pOJIb KECTKOCTH Ha H3TMO HrpaeT BeJHYHHA -

D = Eh%/12 (1 — o¥).

¥paBHeHne (20,4a) npuMeHHMO H B OGpATHOM mpefesbHOM Cjydae a < b, KOTAa
NJaCTHHKY MOXKHO paccMaTpHBATb KaK CTepKeHb JJHHH b ¢ Y3KHM NPSMOYIONb-
HBIM ceueHueM (CeueHHe B BHAe NPAMOYTOJLHHKA CO CTOPOKAMH. 4 H h); NPH STOM,
QIHAKO, XXECTKOCTb Ha H3THG onpefessercs APYTHM BHpaXKeHHeM

D = El, = Eh*a/12.



112 PABHOBECHE CTEPXHEHW U ITJIACTHHOK en, 11

IlepepesniBalomas cuia F JiexHT B TOH e MmI0CKOCTH, yTo H K,

H paBHa
F = —EIL". (20,8)

Bennyuna / urpaer ponb 3hheKTHBHOIO 3HAYEHHS MOMEHTAa HHEpIHH
CeyeHHsl CTePIKHS.

Hanuuem B SIBHOM BHJI€ TpaHHYHble YCIOBHS AJIs YPaBHEHHI
paBHOBecHs1 ¢1ab0 H30THYTOTO CTep:KHs. EC/AH KOHeL CTepxHs 3a-
JesiaH, TO Ha HeM AOVIXKHO Obite X = Y =0 u, CBepX TOTro, He MOXET
U3MEHHTLCSI €rQ HampaBJieHHE, T. €. AOMXKHO Obith X' = Y' =
Takum o6pa3oM, Ha 3ajelaHHOM KOHIE CTePXKHsS JOJKHBI BHINOJ-
HATLCSL YCJIOBHS

X=Y=0 X =Y =0 (20,9)

Cuna e W MOMEHT CHJI PeaKIHH B TOUKAX OIODHI ONPENeNsioTCs [0
H3BeCTHOMY pewreHHio dopmynamu (20,3) u (20,5).

Ilpu nocratouHo ciaGoM H3rHOe CTePKHS 3aKpervieHHe ero KOHIA
B LIapHHpEe H ONHpaHHe erc B TOUKE SKBHBAJEHTHH B OTHOUIEHHH
IPAHHYHBIX YCJIOBHH. Jlesio B TOM, UTO BO BTOPOM CJ1ydae mPOAO/ILHOE
CMellleHHe CTEP:KHSI B TOYKE ONOpPHl sIBAsieTcsi NpH cjMabom uH3rube
BeJIMYHHOH BTOPOro MOpPsiiKa MAaJIOCTH O CPAaBHEHHIO C MONepeYHbIM
nporn6oM H NOTOMY HOJXKHO CYHTATbCs paBHBIM HyJM0. I'panuunble
YCJIOBHSI HMCUE3HOBEHHSI [ONEPEYHOrO CMeleHHs H MOMEHTa CHJ
JaloT B S5THX cJydasx

X=Y=0 X' =Y =0 (20,10)

HampapneHue e KOHHA CTeDXKHS H CHJA pPeaKUHH B TOUKE ONOPbI
ONpENEISAIOTCS B Pe3yJabTaTe pelleHHs] YpaBHeHHH.

Haxownel, Ha cBoOOAHOM KOHIE AOJXKHEI OTCYTCTBOBAaThH cuaa F
u momeHT cua M. Corsacuo (20,3) u (20,5) 970 NPHUBOAUT K YCIOBHAM

X' =Y =0, X" =Y" =0 (20,11)

(ecnu K cBOGOAHOMY KOHILY IIPHJIOXKEHA COCPeAOTOueHHast cuiaa, To F
JOJXKHO ObITb DABHO 3TOH cuJje, a He HYJI0).

Herpyano o600wuth ypaBHenust (20,4) Ha chaydyad cTeprkHed
HEPEMEHHOTO CeyeHHsI. Y TaKHX CTepxHeH MOMEHTH HHepuuu [,
0 I, asagworca ¢yHruusamu z. ©Qopwmyasl (20,3), onpenensiomue
MOMEHTHI CHJ B KAaXJAOM JAHHOM CEUEHHH CTepKHs, MO-IPEKHEMY
ocraloTcs crnpaseptuBeMd. [loactanoBka HX B (20,2) mpuBoguT
Teneph K ypaBHeHHﬂM ,

E(hE) =k, EL (WD) -k, eom

B KOTOpHIX /; U [, Heib3si BLIHECTH HM3-NOX 3HAKa NpOU3BoAHOH. s
niepepe3LIBAOIICH CHIIBL HMeeM

d azX
A S
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Bepuemcs cmoBa K ypaBHenusiMm (20,1). Tlpoussesennoe nammu
npenebpexeHye BTOPHIM YWIEHOM B NMpPaBoH CTOPOHE PaBeHCTBA MOXKeT
OKa3aThbCsl B HEKOTOPLIX CJAYy4asiX He3aKOHHHIM Jlaxke NpH cJaaboMm
usrube. 3To — Te cayyaH, B KOTOPHIX BJOJb AAHHBI CTepXKHA JAeH-
cTByeT CoJblnas cujia BHYTDEHHHX HampsieHu, T.e. F, odeb
BeJIHKo. [Hanuune Taxol CHJBI BHI3BIBaeTCsl OOBIYHO CHJABHBIM HaTs-
JKEHHEM CTepKHsI NPHJIOXKEHHBIMH K €ro KOHIAM BHEIHHMH pacTsi-
rupatonuMe  cunamMu, OO603HAYMM JefCTByomEee BJOIb CTEpPKHSA
NOCTOSIHHOE HaTsiKeHHe IocpelcTBoM F, = T. Ecau cTepxeHp MoJ-
Bepraercsl CHJIbHOMY CXKATHIO, a HE PACTsKeHHIO, To cuna T OTpH-
uarenbHa. PackpuiBasi BekTopHoe mnpousBenenne [Fdt/dl], wmbl
JOJTXKHEI Terneph COXPAHHTb UJAeHWl, cofepxamue T, wieHaMH xe
¢ F, u F, MOXHO no-npexkHeMy npeHebpedn. [Toacrasnssg i Kou-
noHeHT BekTopa dt/dl coorBercTBenHo X”, Y, 1, mony4yum ypaBHeHHS
paBHOBeCHS B BHJe

LEX" — TX" — K, = 0,

nn ” (20’14)
LEY"™ — TY" — K, = 0.
K Buipaxenusm (20,5) aaa nepepe3niBaiomiefl cHAb Hafo NpuOaBUThL
Telepb YJEHBI, paBHbIE NPOEKUHAM JeHCTByomEeH BIOAbL BeKTOpa t
cuapl T Ha OCH x U y:

Fyp = —ELX" +TX', F, =—ELY"' + TY'. (20,15)

Oti ¢Gopmyan MOryT ObITh, KOHEYHO, NOJYYeHLl H HENOCPEACTBEHIO
us (19,3).

Boabiras cuna T MoxKeT B HEKOTOPHIX CAY4YasiX MOSIBHTLCS H B pe-
3yJbTaTe caMoro u3ruba, Jake ec/JM HeT HHKAKHUX CHeluHalbHO HpH-
JIOXKEHHLIX PacTATHBAIOMUX CHJ. PaccMOTpHM CTepikenb, o6a KoHIA
KOTOPOTO 3ajieJIaHbl HJH 3aKpeIvieHbl Ha IIapHUPAaX B HEMOJBHXKHBLIX
OMopax, TaK YTO He MOrYT HCOBITHIBATBE NPOAOCABHOIO CMelIeHYS,
Torga nporu6 crepxHs HeH30eXHO CONPOBOXKAAETCS €ro yAJdWHe-
HHEM, YTO M HPUBOJUT K MNOSIBJIEHUIO B HeM cuinl T. Jlerko onenuinb
BeqIHUHHY nporuGa, mpH KOTOPOM 3TA CHJIA JEJIAETCA CYLIeCTBEHHOH,
Hauna L 4+ AL H30rHYTOrO CTepKHsSI paBHa HHTerpany

L
L+AL= |y TFXT{ 7,
0

B34TOMY @0 MNpPSIMOH, CoeldMHAIOmEHd ToukH onope. [Ipm cuaabou
H3rH0Oe MOXKHO Pa3/IOKHTh KODeHb B Dsijl, H Mbl IOJyyaem A1l YATH-
HeHust AL Bripaxenue

L
1 ’ '
AL=7j(x%+Yﬂ)dz.
Q
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Bo3HuKaomas ApH NPOCTOM PAaCTHKEHHH CHJIA HATSXKEHHs paBHa
OTHOCHTEABLHOMY YAJIHHEHH1O, YMHOXEHHOMY Ha Mmoayas JOHra M Ha
INIOIAAb S CeueHHs CTepXKHA. Tang o6pa3soM, cuna T paBHa

T = j (X2 Y'®)dz. (20,16)

Ecnu 0 ects nopsjoK EeNHUYHHBE NONEepeyHoro mporu6a, To Impo-
usBopurie X' v Y' — nopsanka 8/L, Taxk 4To BeCh HHTErpas, CTOSIUKA
B (20,16), — nopsiaka Beauwynsnr (/L) L = 6%/L uw T ~ ES (6/L)%
ITopsiloK BeNMWUHHBI HEPBHIX H BTOPLIX WieHoB B (20,14) — cooTBet-
crBenno JES/L* u T8/L? ~ ESG%/L4. MomeHT uiepuun | HMeeT mo-
psAnoK BeinnuHHbl | ~ h%, a S ~ K% rie h — TOMmMHA CTepIKHA.
TloxcTapnsisi 3To, Jierko moJiydaeM, YTO IepBble H BTOPhiE WJEHBI
B (20,14) cpaBHHBAIOTCS 1O MNOPSAKY BETHYHHBI HpPH O ~ h.

TakuM 06pa3oM, npH u3rube crep:kHel, KOHIBI KOTOPHIX 3aKpel-
JIeHbl, MOKHO TOJb30BAaThC YpaBHEHHSMH paBHOBecHst B BHIe (20,4),
TOJMBbKO ec/H Nporu6 Mas no CpaBHEHHIO C TOMLIMHOH cTepkHdA. Ecan
e 8 He MaJl0 No cpaBHeHHIo ¢ A (HO, KOHEYHO, HO-NpexkHeMy & & L),
TO HaJo NoJbn30BaThcsa ypaBHenusamuk (20,14). flpn stom cuia T
B 3THX ypaBHeHHSIX 3apaHee HeusBecTHa. [Ipd HX peHleHMH Hazo
CHayasJla paccMaTpuBaTh T Kak 3ajaHHBI NapaMeTp, a 3aTeM MO
NOJYYeHHOMY pelleHHIo onpeleiuts T cornacHo dopmyne (20,16),
YeM U ONpeNeNHTCs CBsA3b I C NPHJICKEHHBIMH K CTepXHIO H3rHOa-
ICIIHMH  CHJIaMH.

O6paTHbiM TpelleIbHLIM Cly4aeM SBASETCa TOT, KOTA3 CONPOTHB-
JIeBHE CTepXHs Ha M3rHG MaJo 1o CpaBHEHHIO C €ro CONPOTHBJEHHEM
Ha pacTskeHHe, Tak 4To B ypaBHemHaX (20,14) Moxuo mpenefpeun
NepBLIMH YJIeHaMH M0 CpaBHEHHMIO CO BTOPHIMH. DH3HUecKH Takoi
cny4aii MoxkeT OhLITh oCymiecTBJeH JHOO OUeHb CHALHBIM PpacTHke-
kueM T, au6Go npu JoctatouHo MajtoM EJ/, uTo MOxkeT OhITb CBS3aHO
€ M2JIoff TOMUHHOH A (0 CHJIBHO HATSAHYTHIX CTEPXKHAX TOBODAT Kak
¢ cmpyHax). YpaBHeHHs] PaBHOBECHs IJ1acCAT B 3THX CAYUYaAXx:

TX"+ K, =0, TY'+ K, =0. (20,17)

Konnpr cTpyHst Hajo NpPEACTaBAATh cefe 3aKpeIVIeHHHMH B TOM
CMBICJIE, YTO HX KOODJAHHATH 3aJlaHHl, T. €.

X=Y =0. (20,18)

Hanpagnenne ke KoHIOB He MOXKeT OblTb 3aJlaHO NPOH3BONbHLIM
c6pa3oM, a onpelleNsieTcsi pelleHHEM YDaBHeRMIl.
B 3aknrouenne nokaxkeM, KakuM o0pa3oM ypaBHEHRN PaBHOBeCHs
« €160 H30THYTOTO CTEPIKHS MOXKHO IOJNYYHTb, HCXOAA H3 BapHalHMOH-
HOTO NPHHIHIA, HCNoJAb3ys Bhipaxkenue (18,10) nas ympyroi shep-
THH:

Fop = _’g_ [RIAGE AT
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B paBroBecu# XOMKHA OWTh MHHHMAJAbHA CyMMa 3TOH SHEPTHH U
HOTEHHHANbHOH 3HEPIUH, CBA3AaHHOH C JeHCTBYIOINHMH HA CTEpiKeHb
BHelIHUMH cunamu K, T. e. JOMXKHO GHITH

8F ¢ — [ (K. 8X -+ K, 8Y)dz=0

(BTOpoii uneH npexacTaBiasier coboif paboTy BHEIUHHX CHA NPH GecKo-
HEYHO MaJIoM CMelieHHH JIHHHH cTepxHs). [Ipu BaphbHpoBaHHH F..
NPOH3BOJHM JABAXJAbl HHTCIDHPOBAHHE IO YACTAM:

50 [ X2dz= [ X"8X"dz= X"8X'|— [ X"6X' dz=
= X" 86X’ ] ——X”’6X|+ [ X" 8X dz

W aHaJIOTHYHHIM 06pa3oM AJisi HHTerpana or Y2, CoGupas pasiHyHbe
YdeHb, MNOAYIUM

JUELY"™ —K,)8Y 4 (ELX"" — K,)6X]dz +
+EL (Y'Y’ — Y"8Y)| 4+ EL,(X"8X' — X"8X)| =

3 nepBoro, HHTErpaJbHOro, YieHa CAeLYIOT BBUAY MPOH3BOABHOCTH
BapHaiuii X u 8Y ypaBHenus paeuoBechs (20,4). OctanbHble xe,
IPOMHTErPHPOBAHHBIE, WIEHBl JAI0T TPaHHYHbie YCJAOBHS K 3STHM
yYpaBHEHHSIM; TaK, Ha CBOOOAHOM KoHue Bapuauuu 08X, 8Y, 6X’',
Y’ npon3BO/MLHEI H COOTBETCTBEHHO IOAYHAIOTCS YCIOBHS (20 II)
B 10 xe BpeMms Kosqxbuuﬂembr apu 6X u 8Y B 3THX wieHax jgaior
BoipaXkeHust (20,5) AJAsT KOMIOHEHT Iepepe3MBalollell CHABIL, a Ko3g-
¢dunrenTs npu X' u 8Y! — Bripaxenus (20,3) 415 KOMIOOHEHT H3TH-
6alomero MOMEHTa.

Hakonen, ypaBHeHHs DaBHOBeCHs (20,44) mpu HanmMuuH pacri-
riBaouiesl cudnt T MOXKHO MOMYUHTH TeM 3Ke enocoboM, HpHﬁaBHB
K BapbUpyeMoO#l SHepruH BEeJHUHHY

T AL = —-_[(X’“—[— Y'?) dz,

peACTaBAAIOUYIO co6oﬁ paboty cuael T Ha nytd AL — yJIHHeHHH
CTEpKHS,

3agaud

1. Onpeneauts GopMy nporufa crepxHs (Aauuu /) nos BaESHHEM COGCTBEH-
HOro Beca NMPH PA3AHYHLIX COCOGax 3aKpelVeHHA ero KOHHOB,
: Pemenne, Hckoman dopma ompenensiercs pellieHHeM ypaBHEHUA

clm__: q/EI

(g — Bec eAUHHUB AJHHBI CTEDXKHS) C TEMH HJIH JDYTHMH TPaHHTHBIMH YCIOBHSMH
Ha ero KOHUaX, cpOpMyAHPOBAHHHMH B TeKcTe. [IpH pas/AuHBIX crnocobax 3akpene-
HHSl KOHIIOB CTepXKHA NONYyHaloTcA clepyiomue ¢opMb Dporaba # MaKCHMa/bHble
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cMellleHHsl (Tak HaablBaeMble CTPEJKH Nporn6a); Hayano KoOpAHHAT Besjie BHIGPAHO
B OJHOM H3 KOHLOB CTEpKHS.
a) O6a ROHIA CTepXKHH 3ajeaHbl:

= 9 a_p (L)z_l_ﬂ‘_
b= mpr 72— t\z 3¢ El
6) O6Ga KoHUA ONepTHL:
R B VP (L) —>
b= 2@ A2+ L3 384 EI°
B) OnuH komen (2= [) 3agenaHn, a apyroit (z= 0) onept:
= 9 _ 3 322 3 — _q_li
r= RE] 2(28 —3i2 + 1), C(Q,42l?~0,0054 T
r) OpuH xomen (z==0) sagenan, a jgpyrofi (2= I) cBoGogeH:
R 2 =g

2. Onpepennts ¢opMy mporu6a cTepKHsA NOJA BJIHAHHEM NPHJOXKeHHOX K ero
CEpeJIHHE COCPEZOTOYEHHOH CHIMI f.

Pemenue Besse, kpoMe Toukn z= I/2, umeeM ypasrenue (" = 0, I'pa-
HHYHEIE YCJIOBHS B KOHLAX CTepKHA (2= 0 # 2= [) onpefeyasIorca cnoco6oM sakpe-
IJeHHs; B TOUKe Xe z = [/2 jomxubl Ouith HenpepwBHu §, {7, {7, a pasnocts mepe-
pesmBalomux cun F = —EJ{" no o6e cTOPOHB 3TOH TOYKH JOJKHA OBITb paBEa
cuie f,

DopMa crepxHs (Ha yuacTke 0 < z < 1/2) u crpenka mporuGa JaioTcs caely-
IOIHMH GopMYJJaMH. )

a) O6a KRoHLA CTEPXKHS 3ajeJaHLl:

| 2 (l R LA

t= w2 G =4, t(g) =T
6) O6a ROHLA CTEpXHS ONEpThI:

=1 24 (1 ).._iﬁ_

b= gggr 2 P —142), t\z)= e

dopma CTepHHsT CHMMETPHYHA OTHOCHTE/ILHO €r0 CepeiHHE, TaK uTo ¢yHknus § (2)
Ha yuyacTtke /2 <{ z<C ! nomyyaercs OTCIOZa TPOCTO 8aMeHOH z Ha [ — z,
3. To xe jas CcTepKHs, OIMH M3 KOHLOB KoTtoporo (z = 0) 3anenan, a apyrofi
(z= I) cBoGojeH, NpyuYeM K TOCJAEIHEMY HpHJOXKeHa COCPENOTOYeHHas cuia f.
Pemenne Bpoas Bcero crepxus F = const = f, tak uto {" = ~ f/EI,
C yeaopusamu =0, {'=0 npu 2= 0 u "= 0 npu 2= [ mnonyvaem

L= 2@—),  ((=-1.

4. Onpepenutb ¢opMy NpOTHGA CTEPKHA C 3aKpENVIEHHHIMH KOHIAMH IIOZ BJIMSA
HHEM COCPEJIOTOUEHHOH mnaphH CHJ, NPHJIOKEHHOR K €ro cepeimnse.

PewmeHue, Broab Beeft gauusl crepxkust [ = 0, a B Touke z == [/2 MoMeHT
M = EI{” HCnHITHIBaeT cKauOK, DABHEIH MOMEHTY # MPHJIOKEHHOH COCPeIOTOYeH-
kol mapnl. C COOTBETCTBYIOWMMH YCJOBHSMH HA2 KOHLAX IIOJAYYHM:

a) O6a RoHHA CTepXHs 3aJeJaHbL:

;=_8.E"i”_za(1—2z) mpr 0<2<< /2,

¢.=__8_E”’1'_1 (l—22[l~2(1—2)] npu 2<z<ls
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6) O6Ga KoHUA 3aKpelVieHH B LIapHHPAX:

C=—2—4—2—'72—z(13—422) np 0Lz U/2,

C=—ﬁg—1—l—(l-—z)~[lz—4(l——z)2] opr 12<e <.

IMo ofie cTOpoHHM OT TOuKH 2 == [/2 cTepxeHb H3OTHYT B PasHble CTOPOHEHL

5. To xke, C/IH cOCpelOTOUEHHAS Napa NMpPHJIOKEHa K CBOGOLHOMY KOHIY CTepK-
Hfl, JpYrod KOHell KOTODOro 8ajesiaH.

Peme Hue Bponb Beell AnuHA cTepxhsi nMeeM M = E[{'= m, a B TouKe
z2=0: {=0, {' =0, ®opma usruda naercs ¢opMy.0oH

=M .a
E=g51 *

6. Onpenenuts ¢opMy cTepxkHsi (KPYTOBOTO cedeHHsI) ¢ 3aKpelsieHHBIME B 1Hap-
HMPaX KOHUAMH, DacTAruBaeMoro cmiofl T M H3rHGaeMoro cwiaoil f, IPH/IOKEHHOH
K ero cepeiune,

Pemenne. Ha orpeske 0<Cz<C /2 mepepesmbaomas cuna pasma f/2,
TaK 4To (20,15) Raer ypamHeHHe ~

w_ L T
UV—gr¥=—=8r"

T'pannynsie yeaopus: = 0, = Onpuz= 0, [, a npu z= /2 gonxuo 6u1b {' = 0
(B cuay uenpepuBuocTH §'). s GopMu cTepmHs (Ha oTpeske 0 <C z < I/2) moay-

9HM (opMyTy
L [y ShE N\ k___(L)‘ﬂ,
2T kl El
kCh—-Z—

Ipu Manbix k 5TO BhlpaMKcHue NMepexOZuT B GopMyay, NMOAYUYeHHYIO B 3amaue 2, 6.
Ilpu GoibLIKX Ke 3HaYeHHAX Rk OHO IEDEXOJHMT B

f
C=_2Tzv

T. €, B corjacHH ¢ ypaBHehmeM (20.17), ruGKasi HHTb NDHHHMAaeT TOJ BJITHSIHHEM
casbl f GOPMY, COCTaBJEHHYIO M3 IBYX NpSMBIX OTPE3KOB, NMepeceKaloUIUXCS B TOY-
ke z=1/2,

Ecan cuia T caMa BO3HHKaeT B pe3yJbTaTe DACTSIKEHUSI CTEPKHSA MOMEepPeyHOf
CHJIOH, TO IJIS ee ONpefeJieHHs HajJo BOCmONTb3oBaThes (opMysoi (20,16), Iloacra-
BHB B Hee IOJy4eHHOe BhIpaXeHHe, HalileM ypaBHEHHe

1 3 1., &k 3 ki ] 8E33
R LT

2 T TR Y

f
olipefessiiomee B HesiBHOM BHAe T Kak (GYHKLHMIO OT f,

7. CrepxeHb (KpyroBoro ceueHus) OeCKOHEUHOH [JIHHB JIGKHT HA YIPYIOM
OCHOBAHHH, T. €, IPH H3rHOe Ha Hero JeficTByeT cuia K = —al, nponopuHoHaIbHAS
nporuby. Onpenesnuth ¢opMy, DPHHHMaeMyIO CTepxHEM IPH JefiCTBHH Ha HeEro co-
cpeaotoueHnofl euau f.

PemenHe DBuGupaeM Havajo KOOpAHHAT B TOUKE NPHJIQMKEHHA CHJH f.
Besne, kpoMe TouxkH z == 0, UMeeT MeCTO ypaBHeHH®

EIC" = ‘-—-aco
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Pemenne 0/kHO yAOBAETBOPAThL yeaoBHAM { == 0 mpu 2= +oo0, a npu z2=0
JOJKHN GbiTh HenpepsiBHM (', 7; pasHoCTb XKe SHaueHHH NepepesbiBalOLIell CHJIB
F= —FEI{" npu 2~ -0 u 2~ —0 jomxHa GuTb pasBHa f, Takoe pelleHHE €CTb

— o 1/4
t=gprgr e leosBlal+smBlell, b= (52-)"

8. BoiBecTH ypaBHeHHe paBHOBECHS A cJa6oro H3ruGa TOHKOTO CTEpKHSA
(KpyroBOro ceueHHs), HMEIOUIETO B CBOEM ECTECTBCHHOM COCTOAHHH (QOPMY AVTH
OKPYXKHOCTH H H3THOaeMOro B CBOE€H INIOCKOCTH MPHJAOXKEHHHMH K HEMY pajualib-
BBIMH CHJIAMH,

Pewenne, BuGupas HAYano NOAAPHLIX KOOPIMHAT 7, ¢ B LEHTPE OKPYXK-
HOCTH, HallulleM ypaBHeHHe XehOPMHPOBAHHOH JIHHHH CTEPXHA B BHIE 2= 4
-+ L (9), rae a — paguyc Ayru, a L — majble pajHajbHBE CMeLleHHS IIpH H3rHGe.
Bocnonib30BaBUIMCh U3BECTHRIM BBIPaXKeHHEM MJIS Pajuyca KDHBH3HBI B MOJSPHBIX
KOOpDAMHATAX, HalifeM ¢ TOUHOCTBIO JO YJAEHOB MEPBOro mopsxka mo §

1 A—rto 1 AU

RTTEFE+/96 " a @

(" osHavaer guddeperunposanue mo '¢), Coraacuo (18,11) HaxomuM ympyryio smep-
THIO H3TH6a: )

Po O
El 1 1\2 El "
Fcr=—§—j ('I—Q——_a-) ad‘l’-—"‘-—‘ggfj (€ +L)2de
0 0

{@p ~ nentpajpHbIfi yroa XyrH). YpaBHEHHe PaBHOBECHS MOJYYAETCS H3 BapHALHOHs
HOTO NMPHHLHIA

Po .
8Fgp— j SLK,adg=0
0

(Kr — oTHeceHHas K efuHNUE LIHHH BHEUIHAA PajHaNbHas CAJIA) C AONOJIEH]eJbEbIM
YCJIOBHEM
Po

J- fdp=0,
0
BHPAXAOIHM cof0f B pacCMATPHBAEMOM NPHOIMKEHHU YCIOBHE HEN3MERHOCTH

ofielt AAHMHN NePHMETpa CTepXHA, T. €. YCIOBHE OTCYTCTBHA 0GIIEro era pacrs-
xenns, Cnenys Mmerony JlarpaHka, NpUpaBHHBaeM HYJIO CyMMY B

[ . (7]
aFc.,—j aK, 8¢ dp + aaj 87 do = 0,
[}] 0

rjae a -— nocrosinnas, IlpousBons BapbupoBaHHe B NOAMHTEIDAALHOM BhIpaxKeLUH
B Fop M HHTETpHPYA wieH ¢ 8" ABaxap 1O 4acTaM, BOJNYUHM

[ [G- @+ + 1) —aK, +oa] 6 do +

+ o @ | S @+ 8 =0,

Orciona HaxOAMM ypapHesne PABKOBECHS

e rnro—Kta=o, (1)
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BEIpaX<eHHE WIS MepepeshBAOeR CHJAB
__El ., ..
F=— 5 €+

H BbIpa:KCHHE IAA H3rH6aIoUero MOMeHTA

El
S+

(cp. xoner § 20). [NTocrosHnan & onpelejseTcs YCJIOBHEM OTCYTCTBHA OOMEro pacrs-
XEHHST CTepKHS.

9. Omnpeneants AebopMallMio KpYLOBOTO KOAbIla, II3THGAeMOro ABYMHA COCDPERO=
TOYEHHBIMM CHJaMH f, eHCTBYIOUUMH BLOADL
nuamerpa (puc. 18).

P em e nue Hurerpupys ypasrenue
(1) nmo Bceli Annme kOAbHa, HaHAEM, uTO

M=

2n0a = J K,adp = 2f,
Besage, xpome Touek ¢=0 H @=m,
HMeeM ypaBHeHue (1) ¢ K, = O:

‘Vfas

e R

Hckoman Jgebopmanns Koabua CHMMeT-

pHUHA OTHOCHTE/NbHO JAHamerpos AB # Puc. 18

CD, B cuny uero B Toukax A, B,C, D

BONNHO 6uTh =0, Pasnocrs sHaueHufl nepepeanlBalomedl CHAN HpH @— +-0 A0KKHAA
GbITh paBHa f. YOBNETBOPAIOMiEE STHM YCJAOBHAM pelleHHE YpaBHEHHs paBHOBe-
CHfL ecTb

- fad 1 1 n 1
C=—E-T (?—[-Tcpcoscp——s—-cOS(p—Tsin tp), 0o =
B uacrhoct, ToukH A u B B3AHMHO COIHXAIOTCA HA BeJTHYHHY

RO+t @I=5 (F-2).

§ 21. YcToAuHBOCTD YNPYFHX CHCTEM

IToBelieHHe CTEpIKHS, MOJBEPIKEHHOTO BO3JEHCTBHIO MPOAOIBHRIX
CXHMAIOWIMX CHJ, IMpeiCTaBJseT mnpocrefilidii npuMep BaXKHOTO
ABJIEHUA ynpyeol  Heycmod4dueocmu, BrepBble  OOHApYKEHHOTO
JI. Direpon. -
< Tlpu OTCYTCTBHH NomepeYHbIX H3THGaouX BHemwHHX cHa K, K,
ypaBHeHHA paBHOBecHs1 cxkaToro crepkHs (20,14) umeloT oueBHIHOE
peiueHde X = Y = 0, COOTBETCTBYIOI€E CTEPKHIO, OCTAlOLIEMYCH
npH BO3JEHCTBHH MNpOJOAbHOH CHAN T MpsAMOJHHEHHBIM. IJTO
peiueHHe, OJHAKO, COOTBETCTBYET YCTOHUHBOMY PABHOBECHIO CTEPIKHA
JHHB N0 TeX Mop, Moka CxHmawoomas cuaa |T] ocraercsi MeHblue
HEKOTOPOro KpHTHUecKoro 3HaueHHsi Typ. [Ipu [T < Typ npsimo-
Jhudefinaa dopma CTepkKHH YCTOHUHBA 110 OTHOIUEHHIO K IPOH3BOJIb-
HOMY MaJOMy BO3MYLieHHIO. JIpyrAMH cjioBaMH, €CIH IIOJ BIHAHHEM
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KaKoro-a1u6o Masloro BO3JelicTBHS CTepiKeHb MojBepraercsa caabomy
n3rufy, TO MO NPEKPameHHH 3TOro BO3JeHCTBHA CTepmeHb Oyiaer
CTPEMHTbCSI BEPHYTLCSI B HCXOLHOE COCTOSIHHE.

Hanporus, npu |T| > Ty, npsaMoiHHeliHast ¢opMa oTBedaer
HEYCTOHYHBOMY paBHOBecH:0. Jl0CTaTOYHO yxe GECKOHEUHO Majioro
Bo3zeficTBHsl (u3ru6a) pna Toro, yToOBH pABHOBECHE HapYMJOCh,
B pe3yabTaTe 4ero NpoH3oHjeT CHAbHBIH u3rHb CTep:KHA. SICHO, 4TO
B 3THX YCJHOBHSIX CXKAaTHIH cTepkeHb BOOOIIE HE CMOXET peasibHO
CYIIECTBOBATh B HEH3OTHYTOM BHJE.

IloBenenne CTep:KHA MOCA€ NOTEPH HM YCTOHUHBOCTH JOJMIKHO
OTIHCHIBATbCA YPABHEHHSMH cuabHoro M3ruba. OfHaKo camoe 3Hade-
HHe KPHTHYEeCKOH Harpysku Ty, MoKeT ObITb NOJYYEHO C IOMOIIBIO
ypaBHeHHi# cnaboro naruba. [Ipu | T| = T, npavonuneiinas cdopma
CTepKHS COOTBETCTBYET HEKOTOpOMYy Oe3pa3jIHYHOMY DaBHOBECHIO.
3To 3HAauUT, yTOo HapsAy ¢ pemieHHeM X = Y = 0 JOJXKHH Cylie-
CTBOBATH €II€ U COCTOSHHS ca1aforo uaruba, KOTopbie TOXKE SIBISTIOTCS
paBHOBeCHbIMH. [lo3TOMy KpHTHUeCKoe 3HaudeHHe Ty, MOXHO oInpe-
AGJIHTb. KaK TO 3HadeHHe |7T|, npu KOTOpoM Yy ypaBHeHHH

ELX! 4 |T|X*=0. ELY““ +|T|Y?=0 (21,1)

NOfABJSIETCS] OTAHYHOE OT Hyas pemeHHe. CaMO ke 3TO pelleHHe
onpezeNnseT XxapakTep jaepopmanuH, KOTOPOH NOABEPTHETCS CTEPIKEHD
HEMOCPEACTBEHHO MOCJMe NOTEPH HM YCTOHYHBOCTH.

B sapauax storo maparpaga npuBelleH PSiL THIMUHBIX CJAY4aeB
[OTepH YCTOHYHBOCTH pA3NHYHBIMH YIPYTHMH CHCTEMaMH.

3anaun

1. OnpeseanTb KDHTHYECKYI0 CIKHMAIOUIYIO CWIY AJsl CTEDXKHSL € IIapHHPHO
33KpenJIeHHLIMH KOHILAMH.

Pemenue Tlockonbky Hac HHTEpecyeT HaHMeHblee 3Hauenne | T |, npu
KOTOpPOM NOSBJIAETCS OTIHYHOE OT HYyJs pelienHe ypaesenuit (21,1), To. socTaTouno
PaccMOTpeTh JHIIb TO H3 3THX JABYX YypaBHeHHH, KOTOpOe COIEpPIKHT MeHbllee U3
1y, I,; nycts I, << I, Minem pellleHne ypaBHeHHS

ELX"4+|T|X"=0
B BHAE
. T
X= A+ Bz Csinkz-- D cos kz, k= (|TI/El)*'s.
OTnuuHOEe OT HyJsl pelueHHe, YAoBJeTBopsioumee ycaoBusMm X = 0, X" = 0 npyu
z=0u z=1[, ecTb
X = Csin kz,

npuyeM AOJMKHO OuTh sin 2/ = 0, Otcioaa HaXoNuM HCKOMYIO KPHTHYECKYIO CHIY
Tl(p = R2E12/12-

IMocne moTepn YCTOHYHMBOCTH CTepKeHb NPHMET ¢opMmy, H306pakeHHyl0 Ha puc. 19, a,
2. To e s CTepXKHS ¢ 3aJeaHHBIMH KOHIaMHu (pHc. 19, 6).
Pemenne Typ=4ntEl/PR i
"3. To xe AAsS CTep:KHs, OJHH H3 KOHIIOB KOTOpOToO 3ajenaH, a APYToi cBoGoues
(puc, 19, 6),
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Pemenue Typ=mEl/42

4. OnpefleuTb KPHTHYECKYIO CKHMAWILYIO CUNY A8 CTepHHS (KpPyroBoro ce-
9eHHs) ¢ WAPHHPHO 3aKPeIVIeHHEIMH KOHIaMH, JIeXaliero Ha YNpYIoM OCHOBaHHH
(cM. 3amauy 7 § 20).

Pemenmne, Bwmecro ypasHennit (21,1) amech Hago paccMOTpeTb ypaBHeHHe

EIX™ 1. |T| X" 4-aX =0,
AHaJIOI‘H‘!HOC HCCJIefOBaHue NPHUBOJHT K PEMIEHHIO

. nm n2E] alt

X= Asm—T—z, Trp = ) (n2 + EET )’
ApHYeM JJIs 7 ROJIKHO OHITb B3ATO TO M3 IeJBIX 3HaueHHH, [ KOTOPOro mojydaercs
HauMeHbllee gHaueHHe Typ. [lpu mocTaTounO GOMLMIMX 3HAUEHHAX O MOJY4YaeTcsi
n > 1, T. e. mocje NOTepH YCTOHYHBOCTH CTEPXEHb MPHHHMAET QOpMY C HECKOJb+
KHMH NYYHOCTAIMH.

§. CrepeHb KpPyTOBOTO CEUeHHs NMOABEpPI-
HYT KPYY€HHIO, H er0 KOHUH 3ajenannl. Onpe«
JeJIHTb KDHTHUECKYIO BeJIHUHHY KpYueHHs,
NocJe KOTOpOH NpAMOJIHHeHHas ¢opMa crep-
XKHS JleJlaeTcsi HEyCTOHUMBOH,

Pemenne., Kpuriueckoe 3HaueHue
yria KpyueHHs OIpeJe/isieTcs INOABJEHHEM
OTJIMYHEIX OT HYJS pellleHHH ypaBHeHHH cJa-
6oro usruba sakpydueHHoro crepxus. Jas BH-
BOJa STHX ypaBHeHHH IOACTaBJIAEM BEIpaxe-
Hue (19,7):

P

7]

M= El [t Z—:] + Cat " Prc, 19
(T — nocTrofHHLIE yroJi KpyueHusi) B ypaBHeHue (19,3); ato paer
Fd*t dt
El [t 'de] +Ct 5 — [Ft] =0,

JuddepenunpyeM aT0 ypaBHEHHe; MOCKOJbLKY H3ru6 cnialuiil, To npH xuddepenmu-
POBaHHH NEPBOrO H TPETHETO WIEHOB MOXHO CYUHTaTh t MOCTOSIHHHIM, DAaBHEIM BeK-
TOpy to, HampapjieHHOMY TO OCH cTepXus (ocH 2). ITomus Takxe, uto dF/dl = 0
(BHEWIHHE CHJIbl MO JJIMHE CTepXHSI OTCYTCTBYIOT), NOJIyuaeMm

&3t &2t
El [t(,—d—la—] +Ct g =0,
WJH B KOMIIOHEHTax!:
- YIIII — nX’ﬂ — 0’ XIIII + nyﬂl — 0’

rge # = Ci/El, Bpens B KauecTse HeuspecTHOH O¢ynruuwo § = X -4~ i¥, noayunm
YpaBHeHHe

E/u/ _— iu§"’ — 0.
Huem pemenue, yaobaeTBopsiomee ycaoBuam £ =0, 8 = 0 nmpu 2=0, / B BHZe
E=a(l + ixz— ") + b2,

H HaXOJAUM B KauecTBe YCJOBHsS COBMECTHOCTH A/ NOJYYArOIIMXCs OJSl @ M b ypas«
HeHHH COOTHOLIeHHe

ini 24 inl nl »l
ARy vy o o5 =185
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Haumenstunit kopéHs storo ypasenus: /2 = 4,49, 1aK uTO

_ 8,98E1

THp —T—.

6. To xKe ATA CTepKHS C HIAPHHPHO 3aKPEMJICHHHIMH KOHIaMH,
PeweHnne 3aecs monyuaercs

_ _ iuz____"_z_g
E=a(l—e 52 -} bz,

NpHYeM X OMpelenfieTCs H3 e =1, 1. e ul = 2nm, ITosTOMy HCKOMBI KpHTHYe-
CKHAA yros KpydeHHs :

Typ = 2nEI/CL,

7. OnpegenuTs fMpefiest YCTOHUMBOCTH BePTHKAJLHOTO CTEpIKHSA, HAXOAAILErocs
noj NeHCTBHeM COOGCTBEHHOTO Beca; HHXHHUH KOHeL[ CTepXKHJ 3ajleJaH.
PeuweHue. Ecan npoponvuoe Harsikenue F; = T MeHsieTCs BAOJA JJIHHB

dfl # 0 u BMecTo ypaBHeHuit (20,14) no-

LEX™ — (TX'Y — Ke =0,
] LEY™ — (TY'Y — Ky = 0.

cTepXHA, TO B nepBoM ujeHe B (20,1)

Jnyqaercs

B naHHOM cjyyae nomepeyHble HSTHOAOIIME CHJE OTCYTCTBYIOT 1O BCeH J/HHE
crepxkust, a T = -—q (| — 2), rie g — Bec e[[HHHIUB AJHHB CTEDPXKHA, 4 Z OTCYHTHI-
BAaeTCA OT ero HWXHero KoHua. [Ipexanonaras, uro Jy<d [y, paccMaTpHBaem ypas-
HeHHe

LEX" =TX = —g(—2 X'

(npu z = | aBToMaTuueckd HMeeM X" == 0). OOmui HHTErpasn STOro ypapHeHHs IJd
dyukuun 4 = X' ects

u=n"/*{al_,;, () +bly), ()],
rae

Ipanuunsie ycaosus X' = O npu 2= 0 #u X" = 0 npu z = [ pawr a9 GyHKuUHH
u (1) ycnosus

3 \1/2 ‘
u=0 npu n=nos—§(fqlf;)/ , un*s =0 mpu n=0,

JAns Toro 4toGhl yNOBJAETBOPHTH 3THM YCJOBHAM, HajXO MOJOXKHTh & == 0, npuuem
J . 7,(Mg) = 0. Haumenbuwnit kopenb storo ypapHeuus 1), = 1,87, OTKyAa HaxofuM

KPHTHUECKYIO JJIHHY CTepXKHS

1

8. Crepienn of6nafaer BHTSHYTOH (OPMOH mNOMEpeyHOro ceyeHHH, TaK UTO
Is > Iy, Onun KOHeN CTepXHH 3ajie/laH, a K CBOGOXHOMY KOHILY NpHJOMeHa cHia f,
m3ru6aomas ero B IJIaBHOM NVIOCKOCTH X, 2 (B KOTOPOH JKECTKOCTb HAa H3r'H6G ecTh
El,). OnpeneanTs KPHTHYECKOE 3HayeHHe fyxp, MOcjIe KOTOPOro miaockast Gopma us-
rHGA CTAaHOBHTCH HeyCTONYHBOA H cTepiKeHb oTrHbaercs B GOKOBYIO CTOPOHY (B mio-
CKOCTH ¥, 2), OAHOBDPEMEHHO HCIHTHBAfA KpY4eHHe,
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PeweH He. Beuay Gosmbuwofi seanuunnt xectroctd Elg no cpaBHenwio ¢ Ely
(# ¢ XecTKOCTHIO Ha KpydyeHHe C)l) HeyCTOHYHBOCTb MO OTHOIIEHHI) K CHJILHOMY
GoxoBOMY H3THOY BO3HHKAaeT B TO BpeMfl, KOrJia H3rHG6 B IVIOCKOCTH X, Z OCTaeTcs
eue caabbiM, I onpepeseHns MOMEHTa HACTYMJEHHSI HeyCTOHUHBOCTH HAJIO COCTa-
BUTb YpaBHeHHA ¢aboro GOKOBOrO M3rH0a CTEpKHsS, COXPaHAA B HHX Y/eHH, MpoO-
NOPLUHOHAJIbHbIE NPOH3BEAEHHAM JefiCTBYIOIell B NJOCKOCTH X, Z CHJIH [ Ha Maine
cmemenns. [lockosbKy cocpefoToueHHasi CuJia MPHJAOKEHA JHIMbL K CBOGOLHOMY
. KOHIly CTepXKHsl, TO BAOJb Bceil ero gnuHH F == f, a Ha cBoGoxnoM koHue (z = {)
MOMeHT M = 0; no d¢opmyne (19,6) HaX0LHM KOMIIOHEHTHI MOMEHTA OTHOCHTEJbLHO
SaKpelJIEHHOH CHCTEMH KOOpAHHAT X, Y, Z;

Me=0,  My=(—2f  M=F—Yof

rie Yo =Y (I). [Ipoentpyem STH MOMEHTH Ha CBA3ARHHE B KAXOR TOUKe CO CTEPXK-
HeM ocH KoopAuHaT &, 1, {; ¢ TOUHOCTbIO O YWIEHOB NEpBOTO MOPAAKA N0 CMEHIeHHAM
NOJYYHM

My=gU—21 My=(—3F
My=(l—2)] 9+ /(¥ —Yo),

rie ¢ — NOJHEIR YroJ MOBOPOTA CeYeHHS CTEepIKHA NMPH ero 3aKpyuYHBaHHH (YroJ
KPYy9eHus T = d(p/dz sKech He NOCTOSHEH BJOJD JJHHL CTepxHs). C Apyrofl CTOpoHH,
corjiacHo (18,6) u (18,9) mvmeem mpu csnaboM naruGe

Mg = —ELY", My = EIX", My = Cq’
H, CpaBHHBag 3TH Bpra)KeHHH, NOJNYUHM YpaBHEHHS paBHOBECHﬂ
ElLX"=(—2,
ELhY!'=—¢(—29f, CO=(—Y' 4 (Y —Y) [

IMepBoe M3 5THX ypaBHEeRHH onpefenser OCHOBHON M3THG CTEPXKHR B HJOCKO-
CTH X, 2; TpeGyeTc HaHTH SHaueHHe f, OPH KOTOPOM MOSIBJSIETCS OTJIRYHOE OT HyJs
pelleHHe Y BTOPOTO H TpeThero ypaBHeHu#l, Mckuoyas M3 nux Y, Hafifem

O+ k(I — 2?9 =0, k=/ElC.
O6muii HHTefpaJl 9TOTO ypaBHeHHA eCTb -
—_ k — k
o=aVT=2J,, (-Q- (z_z)z> FoVT=2J_,, (-2— (t_z)a) )
Ha sanenanHom koHne (z = 0) po/KHO OuTh ¢ = 0, a Ha CBOGOJHOM KpYTSAINUR

momeHT Cp’ = 0. M3 Broporo ycaosua umeem a = 0, a nepsoe aaer J_; /4 (R1%/2) = 0,
Haumenblunii kopeHb 9TOTO ypaBHeHHs: k[3/2 = 2,006, orxyaa

4,01
fup = —— (E1L,C)'2.

1) Tak, gna ysxoro npsiIMOYroJBHOTO CedeHHs ¢ MMPHHOR A H BHCOTOH b 3> h
HMEEM
bhd b3h bh3

EII=—1-2—'E, E13=—E~E, C= 3 p,.




TJAABA III

YINIPYITHE BOJIHb!

§ 22, ¥Ynpyrue BoJHBI B H30TPONHOIN cpefe

Ecnn B fedopMHpyeMOM Tejie TIPOUCXOJUT JBHIKEHHE, TO TEMIepa-
Typa Tena, BooOlUie rOBOPSA, OTHIOAL He MOCTOSIHHA, a MEHSETCH KakK
CO BpeMeHeM, TaK H OT TOYKH K TOYKE BJO/b Tela. 10 06CTOATENLCTBO
CHJIbHO YCJOXHSieT TOYHLIE YpPaBHEHHA JBHKEHUST B oOLieM ciyyae
NPOH3BOJIBHLIX JBHMXEHHH.

O6b1uHO, oHAKO, TOJOMKeHHe yhpomaercsi Gaarogaps TOMY, 4TO
Depejaya Telvla H3 OJHOTO yYacTKa Tesa B JAPYrof (IOCPEACTBOM Npo-
CTOH TEIUIONPOBOAHOCTH) IPOUCXOAUT OuYeHb MelJeHHO. Ecau Temwro-
OoOMeH NMpPaKTHYeCKH He IPOHCXOJUT B TeUeHHE NPOMEKYTKOB BPeMEHH
DopsiAKa nepuoja KoJefaTeNbHbIX ABUKEHUU B Tejle, TO MOXKHO pac-
CMaTPUBATh KaxKIblil yYyacTOK Tesla KaK TeIJIOM30JMPOBaHHBIH, T. €.
JABHKeHHe OyJer aguabatHueckuM. Ho npu apmabatuueckux jpedopma-
IHUSX O;, BBIPAXKAETCS uepe3 u;, 00 (GopMysaaM o6BIYHOIO BHAA C TOH
JIHIIb Pas3HHLel, uTo BMeCTO OOBMMHBIX (M30TEPMHYECKHX) 3HAYEHHH
BeJHuHH E, 0 Hajo OpaTp HX ajuabaTHyecKHe 3HaueHHST (cM. § 6).
Huxe Mpl 6yfleM cuMTATh 3TO YCJIOBHE BHINONHEHHLIM, H COOTBETCT-
BeHHO 3TOMY mon £ W o B 9TOH IJiaBe OYAYT NOApPa3yMeBaTbCA HX
anuabaTHyeCKHe 3HAYeHHs.

JIsist TOro uTo6pl MOJYYHTL YPABHEHHS NBHXKEHHs YOPYTOH CpPelbl,
HaJO NPUPABHATHL CHJNY BHYTPEHHHX HANPSIKEHHH 00;,/0x, npous-
BeJIeHUIO YCKOpeHHd [i; Ha Maccy eJHHHIEI o0beMa Teja, T. €. Ha ero
IVIOTHOCTb P

__ [doiz

pily = T3, (22,1)

310 — o6mHUi BUA Yp2aBHEHHH JABUKeHUS 1).

1) TloxgpaaymeBaercs, UTO CKOPOCTb V TOUEK Cpelpl COBMajaeT ¢ NPOH3BOAHOH u
ot ee cMmeuwenud, IToguepkHeM, OAHAKO, YTO OTOXKIECTBJEHHE STHX ABYX BE&JIHUHH
OTHIOAb He fBJSETCA YeM-TO CaMo coSo#l pasyMmeloluMCa. B KpHCTaniax BexTop u
MPeRCTaBaseT COGOH CMelleHHe Y3/I0B PElIeTKH; CKOPOCTh Xe V ONpENeNsieTcs B Me-
XaHHKe CIVIOUIHHX cpel KaK HMMYJhC eJHHHIL Macchl BellecTsa. PaBeHcTBO V= U
cnpaBe]/IABO, CTPOrO TOBOPS, JHIIL JJIA HAANbHHX KDHCTANJIOB, TJie B KaXKIOM
yaJe pellleTkH (H TOJbKO B HHX) HaXopuTcA mo atoMy. Eciu ke KpHCTamd CONepXKHUT
fedekTnl (HE3aNONHEHHHE Y3/bl — BAKAHCHH, WM K€, HANpPOTHB, JIHIIHHE aTOMEI
B MeXJIOY3/IHAX), TO MePEHOC MAcChi OTHOCHTEJNBHO pEIeTKH (T. €. OTJAHYHBIA OT
HyJAS HMIYJIBC) MOXET CYIleCTBOBaTb H B HeZedhOpMHPOBAHHON pelleTKe — 3a Ccuer
Ruddysun gedeKToB «CKBO3b peuerky». OToXKIeCTBACHHE V H U NOAPa3yMEBAET NpeHe-
6pexenne oTHMH 3(hEKTAMH ~— B CBfi3H C MeNJIEHHOCThiO JHGQPY3HH HJIH MaJof
KOHIleHTpAIHel JeeKToB, .
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B YacTHOCTH, ypaBHeHHS JBHXKEHHSI H30TPONHOH yNpyroil cpepst
MOXKHO HAaNKCaTb HENOCPEACTBEHHO MO aHAJOTHH C ypaBHEHHEM pab-
uHosecus (7,2). Himeem

E E

PU = o Au 4 ST 0) (1=20) graddivu. (22,2)

INockombky BCe aedopMaliHH NpPeANONaraioTCsl MajdbiMd, TO pac-
CMaTpHBaeMbie B TEOPHH YNPYTOCTH ABHMIKEHHS NDEACTaBASIOT coGoil
Manble ynpyeue KoreGanus MIHN 80arbt. HauHeM € pacCMOTpeHHst IIIO-
CKOt ynpyro#i BOJIHHI B HEOTPaHHUEHHOH H30TPONHOH cpege, T. €.
BOJIHHI, B KOTOpPOH nedopMaunsi u fABAsieTcss (QyHKUHEH TOAbKO OT
OIHOM M3 KOOPIHHAT, CKaxkeM, OT X (M OT BpeMmeHH). Bce npon3BonHbIE
IO Yy U 2z B YypaBHEeHHAX (22,2) HcyesaloT, H MHI NIOJ1yyaeM A5 OTAENb-
HblX KOMIIOHEHT BEKTOpa u CJCAYIOLHE YpaBHEHUS:

0y 1 0%, 0%uy 1 oy
ox* cj "o 0, o air 0 (22,3)

(ypaBHeHHe JJs u, TaKoe e, KakK JUIsl u,), TAe BBeleHbl 00o3Ha-
yenus '):

. E (1 —o0) 1/2 _ E 12 ‘
= [p<1+o)<1—2o)] ’ ct—[——zp(1+o)] . (22,9

Ypaenenus (22,3) npenctaBasiioT Co60H OGLYHLIE BOJHOBLIE YpaB-
HEHHS] B OJHOM H3MEpDEHHH, M BXOJsIuie B HHX BENHUYMHBI ¢; H (
SIBASIOTCSI CKOPOCTSIMH PacOpOCTPAHEHHS BOJHB. Mbl BHAHM, YTO
CKOPOCTb pAcCHpPOCTPAaHEHUsT BOJNHBL OKA3LIBAETCS DPA3NHYHOH JJId
KOMIIOHEHTH! 4, C OJ(HOH CTOPOHBI, U KOMIIOHEHT u;, u, — C APYToil.

TakuMm o6pasom, ynpyras BoJIHA OpeacTasjser cobofi Mo cyuies
CTBY JBe HE€3aBMCHMO paclnpocTpaHsiiomyecs BOJAHEL. B oiHOH H3
HHX (u,) CMellleHH e HanpaBJeHo BJOAb PACTIPOCTPAHEHH 1 CAMOH BOJIHEL;
TaKyl0 BOJHY HasblBalOT npodoabHoid, OHA paclpocTpaHsaeTcs Co CKO-
pocteio ¢;. B apyroft (u,, u,) — cMelienHe HanpapjieHo B IJIOCKOCTH,
neprnesiuKyAsipHOR HAaNpaBJAEHHIO PACNPOCTPAHEHHS; TaKyl BOJHY
Ha3bIBAIOT NONepe4roli, OHa pAacHpOCTPAHIETCS CO CKOPOCTBIO (.
Kak Bugno us (22,4), ckopocTb ¢; Bceria 0oJibine CKOPOCTH ¢; 2):

Cl>(4/3)1/20t. (22,5)

CKopocTH ¢; M ¢; Ha3HBAIOT NpodoabHol W NONEpedHOl CKOpOCMAMU
36yKQ.

1) Dangum Tagxe Bblpa)KeHHH CKOpocTell ¢; M ¢p uepes Koaqntbuuuembl CKaTHA
H caBUra H 4yepes KosdduiienTH Jlams:
3 4p \1/2 A2 \1/2 1/2
01=( K+ 4p =( +u> , Ct:(_u_) .
3p Y
%) Ipu dhakTHIeCKOM H3MEeHeHHH O B mpefejax or O mo 1/2 (cM. npuMedaHHe Ha
cTp, 26) mMeeT MecTo H GoJlee cuibHOe HepaBeHCTBO ¢; > ¢ V 2.
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Mbi-3paeM, uto H3MeHeHHue oObemMa NpH AedopMalyy onpeaesercs
CYMMOH JMaTOHA/NbHBEIX YNEHOB TeH30pa AedopMauHu, T. €, BeIHIHHOH
u;; = div u. B nonepeunoift BoJiHEe HMEIOTCSA TONbKO KOMIIOHEHTH Uy,
i, ¥ TIOCKOJbKY OHH HE 3aBHCSIT HH OT g, HH OT 2, VISl TaKOi BOJIHHI
div u = 0. Takum o6pasom, nonepevHnie BOJIHEI HE CBA3AHH C H3MeHe-
HHeM 00beMa OTJAeNbHbIX YUaCTKOB Tesla. Hanpotus, A5 HpOROIbHEIX
BoAH div u 5= 0; 3TH BOJHBI CONPOBOXKAAKTCS CHKATHAMH H pACILH-
pEeHHSIMH B Tele.

Pasmenenne BOJHBLI Ha JBe HEe3aBUCHMO paclpoCTpaHsomyecs
€ pa3’HBHIMH CKOPOCTSIMH YacTH MOJKHO NPOH3BeCTH H B ofmeM cayyae
NPOU3BOMLHOM (He MJIOCKOH) ynpyrofl BOJMHBL B HEOTPAHHYEHHOM TPO-

CTpaHCTBe.
Ilepenumem ypaBHenue (22,2), BBeAss B Hero CKOPOCTH ¢; H (!
u = ¢} Au— (¢} — ¢})graddivu. (22,6)
IpeactaBum BeKTOp u B BHJEe CyMMBI JBYX 4YacTefi:
u=1u; 4 ty, 4 22,7).
M3 KOTOPHIX OJIHAa YJOBJIETBOPSIET YCJIOBHIO
divu; = 0, (22,8)

a apyrasg — yc.ﬁoamo
rot u; == 0. (22,9

M3 BextopHOro aHanm3a H3BeCTHO, YTO TAKOE€ MPEJCTABJeHHE BCeraa
BO3MOXHO (3TO €CThb NPEACTABJIEHHE BEKTOpPa B BHJAE CYMMHl pOTOpa
HEeKOTOPOro BEeKTOpa M TIpafHeHTa HeKOTOpOro CKajsipa).

Ilpu nmoxcraHoBke u = u; + u; B (22,6) noayyaem

u; -+ uy = ¢} A (u; + uy) 4 (¢} — ¢) grad divu,. (22,10)

IlpumenuM K o6eHM CTOpPOHaM 53TOTO YypaBHeHHsi omepaudio div.
Ilockonbky div u; = 0, MBI NOMYYHM

divy; = ci Adivu, 4 (¢] — c)) Adivuy,
HaH
div(u; — ¢j Au;) = 0.

C npyro#i cTopoHbl, rot cTosero B CKOGKaX BhIPAKEHHS TOXe paBen
Hy/mo B cuny (22,9). Ho ecnu rot u div HekoTroporo BekTopa Hcue-
3310T BO BCeM NPOCTPAHCTBE, TO 3TOT BEKTOP TOXKACCTBEHHO paBeH
nymo. TakuMm obpaszom,

0y

012

AHanoruyHO TpHMeHsisi K ypaBHenuio (22,10) onepammio rot
noMusi, uto rof u; = 0 u uyTo rot BcAKOro rpajuenrta paBeH HyJio,
HaXOIHM .

—ctAu; = 0. (22,11)

rot (us — ¢t Auy) = 0.
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Ilockonbky div cTosiiero B CKOGKAaxX BLIpaXKeHHS TOXKE paBHA HYJIO,
TO Ml NPHXOAMM ONSTb K YPAaBHEHMIO TOro e BHAA, Kak H (22,11):
Tut _ ciAu = 0. (22,12)
Ypauenus (22,11) u (22,12) npencrarasior co6oil oGblYHbIE BOJ-
HOBBIE YpaBHeHH (B TpeX uamepeHnsx). Kaxnoe #3 HUX COOTBETCTBYET
pPacnpoCTPaHEHHIO YIPYroH BOJMHBI CO CKOPOCTLIO COOTBETCTBEHHO ()
uad ¢;. OnHa M3 3THX BOJH (i1;) He CBs3aHa ¢ H3MeHeEHeM oGhema
(B cuny div u; = 0), a apyras (u;) cONpOBOKAAETCs OOBEMHEIMH CIKa-
THSIMH H pacliMpeHHsIMH.
B MOHOXpoMaTHueckoi YIpyrofi BoJHE BEKTOD CMeIEHHS MMeeT

BHJ
u = Re {u, (r) e—¢¢}, (22,13)

rie uy, — GYHKUHA KoopiAMHAT. Drta (pyHKUHS YIOBJETBOPAET ypas-
HEeHHIO :

c: Aug -+ (¢? — ¢3) grad div up + 0’up = 0, (22,14)

noJiyuawoouiemMycsi npH noacrasoeke (22,13) B (22,6). Ilponciabuas 4
NONepeyYHasl YacTH MOHOXPOMAaTHUYECKOH BOJHBI YIOBJIETBOPSIIOT ypaB-
HeHHUSIM ,

Ay, - K, =0, Aus 4 ki, = 0, (22,15)

rie k; = @/c;, k; = ®/¢; — BOJHOBBlE BEKTOPH! NPOJOJLHON H none-
pedHOH BOJH.

Haxonel, paccMOTpUM OTparkeHHe H MpeJOMJeHHe NJOCKOH MOHO-
XpOMaTHUeCKOH ynpyrofi BOJIHBI HA TpaHHle pasjesa MeXx1y ABYMs
pPas3sNMYHBIME YNpYrHMA cpejaMH. [Ipu sTOM Hajlo HMeTb B BHAY, YTO
[IPH OTPaKeHHMH M NPEJOMJEHHH XapaKTep BOJHBLI, Booflie TOBOpH,
meHstetcsi. Ecoin Ha rpaHuny ‘pasfena najaeT YHCTO NONEepPeYHass HJH
YHCTO MPOROJLHAs BOJMHA, TO B Pe3yJbLbTaTe NOJAYYaloTcs CMellaH-
Hble BOJIHHI, "COJepKallHe KaK IonepeyHkle, TAK H NPOLOJbHBIE YacTH.
XapakTep BoJIHH He MeHseTcsl (KaK 3TO SIBCTBYeT U3 COOGpaKeHHM
CHMMETPHH) TOJILKO B ¢Jy4ae NEPNeHAUKYIIPHOTO NaleHHus EONHE Ha
MOBEPXHOCTb Pasfesia M B cJyuae NajeHHs N0l NPOU3BOJNLHLIM YTJIOM
[OTepeuHoH 'BOJHE € MapajJebHEIMH IJIOCKOCTH pasjiesia KoJieba-
HHSAMH,

CooTHolleHHs1, OnMpefessilOHIHe HarpaBJeHHs OTpa)kKeHHOH H mpe-
JIOMJIEHHO!! BOJIH, MOTYT GBITh N0OJYYeHbl HENOCPeACTBEHHO H3 TOCTOS H-
CTBA YaCTOTHI M KacareJbHbIX K [OBEPXHOCTH pasjiesla KOMIOHEHT
BoJIHOBOrO BekTopa ), Ilycts O u 6’ — yroa najeHust ¥ yroJ orpa-
XeHHA (MJIH TIpeJOMJIeHHs), a ¢, ¢’ — CKOPOCTH OGeHX paccMaTpH-
BaeMbIX BOJH. Torza

sinb ¢ (22,16)

sin 0’ c *

1) Cum. VI, § 66. Bce nanomedHnle TaM coo6pa)xeﬂml NOJHOCTbIO NPHMEHHMH
H 3Jechb, -
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ITycts, wanpumep, majaiowas BoJHA nonepeyHa, Toraa ¢ = ¢,

€CTb CKOPOCTH TONMEPEYHEIX BOJH B nepBoil cpefe. st nomepednolt xe
CTpa)KeHHON BOJMHBI HMeeM Toxke ¢’ == ¢;,, H noromy (22,16) pacr

0 =0,

T. €. YroJ NajeHHA paBeH YIJy orpaxkeHus. I CpoxoabHOl ke
OTpaxKCHHOH BOJIHBI HMe€eM € == ¢;,, H NOTOMY

sin 0 i

sin® ~ ¢ °

Jlns nonepeuHON yacTH NPEJOMNEHHON BOJIHBE HMEEM ¢ == ¢z U NPH
nonepeyHod ke majaillefl BoJHE HMeeM

sin 6 cry

sin® T ¢y

AHAJIOTHYHO /A NPONONBLHOH MPesNoMJIEHHOH BOJHLI MMeeM

agauwu

sin®  cp
sin @’ €13

1. Onpenenuts KO3HULUHEHT OTpPameHHs NPOLOJbHOH MOHOXPOMATHYECKOR

BOJIHB, MAjaliiell NOJ NPOH3BOJLHBIM YIJIOM Ha TIpAHHIY TeJa ¢ BaKyYyMOM.

y

Al

iz

Peuwenue. Ilpn orpakenHu mog MPOK3BOJBHEM YIJIOM
BO3HHKAIOT KaK MPOJOJbHAsA, TaK M fronepeuHas oTpaKeHHble
BOJHBL. M3 coofpakeHuil CHMMETPUH 3apaHee fICHO, YTO BEKTOp
CMEIeHHST B nomepedrofl OTpaxKeHHOH BoJHe OyfAer JeXartb
LHEMHKOM B IVIOCKOCTH najeHust (puc. 20; ny, n;, n; — elu-
HHYHbIe BEKTOpH! BJOJb HampasJeHHH nNafgamomed, NpoAoabHOR
H [OMepeyHOH OTPaXKEeHHBIX BOJH, a U, U, U — COOTBETCTBY-
ollMe BeKTOpH! cMelllenuif). [losHoe cMelneHwe B Tese paBHO

cymme (obmuii  muoxutenss e *® ua kpaTROCTH oOmycKaem)

ik r ik;r ik,r
u=Ange ¢ + Ame b + A;[angle t

(a — enuHHWYHBIH BEKTOp, NEPMEHAMKYMSPHBIH K I[IJIOCKOCTH
nageHust).  AGCO/IIOTHhE  BeJHYHHBI BOJIHOBBIX  BEKTODOB
paBHBL: kg = k; = @/c;, k; = w/cy, a yrael nagenun 0,

. . ¢
u otpaxenns 0y, 0; cBasann nocpeacTnoom 0; = 0, sin 6; = sin 6, —C—;— Jas xom-

IIOHEHT TeH30pa lle(IJOpMaU,HH Ha TrpaHHIe Tena noJdaydaeM

Uypy = Tky (Ag + Aj) cos? Oy + [ Agky cos O sin 6,
uy = ikg (Ao + A1),
Uyy = tky (Ag— A;) sin 8, cos 0, + -52— Aiky (cos? B; — sin2 0y)

(cCmue SKCNOHEHUHAILHEE MHOXHTENH ONycKaeMm). KOMmoHeHTHI TeH3Opa Hamnps-
aeHuil BbluncaseM no obmeii gopmyse (5,11), KoTopyo yaobHO nucaTh 3lecb B Buje

2 2
Oy, = 2pciup, -+ p (cf — 2¢7) 8y
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I'pannunbie ycsoBHA Ha CBOGOJAHON NMOBEPXHOCTH CPelbl IVIAacAT O;pny == 0, OTKyAa
Oy == Oy, = 0, U JAIOT [iBa ypaBHEeHH:A, H3 KOTOPHIX MOXKHO BbDasHTb Aj, A depes
Ay. B pesyibTaTe BHUHCACHHS [OJIy4aeTCH

c? sin 20, sin 20, — c? cos? 26,
1] G ’
2 ot - 2 2
c; sin 20, sin 28, 4 ¢y cos” 20,
2¢;0; sin 28, cos 20,
0 . N .
¢? sin 20, sin 20, + ¢4 cos® 26,

A=A

Ay =—A

Ilpu 0p = 0 umeem A; = —A,, A; = 0, T. e. BoNHA OTpaxaercs LEIHKOM KaK LpO-
JoabHasg. OTHOWUIEHHE MEPNEHAUKYNAPHONl K MOBEPXHOCTH CPebl KOMMIOHEHTHl IJIOT-
HOCTH MOTOKA HEPrHH B OTPAMKEHHON [PONOJILHOM BOJHE K TAKOMY 2Ke MOTOKY B ma-
Jaiouiefdl BOJTHE €CTb

R =|ALP
! Ao .
Ananoruyioe OTHOINEHHE /ISl OTPAXKEHHOH IIOepedHofi BOJHBI eCTh
Ry = cpcos O | Ay 12
F=icost, | A |

Pasymeercs, R; 4- Ry = 1.

2. To xe, ecau najarowas Bojina nonepedHas (¥ HampaBJjeHHe KOMeGaHHH B Hel
JI&KAT B IJIOCKOCTH majeHns) ).

Pewewn ue DBosmna orpaxkaercs B BUe MONepeyHofl e H MPO/IOJNILHONR BOJIH,
npuzeMm O = 0y, ¢; sin 0; = ¢; sin 0p. ITonHeIit BEKTOp CMelueHHS:

u = [an,) Aoeikor + nlAleiklr - [ang] Ate[k‘r.
Ilns aMAIUTYS OTPAMEHHLIX BOAH MONYYAIOTCA BHIPAKEHUA
A;  ¢3sin 20, sin 20, — ¢} cos® 20,
A ¢ sin 20, sin 20 - ¢ cos® 20,
A,y 2¢;c¢; sin 20, cos 20,

Ay _. ¢? 5in 20, sin 20, + ¢ cos? 20,

3. OnpenenuTs 4acTOTH pajHaNbHBIX COOCTBEHHHIX KoseOaHMH ynpyroro miapa
paauyca R.

Pemwenne Bubupaem chepruecKHe KOOPAHHATH C HAyaloOM B IleHTpe wapa,
Ilpu paznaabHBIX KoJeGaHHAX U HANPABJAEHO MO PajHyCy H 3aBHCHT TOJNBKO OT r
(1 ot {). INoaromy rot u = 0. BBefleM «OTEHIHAA» CMEIIEHHS @ COIVIACHO Uy, == U ==
= 0@/0r. BoipaxenHoe uepea @ ypaBHeHHe IBHIKEHHS CBOJMTCS K BOJAHOBOMY iypaB-

HEHHIO c? A = §, WM L5 nepHOAHUECKHX no Bpemenn (~e™ %) goneGanuii
1 d dp ®
Ap = — — (- 20) = —p2 =2,
== (r or ) ©e, k c M
Peluenne, KoHeunoe BO BceM oGheMe IIApa, BK/OUAS €r'0 LEHTP, €CTb
sin kr

1) Ecnu kosie6anHHs neprneHHKYASPHE IVIOCKOCTH NajieH s, TO BOJHA OTPAKAETCA
IleJIUKOM B BHJe Tako#f XKe BOJHH, TaK 4TO Ry = 1, ~
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(speMenigoll MHOXKHTEAL He nuuem), Pagvanpnmoe HATIPSKER U
2 2 Y
0, =0 { (—263) iy, + 2, } = [ {FF—263) Mg + 24 )

HJIH, UCNOJb30BaB ypaBHeuue (1):

1 o
5O =—0 q>-—4c?—r—q>. @
_FpaHHque yeaoBHe O, (R) == 0 NpUBOJMT K yPaBHEHHIO
tg k 1
gER _ @®)

kR 1 — (kRcy/2c1)* *

Ero KopHH OnpefensioT 4aCTOTH COGCTBEHHHIX KoAeOaHHI o = Cjk.

4. Onpenennts 4acToTy pafMaJbHHIX KOJebanull cepHYeCKOH ROJOCTH B He-
OrpaHHYeHHOH yNpyro# cpefe, Ans KOTOPOH ¢ > ¢t.

Pemenue. B HeorpaHuyenHofi cpefe paguaipHbie KoJeGaHHA IOJIOCTH
CONMPOBOXKJAIOTCA H3JIy4eHHeM MPOJOALHBIX 3BYKOBHX BOJIH, YTO NPHBOAHT K fOTepe
SHEPrHH H TeM CaMLIM K 3aTyXaHmio kojebannit, Ipu ¢; 3> ¢; (1. e. K > ) a0 many-
yenue GyleT crabbiM H MOYKHO I'OBOPHTh O COGCTBEHELIX JaCTOTaX KoaebaRuil ¢ MaXbiM
KO3 IHIHEHTCM 3aTyXaHKA. -

Hutem pemwenue ypasnenus (1) B BHae pacxopsdulefica ccdepHueCKOH BOJIHH

H ¢ noMomsio (2) nonyuaeM H3 IpaHHYHOrO YCJIOBHA Opr (R) =0

) 2
(kRil— =4 (1 —ikR).
Ct

Orciona (npu ¢ >> ¢y)
261 . Ct ) )
=2t (] — L)),
@ R ( cy

BemecTBeHHas 4acTh ® AaeT COGCTBEHHYIO 9acTOTY KoJeGaHHM, a MHHMad — Kosd-
¢uipenT 3aTyxaHus; B HeCKHMaeMOH cpene {C; — ©0) 3aTyXaHHE, eCTeCTBEHHO, OT-
CYTCTBOBaNO Obl. IDTH KojeGaHus —— choeduduuecKufi pe3y/abTaT CONPOTHBJ/AEMOCTH
CpeiBl [0 OTHOIIGHUIO K CABHTY {H 5= 0). OGpaTiM BHHMaHNe Ha TO, YTO AJA HHX
kR = 2¢;/c; < 1, T. . coOTBeTCTBYIOWAs STHM KOJeGAKHAM AJMHA BOJHb BeJHKa
no CpaBHeHuIo ¢ R (HMHTEPECHO CDAaBHHTH 3TO € KOjeGaHuAMH yopyrofl cdepwi, aas
KOTOpLIX IPH €] 3> ¢; nepBasi COGCTBEHHAsi 4acToTa ONpejensieTcsl corjacho {(3) u3

kR = .TIJ), .

§ 23. ¥Yapyrse BGAHBI B KPHCTAJLIaX

PacnpocrpaHeBne ynpyrHX BOJIH B aHH3O0TPONHOM cpeje, T. €.
B KpHCTa/1aX, NOAUHHsieTCcA OoJiee CAOKHEIM 3aKOHOMEPHOCTSM, YeM
pacnpoctpaHeHue BOJH B H30TPOMHOM Teuse, Haa ucenenosanns Takux
BOJ/IH Hallg 00paTHTbCA K GOIRHM YDABREHHAM HABHMEHUSA

- 60-;,
pu, = 6xlk

H BOCTOJIL30BaTLCA AR O;; o6WuM BhipaxkeHuem (10,3)
O = Mgl e
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CooTBeTCcTBeHHO CKa3aHHOMY B Hauale npeAblAyHiero naparpacga nof
Asnim HAO Be3le nonpaaymeBa’rb afnabaTHyecKHe 3HAUCHHH MOAYJeil
YUPYFOCTH.

Hoxcrasnas ¢; B ypaBHEHHS ABHXKEHHS, noJydaeM

Ourm _ Aimim 8 ¢ Oy Aur, ) _
RImTge™ = 7T 2 Oxk QX ox; /)

1 02uy 0t
“-2_1'”””‘ “Oxp, 0%y, g 2 Asterm oxy, 0x7

pil; = A

[TockoabKY TEH30p Agpry, CHMMETPHUEH [0 HHAGKCAM [ H m, TO, MeHsas
BO BTOPOM 4JteHe 0603HaueHUe HHIEKCOB CyMMHPOBaHHs [ H m Ha 06-
paTHoe, HaXOAHUM, YTO NePBhIH U BTOPOH YJIEHBI TOXAECTBeHHBl. T akum
of6pa3oM, moJyyaeM ypaBHeHHs ABHXKeHHs B BUJE
. Pup, -
pily = hinim gy« (23,1

PaccMoTpuM MoHOXpOMaTHUecKylo YAPYEYI0 BOAHY B KDHCTaMie,
JlAst 5TOro Mel JO/EKHLL HCKaTh PellieHHe YpaBHeHHH NBIKEHUA B BHIE

o uolei (kr—of)

(ty; — MOCTOAHHLIE), NPHUEM COOTHOHIEHNE MEXAY BOJHOBEIM BEKTO-
poM k u yacTtoroll @ AOMKHO OLITHL OnpeleseHo TaK, 4Tolbi HanHcaH-
Haa GyHKIua JeHCTBHTEIbHO YAOBACTROpAaa ypabrenHo (23,1). Tug-
(depeHnHPOBaHHE U; NO BPpEMEHH DPRBOAMT K YMHOMKEHHIO Ha —im,
a pudpepeHBPOBAHHE O X — K YMHOMEHHIO H3 iky. [lostomy ypas-
renue (23,1) nocne nONCTaHOBKH npeBpalliaeTcs B

p0%; = AipimbrR .

Hanucas uvi = 8;mllm, NEPENHCHIBAEM 3TO PABEHCTBO B BHJAE
(p(‘)26im - kikLmkhkt) Uy =0. (23,2)

310 — cHCTeMa TpeX ORHOPOEHBIX YpaBHEHMI nepBo# cTeneHH OTHQ-
CHTEJbHO HEHIBECTHRIX H,, U,, U, Kak H3BecTHOo, Takas CcHCTeMa
HMeeT OTHAHYHRIE OT HYAS peHIeHHS JIMHI APH YCAOBHH paBeHCTBA
HYJIO OnpefeJnTens KoaphuuHeHTOB ypaBHeHHH

| ApimPrky — po* ;| = 0. (23,3)

O71HM ypaBHeHHEM OnpeAeAsercst 3aBHCAMOCTb SacTOTH BOJIHBL OF
BOJIHOBOFO BEKTOpA; 06 3TOl 3aBHCHMOCTH T'OBOPST KaK O 3aKoHe Ouc-
nepcuy BOJH, a onpejiessioliee ero ypaBHeHHe Ha3biBAOT QUCNEPCUOH-
neim. YpaBrenne (23,3) — rpertveft crenend no ®»® OHO HMeeT TpH,
BoOQllle TroBOPS, DPa3JHYHBIX KopHA @? = e} (k) — TpH, Kak roso-
PAT, BeTBH 3aKoHa AHchepcud. IloAcraBnss noquepelHo KaKAHA H3
STHX KOpHell oOpaTHO B ypaBHeHus (23,2) u pemas uX, MBI HaiJeM
HanpaBJIeHHSl BEKTOPA CMEIlleHHA ¥ B 5THX BOAHaX, — KaK FOBOPSAT,
HanpaBJeHusl HX noaspusayuu (B CHNy cBoefi OAHOPOAHOCTH, ypas-
HeHus (23,2) Be onpeReAsiOT, KOHEYHO, aGCOMIOTHOR BEAMYHHBI BeK-
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ropa u, ocrawlleiics npousBosbHoil) '), HanpaBnenns monspusaunnu
TpeX BOJIH C OMHHM H TEM Ke BOJHOBBIM BeKTOpOM k B3aHMHO neprneu-
IHKYJAPHEL. DTO BamHOE YTBepKAeHHe CJelyeT MpsSMO M3 TOro, 4TO
ypaBHeHue (23,3) MOXHO paccMaTpHBaTh KaK ypaBHeHHe, onpege/saio-
liee TIJIABHBle 3HAYEHHS CHMMETPHYHOTO TeH30pa BTOPOrO paHra
hinmmkrkr %); ypaBueHus ke (23,2) onperesgioT rJaBHBHE HanpasJe-
U 3TOTO TeH30pa, KOTOpble, KaK M3BECTHO, B3aHMHO NEPNEHIHKY-
asipHBL, Hu ofiHO K3 3TUX HanpasJeHuil, oIHaKoO, He ABJsSETCA, BOOGLIE
roBopd, HH YHCTO NPOJOJbHEM, HH YHCTO NONEPEeYHbIM N0 OTHOUIEHHIO
K HanpasJeHuio k.

CkopocTb pacnpoCTpaHEHHSI BOJHHEL (ee epynnosas CKOpOCmb)
JlaeTcs NPOM3BOAHON

u-=22 (23,4)

(cM. VI, § 67). B usorponHofi cpeie 3saBucuMocTb ® (k) CBOZHTCS
K NPONOPLUHOHANBHOCTH a6CONIOTHOMY 3HAYEHHIO £, H MOTOMY Hanpare-
JIeHHe 3TOH CKOPOCTH COBNAZaeT ¢ HanpaBJeHHeM BOJHOBOTO REKTOpa.
B pHcTaniax aTo He TaK, H HanpaBJeHHe pacnpoCTPaHEeHHsT BOHE He
coBnajaer, Boofie ropops, ¢ HanpasJeHuem k. Bekropnt k u U koa-
JIHHEeapHH A HEKOTODBIX HCKJIIOUHTENIBHBIX HanpaBJieHHA ocell CHM-
MeTpHHU  KPHUCTaJAa,

Hz pucmepcuonHoro ypaeHenus (23,3) BHIHO, YTO B KpHCTA/LIE ®
ABJISETCA OAHOPOIHON yHKIHeH nepBOro NopsjiKa 0T KOMIOHCHT BeK-
Topa k (ecqu BBeCTH B KayecTBe HEH3BECTHOH BeJIHYHHBEI OTHOLIEHHE
w/k, To Ko3ppULIHEHTbI ypaBHEHHS! He 3aBHCAT oT k). [loatomy cko-
pocte U — onHopoAHas ¢hyHROHSA HYJEBOTO NOPsAKA OT k., ky, R,
JlpyruMm cJoBaM¥, CKOPOCTb pacnpocTpaHeHHsi BOJHBI, #ABASAACH
(pyHKUHeH ee HanpaBJIeHHs, HE 3aBHCHT OT YacTOTHI. ‘

Ecian noctpoute B k-mpoctpaHcTBe (T. €. B KOOPAHHATAX k., Ky,
k,) NOBEpPXHOCTH MOCTOSSHHOH yactothl, ® (k) == const (maa Kagom-
qu60 H3 BeTBeH 3aKOHA JHCNEPCUH), TO HanpaBJeHHe BexTopa (23,4)
COBNallaer ¢ HOPMaJbio K noBepXHocTH. OyeBHIHO, YTO €CJH 3Ta NO-
BEPXHOCTL BCIOAY BbINYKJas, TO CBsi3b MexAy HanpasseHHsivn U u
k B3auMHO OZHO3HAUHA: KaXJAOMY Hanpab/ieHHio k orTeedaer oaHO
onpelenennoe Hanpabienne U u HaoGopoT. Ecau ke moBepXHOCTb
[OCTOSIHHON 4acTOTH He BCIOJY BBINYKJa, TO 5Ta CBA3b CTaHOBHTCA
He B3aHMHO OJHO3HAYHOMN: KajyKAOMY HanpabjeHHIO k mo-npexueMy

1) B n30TponHOM Tesie STHMH BETBSIMH SBASIOTCA © = ¢;2 (IPOAOJILHO TIOASPH-
80BaHHHE BOJHE!) H IBa COBNAJAlOMHX KOPHA @ == Ctk, OTBedalolHe BOJHAM C ABYyMS
He3aBHCHMHIMH NONEPeiBHIMH HanpaBlJeHHAMH NOJADH3AIHH.

?) B cuny cBOHCTB CHMMETPHH TeH30pa Ajplm HMeeM
MinimPaky = Myimifnky = Mon ik
Tlocnennee phipaXenye OTAHYAETCA OT NEPBOTO TOJNLKO 0GO3HAUEHHEM HEMEIX HHICK-
OB %, I, T, €, TeH30D Mz ymPrk] NEACTBHTENLHO CHMMETPHUEH 0O HHJEKCAM i m,
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oTBeyaer (B JAaHHOH BeTBH 3aKOHa JMCNEDCHH) OLHO HanpabieHue U,
HO 3ajaHHOe HampaBjenue U MOXeT OCYWECTBAATLCS € Pas3JAHUYHBLIMH
HanpaBJieHHSIMH k.

Japgauu

1. OnpeflenuTh 3aKOH JHCIEPCHH YNPYTHX BOJH B KyOHUeCKOM KpHCTalJe,
pacrnpocTpaHsIOWHXCA a) B KPHCTAJNJIOrpadH4ecKod miaockocTH (001) (mmockoctb
rpaHu Ky6a); 6) B KpHcramiorpabnueckoM Hanpasaenud [111] (mampasienue nua-
roHajgu ky6a).

Pemenune B ky6uueckoM KPHCTa/sleé OTAMYHE OT HYJS YNPYTHE MOAYJH

Mexxx = M, Axxyy = Aoy Axyxy = Ag (M paBuBIE HM KOMIIOHEHTHI TEH30pa € 3aMenoii
HHLEKCOB X, y ApYTUMH U3 X, Y, 2— cM. § 10); ocH x, y, z HanpaBJleHb BLOJIb pebep
Ky6a.

a) BuiGepem nuockocts (001) B KauectBe mJockocTH X, ¥ H nyctb 0 — yroa
MEXAY JIeXKalUM B Heil BOJHOBHIM BeKTOpoM K M ocbio Xx. COCTaBHB JHCIEPCHOHHOE
ypaBHeHHe (23,3) H peurnn ero, HaiifieM TPH BEeTBH 3aKOHA JHCHEpPCHH:

P"’%, o= "1ak? (M + Ay [ — 7‘3)2_ 4 (A +2g) (M — Ay — 2Ay) sin® 990526]1/2},
pwg = }»3k2,

BoJina TpeTbefi BETBH MOINepeuHa H MOJISPH30OBAHA BAOJb OCH 2. BOJHH mepBHIX ABYX
BerBefl MOJMAPH30BAHH B IVIOCKOCTH X 71/ M3 coolpaxkeHHi CHMMETPUM OYEBHIHO,
yTO CKOPOCTb pacnpocTpaienus U = 0w/0k BceX STHX BOJH TOXe JIEKHT B [JIOCKO-
CTH X, Y, TO3TOMY AJSl €e BBHIYHCJCHHS JAOCTATOUHO MOJYYEHHHIX BBIDAXKEHHH.
Ilpu 0 = 0 (k BrOJIb OCH X) HMeeM
pwi = ME?, poF=Azk?,

npuyeM BoJHa I NpOjoJbHA (NONSPH30BAHA BJOJb OCH X), @ BOJHAa 2 momepedHa
(nonsipuaoBaHa BAOJb OCH Y).
IMpu 0 = n/4 (k BOJb AHAroHaJH rpaHu KyGa) HMeeM

po} =1y (A 24, + 245) £2, p0F =1/, (A; —Ay) k2.

Bosna I npojonbHa, a BosHa 2 TMONepeyHa H NOJIAPH30BAHA B IIOCKOCTH X, Y.

6) B 3TOM cayuae BOJIHOBOH BEKTOP HMeEST KOMNOHEHTH kx = ky = k, == k/}/3.
Pemenne NHCIEPCHOHHOIO ypaBHEHHSA JaeT )

po? = 1/k2 (A, + 2A; + 4A3),
P05 = 1/3k% (hy — Ay + Ay).

Bosxna I npofiosipHa, BOJHEL 2 H & IOMEpeuHsl.

2. OnpefiefiHTh 3aKOH JMCMEDCHH YNPYTHX BOJH B KDHCTa/UIe TI'e€KCATOHAJbe
HOlt CHCTEMBI.

PemeHne [I'ekcaronmanbHeI KPHCTANJ HMeeT NATh HE3aBUCHMHX YNPYIUX
moaysnelt (cm. 3ajauy 1 § 10), Ans KoTOpHIX BBefleM OGO3HAUEHMUS:

Mcx = Myyyy = @& Axyay = b, Ayuyy=a—2b,
m':t::t:zz = }\'yyzz =0 }\'xzxz = A'yzyz =d, }\'zzzz =f,

Ocp z HanpaBJieHa MO OCH CHMMETPHH INeCTOTO MOPSAKA, HanpaBJeHHs Xe ocelt X, g
MOTYT GHThH BHIGpPaHBI IPOH3BOJILHO. BEIGepeM MIOCKOCTh X2 TaK, YTOGH B Hell Jexal
BosHoBofi BekTop k. Toraa k, = ksin 0, ky = 0, k, = k cos 0, rae 0 — yroa me-
xay k u ocvio 2. CocraBisiss ypaBHeHHe (25,3) M pelas ero, HaligeM '

p0? = k2 (bsin? 0 4 d cos? 0),
po)%,s =1/,k? {a sin? 0 4 fcost 0+ d &

o [((@ — d) sin? 0 + (d — f) cos? 6)% + 4 (c + d)? sin® O cos? 6]'/%},
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Ilpu 8 = 0 ameem
pOl,o = kd, po}=Kf;
BOJIHa 3 NpOJOJLHE, BOJHE [ W 2 MONEpeuHH.

§ 24. TloBepXHOCTHbIE BOJHAI

Oco6biM BHIOM YNPYFrMX BOJH SIBJSIIOTCS BOJIHBI, pacnmpocTpansio-
Hpecs BOJH3H OBEPXHOCTH CPelb! U He NpoOHHKawouue B rayfb Hee —
6oanbl Pazes (Rayleigh, 1885).

Hanuwem ypaBHeHHs ABMeHHs B Bule (22,11—12);

T2 Au =0 (24,1)

ot? - !
(rZe # — Kakasa-JIH0D U3 KOMIOHEHT BEKTOPOB U, U;, & ¢ — COOTBET-
CTByIOLLAA el CKOPOCThb ¢; MJH ¢;), H OYIeM HCKaTb pellileHHs, OTBe-
galolile NOBePXHOCTHLIM BosHaM. [loBepxHOCTE ynpyro#i cpeis! 6yneM
npeinoJaratb NJOCKoOi, ‘U EBbiOepeM ee B KauyecTBe NJOCKOCTH X, Y
06J1aCTH CpefBl NMYCTh COOTBeTCTBYIOT z < 0.

PaccMOTPHM  «NJIOCKYI0O» MOHOXPOMATHYECKYIO TOBEPXHOCTHYIO
BOJIHY, pacnpoCcTpaHAoUiyiocs BAOAb ocH x; GyHKkuuA u (£, x, 2) B Hell
HMeeT BHJ

u = ¢t (kx—enf(2),

rae ¢dyuknys f (2) yaoBaeTeopsieT ypaBHeHuIo [* == x*f; BBesieHO 06o0-
31aveHne ,
® = (k? — w%c?)'/2, (24,2)
Ecan k2 — 0%/c® < 0, 10 f (2) — nepuonnyeckas (GpyHKUHS, T. €, MBI
noJaysuJan Obl OOBIUHYIO NJIOCKYIO BOJMHY, He HCYe3aollyId BO BeeM
cbveme cpennl. [Tostomy Hano caurarth, uro &% — w?c* B 0, H % — Be-
IeCTBEHHOE YHCJO. YDaBHeHHe HMeeT pellieHHsl BHAA eXp (d=xz); u3
HHX HaJo BLIOPATh TO, KOTOpOE 3aTyXaeT NpH Z—» — ©O,
Takum 06pa3oM, Mbl NPHXOJNM K CJeAYyIOUleMY PelleHHI0 ypaBHe-
HHH JIBHXKEHUS: .
i = const ¢ (kx—0Lignz ' (24,3)

OHo cooTBeTcTBYeT BoJHe, GHICTPO (3KCNOHEHOMAJBHO) 3aTyXalolwe
BHYTPb TeJa, T. €. PAcnpocTpaHsIollelics TOIbKO BOGJU3H €ro nosBepx-
HocTH. BesnuuHa x onpeliesisieT CKOPOCTEL 3TOTO 3aTyXaHHUSA.
HMcTunubl BekTOp AethopMansy u B BoJie ABJAETCA CYMMOH BeKTO-
pOB U; H U;, KOMIOHEHTHl KaXKA0T'0 U3 KOTOPHIX YAOBJETBOPSIOT ypas-
HeHHIO (24,1) co CKOpOCTBIO ¢ = ¢; MJIf W; H 0 = ¢; fJs Uz, B cayuae
Of’LeMHBIX BOJIH B HEOrpaHH4eHHOI cpejfle 3TH ABe YacTH NPelCTaBaAloT
¢cob0f JiBe HEe3aBHCHMO paclpoCTPAHAWMIHECA BOJAHH. B cayuae ke
NOBEPXHOCTHHX BOJIH Takoe pasjclieHHe HAa [iBe HE3aBHCHMbLIE YacTH
okasniBaercsl (6/1arofiaps HaJHUHIO MPAHHYHMX YCHOBH#) HEBO3MOX-
HbIM. Bextop cMellleHHa u Jo/keH ObITb ONpeAeJeHHOH JHHeHHOH
KoMOHHaunel BEKTOPOB u; H ;. Ilo moBolly 3THX NOCHAENHHX HAj0
TaKKe OTMETHTE, IT0O OHH OTHIOAEL HE HMCIOT Tellepb HArASLHOIo CMbIC1a
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napa/jielbHEIX H OEPNeHAUKYASPHEX K HanpasJieHHIO pacnpocrpa-
HEHHSl KOMOOHEHT CMeHieHHd.

Hns onpegenenns nunefinoli KoMGHHALMH BEKTOPOB Wy H U, Aai0-
HeH HCTHHHOE CMellleHHe U, Hallo OOPATHTLCS K NPeNe/bHbIM YCAOBUAM
Ha rpaudne tesa. Orclofa XKe OnNpelieSiMTCA CBA3b MeXAY BOJHOBBHIM
BeKTOpoM k 1 wactoroil ®, a clefoBaTeNbHO, H CKOPOCTb pacnpocTpa-
HeHusi BoJHEL. Ha cBofoisoli noOBepXHOCTH JQJIXKHO BRITOJAHATHCH
- ycnoBHe Oyny, = 0. [JocKORBKY BEeKTOpP HOpPMadH N HanpaBjed 000
OCH 2, TO OTCIOJa CJIEAYIOT YC/IOBHA

Ox; = Oy; == Opp == 0,
OTKYyJa
ty, =0, u,=0, O (Uye+ty)+(1 —0)u,=0. (24,4)
Hockoambry BCce BesinUMHEL He 3aBHCAT OT KOOPARHATH Jf, TO BTOPOE
H3 3TUX YCJOBHH Jaer

1 du du I Fou
uyz=_ y‘l‘ z)__:_?fazy___o.

C yquOM (24,3) orciopa caepyet
t, = 0. (24,5)

TakuM o6pa3oM, B NOBEpXHOCTHOH BOJIHe BeKTOp JedopMauuu u Je-
2KAT B IJIOCKOCTH, IPOBEJCHHON Yepe3 HanpaBJeHHe pacnpocTpaHEeHHsA
NnepneHIuKyJ/sapHO K HOBEpXHOCTH.

«[Tonepeunas» uacTe BOAHHI U; JO/UKHA YHOBJAETBOPSATH YCJOBHIO
(22,8) div u; = 0, nan

éutx D | Oty 6utz = 0.

Beuay (24,3) sTo ycioBue npHBOAMT K PABEHCTBY
2 0,
oripefesiflOMEMY OTHOLIEHHE Uy, /us,. Takum o6pasoM, HMeeM
Uy, = %a exp (tkx + »,2 — if),
uy, = —ikaexp (ikx 4 iz — iwt),

rie a — nocTosHHas.
«[1pofonbnas» 4acth u; yjosjerBopser yciosHio (22,9) rot u; =
= 0, nan

(24,6)

Ouyx Ouyy 0
- ]

oz dx
OTKyHa .
ikiy, — %l =0, # = (k* — w’/c])'.
Taxum o6pasoM, AOKHO OLiTh
Uy, = kbez’kx-}-nlzs-:‘m, By, = _ix‘beikx-i-x‘z—{ml' (24,7)

rae b — nocroanHag.
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Tenepp Bocnosb3yeMcsi MepBBIM M TPeThbUM H3 ycaoBuit (24,4).
Buipaxas u;, uepe3 npoM3BOAHEIE OT ¥; H BBOAA CKOPOCTH ¢; H (i,
NepenHCchiBaeM 5TH YCJOBHS B BUIE

o koo
2 au abz (24.8)
¢ 22 4 (o] — 27) Zx = 0.
Cioaa Hajlo MOACTaBHTH ‘
Uy = Upy - Uigy Uy, =y, + Uy
B pesyabrare nepBoe 3 ycloBui (24,8) naer ypasHenHe
a (K 4 u7) - 2bkn; = 0. (24,9)
Bropoe npuBOZHT K paBeHCTBY
Qaciuk + bc; (w — &) + 26F°] = 0,
HJIH
Qax.k -+ b (K> - %7) = 0. (24,10)

YcsoBue COBMECTHOCTH ABYX ONHOPOZHBIX ypaBHeHHH (24,9) n (24,10)
Jaet
(¥ + %) = 4knsm,,

HJIH, BO3BCAA B KBa}lpaT H INOJACTaBHUB 3HAYEHHSA Ky, U !
2\4 2 2
(2/@2__2;_) = 16k4(k2 --g—) (kz— —‘;’—) (24,11)
3 3 I

OTHM ypaBHEHHEM ONpPEJEJAETCA CBsI3b MexAy @ H k. QueBHIHO,
9T0 © = const-%; nas onpefenenns KosdduiueHTa NPOIOPUNAOHAD.
HOCTH, HanuIUEM 3TQ COOTHOLIEHHE B BHAE

i m = (;’tkg. (24912)

Torga ofiinii MHOXHTEND k® cOkpamaeTcs H, pacKpHB CKOGKH, NOJay-
uuM i § ypaBHeHHe

pogarfs—ody _16(1—2) ~0. @413
c} cl

Orciofa BUIHO, YTO 4HCJIO & 3aBHCHT TOJIBKO OT OTHOWNEHHA ¢ifo;, sB-
JSI0Uerocsl HeKOTOPOM XapaKTepHO# AJA KaXAOro JAHHOTO BeIeCTBa
NOCTOSIHHON H 3aBHCALIEro B CBOIO oYepelib TONbKO 0T Ko3pdnuueHTa
Ilyacconai

__cf_ 1—20
g T 2(01—0)"

‘Bennunna £ XO/KHA OITh, pasyMeeTcst, BelIECTBEHHON NOMOXKH-
TeabHOH, npudeM £ < 1 (Tak, 106! %¢, %, OBLIH BelleCTBeHHbI). Ypas-
HEHHE (24 13) uMeeT TOILKO OAHH KOpPEHb, YAOBJETBOPAIOUIHH 3THM
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.

YCJIOBHSIM, TaK YTO Uil KaXKAOro JAHHOTO 3HAuYeHHs ¢;/c, nosmyyaercs
BCEro OJHO onpeleseHHoe 3Hadenue & 1),

Takum o6pa3oM, 1Jist TOREPXHOCTHLIX BOJH, KaK H AMs OGBLEMHBIX,
YacToTa MPONOpLHOHANbHA BOJMHOBOMY BekTopy. Kos(duuuent mpo-
NOPUHOHANLHOCTH MEXLY HHMH €cTb CKOPOCTb gy
pacnpocTpaHeHHsl BOJHBI ¥

U = CiE. (24,14) 095

- OtuM  onpepensieTcss CKOPOCTb PacHpoCTPaHEHHS /
NOBEPXHOCTHLIX BOJH 4epe3 CKOPOCTH ¢ H ¢ ggp pd
TIOTNEePEYHEIX H NPOJONBHBIX OGBEMHBIX BOJH, OTHO- /
IIeHHe aMIJIITYA NOTNepPeYHOH | TP OAONBHOH Yactel: 5
BOJIHEI ONpefeNsieTcss no 3HaveHHo & dopmynoi T

a 2—F2
5 = ——m. (24,15) Pxe. 21

OrtHolueHue Ct/C'l q)ax'mqecxu MeHdeTCa AJA Da3JIMYHBIX BCHIECTB

B npefenax ot 1//2 no 0, 4To COOTBETCTBYeT H3MeHeHHIO 6 oT 0 10
1/2; npu atoMm § mensercs ot 0,874 no 0,955. Ha pue. 21 pau rpadux
3aBECHMOCTH § oOT 0.

85
0,0

3axaua

TliockonapanienbHE miacT TONUWMHEE A (cpepa I) JIEXHT Ha ynpyros noay-
npoctpanctBe (cpepa 2). OnpefenHTh 3aBHCHMOCTb YacCTOTH OT BOJIHOBOTO BEKTODA
JJIA TOTNEpeyHblX BOJH B IJIacTe C HalmpaBjeHHeM KoJjeGaHHH, napaJienbHbIM Ipa-
HHLAM IJacTa.

Pemen ne BubepeM miockocTs pasjena Mexjpy IVIaCTOM H NMOJYNPOCTpaH-
CTBOM B KAayecTBE IVIOCKOCTH X, Y, TpPHUYEM YNPYToMy TNOJYNPOCTPAHCTBY COOTBET-
cTBYIOT 2<% 0, a mnacty A > 2> 0, B nuacre umeem

) i (kx—o¢
Uyy = Uy =0, up=7J (e { )y
a B cpefie 2 NHIIeM 3aTyXawllylo B riay6b Hee BOJAHY:

{ (k2—0 2 272\
Ugg= Uy =0, Uy = Aetiie! (=00, uy = (¥ — 0%/cp) /%,

Jaa yukund f(z2) HMeeM ypaBHeHHe
4 2 2,2 2
f+uif=0, x, = (0%/c%) — k?)1/?
(MBI YBHEHM HMXe, 9TO JOJXHO GuTb %} > 0), oTKyaa
f (2) = B sin %32 -}~ C cos %;2.

Ha cBoGogHoit Tpanuue miacra (2 = h) JOMKHO GHTb Oy = 0, T. e, duyy/dz =0,
Ha rpanune xke Mexjy oGeuMH cpeflaMu (2= 0) HMeeM YCJIOBHA

du du
Uy1 = Uye,s 228 azyl = P-z—a?-

3) Ilpu nepexozie ot ypasmenus (24;11) k-(24,13) Tepsiercst kopens 02 = 0 (¥ =
= %j = k), KOTOPOMY OTBeyaeT 3HaueHHe £ == 0, TOXeE yloBJIeTBEpmMEIlCE YyCa0-
BuI0 § <3 1. M3 ypabuennit (24,9—10) BuaHO, OJHAKO, YTO STeMY«MHOPHIO COOTBET=
"CTBYeT DaBEHCTBO @ == —b, H NOTOMY NO/IHOE cMelleHHe U = W 4w =0, T, e,
IBHIKEHHe BOOGIHe OTCYTCTBYET,
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(Ui, Be — MOAyNH cRBHra ofenwx cpen). Ms stux ycnoBuR Haxopnm TR ypaBHeHHA
aas A, B, C, yci0BHe COBMECTHOCTH KOTOPBIX AaeT

tg %akt = pory/pays.
Arq ypaBHeHHe OnpeReNsieT B HesBAOM BHJE 3aBHCHMOCT © OT R; OHO HMEET peHleHHs

JIUIIb TIPH BEleCTBEHHHX ¥y H Xa, TAK WYTO BCETAA Cpy > @/k > cyy. Qrciona BHIHO,
YTO pacnpocTpaHeHHe pacCMaTPUBAEMBIX BOJH BO3MOXKHO JIHWID NPH YCJIQBHH Ciq > Ci1.

§ 25, KoseGanus cTepiHeH M MIACTHHOK

BoJHBEI, pacnpocTpaHSIOUIMeCsi B TOHKHX MJIaCTHHKaX H CTepX-
HSIX, CYIECTBEHHO OTJIUYAIOTCA OT BOJH, paclpOCTPaHSIOUIHXCA
B cpefie, HeOTrpDaHHYEHHOH BO BceX HanpapaeHusax. [Ipuw sTtoM peds
HIET O BOJHAX, JJIHHA KOTOPHIX BeJHKa MO CPAaBHEHHK) C TOJHLMHOH
CTEPXKHSI WJH NJacTHHKH. B ofpatHoM npelesibHOM caydae AJIHH
ROJIH, MaJhIX N0 CPAaBHEHHIO ¢ 3TOH TOMUHHOH, CTEpXeHb HJH MJa-
CTHHKY MOXHO OblI0 Obl BOOGHIE pacCMaTPHBaTh KaK HeOrpaHHYeH-
Hble BO-BCeX HanpaBJEHHNX, H MBI NOJYYHIH Obl CHOBa COOTHOMIEHHSE,
HMeBHINE MEeCIO B HeCrpaHHMYEHHLIX cpelax.

HecGxomumo pasanuaTh BOJMHBEL, B KOTODBIX KoyieGaHHS NMPOHCXO-
IAT MapajsespbHO OCH CTePIKHA HJH NJCCKOCTH NMAACTHHKM, OT BOJH
¢ MepneHZHKYIAPHHIMH KoJleGanusamH. HauHeMm ¢ H3yueHHSA MPOIOJb-
HEIX BOJIH B CTEpXHAX. ‘

[TpoponsHas Nedopmauus cTepkHA (COHOPOAHAH BIOJL €rQ Ceue-
HHA), Ha GOKOBYIO MOQBEPXHOCTh KQTOPOLO HE JeHCTBYIOT HHKAKHE
BHEIHKE CHJALL, peJcTaBaseT cololf IPOCTOe PACTAKEHUE WIH. CIKATHE.
TaxkuM o6pa3oM, NPONOJLHEE BOJHE B CTEPIKHE NMPEICTABIAKT cobol
pacnpocTpaHAIIHECA BAOAL €ro MJIHHBL NPOCTRIE PACTSIKEHUS HJH
cxkatusi. Ho npu npocToM pacTAXkeHHH OTNIHYHA OT HYJs TOJLKO KOM-
NMOHEHTA 0, TeH30pa HanpsXkeHUHd (OCb 2 — BAOJb JJIUHBI CTEPXKHS),
cBA3aHHaA ¢ TeH30poM RedopManHH nocpeAcTBoM (cMm. § 5)

O,y == E Uy, = -%Ezz— .

IToxncraBasis 310 B ofliiee ypaBHEHHE ABHKEHHS

002
m%

pﬁz =

?
HaXoaHUM
FPu p Pu
= mEFwm =0 - @

1o ecTb ypaBHEHHe NPOROABHEIX KOJeGaHuil B cTepKHAX. Mb1 BHIHM,
YTO OHO HMEET BH/ QOBLITHOTrO BOJIHOBOro ypabHeHHusi. CKOpoCTb pac-
NPOCTPAHEHHS NPOROJbHEIX BOAH B CTEPXKHSIX OKa3kiBaeres pabBHOA

(E/p)"2. ’ (25,2)

Cpabhiis ee ¢ BeipaxenueM (22.4) asa ¢;, BUAUM, 9T0 QB8 MEHbINE CKO-
POCTH pacnpocTpaHEHHS NPOAOJBLHLIX BOJIH B HeOrpaHwueHHo# cpexe,
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TepefineM Téneps XK npOAOJBHBIM BOJHAM B TOHKHX MJacTHHKAX.
YpaBHeHHs ABUKEHHA AAS TAKHX KoyleGaHHA MOXHO HamHcaTh cpaay,

noACTaBHB B ypaBHeHuax pasHoBecus (13,4) — ph aaltt;‘ —ph a;;“
BMecTo P, u Py

P Pu, 1 Puy 1 0%, 1 0%uy

E o T 1—02 0x? + 2(140) oy + 2(1—o0) adxady !

0 Oy 1 Py + 0y + 1 0%u, (25’3)
E 02~ 1—o?f 0y 2(1+40) ox? 2(1—o0) Oxdy °*

PaccMOTpHM NJIOCKYI0 BOJIHY, PacnpoCTPaHAOMYOCS BAOJb OCH X,
T. €. BOJIHY, B KOTOpOH AehopManus 3aBHCHT TOJIHKO OT KOOpIHHATLI
x, Ho He ot y. Torna ypasHeHus (25,3) CHILHO yOpOLLAIOTCSE H NPH-
HHMaioT BHI
0%, E 0%uy, Ouy E A%y

orf  p(l—o%) oxF 0, o T 2o Fo) o 0. (25,9)
Mgl mosryuaem, TakuM o6pasoM, ONATh NPOCTHIE BOJTHOBBIE YpaBHEHHS,
Crosimue B HHX KO3(hdHUIHEHTHI Pa3IHYHLI A5 u, U u,, CKopocTh pac-
NPOCTPaHEHHs BOJHBI ¢ KOJIGGAHHSIMH, [1apaJliebHbIMH Hal paBJIeHHIO
pacupocTpanenus (u,), paBHa

(Fr=ar)" @55)

CkopocTb ke BOJHBI (4,) ¢ KOJeGaHHAMH, NeprneHAHKYJNAPHBIMH Ha-
NpaBJeHHI0 PaclpOCTPaHeHUR (HO MO-MPEXKHEMY JIeXaUHMH B 0JIO-
CKOCTH MJIacTHHKH), paBHa CKOPOCTH ¢; NONEpeuHbIX BOJH B Heorpa-
HHYEHHOH cpeJe.

Mpbr BUAMM, TakuM ofpa3oM, YTO NpPOAOJBbHHE BOJHBEI B CTEPKHAX
H mJacruHKax o6.1aflaloT TaKHUM JKe XapaKTepoM, KaK U BOJHbI B He-
orpaH:yeHHOH cpelie, OTJHYaACh JIKWIL BeJUUHHOH CBOEH CKOPOCTH,
no-npexHeMy He 3aBucsalled oT dactothl. CoBceM HHBbIE COOTHOLIEHHSA
DOJIYHaloOTCsA JJS 604H u32uba B MJACTHHKAX H CTEPHHAX, NPH KOTO-
pBIX KoJIeGaHHS NPOHCXOIAAT B HanpaBjeHHH, NEPNeHAHKYJISPHOM
K OCH CTepPXHS HJH NJOCKOCTH NJACTHHKH, T, €, CONPOBOXKAAIOTCA
HX H3rubom.

YpaBHeHUs CBOGOAHBIX KoJeGaHHH MJIACTHHKH MOXKHO HalHcarh
HenocpeACTBEHHO HA OCHOB2HHHM ypaBHeHHs paBHoBecus (12,5). Han
STOr0 Hajao 3aMeHHTb B HeM ~— P [pOH3BeAcHHEM YCKOpeHHH { Ha
maccy ph, NPHXOAAMYIOCS HAa eJHHHIY NJO(aJHd MOBEPXHOCTH mia-
cTHHKH, Tarum o6pasom, nonyqaeM

2
o Sr+ 2 AL=0 (25,6)
(A — AByxmMepHEIH oneparop Jlannaca).

PaccMOTpHM MOHOXPOMATHYETK Y10 yHPYTYIO BOJIHY, COOTBETCTBEHHO

ueMy 6y11eM HCKaTb peluieHHe ypaBHeHHA (25,6) B Buie

L = const.ef (kr-wf (25,7)




140 YIPYIVE BOJIHHI fra. 111

(BosIHOBO# BekTOp k HMEeT, KOHEUHO, BCEro JBe KOMIIOHEHTH R, H k).
IoncranoBra B (25,6) NpUBOLHUT K ypaBHEHHIO

—pw? - %—k‘ =0.

Orciona nosyyaem ciefyioiiee COOTHOIIEHHe MEXAY 4YacTOTod H BOJ-
HOBbIM BEKTOPOM BOJIHEI;
D \172 h2E /2
=Rk (=) =8 5,8
o=k (ph) k 12p(1_02)) . (25.,8)
Takum o6pasom, 4acToTa OKa3biBaeTCs (POIOPLHOHAJNBHOR KBafpaty
abCOJMIOTHOH BeJIHYHHBI BOJIHOBOTO BEKTOpA, B TO BpeMsl Kak B BOJIHAX
B HeorpaHMYeHHOH Cpejle OHA NPONOPIHOHAJIbHA NEepBOH ee CTelmeHH.
3Has 3aKOH JMCIEPCHH BOJH, MOMHO HaflTH CKOPOCTb HX pacmpo-
cTpaHeHHusi coryiacHO ¢opmyae (23,4). B naHHOM ciyvyae Haxomaum
R2E 172
U=|wa—ar] ® (2.9
Tagum o6pa3oM, CKOPOCTb PacnpocTpaHeHHs BOJTH H3ru6a mo nJacTHH-
KE MPOMOPUHOHANbHA BOJHOBOMY BEKTOPY, a He NMOCTOsSIHHA, Kak IJIs
BOJIH B HEOTPAHHUYEHHOH TPeXMepHO# cpexe ).

AHaJnorMyHBIe De3yJbTAaThl COpPAaBEeLJIMBR H VIS BOJH H3ru6a ToH-
KHX cTepxHell; Kone6aHHA H3ruba mpeanosaraloTCsA MaJbiMH., Ypae-
HEeHHs ABHXKEHUS MOJY4YUM, 3aMEHHB B YPaBHEHHUSIX paBHOBECHsA caato
H30rHYyTOro crepxus (20,4) cuast —K,, —K, NpOH3BefCHHAMH YCKO-
penuit X, Y Ha Maccy pS eIuHHUI IJMUHK CTepXKHA (S — mJomainb
ero ceueHus). TakuMm o6pasoM

pSX = EI, 2% 8 oSV = EI, 2%, (25,10)
Petnenne sTHX ypaBHEHHH CHOBa MIlleM B BHJE
X == const. et (kz—af), Y = const.ef (k2—00),

H HaXoAUM CJefyIOWHUH 3aKOH JHUCIEPCHHU!
El,\1/2 El, \1/2
*) = (2o 2 W = 2
© ( 53 ) k2, ® ( 53 ) k (25,11

ans koJjebanuil BIOJb ocelt x U y. CoOTBeTCTBYIONIHEe CKOPOCTH pac-
NIPOCTpaHEHHS;

vw =2 (L), yw <o 22 e (25,1)

HaxkoHel, paccMOTpHM KPYTHJBHEIE KoJle6aHUA CTepIKHA. ¥ pas-
HeHHe JBHXKEHHS CTEP(Hs, [OABepraeMoro fegopmauud KpydyeHHs,

1) BoanoBoll Bekrop k = 2n/A, rge A — gnusa Boauw. ITostoMy, cornacuo
(25,9), ckopocts U JonxHa Guaa 6 HeoTPaHMYeHHO BO3pacTats mpu A —- 0. du-
3HYecKast GeCCMBICEHHOCTh 3TOTO pe3y/JbTaTa CBA3aHA C TeM, 4TO ngopMnya (25,9)
B JefiCTBHUTEJbHOCTH HENDHMEHHMa K CJAHUIKOM KODOTKHM BOJIHAM,
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nosyyaeTcs NnpHpaBHHBaHueM Boipaxkenus C0t/0z (cM. § 16, 18) npo-
H3BOAHOI! M0 BPEMEHH OT MOMEHTA HMNYJIbCA €AHHHIB! JJIHHB! CTEPKHA.
Stot MoMeHT paseH pl 0@/0f, rae O¢/0f — yraoBas CKOPOCTb Bpauie-
HHs (@ — YIoJl MOBOPOTAa JAHHOIO CeYeHHs), a

I= [+ g0 df

~— MOMEHT HHEDLHH CeYeHH s CTePKHA OTHOCHTENLHO €10 HeHTpa HHep-
IHH (OPH YHCTO KPYTHJABHBIX KoJNeOaHHAX KaXJ0e ¢eUeHHe cCOBepluaeT
BpallaTesbHble KOJeGaHHs BOKDYI OCH HHEPHHH CTepPIKHS, OcTalo-
weficss HemoaBmkHOM), Hanucas ¢ = 0¢/0z, HaXojHM ypaBHEHHS
JLBMXKEHMA B BHJAE

o 02
C2t =pl o1 (25,13)

Orciona BHAHO, 9TO CKOPOCTb pacnpocTpaHeHHs KPYTHALHEX KoJe-
€annii BAOJIb CTEPIKHA paBHa

" (Clply2, (25,14)

3anaum

1. Onpepenuts 4acTOTH NPOAOTILHEIX COGCTBEHHBIX KOJeGaHUH CTepKHs (JJ1H-
BBl [), ONHH W3 KOHIIOB KOTOPOI'O 3aKpelveH, a ApYyrofl — cBoGopel,

Pemesn ne. Ha sakpenersom kKoune (2 = 0) Romxno OuTh %, = 0, a Ha
cBOGOAHOM Komne (2 == [) 0y = Euy,, = 0, T, e, 0u,/02 = 0, Humen pewenne ypaps
Henus (25,1) B Buze

U, = A cos (0f 4 ) sin kz, k = o (p/E)/2,

Ha ycioBaa npu z= ! umeeM cos kl == 0, OTKyAa I/A COGCTBEHHBIX 4acTOT HAXOJHM
E N2 n
0= (_p_) 7 @+ 1)
(n — uentle gucsa).

2. To xe gna cTepxxus, 06a KoHIA KOTOPOTO CBOSOZHH HJIH 06a 3aKpenJieHEH,
Pewenne B ofoux cayuasx . ¥

(E )1/2 n
o= {— —_—n.
p i

3. OnpenenuTs 9acToTHl COGCTBEHHHX KOJeGaHHA CTPYHH (IJHHH [),
Pemenne YpanHeHHe JRHKEHHA CTPYHH:

{(cp. ypaBHenwe paBHoBechsi (20,17)), 'panuusnie ycaosusn; X =0 npu z= 0, L

Co6CTBEHHHE YaCTOTH
_{eS )1/2 nn
0= (——T =

4, OnpejennTs 9aCTOTH TNONEPEUHHX COGCTBEHHEIX KoneGaHuA ¢TePRHA (angs

HH /) C 8ajle/la:HEMH KOHUAMH,
Pewenne, VYpasueune (25,10) npu nojcTanoeke B HEro

X = X, (2) cos (0f 1- a)
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npuoGperacT BHA

X, s .4 PS
T = #1X,, u,-m-———El” .

O6wuii HHTerpaj 3TOr0 ypaBHEHHS eCTb
Xo = A cos®z - Bsinnz 4 Cchurz- D shxa

[ocrosunue A, B, C, D onpesensioTcs M3 rpaHuunuX ycaosuil X = 0, dX/dz = 0
npd z2==0, [, B peayaprate Haxojpum

Xy = A {(sin %l — sh ul) (cos ®z — ch ®2) — (cos ®{ — ch ®{) (sin ®z — sh ué)}

4 ypaBHeHHe .
cosxl chxl =

KODHH KOTOPOrO OnpefelsioT ¢o6CTBEeHHble 4acTOTH Kosaebanufi, Haumennmas us
COOGCTBEHHHX 4acTOT paBHa ,

224 EJ,
@min ="~ 55~

5. To e misi CTepKHSI C ONEPTHIMH KOHILAMH.
Pemed ne aHamornyHo pemenuio 3ajaun 4. Pesyabtar:

Xy = A sinxz,

a YacTOTH onpejelsiiores u3 simxl =0, T. e,

% =il"- (n=1,2...)
Haumenbinas yacteTa ecTsb
9,87 Ely
@ mip = 2 PS .

6. To e Aaf CTEPXKHHA, 8aJle/1aHHOIO HAa OJHOM KOHIIE H CBOGOZHOrO Ha ApyroM,
PeweHue, Iloryuaem ans cMmemeHus

Xy == A {(cos ®l - ch ) (cos xz — ch %z} - (sin %l — sh x/) (sin ®z — sh %2)}

(sakpenieHHblii KoHell z= 0, cmeb6ogHHA z==[), W ypaBHeHHe
coskichunl 4 1=0

JISsT COGCTBEHHHIX 4acTOT, Haunmenpmias wactoTa ecth

3,52 Ely
Omn = =5~ o5

7. Onpenenuts COGCTBeHAHE KONeGaHMSA NPAMOYFOMBHOH IWIACTHHKH (Mmm
CTOPOH @ H b) ¢ ONepPTHIMH KpasMH.
PeweHHe, YpasHenue (25,6) npu nmogcTaHOBKe B HEro

E= G (x, y) cos (wf 4 a)

NpHOGpETaeT BHA
12p (1 —@a?)

AAL — x4y =0, ’h= 0t ——5x .
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Bui6upaem ocH KOOpAHHAT no cropokaM nascTeHkH. [panuusme ycaosus (12,11)
npHOGpeTalOT BHA

npH 2-—:0, a: {=0, %::o;
a'l
npn y=0, 6 -~ [=0, -a—y§f=0.
Y OBJIETBOPSIIOLIEE STHM YCJOBHSIM pelleHHe eCTb
Lo= Asin X sin n:;y

(m, n — UeJBle YHCJIa), NPUYEM YACTOTH ONpPENENAIOTCH PABEHCTBOM
Eh m \?2 n\?2
o=t [(5)'+ ()]
12p (1 — 0%) a b
8. OnpenenuTs COGCTBeHHHE 4YAaCTOTH KoJeGaHHH MeMmOpaHh HpPSAMOYTOJbHOM
¢hopmel (¢ ANHHAMH CTOpOH a H b).

Pemenne YpaBHenne KoseGaHHH MemOpaHbI
T AL = phi

(cp. ypaBHeHue paBHoBecus (14,9)). Kpas wmemGpaHml AO/KHBI 6LITb 3aKpenJeHbl
TaK, uro § = 0. CoorpercTByIOulee pellleHHe AJA DPAMOYFOJbHOH MeMOpaHbl eCcThb

mnx . nn
S Y

a 5 cos wi,

t= Asin

rae ccO6CTBeHHRE 4acTOTh
T m? n?
©? = —n? ("'z“i‘_z)
ph a b

(m, n — Uejane uuciaa), .

9. OnpefleiTh CKOPOCTb PacHpOCTPAHEHHS KPYTHIbHBIX KoseGaHHI IO CTepik-
HAM C CeyeHHeM B BHJe KDPYra, 3JJIHNCA H DABHOCTODOHHErO TPEYrOJbHHKA H 1O
CTepXKHIO, HMeIoleMy BHA JJIHHHOM NPSMOYTOJbHON TOHKOH ILTaCTHHKH.

Pemenue. [nsa rpyroBoro ceyeHust (pagmyca R) MoMeHT HHepuuH [ =
= ntR*%/2; pasB C u3 3afaun | § 16, monyunM A% CKOPOCTH 3HAUEHHE (p/p)w, coBIa-
Jiaioltee cO CKOPOCTHIO Cy.

AHanormuso (Hcnonb3ysi pe3yJbTaThl 3afau 2—4 § 16) nomydaem pas crepxus
SJIIHNITHYECKOTO CeueHH: CKOPOCThb

- 2ab
T

JJIA CTECpKHA C CceueHlHEM B BHA€ pPAaBHOCTOPOHHETO TPCYrOAbHHKA

3\ 1/2
('5-) <t

JUiA CTepXKHS B BHJe NLJIHHHOA NPSMOYTOJbHOH NJIaCTHHKH

15

h
27 Cis

Bce 3TH CKOpOCTH MeHblIE Cf, -

10. TloBepxHoCTh OGecKOHeYHD IaAyGOKOR HeCc)KHMaeMOM MHJKOCTH ITOKPHITa
TOHKOf ynpyroft niactTHugoff. OmnpesenuTh CBASL MeXAY BOJHOBHM BEGKTODOM H
YacTOTOR JUIS1 BOAH, OHHOBDEMENHO PACHPOCTPAHSOMIAXCA 0 NAaCTHHKE H B I1OBEp X~
. HOCTHQM CJI0€ XHJKOCTH,
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P el eHHe. BbIﬁHpaEM NMOCKOCTb TUIACTHHKH B KauecTBe NVIOCKOCTHU 2 == O,

a oCb X BblGHpaeM BAOJIb Ha[lpaBJ[eHHﬂ paCHpOCTpaHeHHﬂ BOJIHLE, oénacm XKUAKOCTH

nycts cootBeTcTBYIOT 2<C 0. YpaBHeHWe JBHMEHHS CBOGOJAHOA MJIACTHHKH €CTb
p 28 _p 9%t

Pt T = oA

(pp — TMIOTHOCTH MaTepHasa IMacTHHKH). [IpH HaJdHUUH KHIKOCTH K MpaBoil CTOpOHE
STOr0 ypaBHEHUs Haf0 NPHOGAaBHTb CHJY, AEHCTBYIOULYIO CO CTODOHE! MKHAKOCTH H3
1 cM® nOBepXHOCTH MACTHHKH, T. €. RaBjieHHe p XKuiakocTH. Ho nasaenne B BoaHe
BHIP2)KaeTCsl 4epe3 MOTeHIHal CKOPOCTH MOCPEACTBOM p = —p OP/0f (mosem Tske-
ctn mpenebGperaem). IlostoMy noayuyaeMm ypaBHeHHe

B0 a9

Pof o T P EL T M

Hanee, HOpMaJ/JbHasT KOMIOHEHTa CKOPOCTH 2KHJAKOCTH Ha €€ NMOBEPXHOCTH JOJ/KHa
6HITh paBHa CKOpPOCTH TOYEK I[LIACTHHKH, OTKYyAa M0oJiydaeM YCJ/I0BHe

°f _ Op
Jt 0z

IMoTennunan @ fomKeH YAOBAETBOPATb BO BCeM o6LeMe MKHIKOCTH YpaBHEHHIO
0% o0*p

o T o =0 @)

Hmem § B Buge Gerymefi poann § = Let#¥719% coorBercrBenno aTomy Gepem pe
1eHue ypasHeHHA (3) B Bule 3aTyxawouell B IyOb XHAKOCTH [OBEPXHOCTHOH BOJIHBI
1 (kx-01t) k2
@ = e’ dgk?,
Hojxcranobka aTux BbipaxkeHHfi B (1) u (2) nNpHBOAHT XK ABYM YPaBHEHHAM A Qg
B g, M3 YCIOBHS COBMECTHOCTH KOTOpBIX MOJyYaeMm
k5
= e————,
(0 4 hook)

@

2=0"

?

§ 26. AurapMoHuyeckue KoseGaHMA

Bcsa u3noxeHHas Teopusi ynpyrux koJebaunufi siBasercs npHuGaH-
JKeHHOHl B TOM Xe CMBICJIe, BKAKOM NMpPHOJ/IHXKEHHA Boobiie BCs TeopH
ynpyroctd, ocHoBaHHasi Ha 3akoHe 'yka. Hanomuum, 4to B ee ocHOBe
JIEKUT pa3foKeHHe yNpPYyroil 3HePruH B psi MO CTeNeHAM TeH30pa
JlebopManiu, NpUYeM OCTABJSIOTCH UWJEHH N0 BTOPOro MOPAAKA BKJIO-
unTe/bHO, COOTBETCTBEHHO 3TOMY KOMIOHEHTH TEH30pa HampsXKeHHH
OKAa3kIBAIOTCA JUHEHHBIMH (GYHKIHSMH KOMIOHEHT TeH3opa Aedopma-
LHH, H YPaBHEHHs JBHXKEHUS — JIHHEHHE,

Hau6osee xapakTepHo#l 0COGEHHOCTLIO YIPYTHX BOJH B 3TOM NpH-
GMHXKEHHH SBJAAETCA TO, YTO BCAKYIO BOJHY MOXHO NpPeJCTaBUTh
B BUJe NPOCTOro HAaJOMXEHHs, T. e, B BHAe JUHEHHOH KoMOGHHAIUH
OTJeJNbLHBIX MOHOXPOMAaTHYeCKHX BOJIH, KaxIas M3 3THX MOHOXpoMa-
THYeCKHX BOJIH pacmpoCTpaHfETCs HE3aBHCHMO OT OCTaJbHBIX H MO-
2KeT CYIIECTBOBATh TAKXKe H caMa no cebe, He COMPOBOXKAAACH KAKHMH-
JMG0 MOCTOPOHHHMH JABHXKEeHHSIMH. MOXHO cKaszaTh, 4TO pas/IHYHEIE
MOHOXpOMaTHYeCcKHe BOJIHBI, OXHOBPEMEHHO pacCHpoCTpaHsIoLiHecs
B OJHOH H TOH XKe cpefie, «He B3aHMOZEHCTBYIOT» APYT O APYroMm,
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Bce 5TH cBolicTBa, OlHAKO, HCUE3AIOT PH NEPEXOJE K CACAYIOUIUM
npubaHkeHuaAM. IPpeKThl CACAYIOMHUX NpHOMHXKEHH XOTA H sIB-
JISIOTCSL MaJIBIMH, HO JUIS1 HEKOTODPBIX IBJEHHH MOTYT HIpaTh OCHOBHYIO
poab. It 3(eKThl OGLIYHO HA3BIBAIOT QHZAPMOHUYECKUMU B CBSI3H
C TEM, YTO COOTBETCTBYIOU[HE YPaBHEHHUs JBHXKEHHS HeJMHEHHH H He
JONYCKAIOT NPOCTLIX MEePHOAHYECKHX (rapMOHHYECKHX) peIIeHHH.

Mbl paccMoTpuM 3/lech aHrapMoHuudeckne 3ppeKThl TpPeThero no-
PsAKa, NPOHCXOASLIHE OT KyGHYECKHX 10 JedopMalHH YJIeHOB B ynpy-
roii sHepruu. B ofiuemM BHAe COOTBETCTBYIOUIHE YDaBHEHHS ABHKEeHH
OKAa3bIBAIOTCA OYeHb I'POMO3JKUMH. BBISICHHTD K€ XapakTep BO3HH-
Kaomux 3¢deKToB MOKHO C IOMOLIBIO CAEAYIOLIHX PAacCyXKIECHHI.
Ky6unueckne ujieHbl B ynpyrofl 5Hepruu AalOT KBajpaTHYHBIE YJIEHE
B TeH30pe HanpsXCHHH, a noTOMY H B ypaBHeHHUsIX JBHxeHHA. [Ipen-
CTaBHM cebe, 4TO B 9THX YpaBHEHHAX BCe JIHHEHHBIE WIEHL! IEPeHeCe b
B JIeBble, a4 BCe KBaJpaTHuHbe -— B IIPaBble CTOPOHLI paBeHCTB. Pelnas
35TH YpaBHeHHs METOAOM TMOCJEJOBATENbHLIX MNPUOJUKEHHH, Mbl
IO/IKHB B [1€PBOM MPUGIUKEHUU BOBCe OTOPOCHTH KBafpaTHUHHIE.
yjeHsl, Torga ocraHyrcsi OObLIYHBE JIMHef{HblE YPaBHEHHs, pelIeHue
U, KOTOPEIX MOXeT ObIThb NPeACTaBJeHO B BHJAE HAJOXKEHHUA MOHOXDO-
MaTHYeCKHX Geryliux BOJH BHAA const-ef (k=©9) ¢ onpeneleHHBIMH CO-
OTHOLIEHHAMH Mexay o U k. Ilepexoast k crexymwouemy, BTOpOMY,
NpHUGIHIKEHHIO, HANO MOJOXKHTD U = U, -} U;, NPHYeM B NPaBOH CTO-
pOHe ypaBHeHHH (B KBaJpaTHYHBIX YJeHax) HAA0 COXPAaHHTh TOJLKO
YJIeHHI C Uy. ITOCKOMILKY 1ty YAOBIETBOPSIET, HO ONpPEAEJEHHIO, OXHOPOI-
HBIM JIMHeHHBIM ypaBHeHHAM 6e3 npaBBIX 4acTel, TO B JIeBOH cTOopoHe
paBeHCTB WIeHB C U, B3aHMHO cOKpaulalTtca. B pe3ysabrarte mMbl noay-
YHM JJIs KOMIIOHEHT BeKTopa iy CHCTeMy HEOJHOPOAHBIX JHHEHHbIX
ypaBHeHHl, B IPABOH YaCTH KOTOPBIX CTOAT 3aJaHHble HYHKIHH KOOpP-
JHHAT H BpeMeHHU. ITH YHKUHH, NOJyyalolHecs NOACTAHOBKOH U,
B IpaBble€ CTOPOHBLI HCXONHBIX YpaBHEeHHH, NPeACTaBAAT COG0H CyMMy
YJIEHOB, KaxkJblil H3 KOTOPHIX NPONOPLHOHAJEH MHOXHUTEJNI BRAA
et [(kike) 1-(0,-02) 1]y 1y ¢f [(kivks) 1=(02402) ] plie @y, @, H Ky, ky — ua-
CTOTBl M BOJIHOBHIE BEKTOPBI KaKHX-JIH60 IBYX MOHOXPOMAaTHYECKHX
BOJIH [epBOro MNpHGIHKeHUs,

Kak H3BecTHO, YaCTHBIH HHTErpaJ JHHeHHBIX ypaBHEHHH TaKoro
BHJA NPeACTaBJAsACT CO60H CYMMY 4JI€HOB C TAKHMH XKe 3KCIIOHEHIH A b=
HBIMY MHOXUTEJSAMH, KaKHe CTOAT B CBOOOAHBIX 4jeHaX (MPaBHIX CTO-
poOHax) ypaBHeHHH, H C Haji/lexalHM o6pa3oM NoA0GpaHHBIMH KO3(h-
¢bunuentamu. Kaxaplil 3 5THX 4JIEHOB COOTBETCTBYET Geryuieli BoJIHe
C YacToTOH ®; 4= @, H BOJHOBBIM BeKTOopoM k, - k, (uacToThi, paB-
HBbI€ CYMME HJIH Pa3SHOCTH 4acTOT MCXOJHEIX BOJIH, Ha3LIBAIOT KOMOUHA-
YUOHHbIMU).

Takum o6pasoM, 3ddeKTrl aHIaPMOHHYHOCTH TPEThEro NOopsiaKa
NPHBOAAT K TOMY, 4TO Ha COBOKYNHOCTb OCHOBHEIX MOHOXpOMaTHYe-
CKHX BOJIH (C YaCTOTaMH ®,, ®,, ... H BOJHOBBIMH BeKTOpaMH ki,
k,, ...) HanararTCsa HEKOTOpPhIE «BOJIHEL CJ1a60H HHTEHCHBHOCTH C KOM-
GHHALHMOHHLIMH YaCTOTAMH BHAA ®; #= ®, U BOJHOBbIMH BEKTOpaMH
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k; + k,. MBI rOBOpHM 38JeCh O HHX KaK O «BOJIHAX» B KaBhlUKax, HMes
B BHAY, YTO OHH NpPeICTaBAAIOT COG0A HEKOTOPHH NONPAaBOYHEIA S¢-
¢eKT ¥ He MOTYT CYINECTBOBATH CaMH 110 cebe (3a HCKJIYeHHEM HEKOo-
TOPLIX OCOOHX cAyyaeB; cM. HHXe). Mexay o, 4+ w, H k; &+ k, ne
yLOBJIETBOPAIOTCA, BOOGULE TOBOPS, Te COOTHOWIEHHS, KOTOPbiE HMEIOT
MeCTO JUIAL 9aCTOT H BOJIHOBHIX BEKTOPOB B OOHIYHBIX MOHOXpOMAaTHYe-
CKHX BOJIHax. |

$icHo, 01HaKO, YTO BO3MOKHEI H TaKHe crenuHaJbHble noA6opH 3Ha-
gellh#l @y, k; H ®,, k,, TPH KOTOPHX MeXAy ©y + @, H k, + k, (6y-
LeM TOBOPHTH JJISl ONpeNeJeHHOCTH O CyMMax, a He O Pa3HOCTHX)
GyZLeT BLINOJHATHCA OHHO H3 TeX COOTHOWIEHHH, KOTOpbie JOJXKHHI
HMETh MECTO AJA MOHOXpPOMAaTHYeCKHX BOJIH B AaHHOH cpene. Beous
ofl03HAuYeHHUs wy = ®; + 0, kg = k; + k., MBI MOXeM CKas3arth ¢ Ma-
TeMaTHYeCKOH TOUKH 3DEHHS, UTO g, k3 COOTBETCTBYIOT B 3THX CJy-
YyafX BOJHAM, YJOBJETBOPRIOIHM ORHOPOAHEIM JHHEHHHIM ypaBHe-
EHAM JBHXKeHUsl (6e3 mpaBOH 4YacTH) mepBoro npHGAH»keHHs. Ecau
B 0paBof CTOpOHe YPAaBHEHHH [BHXXEHHS BTOPOIO NPHO/IHIKEHHS
HMEIOTCH YJIeHB!, IPONOpUHOHAJbHbIe ¢f (KT-@:2) ¢ TaruMH wj, ky, TO,
KaK M3BeCTHO, YaCTHHII HHTerpaJ 3THX ypaBHeHuH GyJieT npeicTaBAsTh
coGoli BOJIHY 3TOH 4YaCTOTHI C aMIJHTYAOH, HeOrpaHHYeHHO Bo3pacra-
Kllel CcO BpeMmeHeM, .

Takum o6pa3oM, Ha/jlOXKeHHe ABYyX MOHOXPOMATHUYECKHX BOJH @,
k, ¥ wg, ky, L1 KOTOPHIX CYMMBI ®3, ks YIOBJETBOPSIOT YKa3aHHOMY
YCJIOBHIO, NIPHBOAHT B peayJ/bTare s¢eKra aHrapMOHHYHOCTH K fiB-
JeHH1I0 pe30HaHCa — BO3HHKAeT HOBas HACTOAIAs MOHOXpOMaTHue-
cKas BOJIHA g, Kz, aMOJUTyAa KOTOPOH BO3pacTaeT CoO BpeMeHeM H
B KOHIie KOHLOB nepecTaer GHTh Manoit, OueBHIHO, UTO €CJIH NIPH HaJso-
XeHHH BOJH 0y, k; H ,, k, BO3HHKaeT BoJHa ws, Ky, TO MpH HaJOMe-
HHH BOJIH 01, k; ¥ @©g, k3 TOKe GyleT MMeTh MECTO P€30HAHC U BO3HH-
KaeT BOJMHA ®, = g — Wy, Ky = k3 — k;, a IPH HaJOXEHUH BOJH w,,
k, U ©j, ky BO3HHKAET BOJHA ®f, k.

B uacTHOCTH, B H30TPONHOM Tesle @ CBf3aHo ¢ k mocpeicTeEom
o = gk uri o = ¢k, npuueM ¢, b ¢;. Jlerko BMieTb, B KakHX CJy-
Yasgx BO3MOXHO BBINOJHEHHE KaKOro-JHO0 H3 3THX COOTHOLIEHHIT
LTI KaXIOH M3 TpeX BOJH: 0, ki; w,, kg H 03 = ©; 4 0,, kg =
= k; 4 ky,. Ecan k; u k, He coBnmajamT no HanpabBJeHHIO, TO 23 <
< ky 4 ky; 5ICHO NO3TOMY, 4YTO NpH TakuX ki, k, pe3oHanc Bo3moxeu
JHOIb B CJEAYWOMMX ABYX cayuasx: 1) BosHE @, k; B 0,, k, mone-
PeuHEl, a BOJIHA w3, kg NPONOJIBLHA; 2) OfHA U3 BOJH @y, ky HIH ®,, k,
NPOROJLHA, ApYyras MONepeuHa, a BOJHA &g, k3 npofosnbua. Ecan e
pekTopo! k; ¥ k, MMeIOT of¥iHaKOBOe HanpabJeHHE, TO PE30HaHC Bb3-
MOXeH B cjayuasiX, KOria Bce TPH BOJIHBI NPOAOJIbHEI HJH BCE TPH NO-
NepeyHH, ’ ‘

DddekT aHrapMOHHYHOCTH C SIBJEHHeM pe30HAHCA BO3HHKAeT He
TOJILKO NPH HANOXEHNH HECKOJbKHX MOHOXPOMAaTHUECKHX BOJH, HO H
[IPH HaNHUHA BCETO OHOM TOMBKO BOMHH @3¢, ky. B 3TOM ciivyae B npa-
BOA CTOpOHE ypaBHeHHMH JBHXKEHHS HMEIOTCH UJEHH, NpPONOPLHO-
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HaJbhble e (kr-e)  Ho ecnn A @,, k, yAoBJeTBOpseTca OORYHOE
COOTHOINEHIE, TO (B CHIY ORHOPOJHOCTH NEPBOrO NOPsAKa 3TOro €00T-
HOLUEHHA) OHO YHOBJIeTBOpsAeTcH H JAA 2w,, 2k,. Takum obpasom,
S(pEKT aHrapDMOHHYHOCTH NPHBOAHT K MOABJIEHHIO HapAly € Kax-
RO K3 HMEIOUIHXCH MOHOXPOMATHYECKHX BOJIH @y, K, TaKike H BOJIHH
20,, 2k, c YABOEHHEIMH YaCTOTOA H BOJTHOBLIM BEKTOPOM, NputeM am-
NJIHTYAa 9TOH BOJIHB pactetr CO BpEMEHEM.

HakoHen, octaHoBHMCA KOPOTKO Ha TOM, KaKHM o0pa3oM MOryT
6LITh COCTaBJIEHH YPpaBHCHHA ABUIKCHHS G YYETOM aHrapMOHHYECKHKHX
ysaeHoB. Tensop AedopManui ROJKEH ONPeReNIATLCA TeNepb MOJHLIM
BhipaxeHueM (1,3) '

tn= g (G + g 4 2L, (26,1)

oxp 0x; Oxp

B KOTOPOM HeJb3s npeHeGpeub KBaJpaTHYHKIMH 1O «; uwieHamHd. Ila-
Nee, obilee BbIpaxeHue AMsl NJIOTHOCTH 3Heprin & ¥) AJis e ¢ JaHHOH
CHMMeTpHeH AOMKHO OBITb HaNHCAHO KaK CKaJdsp, COCTaBJAEHHHH H3
KOMIIOHEHT TEeH30pa #;; U HEKOTOPBIX XapaKTepHHX J/s BellecTBa
Tesla NOCTOAHHBIX TEH30POB, COJEp KalliX WIeHH [0 ¥KesJaeMol cTeneHH
no uyy,. Ilojcrapnaa sarem BrpaxeHue (26,1) xaa u; u orGpaceiBas
YJIeHb! CJHUIIKOM BBICOKHX MOPAAKOB MO «;, NOAYYHM 3HEPrHIO & Kak
(YHKIHIO NPOH3BOAHBIX Ou;/0x, C KeslaeMOH CTeNeHbI0 TOYHOGTH.

Jns Toro urolHl NOAYYHTH YPaBHEHHS JABHIKEHHS, 3aMETHM CJe-
nywmee. Bapuanusa 6& Moxer 6bITb Hanucasa B BHIE

6u,
8& = 0( dul ) oy
“Oxn

_ o#
k0 (Oui/oxr) ?

RJIH, BBOAS o6o3HaueHHe;

o, (26,2

nepenucuiBaeM 6& CaefyIOMEM oépasom

_ aéu, da;p
& = (4F7Y -B_X_h—' n .
Kosdpdruuents npu — duy HpelICTaBJIﬂlOT co60# KOMIIOHEHTBI CHJIBI, OT-
OTHECEHHOH K elHHHIE ob6reMa Tesa. OHH HMeIOT GOPMAJIbHO Mpex-
HHH BHJ, H MOTOMY ypaBHEHMS JBHMIKEHHS MOTYT ObiTb HamcaHbl Mo-
IpeXkHeMy B BHZE

= (le 6”!) - 6”[

. a(!ik
Polly = Fraat (26,3)
FI€ Py — HJIOTHOCTb HellehOPMHPOBARHOFO TeJia, a KOMIOHEHTHL TeH-
30pa 0y ONpEeAeJsIIoTCa Tenepb, corvacHo (26,2), ¢ &, HanmHCaHHBIM
C ’KeJIaeMOH CTeneHbl0 TOYHOCTH, TeH30p 0y, Temepn He cUMMETPUYEH.

3) Mul rosopuM 3fech 0 BHYTpeHHeR sHepruu &, a He o cBOGOAHOH 3HeprHu F,
MOCKOJIbKY peub HIeT 06 amnabaTHYeCKHX xonedaﬂﬂﬂx.



148 .. VINPYIHE BOJHE [ra. 111

[opuepkHeM, 9TO 0;; HE HMeeT Tellepb CMHbIC/A MJOTHOCTH ITOTOKA
HMnyJbca (TeHsopa Hanpsxkenui). B o6bunoil TeopHH TaKoe HCTOJM-
KOBaHHe MNOJydYaJoch B pesyJbTaTeé HHTIPHPOBAHHA IJIOTHOCTH
06beMHOI CHNH 00;,/0%, 1o 06pemy Tesa. IIpH 3TOM CyImecTBEHHO,
YTO NIPH HHTEPHPOBAHHH MH He JieJa/lu PasjJHuHs MeXAy KOOpAHHA-
TaM4 TOYEK TeJqa O H mocye JedopmMupoBanus, npeHebperas pasHuuei
Mexay HuMu., ONHAKO Npu rnepexole K CAEAVIOMHM NPHOIHMKEHHAM
Takoe npeHebpekeHHe CTAHOBUTCS HEBO3MOXKHEIM, H IIOBEPXHOCTb,
orpaHnuMBaKOWan 06JacTb UHTErpHPOBAaHHS, HEe COBNAajaeT C pealb-
HOU NOBEPXHOCTHIO pacCMaTLUBAEMOro yqacTKa TeJa nocJe ero aegop-
MHUDOBaHHS,

B § 2 6ny10 moKa3aHo, 9TO CHMMETPHUYHOCTh TEH30pa O;; CBfA3aHa
C COXpaHeHHeM MOMeHTa uMmnyJasca, Teneprb 3TOT pe3yJbTaT lle HMEET
MeCTa B CBSI3H ¢ TEM, 9TO NJIOTHOCTb MOMEHTA HMITYJbCa JOJIKHA 8aMH-
CHIBATLCS HE B BHJE X;Up ~— Xpl;, 4 KaK

(%3 - uz) try — (X - up) 85

Jajpava

Hanucats o6iee BrpaxeHue AJ1s yOpyroil 23HEPTHH H30TPONHOTO TeNa B TPEThEM

NpREIHKEHHA,
Pewen ne FH3 KOMDOHeHT CHMMETPHYECKOTO TeH30pPa BTOPOTO paHra MOXHO

COCTAaBHTh JBA KBaAPaTHUHEIX CKanspa (ul, nu}j) B Tpu KyOudecknx (43, u,uly,

ugptiyy). Tlostomy nanGosee oOMUA BHZ CKaNsIPHOTO BHIPAMKEHHA, COJEPKAIIErO
ujleHbl BTOPOH M TpeTbefl CTeneHell IO 4; €O CKaJIfAPHBIMH XKe (H30Tp0m-l0€ TeJs10!)
Ko3(QHLHEHTaMH, eCTb

C
& = pupy, + ( 53— 3 ) 4y + iy + Bugpny + =5 uj)

(xospdunnents npu uf, W4y, BHpakeHm ucpes MOLYIH CXKaTHS H cipura; A, B,

C — Tpn nosuie nocrosnuue), [logcTaBnsa cioga Beipaxenue (26,1) jis uyp H ocrap-
JISisl YIEHREl JO TPETHEro MOPAAKa BRJIOUHTEJbHO, NOJYYHM YNPYTYIO SHEPTHIO B BHJe

b Ouy 6uh ) ( K _ ) ( ouy )2
&= ( Oxp, axi + ox; )
A Ju; Ouy duy B4 K _ u) ou; u; )2
"‘(""‘ 3 ) Oxp  0x; 0%k "‘( 2 3 ) o (ax,,
+ A A duy dup Ouy , B Ouy Oup duy +__( ouy )3
12° Bz, oOx; Ox; 2 oxy ox; Ox ox; J ¢




TNABA IV ' :

AUCJIOKALIHH 1)

§ 27, Ynpyrde nedopMalMd OPH HAJTHYHHM JHCAOKALHK

Yupyrue gedopmanni B KpHCTaJIe MOTyT GRTb CBSI3aHbI HE TOJBKO
G BO3JIEHCTBHEM HA Hero BHEIUHHMX CHJI, HO H C HaJH4HeM B HEM BHy-
TPEHHHX JeeKTOB CTPYKTypbl. OCHOBHHIM BHIOM TaKHX Je}eKTOB,
CYHIECTBEHHBIX JJ/Il MeXaHHYeCKMX CBOHCTB KDHCTAaJJIOB, fBJSIOTCSA
TaK HasblBaeMble ducaoxayuu. VayueHne cBOACTB JHC/NOKAUMH ¢ aTo-
MapHoH, MHKPOCKONHYECKOA TOUKH 8pe- g
HHsl He BXOAHMT, pasyMeercsi, B InJaH i
3TOH KHWIH; MBI PACCMOTPHM 8Iech JUUb
YHCTO MAKPOCKOIIHYECKHE AaCHeKThl 3TOro
SIBJICHHS1 ¢ TOYKH 3peHHSl TEOPHH - yIIpy- LA L
roctH. OfHAKO JANd JIyUllero ysCHEHHSI _© o ¢ e P ® ¢ & o
(PU3HYECKOro CMBICJA H3JaraeMblX COOT- I
HOLIEHHH nNpelABapHTeJbHO HAOMHHM Ha e o o v o o o
ABYX NIPOCThIX HpHMean, B yeM 3akJio- e ® & o o o o o

YaeTCsl XapaKkTep JUCAOKALHOHHEIX JIE* o o o o o o o o
(eKTOB C TOUYKH 3peHUS CTPYKTYPhl KpH-
CTaJIJIHYeCKOH pEelLIeTKH. Puc. 22

IlpeacraBum ceGe, 4YTO B KpHCTaJI-
JHUECKYI0 peleTKy (paspe3 KoTopo# _
u3o6paxkeH Ha puc. 22) BABHHYTa <«JIHIUHASY KPHCTANJIHYECKas
NOJYMJIOCKOCT (COBMajaiomasi Ha pHCYHKE G BepXHeH moJay-
IJIOCKOCTBIO Y, 2). JIMHHA Kpas 3TOH MOJynJIOCKOCTH (nepneHiHKY-
JIsIpHAs NJOCKOCTH PHCYHKA OCh 2) Ha3bIBaeTCs B 3TOM CJyudae Kpaesoll
Oucaoxayuer. VickaxkeHHe CTPYKTYPH! pellleTKH B HemocpeACTBeHHOH
GJIH30CTH K [HCJIOKAaLHH BENHKO, HO y:Ke Ha PAaCCTOSHHAX NOpsiKa
HEeCKOJIbKHX IepHOJOB KPHCTA/IHYECKHE MJQCKOCTH CMBIKAIOTCH APYyr
¢ ApyroM NOYTH NpaBHJbHBIM o6pa3doM. [edopmanus cymiectByer,
OIHAKO, H BAAaNH OT jHc/JoKanuH., OHa sicHO OGHapy:KUBaeTcs IpPH
06xole B IJIOCKOCTH X, Y IO y3JaM pelleTKH BJOJb 3aMKHYTOI'0 KOH-
Typa BOKDYr HayaJa KOOpPAHHAT: €CJIH OnpelensiTh BEeKTOPOM u CMe-
HleHHE KaXJOTO yssla OT ero noJo:KeHHf B HIealbHOH pelieTKe, TO
NoJIHOE NpHpailleHHe 3TOro BeKTopa NpH 00XoZe GyAeT OTJIHYHO OT
HyJisl H paBHO OJHOMY NePHOAY BIOJb OCH X.

Jpyrofi THI AUCJAOKAIMH MOXHO HArJISJHO NPEACTaBHTh cebe KaK
pe3yJIbTaT «paspesa» pelIeTKH [0 NOJYIJIOCKOCTH, oc/e 49ero $acTH

) 3ta rsapa Hanucana cosmecTro ¢ A, M, KoceHuem.
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peIleTKH mo o6e CTOPOHHl paspe3a CABHIAIOTCR OTHOCHTEJBHO “APYF
Apyra Ha OfHH NEepHOA NapaJ/ye/IbHO Kpalo paspesa {(KOTOPHIH Hasbl-
EaeTCA B STOM CJyyae suHmosol ducaoxkayued). Hannuue Takofl pucno-
KallHH npeBpallaeT KPHCTaJJHYeCKHE NJIOCKOCTH B pelleTKe B reJiH-
KOHJaJbHYI0 MOBEPXHOCT: (NOAOGHYI0O BHHTOBOH JecTHHIe Ge3
cryneHek). [lpn nonHoM o6xoZe BOKPYr JHHHH IHCJOKaunuu (0Ch
reJIUKOHJa/LHOH NOBEPXHOCTH) BEKTOP CMeIEeHHS Y3JO0B MoJydYaeT
npHpallleHHe Ha OIHH NepHOA napaJsJjenbHo 3Tod ocH, Ha puc. 23
n3o0paxeHa cxeMa ONHCaHHOTO paspesa.

C MakpocKonHuecKoll TOYKH 3peHHSl AUCJAOKAaLHOHHas jaedopma-
IIMsT KpHCTaNJa KaK CIJIOLIHOM cpelinl o6Janaer B ofieM cayyae cae-
JyIOILHM CBOHCTBOM! NpH 06Xo0Jie no JIo60My 3aMKHYTOMY KOHTYpY L,

Puc. 24

OXBaTHLIBAIOLIEMY JIMHHIO AHCJOKaUHH D, BeKTOp ynpyroro cMelleHus
U NoJyyaeT onpejeleHHOe KOHEYHoe npHpaiueHue b, paBHoe (no Besn-
YHHEe H HanpaBJeHHIO) OAHOMY H3 NEPHONOB PEIUETKH; NOCTOAHHLIH
BeKTOp b HaswiBaeTcs sexmopom Lropzepca pauHoil aucsaokauuu. 310
CBOMCTBO 3amHCLIBAeTCs B BHAE

= gy — —b,
gidui _iﬁ L dxy, = —by, @7,1)

npHYeM NpUHHMAeTcsl, 4TO HanpabBiecHHe 00Xola KOHTYPa CBA3aHO
NpaBHJIOM BHHTa C BHIOPaHHLIM HampasJelneM BeKTOpa KacaTeJbHOH
K JIMHAH QucaoKanud t (puc. 24). CaMa JHHHS ZUCJIOKANHH ABJIAETCH
NpH 5TOM JHHHel 0coOBIX TOYeK nosa Aedopmanu.

YnoMAHYTHIM BEHIIE NPOCTHIM CAyYasM KpaeBoH H BHHTOBOH [H-
C/IOKallUfi OTBEYaloT npsiMple JHHUA D, BRONb KOTOPHIX T _ b uian
v || b. OTMeTHM TakKe, 4To B H306pakeHHO#H Ha pHC. 22 HarnsanHOM
KapTHHE KpaeBble JUCJAOKAIHH € NPOTHBOMNOJOXHEIMH HanpasjeHHAMH
b pasnualoTCs TEM, YTO «JIHIIHAA» KPHCTANIHYECKas. MOJYNJIOCKOCTh
JIEXKHT CBepPXy HJAM CHH3Y OT IVIOCKOCTH X, ¥ (0 TaKHX AHCJOKAUUAX
FOBOPAT K3aK O pas/IMYaioUUXCA NO 3HAKY).

B ofieM ciaydae RMCIOKaNHs sBASeTCs KPHBOR JIHHHER, BIOJDb
RoTOpGH yroJ Mexgy v u b mensiercs. Camuift xxe Bektop Broprepea b
HEM30€XKHO MNOCTOSIHEH BAOJb Beell JHHHM pucaokamud, OdYeBHAHO
TaKJKe, UTO JIHHHA FHCAOKAIHH He MOXeT APOCTO OKOHUYHTLCH BHYTDU
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KpHeTaJia (cp. HHXKe npEMedaHue Ha ctp. 152). OHa JoMKHA BHIXOANTD
oforMH KORIAMH Ha NOBePXHOCTh KpHCTakna an6o (Kak 5TQ O6mYHO
W GLlBaeT B PealbHNX YCIOBUSX) NpPeACTaB/ATbh cOG0H SaMEHYTYIO
HETAIO.

Ycnosue (27,1) osmauaer, APYrHMMH CJOBaMH, YTO NPH HAJIHYHH
AHCTOKAllHH BERTOD CMEHIeHAsl ABJSETCA HeOJHO3Ha4HOR ¢yHKuued
KOOpJHHAT, Moayyalolell 3alaHHOe NpHpaileHue NpH 06X0le BOKPYr
JHHHH JHCJIOKauuH, PH3HYeCKH, pa3yMeeTcsi, HUKAKOH HEOAHO3Hay-
HOCTH HeT: mpHpameHue b 03Havyaer JONOJHHUTENbHEOE CMellleHHe TOYEK
peleTKH Ha OfHH H3 MEPHOAOB, UTO BOOOINE HE MEHSET ee COCTOSHHS,
B wactHOCTH, TeH30p HampfKEHHH Oy, xapamepusytom.uﬁ ynpyroe
COCTOAHHE KPHCTa/Na, ABJsACTCH OXHO3HAYHOH W HEAPEPLIBHOH QYyHK-
niHeH KOOpI[PIHaT

Jas panpHefimero O6yaer yAoOHLIM BBeCTH 0003HaueHHE

W = G2, (27.2)

. Oxy

¢ NoMolLbI0 KoToporo yciosue (27,1) 3anuchiBaerc B BHAE
Pomds = —by (27,3)

Tenaop w;, (HecHMMeTpHUHEIR) MPHHSATO HA3LIBATE THEH30POM CUCMOP-
cuu. Ero cuMmerpuuHas yactb Jaer OORIYHEI TEeH30p JAedopmanuu

Uy = g (@ + Wre). (27,4)

Tensopn! Wy ¥ w4, — oHO3HAUHble QYHKIHY KOOPAMHAT, B MPOTH-
BOAOAOKHOCTL HeOZHO3HAUHCOH GQYHKUHH u (r).

YcaosHe (27,3) MoxkHO 3amHcath H B JupepeHUMANBHOM BHIE.
Hna sroro mpeoGpaayem Hurterpaid no KoHTypy L B HHTerpanm no
KakoH-sn60 noBepXHocTH S;, onHpaloiefics Ha 3TOT KOHTYp 1):

aw 9Ymp
G0 din = [ eum 52 df. (27,5)
L s
[MTocko/MEKY TEH3QD €5, aHTHCHMMETPHYEH MO HHIeKcaM [, m, a TeH-
30p OWnyp/dx; = 0%u;,/0%,0%,, CUMMETDHUEH NO 3THM Xe HHIEKCaM,
TO MOALIHTErpaJbHOE BEIPaXKEHHE TOXKIECTBEHHO PABHO HY/IO Besfe,
33 HCKJIIOYEHHEM TOUKH repeceueHHs JHERH D ¢ NOBepXHOCTLIO Sp; Ha
CaMOH JIMHHH JHCJOKAlUH, KaK JIHHHH OCOObIX TOYEK, NPeNCTaBJIEHHE

1) Cornacio Teopeme Crokca mnpeoSpasoBanue OCYIICTBAfETCA 3aMeHOH 3.Te-
MeHTa HUTEFPUPOBAHAS WO AMHHE dX; ONEPATOpOM

’ a
dxy > €41m dfy T
BN €)1y — CXMMUNHL SHTHCHMMETPHIHEH Teuaop, df — sxement naomagu. Hauom-

_ HHM, 470 BRPaMEHRe BHRA €)md;b; ecTh KosmowenTa [ably, BEKTOPHOIO HpOH3Be-
AeHHSI BEKTOPOB a H b,
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Wnn B BHAe NPOH3BORHEIX (27,2) Tepsier cMeica !). B 3aTHX Toukax
BEJHYHHB W;;, HANO ONpeJle/UTh C NOMOLILI COOTBETCTBYIOWIEH ©-
$OYHKIUMH Tak, uyToOb HHTerpaJ (27,5) mpuobpen TpeGyeMoe 3HaueHHe
—by. Ilycts § — ABYXMepHBIH paaHyC-BEKTOP, OTCYMTHIBAEMBIH OT
OCH AHCJOKAalUMH B AaHHOH ee TOYKe B IIOCKOCTH, NepUeHANKYAAPHOH
BEKTOPY T. DJIeMEHT IJIOLIAJH 3TOH IJIOCKOCTH BBIpa)KaeTcs uepes
aqeMeHT df nosBepxHocTH Sp Kak v di. [lo onpeneseHuio xBymepHOI
8-pyuxkuun 6 (§) nmeem

[s@wdt =, | 8@ =1.
SL

$IcHO NO3TOMY, YTO AJA JOCTHIKEHHs IOCTABJEHHOH LeaH Halo MOJOo-
KUTh

im g = — Ty () (27,6)
310 u ecTh HcKoMas mudpepeHuManbHasi 3anmuck yciaoBusa (27,3).

[Moste cMemieHHA u (r) BOKPYT QHUCAOKALHH MOXKET OBITh BHIPaXKeEHO
B o0lueM BuIe, eclH u3BecTeH TeH3op I'puHa G, ypaBHeHHH DaBHOBe-
CHSl JAHHOH aHH30TPOUHOH cpelw!, T.e. QyHKUHA, onpelessiomas
CMelleHHe u;, CO3LaHHOe B HEOTPaHHYEHHOH cpele COCpPeNOTOUYECHHOH
B HayaJie KOOPAMHAT elHHHYHOH CHJIOH, HanpaBJeHHOH BIOJb OCH Xy
(cM. § 8). Dro Jerko clenaTth ¢ HOMOLIBIO caelyioliero ¢opmaJsbHOTO
npuema.

BMmecro Toro 4to6bl MCKaTh HeOAHO3HAYHLIE pelleHHsA ypaBHEeHHH
paBHOBecHs, OyZeM paccMaTpuBaTh u (r) KaK 0JHO3HauyHYI0 QyHKIHIO,
YCJIOBHBIUHCE, YTO OHA HCIBITBIBAET 3aJaHHHIH CKadoK b Ha HeKoTopoH
IIPOH3BOJIBHO BLIOpaHHOM NOBEpXHOCTH Sp, omuparwolielics Ha JUCIO-

KanuoHHyl neryo D. Ecan u, u u. — 3HaveHust PyHKIHH COOTBET-
CTBEHHO Ha BepXHEM ¥ HH)KHeM Oeperax paspmeiBa Sp, TO
c—u_=bh, 27,7

(«Bepxuui» u «uuxuufi» Gepera omnpefesnensl Ha puc. 24. Hopmase n
K IOBEPXHOCTH Sy, HallpaBJeHHAdA NO OTHOLIEHHIO K T YKa3aHHBIM Ha
pUcyHKe o0pa3oMm, JaeT HamnpaBJeHHe OT HHUXHEro Gepera K Bepx-
uemy). MuaTerpupoBaniie no Koutypy L oT Bepxuero 6epera K HUXKHEMY
JaeT Toria pe3ysbrtaT (27,3) ¢ npaBUJbHBIM 3HaKOM. TeHSOPH Wy
Uik, GOpPMaTbHO ONpefiesienHble corsnacHo (27,3—4), GyAyT UMeTb Ha
«IIOBEPXHOCTH pa3phiBa» 6-06pasHyi0 0CcOGEHHOCTD:

o) = b8 (@), uff) = 5 (uby+mb) 8@, (27.8)

rae § — KoopzHHaTa, OTCUMTHIBAEMAs] OT NOBEPXHOCTH Sp BAOJb HOP-
-manu n (df = n dl, rge dl — ajemeHT AaHHBL KOHTYpa L).

1) Ecau Gul AHHHA JHCAOKAILMH OKaHYHBANACH B KaKoi-gub0 TOUKe BHYTPH Teja,
TO NOBEPXHOCTb S1 MOIVIa GH OHTEH Bul6paHa OXBATHBAIOUIEH STY TOYKY H TEM CaMbiN
Hurje He nepecekatomieff sHuuo D. Torna HHTel‘paJl (27,5) o6pa'm11ca OHl B Hy.’!-b
B NPOTHBOPEYHH C NOCTABJIEHHHM YCJOBHEM.
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ITockosnbKy HHKaKOH ¢(H3nHuecKod 0COOGeHHOCTH B cpejlie BOKPYT
JAHMCJOKAUHH B JAeHCTBUTEJNbHOCTH HET, TO TeH30D HaNpsiXKeHHH O,
KakK yKe OBLJIO YKa3aHo, JoJKeH GbITh OfHO3HAUHOH Be3Jie HelpephLiB-
HOM pyHKumel. Mexxy TeM ¢ TeHsopoM AepopmaunH (27,8) popMasbHO
CBsI3aH TEH30D HampsKeHHI

(S . ,(S)

Ol = MipimUini s
TOXe HMelomul 0cO6EHHOCTb Ha MOBEPXHOCTH Sp. ns toro utolbt
HCKJIIOUHThL €r0, Hajo BBeCTH (PUKTUBHEE O6GBEMHBIE CHJBI, paclpe-

JleJIeHHble BJIOJIb MOBEDXHOCTH Sy ¢ onpelesieHHOH IIoTHOCThIO f(5),
YpaBHeHHs1 DaBHOBECHS! NPH HaJHUYHH OGBEMHBIX CHJ HMEIOT BHJ

00; S
'T;:*-l—fz(' '=0

OTCXOJla AICHO; UTO HaAO IOJIOXKHTb

1 = — 55 = M (27,9)

Takum o6pasoM, 3agauya 06 OTHICKAHHH HEOJAHO3HAYHOH (YHKIHH
u (r) 5KBHBaJIeHTHA 3ajave 06 OTBICKAHHU OAHO3HA4HOH, HO pa3phiB-
HOH (YHKIMH NpH HaJHYHH OGBEMHBIX CHJ, OMNpefesseMblX (opMy-
Jgamu (27,8—9). Tenepp MOXHO BOCIOJB30BaThCS (HOpMYJIOH

u(6) = [ Gy (e — ) () dV".

[ToxcraBuB ciona (27,8), NpPOH3BOAHM HHTEIPHPOBAHHE IO YacTAM;
HHTErpaJ 1o 6eCKOHEUYHO YJaJeHHOH NOBEPXHOCTH HCYe3aeT, a B OC-
TaBIIeMcsl HHTerpaJe no o0beMy O-GpYHKUHA YCTpaHseTCsd TPHBHAJb-

HbIM 06pa3oM. 3aMeTHB Takke, 4To 0G;;/0x; = —0G;;/0xk, TOJYUUM
OKOHYAaTeJIbHO »
d Y,
43 () = —Mpimbm | 15— Goy(r — 1), (27,10)
Sp

TeM caMbiM HOCTaBjieHHAs 3ajaua pelueHa l).

HauGosee npocroit Buz fepopmanus (27,10) uMeer Braau or 3am-
KHYTOH XIHcJOKanuoHHOH Nerau., Ecam npexcrasasth cefe neTdio
pacrmoJioxkeHHoH BOGJIM3H Hauaja KOOpJAHHAT, TO Ha OGonpmHX (no
CPaBHEHHIO C ee JIHHEeHHBHIMH pa3MepaMH) pacCTOSIHUAX B IIPOH3BORHOH
0G;;/0x;, MOXKHO MOJIOXHTb I — I’ A~ I M BBIHECTH ee 32 3HAK HH-
Terpana. Torza noayyuM ‘

u (r) = —kjnimdim %"—). (27,11)

1) Tensop Gy A aHH3OTPONHOR Cpefll HafifieH B yKasaHHOR Ha ¢, 43 cTaTbe,
dreT TeH30p, BooGHIe rOBOPS, OUeHb CI0XKeH, B ciyuae npaMonuHefiHofi AHCAOKALKH,
KOTJia Mbl HMeeM Jies10.C IIIOCKOf 3aJaueil TEOPHH YIPYTOCTH, MOKET OKa3aTbCsA NMpoile
HEHNOCPEJICTBEHHO PeWaTh YPaBHEHUs DPaBHOBECHH, - . o '
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rae

din = Sibx Sy = [ mdf = et X . (27,12)
Sp b

KoMmnoneHnTs! akcHaJbLHOTO BeKTOpa S paBHH IVIOWAAAM, OTpPaHHYEH-
HbIM NPOEKUHSIMH NeTJIH D Ha IJIOCKOCTH, NeplNeHAHKYJspHbE COOT-
BETCTBYIOHIHM KOODJAMHATHRIM QCSIM; TEH30P d;5 €CTECTBEHHO Ha3BaTh
TEH30POM OuCAOKAYUOHHO20 Momenma. KomnoHeutl Tensapa Gy
ABASIOTCA OAHOPOJHLIMH OYHKIHSMH NePBOTO HOPSIKa OT KOOPAHHAT
x, Y, 2 (oM. ¢. 44). TNoatomy uz (27,11) BuaHO, uto &; oo 1/r%. Coot-
BETCTBYIOIlEE Ke I10Jie HaNpsKeHHH Oy oo 1/r3.

Jlerko BEIICHHTb TaKXke XapakTep 3aBHCHMOCTH OT PaCCTOAHHA
yHpyrux HanpsiKeHHH BOKPYT npsaMoJuHeHHoH auciaokauuu. B uu-
JIUHJIPHYECKHX KOOpAMHATAX 2z, r, ¢ (€ OCbIO 2 BROAL JIMHHH JHCJIOK&-
uuu) feopmanusa OyAeT 3aBHCETh TOMLKQ OT r U @. Murerpadn (27,3) He
IOJKEeH MeHATLbCS, B YACTHQCTH, NPH NPOHSBOVIEHOM NOJOGHOM H3Me-
HEeHHH Pa3MepoB JI000ro KOHTypa B MJIOCKOCTH X, y. OueBHAHO, 4YTO
9T0 BOSMOKHOQ, JMHUb echl Bee wy, oo L/r. Tolt we crenenn 1/r Gyner
APONOPLHQHAIEH H TEH3OP Ui, & C HEM K HARDSIKeHHH: Ty Q2 lir 1),

XoTa Jo CHX N0P MBI TOBOPHAM TOALKO O JHE/IQKALHLX, HO HOJIY-
YeHHbIE GOPMY bl TPHMEHHMEl TaKXKe H K HedopManpaM, BhHI3bIBAeMbIM
Ipyroro poja JedeKTaMu KpUcTaaudeckol cTpykTypr. Hucaokanuu
— JuHelHHe JeeKThl CTPYKTYpbl. Hapaay ¢ HHMH CyIleCTBYIOT
JedeKTsl, B KOTOPHIX HapyilleHye NpaBHJBHOH CTPYKTYpHl pacrpo-
cTpanseTca no ofJacth BOAH3K HekoTopo# NnokepxHocTtH 2). C mMakpo-
CKONHYeCKON TOYKH 3PEHUE Takol JedeKT MoKer GLITh ONHCAH Kak
[IOBEPXHOCTb Pa3phiBa, Ha KOFOROHl BEKTOp CMEMEHHH U HCHBITHIBAET
CKaYoK (HanpazeHHs Xe O;p OCTAKTCH HelPEepPHIBELIMH B CHAY yCJO-
puii paBHoBecus). Ec/iH Ha Bcefl MOBEDXHOCTH BeJMuuH& b cKauka
OJHHAKOBa, TQ B OTHOLIEHHH CO3AAaBAEMBbIX UM JedopMalHH TakoH
paspsiB HUYEM HE OTJINYaeTCs OT AUCROKAIHH (pacnolokeHHOH BROJhL
ero Kpas). PasHuLa COCTOHT JIHIIB B TOM, YTO BeKTop b He paBeH Ie-
puony peuleTkd. [ToJioxKeHHe Ke NOBepXHOCTH Sp, 0 KoTOpoil GELIA
peub Bhille, epecTaeT 6bITh NIPOH3BONLHEIM i JOAXKHRO COBIIaRATH C HaK-
THYECKUM pacliovioXerieM ¢usHweckoro pasputBa. C takofl nosepx-
HOCTBIO pa3pHiBa CBfiSaHA ONpeReleHHas RONOJHHTEALHAR SHEPrud,
uTo MOXeT ObITh ONHCAHO ITYTeM BBEACHH COOTBETCTBYIOHIETO KO-
dunrenTa NOBEPXHOCTHOrO HATSKEHAS.

1) O6paTuM BHMMaHHMe HA ONpeLe/NeHHYI0 AaHAJOTHIO MeXKLY NOJeM YNpyroi
RepOPMALYH BOKPYT JIHHHE AHCHOKAUHE B MAFHUTHHIM [OQJEM JHHEAHHX NPOBOLHHU-
KOB; poJib CHJIH TOKa HI'paeT mpH 9ToM BekTop Broprepca. Oxnako, He rosops yxe
O COBepUIEHHO DA3/JHYHOH NpHPOJE TeX H APYTHX (HIHUECKHX snaennd, cremems
AHAAOTHIHOCTH YMEHBHIAETSS' TAKKE H PABGHEM B TEHIOPHOM XapaKrepe COOTBeT-
CTBYIOIRHX BEAHIHH.

" %) HispecTHsns NPHMEPOM TAROTO: poja AehekToB ABARETCR TOHKAR HBORNHKQOPAs
npocioiiKa B KpACTaneE, .
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3azaunm

}. Hanucats auddepeHiHanbHbie ypaBHEHUS! DABHOBECHS AAf AHCAOKAIUCH-
noft dedopmanu¥ B M30TPOMHOM cpefe, BHIPAXKeHHLre yepes BEKTOp CMelueHHd !).
Pemenue B Tepmunax Tensopa HanpsiKeHWil HJM TeH3opa AedOpMalUH
ypaBHEHHsl DAaBHOBECHS HMEIOT OGLIYHLIA BHI: 00;5/0xp = 0 MM, MOACTABHB Tjp

us (5,11);

au,-k a au” _
T T T—20 oz = (1
-Ho npu pepexose x BexTOpY u Hapo yuecTh jubdepennnanbHoe yciosue (27,6).
YMHOXUB (27,6) Ha €;3, M YIPOCTHB 1O i, R, HONYYHM %)

G, s
—a’—lﬁ-——aﬁ&-”—“"[‘rblnﬁ(g)' @

Ilepenscas (1) B Buze
1 w1 Bwp o dwyy

2 Oxp 2 ox + 1—20 ox;
U MOACTaBUB ciofa (2), waxorum

dwyi 1 ow;p )
axh _'— 1 o 20 axi - [Tb]l 6 (g)'

Ilepexonsi Temepb K u, coryiacHo (27,2), HaXOZHM HCKOMOE YPaBHEHHE IJIS1 HEOJHO-
asaqHoi $yHKUHH u (1) B BHIE
At~ g divu = [1b] § (%). 3)
l1—2¢
Pelnenne 3toro ypaBHeHHs JOJKHO YAOBJETBOPATb ycaosuio (27.1),

2, OnpenenuTs ZepOpMalHI0 BOKPYT NPSIMONUHeHHOHN BWHTOBOH AHCAOKANHH
B H30TPONHOH Cpefe.

Pemenue Brobupaem UHIHAAPHICCKHEe KOOPAHHATH 2, 7, ¢ C OCBIO 2 BAOJb
JHHHH JIHCJIOKALHH; BexTop DBroprepca: by == by = 0, b, == b. U3 coobpaxenuit
CHMMETPHM OYeBHAHO, 4TO CMelleHHe W Napaje/bHO OCH Z H He 3aBHCHT OT KOOp-
AMHATH 2. YpapHenue paBuoBecus (3) samaeu | ceoputes K Au; = 0. Pemenine,
yAog/eTBOpAIONlce yCioBHIO (27,1) 3):

U, =T_‘-(P.

Y TeHSOpPOB u;; M O OTJIHYHB OT HYASl JAHIIL KOMIIOHEHTH

pb
b =77 Um =5

Tak 4To Aedopmanusi nmpencTamasieT co6o# 4HCTHIH CABHT.
Cpofoxnasn 3HepruA JAHCAOKAllHH (Ha €IHHMLY ee AJHHH) AAETCA HHTErpajoM

1 ub? ¢ dr
=5 J 2o v = L [ -,

1) duanuecKHH CMbICA STOH H APYrHX 3ajad, OTHOCHMHXCH K MIOTPONHOH Tpele,
yC0BeH, NOCKOJLKY peaibHBle RUCAOKAIHH TI0 CaMOMy CBOEMY CYIUECTBY CBOH-
CTBEHHH JIMIUb KDHCTalaaM, T. €. HHH30Tpommof ¢pefe. Stu sajaun, ofHAKO, Npef-
CTaBJAOT onpeleseHHbl HJIIOCTPATHBHEIA HHTepec,

%) Hanomuum ¢opmyay

eiimeika = d1amn ~ Sinduns

- B Bo Bcex sapauax 0 NPAMOSHHCHHHX AMCIORANHAX MPAHAMATM BEKTOp ¥ B OT-
. pBuaTeapHOM HanpaeJaCHHH ocH 2,
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JorapudMHYeCKH PACXOASUIAMCH Ha OGOMX mpefienax. B xauecTBe HHXKHero npegena
cyieflyeT B3AITb BeJHUHHY NMOPSAJKa aTOMHBIX DACCTOSIHHH (~b), Ha KOTOpBIX Aedop-
ManHs BeJHKAa M MaKpOCKONHMYeCcKasi TeOpHsl HenpHMeHHMa. BepXHHH e npegen
ompefe/sieTCss pasMepaMu MOpsifika JuiHue L AuciIoKanuH. Torxa

pb In L

47 b *

F =

OHepruio xe gepopMalHu B «cepAlEBHHe» NHCAOKAnuH BOMH3H ee ocu (B obnacTu
¢ TUIOMARLIO ceuelnsl ~b%) MOXKHO OleHHTL Kak ~ub%, Ilpu In (L/6) > | ata smep-
FHSl Ma/la Mo CPaBHEHWIO C 3Hepruedl noss ynpyrofi Aedopmanuu ).

3. OnpepesuTh BHYTpeHHHE HANpPSXKEHHS B aHU3OTPOMHOH cpeje BOKDYT BHH-
TOBOH RUCJIOKAlLMM, MEPIEHAHKYASPHOA IJIOCKOCTH CHMMETPHH KpHCTaJia.

PemweH ue DBulupaeM cucreMy KOOpDAHHAT X, Y, 2 Tak, 4TOGb OCb 2 COBIa-
Jlana ¢ JHHHed AuciioKanuu (M CHOBA nHuieM b, = b). BekTop u onsith uUmeer JiHIiIb
KOMIIOHEHTY «, = K (%, y). Tak Kax IJIOCKOCTb X, Y SIBJSIETCS IJIOCKOCTbIO CHMMe-
TPHH, TO PaBHBl HYJIO BCE€ KOMIIOHEHTH TEH30Pa Aipym, Y KOTODHX HHEEKC Z BCTpe-
yaercsl HeueTHOe 4HCJAO pad. [lo3TOMY OT/IMYHBI OT HYJSl TOJbKO JBe KOMOOHEHTHI

TeH30pa Gjp! 3 3
7 i

Oz = hyrnez - + Axayz oy’

ou ou
Uyz=}~yzxz Ox 'I‘}vyzyz oy

BeeseM BYXMepHEIE BEKTOD G H TeH30D Agp: Oq = Ouz Aag = rasp; (@ =1, 2).
Torga : a
i

0a=;\aﬁm;

a ypaBHeHHe paBHOBecust 3anHchBaeTcsl B BiZe div o = 0. Hckomoe pemenue sroro
YpaBHEHHS JOJKHO YAOBJETBOPSITb ycjoBuoo (27,1): Vudl = b.

B takoM BHAe 3afaua cOBIajaeT C 3ajadyeil 0 HAXOXKAEHHH HHAYKIHH M Haups-
JKEHHOCTH MarHHTHOrO noJis (POJIb KOTOPOrO HIpaloT O ¥ Vi) B aHH3OTPONHOH cpene
(c MarHHTHOA NPOHHMUAEMOCTBIO Agg) BOKDYT MNpAMOJIHHEAHOTO TOKA, CHJIa KOTOPOro
I == cb/47. Bocnosb30BABIIMCH HM3BECTHHM W3 3JIEKTPOAUHAMHKH pelleHHeM 3TOH
sajauu, HaljgeMm
b Magepyaxy

“2n YA )»O"',lﬂ,xa,xﬁ,

Ogz ==

rie |A]— onpenenntens Tenaopa Agg (cm. VIII, sagaua 5 x § 30).

4. OnpefenuTs JedopMallHIoO BOKPYr [PSAMONUHeNHOH KpaeBOH RHUCJIOKAIMH
B H30TPONHOH cpefe.

Pemenue IlycTs ochb z HanpaBieHa BAOJNL JIMHHH JHCIOKAILHH, 4 BEKTOD
Broprepca: by = b, by, = b, = 0. W3 cummerpun safiauM OUYEBHJHO, UTO BEKTOp
ZeOpMaLl e JIEXKHT B IVIOCKOCTH X, ¥ H He 3aBHCHT OT 2, TAK 4TO MBI HMEEM Je/I0 C 110~
ckoft sajauefi. Huxe B aTofi sajaue BCe BEKTOPHl H BEKTOPHBIE OHEpalHH — JABYX+
MepHble B INIOCKOCTH X, Y.

BylleM HCKaTh pellleHHe YpaBHEHHA

1 .
Au 4 T v diva=—5jb (r)

1) 3TH oueHKH HMEIOT OOIuit XapaKTep H CHPaBeJHBH N0 NODAAKY BEJTHIHHH
it Mo6of (He TOALKO BHHTOBOH) AHCHOKauHH. Clelyer OTMEeTHTb, YTO (aKTHUECKH
sHayenus ly (ll3 b) QObIYHO HE CTONR BEHKH, TaK UTO SHEPrHA $CeDIUCBHHBIY COCTaB-
AseT saMeTHYI0 1aéTh MOAHOK SHEPTHH JHCHOKAIUH,



§ 271 YNOPYruE JAEGOPMAUMH TNPH HAJHUYHUH NOUCIOKALHH 157

(cM. 3anauy 1} j — efMHHUHBIH BEKTOD BAOJDb OCH ¥) B BuAe u = u'®  w, rpe ut®) —
BEKTOP € COCTaBJSIOUUMH

b b
U;O) = -—2—:—_[—(p, u;‘” =2_ﬂ Inr

(MEHMaf B BemecTBennas uacth or (b/2m) In (¥ + iy)); r, ¢ — KOASIPHEIE KOOPAH-
HaThE B MJIOCKOCTH X, Y. DTOT BEKTOp yAOBJIeTBOpsieT ycaoruio (27,1). Tostomy 3anaua
CBOJIRTCA K HaxOxAeHWIo OfHo3HauHoH ¢yHKuum w. IlockoJabKy, Kak Jerko yGe-
JAHTBLCS,

divu'® =0, Au'® =5js(r),
TO W YAOBJETBOPSET yPaBHEHHIO
1 . .
AW 4 ey div W = —2bj§ (r).
1—20
3To — ypaBHeHUe PABHOBeCHS! NOA HAeCTBHEM CHJ, COCPENOTOYEHHHIX ELOJb
ocH 2z ¢ 06BEMHON TJIOTHOCTLIO
Ebj
T+
(cp. ypasHenne (1) B 3anave k § 8). C nomomyio HafijeHHOro B TOH e 3ajaye TeH-

30pa I‘ana Aaf HeOFpaHHlleHHOﬁ Cpelbl HAXOXACHHE W CBOAHTCA K BBIYHCJEHHIO
HHTEerpasJsa

§(r)

w=8n(1b—0)2.‘[(3—R40)1 +%F sz’ R=Vrtz7

B peayaprare nonyunm

b 1 xy
=g { e+ g )
. b 1—20 =1z 1 x2

Y=g {2 (1—o0) In V'@ +y + 2(1—o0) x2+42 }
Briuuc/enHHl 0TCIONa TEH30D Hanpﬂmeﬂnﬁ HMEeT JeKapPTOBH KOMIOHEHTE!

_ y(3x2+y2) — g Y —17) __pp X2 —y?)

Oxx = —bB o ! Bt ep . W= aran
HJIH TIOJISIPHEIE
sin cos
Opr = Oggp == —bB r(P, Orp = bD r(P,

rxe o6osHauero B = p/2n (1 — o),

5. BecKoHeuHOe WUHCJO OJNHAKOBHIX NApajJlelbHbIX NMPSIMOJIMHERHEIX KDaeEbIX
AMCTOKaUNH B H3OTPONHOA CPElle DACMOJIOKEHH B ONHOH IUIOCKOCTH, NMEpNeHIHKy-
JSIPHOH HX BeKkTOpaM bioprepca, Ha OJHHAKOBHX pAacCTOsHHsIX A APYr OT Apyra.
HafiTH HanpfAXeHHA CIOBHIa, CO3JiaBAEMbIE TAKON «JHCIOKALHOHHON CTEHKOM» Ha pace
CTORHMSNX, GOJbUIHX NO CpaBHEHHIO ¢ A.

Pemen ue IlycTs AHCIOKALHH NapalelbHbl OCH Z K PACMONOMKEHH B IO
ckoctH y, z. CornacHo pesyJeTataM 3ajaui 4 CyMMapHOe HampsIKEHHE, CO3/aBaeMOe
BCEMH JHCJOKAllHAMH B TOUKE X, §, KAeTCH CyMMO#

[+

2 __ (g — nh)?
Oxy (¥, y) = bBx 2 [x:+ (;y___ nZ)Z)]z

f==-—00
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Iepennmem sty cymmy B BHIe
a d/J (a,
oy =—0B2 [J(a, ﬁ)fa_._a.a..f’_)},

rne
oo

1 x Yy
1w = X g ¢m P

n=—oo

Cornacro Qopmysie cymmupoBauust Ilyaccona

i Fn) = i Tf(x)em’“‘dx.

n=—o0 k=:—o00 —o0
HafiieM
o oo =] ;
- dE . AR g
Yo = | g ke Y | Gt
—00 k=1 —00
- 2 *
= T Y e cos e
k=

Hpu @ = x/h > 1 B cyMmme 1o & MOXKHO OCTAaBHTD /UL MEPBHI YieH, H B pe3yiib-
TaT¢ IOJYYHM

Oy = 4028 %—e—m"‘/h cos (2n -i/l—) .

Takum 06pa3oM, HanpsKeHHst yObIBAOT APH YAaJdeHHH OT CTEHKH IO 3KCIOHEHUH-
aJIbHOMY 3aKOHY.

6. Onpenennts nmedopMalRl0o H3OTPONHOK CPeA BOKPYT RHMCAOKAILHOHHOM
netan (/. M. Burgers, 1939).

Pemenue Hcxoaum us gopmynn (27,10). Teusop Azprm ANS H3QTpOIHOM
cpenst corsacho (5.9) u (5.11) Moxer OuITh IpeicTaBleH B BHIE

2
Mipim =1 {r_—_%—o O:udun + Qi:ﬁkm + G:mﬁm} .

Tensop I'puua ana m3oTponHOi cpelpl HalileH B 3ajiaue K § 8 H MoxeT OHITh Hpef-
CTaBJleH Kak

1
T6np (1—o0) R {(3 — 40) bsp + viva}-

Gin (R) =
3peck R = (r — r’) — pannyc-BexTop oT snementa 4f’ (8 Touxe r') K Touke HaBAIO-
penns tedopMalmy (Touka r); v = R/R — eAUHUURHIE BEKTOD B 5TOM HARPABACHHH.
Hoxncrasus 3TH Bupaxenus B (27,10) ¥ npousBeRs 1o/ HHTerpasom TpeGyemuie AHG-
thepeHIupOBanNA, NOJYYHM NOC/E BLIYHCIEHRA

u(r) = SJ:(TEJU) Sj 1;2 {b(vdl’'y | Bv)di’ —v (bdt)} +
D

3 1 ,
+'§E(T:E)"sj~§rv ®v) (var). ()
D
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Crosigse afech HHTerpajsl MOXHO BLIDa3HTh Yepe3 HHTErpajn no KOHTypy D —
no netle AHCJAOKAaNHH. [las 3aToro 3aMeuaeM cJieaytoumiue Gopmydan:

) QH‘ b= [ (v d'—vGdr),.
D

Sp

gﬁ vldir=— | % (b di’ + (bv) (v di").
D Sp

VlnTerpansl B mpaBX yacTsAX PAaBEHCTB NOJYYAlOTCS M3 KOHTYPHBIX HHTErpasoB
B 7€BOf cTOpoHe npHMeHeHueM TeopeMbl CTOKCa, cOMTacHo KOTopo# mpeoGpasosarne
ocymectsasercs 3amenoll dl’ —- [df'-V'] (rme V' = 0/0t’); nockoapxky nommiu-
TerpajibHOe BhipaKeHHe 3aBHCHT TOJBKO OT PAsHOCTH f — r’, 3T0 npeoGpasoBaHHe
SKBHBaJeHTHO 3aMene dl’ — — [di’-V] (rme V = 6/0r). Beezem Takixe TesecHHIl
yroa ©, nox KoTopeM nemis D BHAHA M3 TOUKH HAGMIOJEHHA, COLMACHO Onpeleie-
HHIO

Q=j%vdf’.

Torga nosie cMenienuii mpeicTaBHTCS B BHIE

Q 1 1 , 1 '
D D

Heonnosnauyncers 3Tofi ¢yHKIHH 3aK/AOYEHA B NepPBOM ujieHe — yroa £ Mensertes
Ha 47 mpH 06X0fle BOKPYT JHHHH D.
Bpaan ot neriH BhipaxeHHe (I) cBomHTCA K

—9
u () = Sﬁﬁ (S (bv) + b (S¥) — v (Sb)} + m (Sv) (bv) v.

D1y dopMyay MoOxKHO Gbio Gbl NMONYYHTb H HeMoOCpeACTBeHHO H3 (27,11—12),

§ 28. HdeficTBHe mojiga HanpsiKeHHIF HA JAHCJIOKALHIO

PaccMOTpHM AMC/IOKANHOHHYIO neTiio D B nose ynpyrux Hanps-
JeHU#l Off), CO3NaHHBIX AeHCTBYIOUMMH Ha TeJO BHENIHHMH HArpys-
KaMH, H BBIUACAHM CHJAY, JeHCTBYIOULYIO Ha Hee B 3ToM moJe. Co-
rJacHO OGIIMM MpaBuJaM AJsl 3TOro Hajo Ha#it pa6ory ORp, npous-
BOJMMYIO HaJ AMCIOKanHed NpH GeCKOHEYHO MaJjioM ee CMeLIeHHH.

BepHeMcs K BBeleHHOMY B § 27 mpeACTaBJeHHK O JUCJIOKAIHOH-
HoH netsie D Kak JIHHHM, H2 KOTOPYIO ONUpPAaeTcs HOBEPXHOCTH (Sp)
paspeiBa BeKTOpa CMelleHHsd; BeqHYHHA paspbiBa Jaercsd QopMyJson
(27,7). CMellleHHe NMHMH AUCIOKAUMH D OPHBOAHT K H3MEHEHHIO IO-
BepXHOCTH Sp. ITycTs 86X — BeKTOp cMelieHHs ToueK JuHHH D. Cme-
masice Ha 0x, ajsemeHT gl IMEHB JHHHH onMchiBaeT miomwaip 6f =
= [6x.dl] = [6x-x] dl, uem u onpenensiercs npupaieHHe NIOLLALHR
noBepxHocTH Sp. ITocKONBKY peds HIET Temepb O peanbHOM, H3HYe-
CKOM CMeIlleHHH HAHCNOKAaNHH, HeoGXOAMMO YUecTh, 4TO YKa3aHHad
onepanus CONPOBOXKIAeTcs H3MEHeHHeM (pH3HUeCKoro obbeMa CpeiHl.
[TockonbKy CMelleHHST U TOYEK cpelbl Mo 06Ge CTOPOHBI NOBEPXHOCTH
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pasJaHyaloTCsd Ha BEJHUYHHY b, TO 3TO H3MEHCHHE NAETCA NpOH3Bele-
HHeM

8V = bdf = [6x-1]bdf = x [tb]df. (28,1)

B cBf3su ¢ 5THM BO3MOXKHBI JIB€ CYILECTBEHHO Pa3HUYHBIE (PH3HYE-
ckHe cutyanud. B oxHolt u3s Hux 6V = 0, cMeulenue JuHuu aucI0Ka-
IUH He CBfI3aHO ¢ M3MeHeHHeM o6beMma. Tak OyAeT, ecH CMelleHHe
OpOUCXOAHT B IJIOCKOCTH, ONpeflesisieMol BeKTopaMu T H b. 3ty mo-
CKOCTb Ha3BIBAIOT NAOCKOCHIGIO CKOAbOCEHUA JAHHOTO 3JEMeHTa JHCJIO-
kauuu. Orubamounyro ceMeHcTBa IJIOCKOCTEH CKOJIbXKEHHS BCeX 3Je-
MEHTOB AJHHEI NeTVIH D Ha3wBaIOT NOGepXHOCTIbI0 CKOAbNMEHUS LHCIO-
Kalll{; OHa MpeAcTaBJsAeT co60l LUHIHHAPUYECKYIO TOBEPXHOCTh ¢ 06~
Pa3yIOLIMMH, NapaJileJbHEIME BeKTopy Droprepca b 1), ®usuyeckas
0COGEHHOCTE JIOCKOCTH CKOJIBXKEHHS COCTOMT B TOM, UTO TOJBKO B Hel
BO3MOXKHO CPABHHTENLHO JIETKOe MeXaHHYeCKOe NepeMelleHHe AHCIIO-
KalMH (0 KOTOPOM B 3TOM cJydae OOBIYHO TOBOPAT KaK O €e CK0Ablice-
Huu) ?).

C u3MeHeHHEM NJOIAJM TOBEPXHOCTH Sp MPU CMEIIEHHH JHCIO-
KallUH CBSI3aHO H3MeHeHHe CHHTyJspHOH Xedopmauuu (27,8), cocpe-
JoToueHHoe Ha JuHUH D. Ero MOXKHO mpecTaBUTh B BHJE

Sufp™ =1/, {b; [6x- 1], + by [6x-7);) 6 (B), (28,2)

rae 8 (§) — BBenenHas B § 27 asyxmepHas O-pyukuus. IToruepkuen,
yTo 3Ta JedopManus OXHO3HAYHO onpenensercs ¢opmofi auuuu D
H cMmelieHreM 0X, B OTJIHYHE OT BelpaxeHus (27,8), saBucaumero or
NPOH3BOJBHOTO BEIOOpA MOBEPXHOCTH Sp. -

Bripaxenue (28,2) onuceiBaeT JOKaJBHYIO HEYNPYTYIO OCTATOYHYIO
JedopManuio (ee HA3BIBAIOT RAACHIUYECKOL), He CONPOBOKIAMULYIOCS
ynpyruMu Hanpsikenusimu. CBsisaHHas ¢ HeH pabora, coBepliaeMas
B KOHEUHOM CUeTe BHEIUHUMH HCTOUYHHUKAMH, JIAeTCs HHTErPasioM

[ 0% suav

(cp. (3,2)), rme mox Ouy;, HaZO NOHHMATh IOJNHOE TEOMETPUYECKOe

HaMeHenue Jepopmauud. OHO CKJIAJHBAETCs U3 YOPYToH H NJlacTHYe-

CKOM yacTel; HaC HHTepeCcyeP 3[ech TOMBKO paboTa, CBS3aHHAs C NJa-
()

cTHyeckoit yacTeio ?). ITocne nopcranoBku Ou;, w3 (28,2), BBUAY Ha-

1) BoaMosxHEIE CHCTEMBl IVIOCKOCTeH CKOJIbXXEHHA B @HH30TPOMHOM cpefie $haKTH-
YeCKH ONPejesIfiOTCH CTPYKTYpPOHl ee KPHCTANIHYECKOH pelleTKH.

%) Tak, ana NepelBHXKeHHA H306paxKeHHOH Ha pHc. 22 KpaeBolt AMC/IOKaLUM
B ee IVIOCKOCTH CKOJIbXKeHHs (IVIOCKOCTDb X, 2) AOCTATOYHO CPaBHHTENIbHO HeGOJbLIHX
nepeMeiienufi aTOMOB, B pe3ysibTaTe KOTOPHIX IHITHMMH» GYAYT OKasbIBATBCH BCe
Gosiee yJ/laJieHHble OT IVIOCKOCTH Y, Z KPHCTAJJIHYECKHE NOJYIUIOCKOCTH.

%) Ilpu BHIBOJE YPABHEHHH JBHXKEHHS BHPTYaJbHEIE MJIACTHYECKYID H YOPYryio.
AedopMallHK HaJlo pPacCMaTPHBATh KaK He3aBHCHMble MepeMeHHble. MHTepecysch ypas-
HeHHeM JIBHXXEHHA JHC/IOKalldH, HaJ0 paccMaTpHBATh TOJLKO MJIACTHYECKYIO Aedop-
MaLHIo, : ,
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JHYHA B HeM O-pyHKUHH, oCTaeTcsi HHTerpHpOBaHHE TOJBKO BIOJb
AJIMHBL HCIOKAUHOHHOK netmu D:

8Rp = § olflesin xi7y, dl. (28,3)

D

Kosdpuirent npu 6x; B NOABIHTErpajbHOM BBIPAXKEHHH €CTb CHJA i,
JeHcTByIOIAsl HA eNHHHIY AJUHBI JHHUH JHCIOKanuH. Takum obpa-
30M,

fi = eniTh0inbm (28,4)

(M. O. Peach, J. S. Kohler, 1950). Otmerum™, yTo cHsa f nmeprneHauky-
JspHA BEKTODPY T, T. €. JIMHHH AHCJIOKAIHH.

dopmyaa (28,3) ponyckaer HarIsgHy0 naTepnperanuto, Coraacuo
CKa3aHHOMY BEILIE CMellleHHe 3JIeMeHTa JIMHHH AHCJIOKalHH CBOJLHTCSA
K pa3pesaHHI0 HeKOTOpo# myomaikud df u cABHrY BepxHero Oepera
pa3pe3a OTHOCHTEJIbHO HHXKHEr0 Ha nmmy b. ITpusoxennas k df cuna
BHYTPEHHHX HaNpsKeHHH ecTh G\f dfs, a MPOM3BONMMAasA 3TOH CHJIOM
npHu cisure pabota ecTb b0ty dfe.

[TockombKy B HanucauHoM Buze ¢opmyaa (28,4) otHocutcs
TOJBKO K MepeMellleHHI0 B IJIOCKOCTH CKOJbXKEHHS, HMeeT CMBICI
Cpasy ke HamnucaTb NPOEeKIHUIo cHJbl f Ha 3Ty miIockocTs. IlycTh © —
eJHHHYHBIA BeKTOP HOpPMa/JH K JHHHH JAHCJIOKAUHH B INIOCKOCTH
ckoabxKenusa. Torma

e
fo=1n= eihl“ikamogn;

HJIH
fJ_ = Vlo(lfrtbm, (28;5)

rae v = [#t] — BekTOp HOpManH K NJIOCKOCTH CKOJbxkeHHs. [lo-
CKOMBbKY BEKTOpPH b M ~ B3auMHO NepHeHJUKYJADHH, TO (BbIOpaB

BJOJIb HUX JIBE M3 KOOPIMHATHBEIX OCefl) MbI BUAUM, 4TO CHJa f, ompe-

JeJsieTcsa Bcero OJNHOA H3 KOMIIOHEHT TE€H30pa 0([,7{

Ecli e CMellleHHe IUCJIOKAIMH IPOHCXOJHT He B MJOCKOCTH
CKoJbXKeHHsA, T0 8§V 5= 0, D10 3HauuT, YTO CMeliieHUe OeperoB pa3pesa
npHBeso Obl K NOABJEHHIO H30bITKA BelllecTBa (Korja oiHH Geper «me-
pexJiecTblBaeT» Ipyrod) HJIH K ero Hejgocraue (o6pasoBaHHe IeJH
MeXJy pas3jBUralolUMHCs Geperamu). 3TOro HeJb3si JIONYCTHTD, €C/IU
noJiaraTh, 4TO B Mpollecce JBHKeHHs JHCJIOKAIHH CIVIOIIHOCThL Cpelbl
He HapylIaeTcs H ee IJIOTHOCTb OCTAeTCs HeH3MEHHOH (C TOYHOCTBIO
J0 YApyrux Jebopmanuii). YcrpaHeHHe H3GBITOYHOTO BellleCTBa HJIH
3allOJIHEHHE eI'0 HeXBaTKH MPOHCXOAHT B pealbHOM KpHCTaJle AHddy-
BHOHHBIM CNOCOOOM (OChb JMCJOKAlHH CTAHOBHTCS HMCTOYHHKOM ~HJIH
crokoM Ju(Y3HOHHHX NOTOKOB BemecTBa) !). O mepeMelneHuu

1) Tak, u3o6pameHHad Ha pnc 22 aucnokanua MOXeT nepeMemaThCsl B (10
CKOCTH Y, z anuwb 3a cueT AHGGOY3HOHHOrO yXOja BelleCTBA H3 WIHIIHEH» MOJIYiLIO-
CKOCTH.



162 " IHCIOK ALLHH [ra. 'w

ANCJIOKALHHA, COHpOBO}K}lalOHJ.eMCH Iudpy3HOHHBIM «3a/I€YHBAHHEM”?
NetheKTOB CHJIOMIHOA CPeibl, TOBOPAT Kak O ee nepenossaruil ). '

H3 ckazaHHOTO SICHO, 4YTO, HOMYCTHB MEPEmnoi3aHHe AHCJIOKALHH
B KauyeCTBe BO3MOXKHOIO €€ BHPTYaJbHOTO NEpeMeNieHHs, Heo6X0AuMO
CUNTaTh, YTO OHO, KaK H CKOJIbKeHHe, NPOUCXOAUT 6e3 JIOKAJIBbHOTO

H3MeHeHH st o6beMa cpesiel. DTo 3HAUHT, 4TO U3 AethopManun (28,2) Hazno
BLIYECTH OTBETCTBEHHYIO 32 H3MeHeHHe O6beMa 4acTb Y3 8 ui™, T. €.

OMHCHIBATL IJIACTHYECKYIO AedOopMalHio TEH30pOM
Gll(m) = {1/2bi [6x -]y 4 Y2bg 0% 7]; — 1/38;;b [6x 7]} O (§) (28,6)

CooTBercTBeHHO BMecTo (28,4) mosyuuM cienymiowmyo dopmyny aas
NelicTRyiomel Ha AMUCJAOKALHIO CHUJBL 2):

hi = eunrtebm (012 — - 8in0le)) @8

(J. Weertman, 1965). Iloanas cusa, geficTByiouas Ha BCIO QHCJOKa-
LUOHHYIO NeTJIo, paBHA

F; = eitibm gﬁ (ol — a,,,.o“)) dx. (28,8)

OHa OT/IMYHA OT HYJS TOJbKO B HEOLHOPOIHOM IIOJie Hamp siKeHHi

(npu of9 = const unTerpan cpoauTCa K Eﬁ dx = 0). Ecnn na npo-
TAKEHHH MeTJaH HoJe Hanpmxeﬂuﬁ MeHSIeTCsl Maslo, To

F, = etklbm 6)6 Ufrfl) 6lrn0(e)) (& xpdxk
. D

(netso npencraBiseM cefe pacnoJioxKeHHOH BOJM3H Hauaja KOOPJIH-
Hat). Bxoxsue ciona uuTerpaskl o0pa3yloT aHTHCHMMETPHYHBIH TeH-
30p i

gﬁxp dxy = — Eﬁ x'hdx,,.

HMest 370 B BHAY, JIeTKO BLIPAa3HTb CHJY Yepe3 BBeAeHHHI B (27,12)
JHCJIOKAIMOHHBIH MOMEHT dy; %):
aolf) dol?) )

N 1
Fy=dy, Tx:'n— + 3 (dil a:l" —dn ax;

(28,9)

_ %) I'lockosbky Takofi npouecc AuMuTHpYercsS Rubdysnell, OB MoxeT haKTHUECKH
HTpaTh pOJib JIHIIL NPH JOCTATOUHO BHICOKHX TeMIlepaTypax.

%) IlpeacTapisiercsi OueBBAHBIM, 4TO BCECTOPOHHeE' (PaBHOMEPHOE) CXKaTHE KpH-
CTaJliia He JOJIKHO NPHBOAMTH K NMOSBJEHHIO CHinl f; BHpaxenue (28,7) aTHM CBOfl-
cTBOM 06Jajaer.

% Ilpu BHECJE HCNOJB3YETCS Takke (opMyna eikleimn=6km61n—6kn6un

B YpaBHeHHS PABHOBECH a0l2) /ox,, =0, .
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B oanopoxHoM nose HanpsXKeHUH 3Ta CuMJa, KakK yxe GbIIO yKasaHo,
ofpauiaercst B HyJb. [Ipn 3TOM, 0OAHAKO, HAa NMETMO AEHCTBYET MOMEHT
cna

Ki = eqn fﬁ xif . dl,
KOTOprﬁ TOXX€ MOXKHO BBIPpa3HTb dYepes JIHC.HOKHHHOHH!:”:‘I MOMEHT:
e {
Ki = €;rdrm (ngi — llaalmonen))' (28)10)

3apaun -

1. Hafitn cuny B3auMoneficTBHSI IBYX nNapalJelbHHIX BHHTOBHIX JIHCJAOKAMudt
B NSOTPOGHOH cpefe.

Pemenwue Cuna, peicTBywoman Ha eIMHHLY AJMHH ORHOH RHCJIOKALHH
B TIOJle HaNpsIKeHHH, CO3faBaeMhlX BTOPOHR RHCJOKallHeHl, onpefensercd Mo ¢op-
MyJe (28,4) ¢ moMOwWEIO pe3ysasTaToB sajaun 2 § 27. OHa nMeeT pagHanbHOe Hampa-
BJIeHHe H paBHa

f = pb1b2/2ﬂr.

Jucsoxannu ognoro sHaka (b,b, > 0) oTTaNkuBaOTCs, a RUC/IOKALMM PA3HBIX 3Ha-
KOB (016,<C 0) npHTArHBAIOTCA.

2. TlpAamonuneiinasg BHHTOBAN nucnoxaumi pacuiosioeHa NapajelbHO 110
cKofi cBOGOAHOH MOBEPXHOCTH H30TpoOnHOH cpepnt. Hafitu neficTylomylo Ha nuciao-
Kaumuio cuuay. )

Pemeune [lycts niockocTs y, 2 coBnajaer ¢ MOBepXHOCTLIO TeJa, a JHCJO-
Kanus napajijie/ibHa OCH 2 U HMEeT KOOPAHHATH X == X5, ¥ = 0.

[Tone uanpsixenuit, ocTaBafIoONee NOBEPXHOCTL Cpelbl CBOGOAHON, ONMHCHBAETCH
cyMMoll mosiefi AMCJOKALMH H ee 3epKaJbHOTO OTpaXKeHHs B IVIOCKOCTH Y, 2, Kak
ecay 6bl OHH GHJIH PacloJOXeHb B HEOTPAHHUCHHOH Cpeje:

o-xz=___u_b_[ y _ y ]
2n (x — x0) 4 4° (x+ x4+ 1
o — _ﬁb_[ X — Xg _ X+ x ]
ver (k—x)+ 4 (Xt x)+y

Takoe mone pellcTByeT Ha paccMaTpHBaeMyl0 AMCJIOKAalHiO C CHJIOH, paBHOH mpH-
TAXKEHHIO CO CTOPOHH €e 3epKaJbHOTO H300paKeHHUd, T. e, AUCJIOKaUHus NPHATATHRA-
eTcd K MOBEPXHOCTH CPellbl C CHJOH

| = pb¥dnx,.

3. Hahtn cuny B3auMoneficTBHA ABYX napalJeNlkHHIX KPaeBHX AHCJIORauHfl
B H30TPONHONA Ccpeje, PacnoJIOKeHHBIX B NapaslielbHEX IJIOCKOCTAX CKOJIbXKEHH.
PemeHHe IlycTh NIOCKOCTH CKOJNbMKERHS MapajyleNbHH ILIOCKOCTAM X,
2, a och 2 mapadJiesibHa JHHHAM RHCJAOKAIKH; Ka o B 3ajade 4 § 27, nosaraem 1, ==
= —1, bx = b. Toraa cuna, fefCTBYIONIAA HA eAMHHLY AJHHH JHCJIOKAIHH B MOJe
YOPYTHX HanpseHHH ©;;, HMeeT KOMIOHEHTHI .
fx=0b0xy, fy=—bOgxx.
B nanHOM caydae O ONpelesIslOTCS BHPaXKEHMsIMH, HafileHHHIMH B sajaue 4 § 27.
Ecan ofna BCJACRAUHS COBNAjIeT € OCLIO 2, TO OHA AefiCTBYET HAa BTOPYIO AHCJIOKA-
1LHI0, MPOXOASAIYIO Yepe3 TOUKY ¥, i HAa NJAOCKOCTH X, Y, ¢ CHAON, KOMIOHEHTH KOTO-
pofi B MOJNIAPHHX KOOPJHHATAX DPABHH
byb.B % blsz
fr = T ? fq;

_ ol
sin2p, B= i —o)
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npOEKIlHﬂ e CHJBl Ba NVIOCKOCTbL CKOJILXKEHHdA paBHA

cos @ cos 2
¢ fx‘=b1b23 ——‘-——'(P, p .

Ona ofpainaeTcs B HyJdb NpH ¢ = T/2 u npu ¢ = &/4. [lepBoe U3 5THX NONOKeHHT
COOTBETCTBYET YCTOHUHBOMY PaBHOBECHIO NpPH byby > 0, a BTOpoe — mpH byby < 0.

§ 29. HenpepriBHoe pacnpepefeHde JHCAOKAUMH

Ecnn B kpucra/aie uMeeTcs OZHOBPEMEHHO MHOTO IHCJOKALHH,
HaXORAUIHXCA Ha OTHOCHTENbLHO MAJEIX (XOTf, KOHEUHO, H GOJbILINX
N0 CPABHEHHIO C MOCTOSTHHON pEILeTKH) PacCTOSIHHSIX, TO CTAHOBHUTCSH
Ie/1eCOOGPa3HEIM HX YCpPEeAHEHHOe paccMOTpeHHe. pyrumu cioBamu,
paccMaTpHBaloTcsl «hU3HYecKH OeCKOHEUHO MaJike» 3JIeMEHTH ofbeMa
KpUCTa/JIa, 4epe3 KOTOphle IPOXOAHT AOCTATOYHO MHOTO JIHCJIOKA-
LIHOHHBIX JIHHUH.

@opMyJHpOBKA YPaBHEBH, BBIPAXKAIOMET0 OCHOBHOE CBOHCTBO
JIUC/JOKAIMOHHBIX JedopManui, JOCTHraeTcs eCTeCTBEHHBIM o6obiie-
HUeM ypaBHeHHus (27,6). BreneM teusop p;, (mewsop naomuocmu duc-
Ao0kayutl) Takol, uTo6Ll ero HHTerpaJs 1o NoBepXHOCTH, onupawomieica
Ha Jio6oii koutyp L, Gbl1 paBen cymme b BekTopoB Bloprepca Bcex
JUCJIOKAUMOHHBIX JHUN, OXBATBIBAEMbIX 3THM KOHTYpPOM:

inh df; = by. (29,1)
St

HernpepriBHble QYHKIIHH P;; ONHCHLIBAIOT pacnpefie/leHHe JHCAOKanuH
B KpHCTaJie. DTOT TeH30p 3aMeHsieT COGOH Telnepb BEIpAXKEHHE B Npa-
BOil YacTH ypaBHeHus (27,6):
ow 3
€im 6,:; = —Pin (29,2)
Kak BUIHO H3 3TOr0 ypaBHEHHS, TE€H30D P;; AOMKeH YIOBJETBOPSATH
YCJIOBHIO

9Pin_ __
~on = 0 (29,3)
(B c1yuyae OJMHOYHON AMCJOKALIHH 3TO YCJOBHE BEIpaXkaet cof0H npo-

CTO NOCTOSIHCTBO BeKTOpa bioprepca BAQJb JIMHHH AHCJIOKAILHH).

[Ipn TakoM paccMoTpeHMH IHMCJIOKALHH TEH30p w;; CTAHOBHTCS
NepBUYHOH BeJIHYHHOM, onucrBalowiell fedhopMalyio H onpeensioinei
TeH30p Aeopmalun corJacHo (27,4). BeKkTop. xe cMellleHHS U, KOTO-
pulil Obl1 OB CBA3aH C Wy onpeledenueM (27,2), npHu atoM BooGlle
He MO2KeT OHITb BBeJeH (3TO $ICHO y2Ke U3 TOro, YTO NPH TaKOM Ornpeje-
JIeHHH NeBasl CTOPOHA ypaBHeHHs (£29,2) ToxaecTBeHHO 06paTHIACH Gbi

B HYJb BO BceM ofbeMe KpHCTanana).
Jlo cux nop MHI peanosaraiy AUCJAOKAIMH HENOABHKHEIMH. Bhisic
HHM Tenepb, KAKHM 06pa3oM -JOJ/IKHA ObITh cHOpMYAHPOBAHA CHCTeMa
ypaBHEHHH, NM03BOJIAIOLAS B NPHHIHIE ONPEleNHTb ynpyrue aegop-
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MalliH H HanpsXKeHHSA B cpejie, B KOTOPOH AHCJOKALHH COBEPIUAIOT 3a-
JaHHOe JBHKeHHe !),

Ypaenenue (29,2) He 3aBHCHT OT TOro, MOKOATCA HJH ABHXKYTCA
Jucnokauud. TIpu sToM TeH30p w;, MO-NPEKHEMY OCTaeTCs BeJHYH-
HOH, onpejensioled ynpyryio iehopMaluio; ero CHMMeTpHYHas 4acThb
€CTb TeH30p ynpyrod fedopMalluH, CBS3aHHBIH OOLIYHLIM 06pa3oM
3akoHoM ['yka ¢ TeH30poM' HanpsKeHHH.

310 ypaBueuHe, OLHAKO, Telepb HENOCTa- 111
TOYHO JJISl MOJHOIO (OPMYJHPOBAHHS 3alayl. \\
|

" [NonHaa cucreMa ypaBHeHHH JoJKHa onpene-
JATb TaKXKe U CKOPOCTb V NepeMellleHHsl ToueK
cpensl.

Ho npu stom neo6xoanmo ydecTb, 49TO JBH-
JKeHHe NUCJIOKAlHA CcONpoBOXKAAETCH, IOMHMO
U3MeHeHHs ymOpyrodl JedopMaluH, TaKke H
H3MeHeHHeM (OPMBl KpHCTasla, He CBf3aH-
HbIM 'C BO3HUKHOBEHHEM HalpsKeHHH — naa-
cmuueckodl Oepopmayuers. Kak yxe yNoMHHa-
JIOCh, JiBHXKeHHe JWCJCKauuMi Kak pas M mnpef-
cTaBJsieT co6oll MexaHU3M NJIaCTHUeCKOH Aedop- 1]
Manuu. (CBsi3b JABHKEHHS JHCJOKalLM# ¢ miaa- l
cTHYecKoll aedopmanyell sCHO JeMOHCTPUpPYeTCs
pHC. 25; B pe3yJbTaTe IPOXOXKAEHUS KPaeBOH
JUCJIOKAIlMH CJeBa HanpaBO BepXHsSA — Haj
MJIOCKOCTBIO CKOJIbXKEHHs — 4acTb KpHCTaJjla
OKasblBaeTcsl CIBHUHYTOH Ha OIUH NepHOj pe-
INeTKH; MOCKOJNLKY peleTtka B  pesyJbrarte
OCTaeTcsl NPaBUJLHON, TO KDHCTaJJ OCTaeTcs
HEHanpsxkeHHbIM.) B OpoTHBOMNOJOXKHOCTDL
ynpyro#t negopMmalMH, OAHO3HAYHO CBSA3aHHOH
C TePMOJMHAMHUYECKUM COCTOSHHUEM TeJsa, mJa- Puc. 25
cTHueckas Jnehpopmanusl siBasercss (QyHKuueh
npouecca. [IpH paccMOTpPeHHH HeMOJBHXKHBIX
JHCJIOKalMii BONpOC O pasieseHUuH yupyro u [/1aCTHYeCKOM ne(popMa-
IHi He BO3HHKAET: HAC HHTEPECYIOT NPH 3TOM JHIb HANPSXKEHHS, He
3aBHCAINE OT MNpeAbAyIled HMCTOPHH KpHCTalad.

IlycTh u — BEKTOp TeOMeTPUUECKOTO CMeEleHUS TOYeK cpefinl, OT-
CUNTBIBAaeMEIf, CKaXeM, OT HX MOJIOKEHHS Mnepej HayajIoM mporuecca

AeopMauHH; ero npouspogHas no Bpemenu u =v. Ecan oGpasosats

C MOMOMIbI0 BEKTOPA U TEH30P «MOJHOH aucropcuu» Wi = 0uy/0x,,

TO MBI IOJIyYHM €TO «[JIaCTHUECKYIO YacTh» wis™, BbIYTA H3 W, TeH-

.

}) Mu ne saHHMaeMCsl 3/ech BONPOCOM 00 OMpefieIeHHH CaMoro ABHIKeHHsl JHCJIO-
Kauuil 0 NpHAOKEHHLIM K Teqry cHiaMm. PelleHHe aToro Bonpoca TpeSyer ReTaabHOro
H3yYeHHs MMKDOCKONHYECKOro MeXaHH3Ma ABHMEHUA NUCAOKAuUHA H HX TOPMOXEHHS
HAa Pas/NHYHHX AepeKTaX, KOTOpoe AO/IKHO NMPOH3BOJHTLCA C YUETOM ¢amnqecxnx
AaHHBIX O peasbHEIX KPHCTAMIaX,
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30p «yNpyroH IUCTOPCHH», COBIHAJAIOWIMA C QHTYPHPYIOHM B (29,2)
TEH30pOM w,;. BBesieM o6o3HayeHHe

ow(nn) A
. ik .
—fi = —— (29,49)
CHMMETpHUHAsA YacCTb jik onpeaesser CKOPOCTb H3MEHEHHA T€H30pa

IJIaCTHUECKOH JedopMalun: H3MeHeHHe ulp”) 3a GeCKOHEUHO MaJioe

Bpems Of paBuo
Suft™ = — (e +je) 8 (29,5)

(E. Kroner, G. Rieder, 1956). OTMeT:M, B 4aCTHOCTH, YTO €CJIH IIJACTH-
_deckasi gedopMauusa NMPOHUCXOAHT 6e3 HapyINEHHS CIJIOIHOCTH Tena,
TO CJIell TeH30pa j;, PaBeH HyJo. [eHcTBHTeNBHO, MiacTHdecKas Je-
dopmauua He NMPHUBOAHMT K PACTANEHHIO HJH CXKAaTHIO TeJa (KOTOphIie
BCerja CBsI3aHE ¢ BOBHHKHOBEHHEM BHYTPEHHHX HampskKeHui), T. e.
ufy? = 0, a noToMy H jrr = —Oufy "/t = 0.

[MoacraBuB B onpenenenne (29,4) w(f” =
€ro B BHJe ypaBHeHHUs

Ow,h

ot I“ ]lk’ (29:6)

CBfI3BIBAIOILETO CKOPOCTH HM3MEHEeHHS YNPYrod H IJIacTHYECKOH Je-
dopmanuii. 37ech j;; HaAO0 paccMaTpHBATh KaK 3alaHHLE BeJHUHHEI,
KOTOPBbIE JOJKHBI YIOBJIETBOPATb YCJOBHAM, OOGECNEUHBAIOLHM COB-
MecTHOCTb ypaBHeHHH (29,6) u (29,2). dtH ycaoBUA noayuawres Lug-
depenuypoBanueM (29,2) mo BpeMeHH H NMOACTaHOBKOH B Hero (29,6);
CHH HMEIOT BHJ, YPaBHEHHs

Wi — w,k , 3amnuiueMm

apzh + e aé';lh - 0. (29,7)

Ypaernenus (29,2), (29,6) BMeCTe ¢ IMHAMHYECKHMH YpaBHEHHAMH
. do; .

pU; = ;x: » O = Mpimbltm = Mpim@in, (29,8)

COCTaBJAAIOT MOJHYIO CHCTEMY YpaBHeHHH, ONHUCHIBAIOMUX JIHHAMUKY
ynpyro# cpeipl ¢ ABHXKYyIUMMHCA Auciaorauusamd (A. M. Kocesuu,
1962). ®urypupylomue B 3THX ypaBHEHHsX TEH30DHl O;; H ji; #B-
JAI0TCA 3aJaHHBHIMH (YHKLIHSMH KOOPAUHAT (H BDeMeHH), XapaKTepH-
SYIOUJUMH pacrpejeieHHe H JBHXKeHHe AHCJAoKamuii, ItH YHKIUHH
JHOJIXKHEl YIOBJIETBOPSITb YCJOBHSIM COBMECTHOCTH ypaBHeHHH (29,2)
Ipyr ¢ ApYyroM H ¢ ypaBHeHuHeM (29,6), BblpakaeMblM DaBEHCTBAMH
(29,3) 1 (29,7).

Ycmosre (29,7) mMoxkHO paccMaTpuBath KakK JuddpepeHIHalbHOE
BhIpaXKeHHe «3aKOHA coXpaHeHHst BeKTopa Bloprepca» B cpefie. [efi-
CTBHTEJILHO, NPOMHTErPHPOBAB 06e CTOPOHLI ypaBHenHs (29,7) no no-
BepXHOCTH, ONHpaloLiefcs Ha HeKOTOpyto BaMKHYTle auHyo L, BBens
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‘cornacHo (29,1) noanniit Bektop Broprepca b oxBaueHnnix Junuedi L
AUCJIOKAUMH# H BOCIOJB30BaBIIHCL TeopeMoit CTokca, monyuum

db . ;
—d?— = -— ;Eé [ir dx,. 7 (29:9)

N

M3 Buza 3Toro pasencrTea OYeBHANO, YTO HHTErpas B ero NpapBofi yacTH
onpejendeT BelinunHy BekTopa Bloprepca «npoTekaroero» B eiHHHIY
BpeMeHH uepe3 KOHTYp L, T. e. YHOCHMOro AHCJOKALHSIMH, lepece-
KalIuMy Jusnio L. HonTo My €CTEeCTBEHHO Has3paThb j;; TEH30POM
nAOMHOCIL nomoka ducioxayutl.

$IcHO, B yacTHOCTH, 4YTO B cJyuyae OT-
Je/bHOH JMCJOKAIHOHHOH INeTJIH TEH30p [
HMeeT BHJ

fin = eilmplkvm = eilm":lvmbh(S (g) (29’10) ‘ Puc. 26

B COOTBETCTBUHM ¢ BhIpaxkeHueM (28,2) nis

ITACTHUeCKOH JeopManvy MPH CMelileHUH

IMCJOKAlHH; 3hech V — CKOPOCTb JIMHUH JMCJAOKAlHM B JaHHOH
ee Touxe. IIpH 3TOM BeKTop MNOTOKa uepe3 3sJeMeHT dl KoH-
typa L (jjzdl;) nponopuuonanen dl [tV] = V [dilt], T.e. mpoek-
IlHH CKOPOCTH V Ha HanpaBJieHWe, NepNEHAHKYJsIpHOE KaK dl, Tak H
T; H3 TEOMETPHUECKHX coobpaxkeHH{i OUeBMJHO, YTO TaK H JAOJKHO
6bL10 OBITH — TOJBKO 3Ta NPOEKUHMS CKOPOCTH NPUBOIHT K repece-
YeHHIO AMcJOKauMe# ssemenTta dl.

OtmeruM, 4T0 caei Tenszopa (29,10) npornopiMOHaNeH MPOEKIUH
CKODPOCTH [MCJOKAUHH Ha HOpMaJb K €€ ILIOCKOCTH CKOJbXKEHHS.
Boiwe G110 yK43aHO, YTO OTCYTCTBHE HEYNPYTOrO H3MEHEHHS MJIOT-
HOCTH cpefibl ofecrneynBaeTcst ycaoBueM j; = 0. Mel BuAUM, uTO 111
OTAE/IbHOH AHCJOKAUMH BTO YCJIOBHE 03HAYAeT JABHKEHHEe B IJIOCKOCTH
CKOJIbXKEHHS B COOTBETCTBHH CO CKa3aHHEIM Bbllue 0 ¢HH3HuecKoH npu-
pozie IBHKEHHS AHCAOKauHH (cMm. mpumevanue 2 Ha ctp. 160).

Hakonxen, ocTaHOBUMCS ‘Ha cAyvae, KOrJa AUCJIOKAUHOHHBIC NETJIH
B KpHCTaJJie pacnpelesieHbl TAKUM 06pa3oM, YTO HX CyMMapHHH Bek-
top Bioprepca (oGo3nauum ero B) paseHn HyJio ). 310 yciaoBHe 03Ha-
yaeT, YTO NIPH HHTEIPHPOBAHHH 110 JIOGOMY [ONEPEYHOMY CEYEHHIO
Tesa

medh = 0. (29,11)

OTcrozla CJeAyeT, 4YTO MJAOTHOCTL JUCJAOKAUHH B 3TOM cIyyae MoXer
ObiTb IpEeACTaBJieHa B BH/E

oPy, .
Pin = Crim —5 2% (29,12)

1) Hanuuue AMCJIOKAIlMH CBH3aHO C HEKOTOPHIM H3rHGOM KpPHUCTan/a, Kak 9To
CXeMaTHIECKH H30GPaXKeHO B YTPHPOBAHHOM BHAe Ha puc. 26, Ycaoske B = 0 o3ua-
YaeT OTCYTCTBAC MaKPOCKONWYECKOTO HSTHOa KDHCTania B NEJIOM, ‘
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(F. Kroupa, 1962); torpa unterpaa (29,11) npeo6pasyercsa B MHTer-
pal mo KOHTYypY, NMPOXOAslleMy BHe Tesaa M obpaiiaercsi B HyJb.
OtMeTuM TakkKe, yTo Bhlpaxkenue (29,12) aBromMaTHueckH yZOBJETBO-
prer ycaosHio (29,3).

Jlerko BHAeTb, YTO oHpeJleJieHHHIH TakuM o6pasoMm TeH30p Py
npeicrabasier co00H NJOTHOCTL AHCJAOKALLHOHHOTO MOMeHTa B Aedop-
MHPOBAaHHOM KpHCTaJJe (er0 €CTeCTBEHHO HAa3BaTb IO3TOMY OUCAOKG-
yuonnotd noaspusayuetl). JeHcTBHTENbHO, NOJHEIH AHMCAOKALHOHHBIR
MOMEHT KpHcTania D;, paBeH 1o onpeneseHHIo

Dy, = Z Siby = "é— ilm Z by ﬁxz dx, = % J €itmX1Pmp AV
D

T/le CyMMHPOBaHHe NPOU3BOJHTCS I10 BCeM AHCJOKAIHOHHBIM NMET/IAM,
a WHTErDHPOBaHHE — IO BceMy o6beMy KpHcTaaga. IloactaBuB cropa
(29,12), umeem

1 , APgr _ (apmh _ 0Py )
Dy, = “’Q‘J’eilmempqxl oxp dV = g Jxm 0x; 0%y av

H IocJe HHTeI‘pHpOBaHHH 10 4aCTaAM B KaxaOM H3 ILByX 4YJICHOB
Dy = [Py av. (29,13)

[1a0THOCTL K€ NOTOKAa AHC/AoKanui Bpra}KaeTCH yepe3 TOT Ke
renzop P;, corjacro

jin = — "”;;h . (29,14)

B stom Jerko ybenuTbCsi, HanpuMep, BBEIYHCAHB HHTErpas Jj,-h dv
N0 NMPOH3BOJIBHON YacTH ofbeMa TeJsa ¢ OMOUBIO Beipaxenus (29,10)
KakK CyMMy IO BCEM 3aKJ/IOYEHHBIM B 5TOM 00beMe JHCIOKAUHOHHBIM
netaam. OrMeTuM, yTo BHipaxkeHue (29,14) Bmecte ¢ (29,12) aBToMa-
THYECKH YIOBJETBOPAIOT ycJoBHIO (29,7).

“CpaBuus (29,14) u (29,4), mbl BumuM, uto Swip” = 6P;. Ecan

YCIOBHTBCS CYHTATh IJACTHYECKYIO AedopMaLHIo OTCYTCTBYIOUleH

B cocTosiHuH ¢ Py, = 0, To 6yner u wi}” = Pi. IlonpasymeBaercs,

yTO Bech npouecc Aedopmaunn nponcxozut npu B = 0. 3to o6cTos-
TeNbCTBO HaJ0 MOAYEPKHYTb, NOCKOJbKY MEXAY TeH3opaMH Py H
wip” CcymecTByeT NpHHUHMIHANbHOE pasiHuHe: B TO BpeMs Kak -Pi

sBJIsieTCsl (BYHKIHeH COCTOAHMS Tesa, TeH30p Wik He eCTh dyHKIuA
COCTOSIHHSI, @ 38aBHCHT OT IIpouecca, NPHBEALIEro Telo B JaHHOE Co-
crosiHHe. B 5THX yC/IOBHAX HMeeM
i8] ou
Wipg = Wip — w(k ) = _B-L — Py, (29:15)
i
TJle CHOBA Uz — BEKTOP MNOJHOTO IreOMeTPHYECKOr0 CMelleHH s OT NoJIo-
2KeHHs1 B HellehOpPMHPOBAHHOM COCTOSIHHH. ¥YpaBHeHue (29,6) npH stoM
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YJOBJIETBOPSIETCS] TOXKAECTBEHHO, a4 JHHaMHUecKoe ypasHeHHe (29,8)
NDHHHMAEeT BHA

. aQum ) ale

(i — Mipgy e e Dy — R 29,16

PU; tkim 0%y, 0% iklm dxy, ( ’ )
Takum o6pasom, onpesenenue ynpyro#l nedpopManuH, co3laHHOM JBH-
KYIHMHCS aucaokanuami ¢ B = 0, cBoauTces K 3asaue o6LIYHON Teo-
PHH YOPYroctTH ¢ OGBEMHBIMH CHJAMH, pacHpeleseHHLIMH IO KpH-
CTaMNY € IVIOTHOCTBIO —Ain1m0P /0y,

§ 30. Pacnpenenenve B3aEMOREHCTBYIOLIHX RHCIOKAnuil

PaccMoTpuM COBOKYNHOCTL GOMBIIOrO YHCJAAa OJUHAKOBHIX NPAMO-
JUHEHHBIX JAUCJAOKalWH, PacrofiOXKeHHBIX NapajJiebHO APYT ApYyry
B OJHOH M TOH e IJIOCKOCTM CKOJbXEHHS, H BhiBelleM ypaBHeEHHe,
onpejenswluee uX paBHOBecHoe pacnpefenenue. [lycts oce 2 na-
paJjJienbHa AUCAOKANKAM, @ INIOCKOCTb X, 2 COBNAfAeT € IJIOCKOCTBIO
CKOJIbXKEHHS.

Bynem nans onpepeneHHOCTH CYMTATB, YTO BEKTOpPHl DBroprepca
JucjaoKanuili HanpaBJaeHbl BAOJL OCH X. TOria cuja, AeHcTBymowas
B INIOCKOCTH CKOJNBXKEHHS Ha eJWHUIY AJIHHBI JAuCJOKAalMH, DaBHa
bo.y, TAe O,y — HanpsiKeHHe B TOYKE HAXOXKIEHUS JHCJIOKAIHH.

Hanpsxenusi, co3faBaemble OJHOH NPAMONHHEHHOH JHCJOKa-
ouell (¥ AeficTBYIOIME HA JAPYTyI0 NHCJAOKAUHIO), YOLIBAKOT O0OGPaTHO
NIPONOPIHOHAJLHO PACCTOAHHIO OT Hee. [10s5TOMY Hamnpsi:KeHHe, co3lia-
BaeMoe B TOUKE X JHCJOKaLMeil, HaXOAdAMeHCs B TOUKe X', HMeeT BUA
bD/(x—x"), rne D — nmocrosHHas MNOpSAKA BeJIUUHHBI YIPYTHX
MOAyJelt KpucTanna. MoxHO NOKas3aTh, YTO 3Ta NoctosiHHag D > 0,
T. €. JBe OJHHAKOBLIE JUCJAOKAIHUH B OAHOH H TOH >Xe IIOCKOCTH
CKOJIbXKEHHS OTTAJIKUB2IOTCA APYr OT Apyra (A M30TPONHOH Cpeast
3TO NOKasaHo B 3ajnaue 3 § 28).

O603naunM MOCPEACTBOM P (X) JHHEHHYIO NJOTHOCTh AUCJAOKALUH,
pacnpefeseHHBIX Ha OTpe3Ke (ay, @) OCH Xx; P (x) dx ecTb cymma
BEeKTOpOB bBioprepca Auc/JOKamuil, NMPOXOASAIMX Yepe3 TOYKH HHTEp-
Bana dx. Torpa mojHOoe HanpsikeHHe, CO31aBaeMoe B TOYKE X OCH X
BCeMH JMCJOKAalUAMH, 3aluilercs B BUAE HHTerpana

a,

00 (®) = =D | "‘E’f‘ (30,1)
- as

Jia TOouexk BHYTPH CaMOro OTpe3ka (ay, @,) 3TOT HHTETpas AOJKeH

[IOHUMAThCs B CMBIC/IEe TJ1aBHOTO 3HAuYeHHA 15 TOro, 4TOOBl HCKJIO-

yuTh (PU3HYeCKH OeCcCMBIC/IeHHOe JeficTBUe MAHCAOKAaluM CaMoid Ha

cebd.

Eciun B KpHCTaJIJle nMee'rc;x TakXe U IJIOCKoe (B NIJIOCKOCTH X, )
foJie’ HanpsiXKeHnH 6\ (x, y), CO3NaHHOe B3ajaHHLIMH BHEIUHHMH
Harpyskamy, TO Kaxk[Jas AMCJIOKauus OYAeT HaXOAMThCH HOA Jeil-
CTBHEM  CHABl b (04 -+ p (x)), rie MBI oéosnatm.nu Ans KPaTKOCTH
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P (x) = oY) (x, 0). YcnoBue paBHOBecHS 3aKJio4aeTcs B OOpPAlLEHHH
3TOH CHMJIBL B HYJb: Oy + p =0, T. €.

d |
eOE _ 20 o, @09

a,
rJe TJaBHOe 3HayeHHe 0003HAYeHO, KaK 3TO MPHHATO, NepeyepKHY-
THIM 3HAKOM HHTerpaja. 10 — HHTerpajbHOe ypaBHeHHE JJs Olpe-
Je/IeHHs] paBHOBECHOTO pacnpejeneHds p (x). OHO OTHOCHTCA K THIY
CHHTYJSIPHBIX MHTErpaibHBIX ypaBHeHHH ¢ sapom Komwu.

Pemnienye Takoro ypaBHeHHsI CBOAHTCA K 3ajade TeopHu (yHKuni
KOMILJIEKCHOT'O TepeMeHHOro, GopMyJupyeMOH caeAyoluM o6pasoM.
O603HauuM nocpeAcTBoM €2 (2) PyHKIHIO, onpejeseHHYI0 BO Beell
IJIOCKOCTH KOMILJIEKCHOro z (C pa3pe3oM IO OTPe3ky (@, dp)), Kak
HHTerpaJ
ag
’ 0@ = [L8E. (30,3
ay
IMocpencteom QF (x) u Q (x) oGo3HayuM npenenplbie 3HayeHus Q (2)
Ha BepXHeM 1 HHxKHeM Geperax paspesa. OHH paBHBI TAKHM e HHTEr-
pajiam, B3ATbIM IO OTPe3KY (2, Gy) C 06X0JOM TOYKHM 2 = X COOTBET-
CTBEHHO CHH3Y HJIH CBEpPXY IO GeCKOHEUHO MaJOi NOJyOKPYXKHOCTH,
T. €.

Q* (x) = 8 p(g dg 4= inp (x). (30,9

Ecau p'(§) ynoBnerBopsier ypaBHeHHio (30,2), TO riaBHoe 3HaueHue
HHTerpaja paBHO @ (X), TAaK UTO HMeeM

Q& (x) + Q (x) = 20 (v), (30,5)
Q+ (x) — Q- (x) = 2 inp (x). (30,6)

Takum ofGpasom, 3ajaua o pemeHHH ypaBHeHHd (30,2) skBHBadeHTHA
3afiage 06 OTHICKAHMH aHAJNHTHUECKOH (yHRuuH @ (2) co cBoiicTBoM
(30,5), mocne uero p (x) onpejensercs no (30,6). I'lpu stom du3uue-
CKHe yCJIOBHS PAcCMaTPHBAEMOH 3ajlauy TPEOYIOT TaKwKe, 4TOGbl Ghlo
Q (o0) = 0; 3TO ceayer u3 TOro, YTO BAAMH OT CHCTEMBl AKCJOKALM i
(x — 4-00) HanpsiKeHust O,y AOIKHB 06paINaThess B HYJAb (IO ompe-
aenenuto (30,3), BHe oTpe3ka (@, a,): Oy () = —DQ (x)).
PaccMoTpuM cnadand caydval, KOrja BHEIIHHE HANpSkKEHHH OT-
cyterByior (p (x) = 0), a JHCAOKALMH CHEPKHBAIOTCH KaKHMH-JH60
npensaTCTBHAME (nedeKTaMH pPeINeTKH) Ha KOHI@AX oTpe3ka (a;, ).
Hpu @ (x) = 0 nmeem u3 (30,5); Q& (x) = —Q" (x), T. e, QyHKIHA
Q (2) Ro/MmKHA MEHATb 3HAK NPH 06XOZe KamAo# H3 ABYX TOYEK 4, Q,.
SToMy YCJIOBHIO YIOBJeTBOpAET Jwbasd PyHKIHA Buna
. P
Q)= =
PO = ya=me=a : (30’7)
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rae P (z) — monunoMm. YcaoBhe xe R (oo) = 0 ¢ukcupyer (c Tou-
HOCTBIO 0 MOCTOAHHOro Koddduuuenra) sui6op P (z) = 1, Tak uro
P
Q@) = . (30,8)
® Vies—2) (—a)
Taxoil e Bux Gyner nmerb, corsiacuo (30,6), u uckomas GyHKUuS
. p (x¥). Onpenenup K03¢¢uuuem B Hefl COIJIaCHO YCJAOBHIO

as

Jo@de = (30,9)
(B — cymma BekTopoB Diloprepca Bcex mucaokamufl), noayyum
p(x) = 5 (30,10)

, VY (e, —x) (x—a)
Mui BHAMM, YTO AHMCJOKALIHH CKANJIMBAIOTCH N0 HanpaB/eHMIO K Ipe-
OATCTBUAM (FpaHHMLIAM OTPE3Ka) C MIOTHOCTbIO, O6PaTHO MPOMOPLHO-
HaJIBHOH KOpPHIO u3 pacctoauuil 10 HuX. Ilo TakOoMy ke 3aKOHY BO3-
pactaior npu npubluKeHHH K @ HJH 4, HaNpsXKeHHs BHE OTpPe3Ka
(a1, a2); Tax, npu x > a,
: BD
Vix—ay) (a3 —a))
JpyruMu cJoBaMH, KOHLUEHTpAUMA AMCJAOKaUHH Yy TIpaHHUB! NPHBO-
JHT K TaKOH Ke KOHIEHTpaluH Hanpﬂmeﬂuu no ApYyryiwo CTOPOHY
TpaHuLbL. :
[MpennonoxuM Tenepb, YTO B TeX XKe YCJOBHAX (IPensiTCTBHs
B 33JIaHHBIX KOHIAX OTpe3Ka) HMEeTcsi TaKxKe W BHelllHee IOJe Ha-
npsixeHuit p (x). O6o3Hauum nocpeactTsom £y (2) dyukuuio suna (30,7)

Oy &

n nepenuuieM paBenctso (30,5) (paspenuB ero Ha Qf = —€4) B Buae
Q+ (x) Q) 20 (x
QG Re T Hm

CpapuuB 3To pasenctBo ¢ (30,6), 3akaiouaeM H3 Hero, uTo

as
QE _ 1 _oE) dE
e = j I —l—mP(z) (30,11)
. Py

rae P (z2) — noauHoM. Peltlenne, yAOBJAeTBOpAIONIEE  YCJIOBHIO
Q (o0) = 0, moayunm, BoiGpaB B KauecTBe £y (2) dpyukuuio (30,8) u
nonoxuB P (z) = C (C — koucranra). Hckomas ¢ysxuus p (x)
HaXOJUTCs OTCIoja Mo qaopmy.ne (30,6) u paeHa

pix) =— ' a)’gm@);/(az—a(g—al)g—fi—f

a2 V(az—x) (x—aq e

C
e, (30,12
+V(a2~—x)(x,—a1) (50,12)
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IocTosniunasi C onpepeasiercss ycaosdem (30,9). M 3pech p (x) BO3-
pacTtaer npu x — d, (WK X — @,) 0 3aKOHY (@, — X)~'/:, a Mo Apy-
r'yi0 CTOPOHY INpENsiTCTBUS BO3HHMKAET TaKasl Ke KOHIEHTpauHus Ha-
Ip sXKEHHA,

Ecnu npensitTcTBHE HMeeTCS TOJALKO C OAHOH CTOPOHBI (CKaxewm,
B TOYKE d,), TO HCKOMOE pelleHHEe JOMKHO YJOBJETBOPATH YCJOBHIO
_KOHEYHOCTH HanpsaxueHHH mpu BCeX x < @y, BKJIOYAS TOUKY X == ay;
IIPH 3TOM CaMO INOJIOXKEHHE MOCJefHell TOUKH 3apaHee HEeHU3BECTHO U
JIOJ2KHO ONpeJeJIMTLCH B Pe3yJ/ibTaTe pelleHus 3ajauu. B Tepmunax
 (2) st0 3HauuT, uto 2 (a,) AOMKHO ObITh KOHeuUHbIM. Takas (QyHK-
uMst (ynoBJeTBopsiomas Takke H ycnosuio £ (oo) = 0) moayuutcs
o To#t ke dopmydae (30411), ecniu B Kauectne £, (2) BEIGpaTh QyHKIUIO

/ ——
Q@) =) =2,

TOXe orHocamytocs K BuAY (30,7), u monoxutsh B (30,11) P (2) =
B pesyabrare mosyuum

_ 1 x—a a,—§ w(&)dﬁ
pX) = ——3 Vaz_; §V§~a, . (30,13)

[Ipu x-—a, p (x) obpamaerca B HYNb KaK V' X — @, . [Io TakoMy xe
3aKOHY CTPEMHTCSt K HYJIO C APYrOH CTOPOHHI TOYKH @; IOJIHOe Ha-
NpsiKEeHHE Oy (x) + p (%).

Haxkonen, nycth npensiTCTBHS OTCYTCTBYIOT B OOOHX KOHUAX
OTpe3Ka M JMCJIOKaUHMU CAEPKHUBAIOTCHA JHUIb BHEMIHUMH Hampsxe-
nHusmu p (x). CoorBercTByromee Q (2) monyuum, mosoxus B (30,11)

Q@) =V—2(—a) P@=

Onnako ycaoBue €2 (oo) == 0 Tpebyer npu 3TOM COOJIOAEHHS JAONOJ-
HHUTEJIbHOrO ycjoBuS: mnpousBeAst B (30,11) mnpenenbHbll mepexon
K 2 — oo, Halaem

o ®d
20X ___ _o, 30,14
J Viea—0 E—an » G019

Hckomaa dyukuus p (x) Aaercs ¢opmyJoh

P = — V== | = v
(30,15)

NIpHYEeM KOODAHHATLHL 4;, Gy KOHILIOB OTPE3Ka Oﬂpe}leﬂﬂl()TCﬂ YCJIOBHSIMK
(30,9) u (30,14).
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Banpavwa

Haiiti pacnipesienienie ARCAOKALHM B OAHOPOIHOM NOJie HanpsAXKeHAH (P (X) = py)
Ha y4acTKe € NPENnsTCTBHEM Ha OJHOM HJH Ha OGOHX KOHUAX,
Pemenmne B cayyae npensTcTBHS Ha OXHOM KOHIe (dp) BHIYHC/EHHE HHTE-

rpaaa (30,13) paer

x—a
x .
plx)= nD Q,—x
M3 ycaosua ke (30,9) onpeneasieTcss AJHHA YuacTKa DacnoJIOXKeHHS NHCJIOKaUHA:

a, — a; = 2BD/p,. B6ausn npensiTCTBHsi, 1O APYTYIO CTOPOHY OT HEro, Hampsixe-
Hisl KOHUEHTPHPYIOTCS IO 3aKOHY

Gy — 4
Oxy & Po x=a; °

B cayuae yuacTka (nnuBm 2L), OrpaHHYEHHOTO ABYMS NpeNATCTBHAMH, BEIGH-
paeM HayaJo OTCY€Ta X B €ro cepe)mﬂe i #axopuM no (30,12)

o) = — (& x+38).

Vu



Fri7ABA VWV

TENJIONPOBOAHOCTD H BA3KOCTb TBEPAbIX TEJI

§ 31. VpaBHende TenJONPOBORHOCTH B TEBCPEbIX Tejax

HepaBHoMepHaa HarperocTb TBepLOfl Cpeibi He NPUBOIAUT K BO3-
HHKHOBEHHIO B HEll KOHBEKUHH, KaK 3TO OOBIYHO HMeeT MECTO B Mujl-
kocTax. [TosTOMy NepeHoc Tema OCYIECTBAAETCs 31leCh OJHOM TOMBLKO
TEMJIOMPOBOAHOCTLIO. B €BA3H € 3TUM mpolleccH TEmIONPOBOAHOCTH
B TBEPABIX TeJlaX ONHCLIBAIOTCS CPABHHTENLHO GoJsiee NMPOCTHIMH YPaB-
HEHUSAMH, YeM B XUAKOCTAX, TAe OHH OCJOXKHAIOTCS KOHNBeKUHeH.

YpaBHeHue TENJIONPOBOJHOCTH B TBEPAOH Cpele MOKeT OhiTh Bhi-

elleHO HermoCpPeJCTBEHHO M3 3aKOHA COXPAHEHHS SHEPIUH, BhIPaXKeH-

HOTO. B BuJ€ YpaBHeHHUS HeNPepHBHOCTH AJS KOJMYEeCTBa Telja.
KoauuectBo Temsia, MOrJollaeMoe B €AHHHIY BpPEeMeHH B eluHHIE
ob6bema Tena, paBHO T 0S/0¢, rae 'S — sHTponHus efuuHUbl oGbeMa.
dra BenuuuHAa AOMKHA ObiTb NpupaBHeHa — div q, rie q — HJ0T-
HOCTh IOTOKa Temja. 3TOT NOTOK MPAKTHUECKH BCeria MponopuuoHa-
JIEH TPAJAMEHTY TEMIEPATypPhi, T. €. MOXeT ObITh 3aNUCaH B Buje § =
= —x VT (x — TenjaonpoBofHOCTE). Takum o6pa3om,

T -5 = diveyT). 31,1)

CoryacHo dopmyJie (6,4) sHTpPonHst MOKeT GHLITh HamM{caHa B BHIE
S = 8 (T) + Kauy,

.TEe o — TeMnepaTypHblil KO3QPHUUEHT paclWKperHs, a Sy — 3HTpO-

nus Tefa B HeleGOpMHPOBAaHHOM COCTOSHHH. ByaeMm npeanosarars,
4TO, KaK 3TO OGHITHO HMEET MECTO, HMEIWIIHECS B Tejle PasHOCTH TeM-
IepaTyp AOCTATOYHO MaJbl AJS TOro, YTOOLl MOXKHO GBIIO CUHTATH MO-
CTOSIHHBIMH TaKHe BENHYHHB, Kak %, o ¥ T. n. Toraa ypaBHeHHe
(31,1) nocne NOACTAaHOBKH HANHCAHHOTO AJS S BHIPAXKEHHS MPHMET
BHJ :

) aS aui
T =+ oKT —j = % AT.

CornacHo u3BeCTHOH TepMmoAMHaMuueckol ¢opMysie HMeeM
C, — C, = Ko?T. )
[TpouseofHyI0 OT S, MOXHO HamHCaThb KaK
0Sy - 08, AT Cp OT

o0 dT ot — T ot

(npoussozinas 0Sy/0T Gepercst npu uy = divu = 0, 1. e. npu rno-
CTOSTHHOM o0heMe). .-
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—

B pesyibTate MoJsyuuM ypaBHEHHE TEMJIONPOBOAHOCTH B Clelylo-
HieM BHJe:

Co o+ Ep=C I divu=xAT. (31,2)

Jns Toro urofpl mosyunTh MOJNHYIO CHCTEMY YpaBHeHHH, HalA0 NpH-
COeJHHHUTh CIOJIa €HIe yPaBHEHHe, ompelesiouiee JedopMaluio He-
PaBHOMEPHO HArPeToro Tena. JTUM ypaBHEHHEM SBJAETCS ypaBHEHHE
paBuoBecus (7,8)

2(1 —o)graddivu — (1 — 20)rotrotu = a—(li—ﬂ— vT. (3.,3)

H3 ypaBuenus (31,3) moxkeT GEITh OnmpefeneHa, B NpUHUUNeE, AedopMa-
LuA Teja NP NPOU3BOJBHO 33JaHHOM pacnpefieleHHH TeMIepaTyphl.
IloacTaHoBKa NOMYYeHHOTO TaKWM oOpasoM mis div u BhIpaKeHus
B ypaBHeHue (31,2) nmpuBeleT K YypaBHEHHIO, OnpelensiomeMy pac-
npejeneHne TeMmIepaTypbl, B KOTOPOM HeH3BecTHOH dyHKuueH sB-
Jgsercs opHa toabko T (x, y, 2, 1).

PaccMOTpHM, HanpuMep, TEMJIONPOBOJHOCT, B HeOrpaHHYEHHOM
TBEPJOH cpefie C pacnpeieNeHHeM TeMInepaTypPhl, YAOBJETBOP AIOLHUM
TOABKO OJHOMY VCJOBHIO: Ha OECKOHEUHOCTH TeMMepatypa cTpe-
MHTCSl K mocTosiuHomy npeneny T, u AedopMalus OTCYyTCTBYeT. B Ta-
KOM ciayuae ypaBHenue (31,3) HPHBOIMT K C/AEAYIOIEH 3aBHCHMOCTH
mexay divu u T (cm. 3amauy 8 § 7):

. 1 ;
divu =ﬁa(T —T).
IToacTaBasia 370 BhIpaxeHue B (31,2), mosyunm ypaBHeHHe
(1+0Cp+2(1 —20)C, T
317(2_0) 2 T ® AT ' (31,4)

THIIA NPOCTOrO0 ypaBHEHHSA TENJONPOBOAHOCTH.
YpaBHeHHEM TAKOro e THIIA OIUCHIBAETCA H pacupeflecHHe
TeMIepaTypHl BAOMDL JJIMHE TOHKOTO NPSIMOTO CTePKHA, €CIH XOTA Obl
OJIHH H3 ero KOHLOB He 3akpemjieH. PacnpefeneHue TeMIepaTrypsl
BAOADL KaX[OT0 H3 MONEPEYHBIX CedeHuH CTepXKHS MOXHO CUHTATh
NOCTOAHHHIM, TaK yto T Oyher pyHKuUHell TOJIBKO OT KOOPAHHATH X
BIOJL €ro JJuHBl (H OT BpeMeHH). TemnoBoe pacIUIHPEHHE TaKOro
CTePKHS IPHBOJUT TOJIBKO K H3MEHEHHIO €ro [AMHHbI Ge3 u3MeHeHH
npsIMOIHHEAHOH GOPMEI H fe3 BO3HHKHOBEHHs BHYTDCHHHX Hamps-
KeHuil B HeM. SICHO mosTOMY, 4TO NpOHM3BOAHas 0S/0f B ofileM ypas-
Henuy (31,1) ponxua 6pathcd NPH. NOCTOAHHOM JRABJEHHH, H IIO-
cKONBKY (0S/0f), = C,/T, 10 pacmpejeseHHe TeMnepatypel OyleT
ONHUCLIBATLCA OJHOMEPHBIM ypaBHEHHEM TENJIONPOBOJAHOCTH

oF _  &T

Cp o T R ox? "
 Hago, BnpoueM, OTMETHTb, YTO C MPAKTHYECKH }10CTaT0‘!HOH TOY-
HOCTBIO pachpefesieHHe TEMAEPATypr B TBePJOM TeJle MOXKET Bceraa
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_ONpeJlenaTbCst NPOCTHIM YPaBHEHHEM TeNONPOBOAHOCTH. [esno B ToMm,
4YTO BTOPO# WJe€H B JeBOil cTopode ypaBHeHusi (31,2) npeacraBaser
coboit mompaBky nopsaxka (C, — Cy)/C, Mo cpaBHEHHIO C IEPBbIM
uyneHoM. Ho y TBepjbix Ten pasHuna MeXAy pasJHUHbIMH Teo-
€MKOCTAIMH OOBbIYHO BeCcbMa MaJa, W e€C/1d IpeHeGperath e, TO ypaBHe-
HHE TeMJONPOBOAHOCTH B TBEpAbLIX TeNaX MOXKHO BCeraa mHcartb
B BHle

a

Tl v AT, (31,5)
Tae ) — €CTb memnepamyponposo0Hocme, oOnpeflenseMast Kak OT-
Homenne 7y = %/C — xoauuleHTa % K HeKoTOpOil cpejiHed Tem-
goeMkoctd C ennuunmbl obbema,

§ 32. TenJyonposoRHOCTb KPHLTANICB

B aHH30TPOMHOM Te/le HalpaBJeHHE NOTOKa Temaa ¢ He JOJIKHO,
Boo6lue roBopsi, COBMNajaTh C HalpaBJeHHeM TpajlueHTa TeMnepa-
TypHl, TlosToMy BMecTo hopMyanl q = —x y T MeXAy ¢ U TpajueH-
TOM TeMIEPaATYPHl B KpHCTa/le HMeeT MecTo Gosee ofIias 3aBUCHMOCTb

or
qi = —Hin G-+ (32,1)

TeH3op BTOPOrO paHra X;, HAas3bBAIOT TEH30POM TeIJONPOBOJHOCTH
Kpucranna, CoOTBETCTBEHHO 3TOH 3aBHCHMOCTH YpaBHEHHE TeIlIo-
nposoauocTd (31,5) Toxe Gyier umerb Gosee OOLIMH BHJ

oT 0T
‘ C —52— = %ip m . (32,2)

Tensop TeNNONpOBOAHOCTH CHMMETPHYEH:
Rip = Hpy. (32,3)

Dro yTBEpKIEHHE, K A0Kas3aTeNbCTBY KOTOPOrO Mbl TeNephb mnepeil-
JieM, HABJISETCS CJAeJCTBHEM [PHHUHIA CHUMMETDUH KHHETHYECKHX
koa(punmentoB (cm. V, § 120).

CxopoCTb yBeJIHUEHHS MOJHOH SHTPONHH Tesa Gnarofapsi Heobpa-
THMBIM [pOLECcCaM TeMJIONPOBOLHOCTH paBHa

i» Suon=—j£iTL‘1—dV=~jdiv—;‘,—dV—|—_[qgrad—-;—,-dV,

[lepBuifi uHTerpan, GyAy4ud Npeo6pas0oBaH B HUHTErpana [0 MHOBEPX-
HOCTH, Hcye3aer. TakuM oGpasoM, IoJydaem

¢ 1 T
Suon = [avg-aV = — [ -av,
it
¢ 1 oT
Suon = — [ dig-dV - (32,4)
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B cooTBeTcTBHH ¢ OGmIHM Onpeje/leHHeM KHHETHUECKHX KO3(puimeH-
TOB 1) MBI MOXXEM 3aK/IIOYHTL HA OCHOBaHMH (32,4), 4TO B JaHHOM CIy-
yae TAKOBBIMH $IBsiiOTCS KO3dduiuenTol 72;; B COOTHOLICHHAX

1 oT
qi '.:.—Tzuik (——Tz ——0Xh ).

[lo3TOMy M3 CHMMETpPHH KHHETHYeCKHX KO3(PQHIMEHTOB HENMOoCpes-
CTBEHHO CJeJyeT HCKOMOoe CcooTHouteHue (32,3).
Ksapparuunas ¢opma
or orf T

— 0x,- _—_ Kin 0xi Oxk
JO/MXKHA ObiTh CYMIECTBEHHO IMOJIOXKHTENBHOH, IOCKOMBLKY MOJNOXH-
TeJbHON JIoJMKHA ObiTh Npou3BojHas (32,4) OT 3HTPONMH [O BPEMEHH.
YcnoBueM CYMIECTBEHHOH IONOXMHTENBHOCTH KBaApaTHYHOH GopMel
SIBJASIETCS], KAaK HM3BECTHO, MOJOXKHUTEJIbHOCTh IVIABHBLIX 3HAUYEHH I
MaTpuubl ee KosdduiientoB. IloaTomy Bce r/jaBHEIE 3HAYEHHS Ten-
30pa TENJIONPOBOAHOCTH X;; BCErlla NOJOXKHTENbHBI, YTO, BIPOYEM,
OYEBHJHO H H3 MPOCTHIX COOOpa)KeHHf O HANpaBJeHHH TENJIOBOrO
HOTOKa.

Uycnio pa3sinyHBIX HE3aBHCHMBIX KOMIIOHEHT TEH30pa ¥, 3aBH-
CHT OT CHUMMETPHH KpHCTaaaa. IJOCKONBbKY TEH30D %;; CHMMETPHYEH,
3TO YHCJO TAKOe e, KAK Y CHMMETPHYHOIO TEH30Pa BTOPOTO PaHra oy
(ren3opa TensioBoro pactumpenusi; cM, § 10).

§ 33. Bs3kocTb TBepAHIX Tea

[Tpu u3yyeHHH [BHXKEHHs B YUPYrHX TeJaX MBI J0 CHX IOP CUH-
TaJH, 4TO Ipolecc AeGOpPMHPOBAHHS NPOHCXOAUT OOpPAaTUMBIM OOpa-
30M. B JeACTBUTENBLHOCTH IpoLECC TEePMOAHHAMHYECKH O6GpaTuM,
TOJNLKO €C/¥ OH HPOHCXOAMT C GeCKOHEYHO MaJjioH CKOpOCTbIO, Tak
YTO B Kax/JbI{ AaHHBI! MOMEHT B TeJe YCIIeBAET YCTAHOBHTLCS COCTOS-
HHe TepMOAMHAMHYeCKOro paBHOBecusi. PeasbHoe ABH:KeHHE MpOHC-
XOIHT, OAHAKO, C KOHEYHOH CKOPOCTBI0, TEA0 He HAXOAUTCS B KarKAblH
JaHHBI MOMEHT B DaBHOBECHH, H [O3TOMY B HeM INPOUCXOASAT HPO-
lecChbl, CTpeMslLiHecs] IPHBECTH €r0 B PaBHOBECHOe COCTOsiHHMe. Hauu-
YyHe 3THX NpPOIECCOB H NPHBOAUT K HEOGPATHMOCTH ABMKEHHS, MpO-
SIBASIIOMENACS, B YaCTHOCTH, B JHUCCHNALMH MEXaHUYECKOH >SHEeprus,
nepexojisilnell B KOHIE KOHIOB B TemJo %).

Juccunauus sHepTHH O0GYCJOBJAHBaercsl npoueccaM# ABYX po-
JioB. Bo-nepBrixX, Py HEOAUHAKOBOCTH TEMIIEPATyPH B Pa3HBIX MeCcTax
Tela B HEM BO3HHKAIOT HeOGpaTHUMEBIE NPOLECCH TEMIONPOBOLHOCTH.
Bo-BTOpPEIX, €CJH J Te/1e IPOUCXOMHT KaKkoe-HUOyAb BHYTpEeHHee JIBH-

1) Hcnoanayercs onpefeneHne B ¢opme, naumoir B VI, § 59.

%) Ilon MexaHHYecKoil SHepruell sllech noxpasymepaercss CyMMa KHHETHUECKOH
SHEPTHH MaKPOCKOMHYECKOrO IBHXXEHHS B YIIPYroM TeJsle M ero noTeHinuaaphofl (ynpy-
roit) smeprun, 0GyC/IOBMEHHOR HaJlHYHEM AepopMailHH,
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JKeHHe, TO NMPOHCXOAAT HeoOpaTHMble NPOLECCH, CBA3aHHKIE ¢ KOHeW-
HOCTbIO CKODOCTH JBHYKEHMH; 3TH INPOLECCH JHUCCUIAIHH 3SHEPrHH
MOXHO Ha3BaTb, KaK U B XXHAKOCT#HX, NPOUECCAMH BHYTPEHHEro Tpe-
HHS HJH BABKOCTH.

B GonbuinHCTBE ciyudaeB CKOPOCTb. MaKPOCKOMHYECKOrO JBHIKE-
HUS B TeJle HACTOJAbKO MaJa, YTO AUCCHIIALHSA SHePruH He3HAUHTENbHa.
Takue «moutH o6paTHMBble» IPOLECCH MOLYT ObITh OMHCAHBI C MO-
MOIILIO TaK HasblBaeMOH AMCcHnaTHBHOH QyHkuuu (cM. V, § 121).

ViMenno, ecnu HMeeTCsl HEKOTOpasi MeXaHHUeCKasl CHCTeMa, JBH-
JKeHHe KOTOPOH CONPOBOXKAAETCST JAHCCUNALMEH SHEPTUM, TO JBHIKEHHE
MOMeT ObITh ONHCAHO MOCPEIACTBOM OOBIUHEIX YpPaBHEHHH JBHIKEHHSA,
B KOTOPBIX HAJ0 TOJBKO K JEHCTBYIOLWM Ha CHCTeMYy cujiam Aoba-
BUTb OucCunamusHole CUAbl WIH CuAbt HIpeHus, sIBAsIOLIHeCs JHHek-
HEIMH QYHKIMSMH cKOpocTefl. DTH CHJBl MOTYT OHITh IIpPeJCTaBJIEHbi
B BHJe TNPOH3BOAHBIX IO CKOPOCTAM OT HEKOTOpPO#l KBajpaTHUHO
$YHKIHH CKOpocTel, HaspiBaeMoH JUCCHNATHBHOH QyHKuueHR R.
Cuna TpeHHs f,, COOTBETCTBYIOUIAST KaKOH-HHGYAL H3 OGOGIIEHHBIX
KOODJHHAT ¢, CHCTeMBbl, HM€ET TOrjJa BHJ

@R
fa - = aqa .
JuccunatiBHas QYHKUHS ABJAseTCs CYIIECTBEHHO TOJOXHUTEAbHOMN
KBaapatHuyHo# ¢opmoil ckopocrell §,. HamucaHHoe coOTHOWEHHE
3KBHMBAJIEHTHO COOTHOUIEHHIO

8R = — Y f, 644, (33,1)

rae OR — m3MeHeHHwe JUCCHIATHBHON QYHKUHM NpH GeCKOHEYHO Ma-
JIOM H3MEHeHHH CKopocTedl. MOXHO TaKie I0OKasarb, YTO yJABOEHHas _
auccunaruBHasg QyHKIHA 2R onpejensier yMeHblIeHHe MeXaHHUYECKOH
SHEPTHH CHCTeMBl B €JIMHKIY BpEeMEHH.

Jlerko 06061uTE cooTHollenune (33,1) HAa cayuall ABUXKEHHA C Tpe-
HHEM B CIUIOUIHOM Tene. B 3TOM c/iydae COCTOsIHHE CHCTEMBI ONpejie-
JISIeTCsl HeNPEPLIBHBLIM PsI0M OGOGIIEHHBIX KOQP/HHAT. StuMH KoOpAH-
HATAMH $fIBJISIETCA BEKTOP CMeELIeHMS U, 33aJaHHBIH B KaxAOH TOUKe
tena. CooTBercTBeHHOe 3TOMY cooTHolieHHe (33,1) aonKHO OGbITh
HAaIHCAHO B WHTErPAJbHOM BHJE: -

8 [RaV = — [ fi6v,av, (33,2)

rie v = u, a f — quccunatyBHas cunia, AeHCTBYIONMIAs Ha E€AMHHILY
ofbema Tena; MbE NHiteM IOJHYIO AHCCHHOATHBHYI0 (YHKLIMIO BCEro

Tea B BUJE _[R dV, rne R — puccunaruBHas QyHKUMS, OTHECEHHAst
K efxHHue obbeMa Tesa.

Onpepenum Temepb OGMUA BHJ ;mccunaTHBHoﬁ dyukuun R s
pedopuMupyembix Tea. PyHKUHA R, ONHCHBAIOWIAA BHYTDEeHHee Tpe-
Hie, OMKHE 06PalHaThCs B HYJNb, €C/IH B TeA€ OTCYTCTBYeT BHYTpeH-
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Hee JIBHXKeHHe, B YAaCTHOCTH, €CJIH TeJO COBepIIaeT TOJbKO MOCTyNa-

TeJIbHOE HJH BpallaTe/IbHOe JBHKEHHE Kak Iienoe. JIpyruMH cJoBamy,

JuccunatuBHas QyHKHMA JOMKHA 00pamaTbes B HYJb NPH V = const

i npu v = [Qr]. D10 3HauYuT, YTO OHA AOJMKHA 3aBHCETh He OT CaMoil

CKOPOCTH, a OT ee rpajneHTa, MPHYEM MOKET COAeprKaTb JIHIUb Ta-

Kue KOMOHHAIMK MPOM3BOAHHX, KOTOpBIe 00pamanTcs B HYJb NPH
= [Qr]. TakoBbiMH SBJAAIOTCS CYMMBI

. 1 adv; a()h>
Uin =3 (axk o)
T. €. MPOM3BOLHLIE TeH3opa JedopManuu no spemenu ). Takum oBpa-

30M, JUCCHNATHBHAs yHKIHSA AoMKHA OLITh KBAAPAaTHUYHOH QyHKIOHMeH
or v;,. Haubonee ofumfi Bui Takoil QyHRUuH:

R = 1/27]ihlmvihvlm- (33’3)
Tensop yeTBepTOro paHra 1;,;, MOKeT GbITb HAa3BaH TEH30POM Bs3-

KOCTH. DTOT TeH30p- o6/afaeT CAeNYIONHMH OUeBHIHEIMH CBOHCTBaMH
cHMMeTpuH %):

Nivim = Nimix = Mrilm = MNikmi- (33,4)

Buipaxkenue (33.3) ananoruuso Belpaxenuwoo (10,1) mas ceoGon-
HOH 3HEPTHH KPHCTa/JIa: BMECTO TEH30pa YIPYroCTH B HEM CTOUT
Tenepb TEH30P Nirim, & BMECTO U;; — TEH30p v;,. lloaTomMy Bce pe-
3yJabTaThl, nosyuyeHHole B § 10 ansa TeHsopa Ajpy, B KpHCTALIAxX
pa3IuYHON CHMMETPHH, B MOJHOH Mepe OTHOCATCS H K TEH30PY Mizim.

B yacTHOCTH, B M30TDOIHOM TeJie TEH30D 1xim HMEET BCErO JBe
He3aBHCHUMBIE KOMIIOHEHTH U R Moxer ObITh HAaNHCAHO B BHJe, aHa-
JIOTHUHOM BhIpayKeHHIo (4,3) nms ynpyroﬁ aneprpm H30TPOIHOTO TeJa:

R=n (Uih -3 thzl> 'i— vis (33,5)

rie n u § — gBa koapduumenta BsA3Kocrd. llockombky R — cy-
IIECTBEHHO HOJIOXKHTENbHASA quHKmm xoatbdmunembl 1, § JMOMMKHBI
OBITh - NTONOMKUTENbHLIMH .

CoorHomenue (33,2) aHaJOTHYHO COOTHOLIEHHIO, HMEIOIIEMY MeCTO
IJ1s1 CBOGOAHOH ynpyro#i 3HEpPTHU:

§ [FdV = — [ F,buav,

rne F; = 00;,/0x, — cuna, JelCTBYIOmAs Ha eIMNHIY ofbeMa TeJa.
IlosToMy BbIpaKeHue IJs AUCCHNIATHBHOH CHJB Yepe3 TEH30P Uy,

1y Cp. amanoruuHpe pacCyXjeHAd N0 NOBOAY BA3Kof xkuzkocru (VI, § 15).

?) HanoMzuM, 9TO CyMecTBOBAHHE JAHCCHUATHBHON (yHKUHM ABASETCH Chael-
CTBHEM NpPHHIHNA CHMMETPHHM KHHETHUecKHX Koaddunuentos Oucarepa. Hmenwo
3TOT NPHHIHN NPHBOJAHT K NEPBOMY H3 paBeHCTB (33, 4) (ana xo(ppHUHEHTOB B JAHHeH--
HBIX COOTHOIHeHHAX (33,7)), SKBHBAJNEHTHOMY (aKTy CyllecTBOBAHHS uanpamquou
opmbl (33, 3) 310 GyJeT NpAMO NOKA3aHO MO awajorsiMoMy mosoiy B § 41,
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MOXKET GhITb HAalHCAHO HENOCPEACTBEHHO MO aHAJOrHH C TeM, Kak F;
BLIPAXKaeTCsl Yepes3 U;y:

do’;
ik
fi = = (33,6)
rfie JUCCUMATUBHLIH TEH30D HANPAMXKEHHH o7, onpeleasercs nocpef-
CTBOM

, oR
Oip == 50sn = NikimVim. (3317)
YuyeT BS3KOCTH B ypaBHEHHSX ABHIKEHHA MOXKET ObITb OCYHICCTRIIEH,
CJIeIOBATEILHO, NPOCTO IyTeM 3aMeHLl TeH30pa HalpSiKeHHH Oy
B 3THX YDABHEHHAX CYMMOH O -+ Ois.
B wusotponuom Telie

O = 20 (Uik — ~;— 6ikvll> -+ Lv1:6ip. (33,8)

310 BLIpaXKeHHE, eCTeCTBEHHO, (POPMajIbHO COBIAJaeT C BHIPAKEHHEM
JJisi BSI3KOTO TE€H30pa HaNpsXKeHUH B MKHUAKOCTH.

§ 34. MlornoueHHe 3ByKa B TBEPABIX TeJax

Kos¢uuueHT noryaouienuss 3Byxa B TBepJABIX TeJlaX MOMKET ObITh
BBIYHCJIEH BIIOJHE aHAJNOTHYHO TOMY, Kax 3TO JeflaeTcsl AJMS XUJLKOCTeH
(eM. VI, § 79). IlpousBenem snech COOTBETCTBYIOUIME BLIYHCEHH S 1JIsi
H30TPOMHOTO TeJNa, '

Juccunauus MexaHnyeckoll SHeprum B TeJle JaeTc CYMMOH

Eyex = — 4 [ (yT)dV —2 [ RaV,

rie NepBbil wieH OOYCJAOBJAEH TEIWIONPOBOAHOCTLIO, @ BTOPOH —

BA3KOCTBIO. BOCHOJAL30BABILHCh Bblpa}KEHHEM (33,5), umeeM, TaKuM
ob6pa3som, Gopmyay

. 1 2 .
Eyex = — —T_j (VvT)?dV — 2y j (Uih -3 5ikvzz) av — Cj vi dV.

34,1)

Jlns BHIUHCIeHHS TDajHEHTa TEMNEPaTyphl NMOJb3YyeMCs TeM, YTO

3BYKOBbE KojieGaHHsl B NEepBOM npubiankeHnd aguabatHunbl. C no-

MOIIbIO Bhipaxkenuda (6,4) AAA SHTpONMHU IMIIEM YCJOBHE am«aﬁa-
THYHOCTH B Bule

Sy (T) + Kauy; = S, (Fo),

rie T, — Temnepatypa B HelehOpMUDOBARHHOM COCTOsiHWH. Pasia-
raa pasuoctb Sy (T) — Sy (To) B psan no crenensim T — Ty, uMeeM
€ TOYHOCTBIO IO YJI€HOB NEPBOTO MOPAAKA

So(T) = Sy(To) = (T — To) G2 = 7= (T — To)
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(npousBojHas OT SHTPONHU Gepercs nmpu u; = 0, T. €. IIPH MOCTOSH-
HOM oObeMme). TakuM obpa3oM, HMeeM
TaK
T — To = - —C~u— Uiy

Bocnosp3oBasinch TaKxke COOTHOIUEHH MU

Cy K 4
K = Kua=’c‘~%Kan: ;n :C%—TC%, .

nepenﬁcmBaeM 9TO BbIpaxXCHHE B BHJIAE

5 4
T —Ty=— = (o — o) uu (34,2)

PaccMoTpuM CHayasla MHOIVIOHIEHHE IIONMEPeYHBIX YHNPYTHX BOJH.
TennonpoBoanocTe BOOOI{e HE MOMKET IPUBECTH K MNOTJIOMIEHHIO Ta-
KUX BOJH (B paccMaTpuBaemoM npubmmkenuu). [HefictBHTenspHO,
B nioniepeyHol BosHE Uy = (, H NOTOMY TeMIlepaTypa B HeH, COIVIacHO
(34,2), mocrossmHa. IlycTs HampaBjeHue pacnPOCTPaHEHHS BOJHE
BrlOpaHO B KayecTBe OCH X; TOrAA

u, = 0, u, = uy, cos (kx — of), u, = uy, cos (kx — wf)

H M3 KOMIOHEHT TeH3opa JedopMaluu OTJHYHB OT HYJS TOJBKO

Upy == — ﬂ’;—k- sin(kx — ot), U, = — ”"sz sin (kx — wf).

‘ByseM OTHOCHTb AMCCHNALMIO dHEPTHH K equHuUEe o0beMa Tena;
Jasi cpefHero (MO BpeMeHu) 3HAYeHHsi STOH BEIUYMHBI NOJyUaeM u3
(34,1)

.

w?
EMex = = gTi' (u?)y + ugl)r

]

rie Mbl NOACTaBHJH &k = w/cy. [lonHast xe cpelnsisi SHeprusl BOJIHBI
paBHa YABOEHHOH cpejHell KHHETHUECKOH SHEpPrUH; OTHOCS 3Ty Be-
JUYHHY TOXKEe K eJHHHLEe oObeMa, NONYYHM

—_ 2
E = pu” = L5 (ufy + uf2).

KosdduuueHT nor/onieHust 3ByKa ompejensiercsi Kak OTHOLIEHHE
cpeiHell JHCCHNAUHH SHEPIUH K YJBOCHHOMY CpDeHeMy IIOTOKY SHep-
THH B BOJIHE; 5Ta BeJIHYMHA OMpEJENsieT 3aKOH H3MeHeHHs aMIJINTYAbL
BOJIHEI C paccTOsiHueM, yObiBalomiell npomopioHanbno e, Takum
o6pa3oM, HAaXOAHM AJs KodbdHUMEHTA NOIVIOWEHHUS MONEePeYHbIX
BOJIH CJeAyIollee BHIpaKEHHE: '

_ IEMex| _ na? 3
e 20E 206} ° (34,3)
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B nponoibnoll 3BYKOBOH BOMHe U, = 4,y COS (kx — 0f), u, =
= u, = 0. Anajornysoe BblYHC/IEHHE C NoMomplo ¢opmya (34,1) n
(34,2) npuBOAMT K pe3yJbTarty:

uTan%, 4c2 \2
Vi = QPC; [( 3 TI—I—Q) T(l -—57—) ] (34.4)

Stu ¢opMmysabl OTHOCHATCA, CTPOrO TOBOPS, JHIIb K MOJHOCTHIO
“M30TPONHEIM amopdHEIM TesaMm. Ilo MopsiiKy BeAHYHHBI OHH, OAHAKO,
ONpeeNsIOT 3aKOH NOTJIOIEHNHs 3BYKa TaKKe H B aHH3O0TPOMHBIX MO-
HOKDHCTaNJaX.

CBoeoGpasHbie OCOGEHHOCTH MpPeJACTaB/sieT MOIVIOUIeHHEe 3BYyKa
B MOJHKPHUCTANNHYECKHX TenaX. Ecau IJMHA BOJMIHBL 3ByKa A Mana
0 CPAaBHEHHIO C pasMepaMH @ OTAEJbHBIX KPHUCTANJIUTOB, TO B Kax-
JOM KpHCTaJJHTe 3BYK MOIJIOIAETCSl TaK e, KaK OH MOIJIOMIAJICS!
66l B GosbIIIOM KpPICTaJIJIe, 1 Ko3hduuueHt nomomeﬂuﬂ IpOHOpUHO-
HaJleH oZ,

Ecan e A > @, TO XapakTep MOIJOLWeHUusl MeHsieTcs. B Takofi
BOJIHE' MOXKHO CYMTAaTh, YTO KaXKJBIH KPHUCTAJJIUT MOJBEpPraercs BO3-
JefCTBHIO OJHOPOJHO pacrpejeneHHoro jasieHus. Ho BBuay anuso-
TPOMHH KPUCTANJHTOB M TPAHHYHBIX YCJOBHH Ha MOBEPXHOCTAX HX
COMPHKOCHOBEHHS BO3HHKAIOMWIAH [IPU 3TOM JedopMaLus HEOAHOPOJIHA.,
Ona G6yler MCHBITBIBATD CYLIECTBEHHBIE H3MEHEHHA (H3MEHEHHe [Oo-
pPAAKa BeJMYUHEL ee CaMOfl) HAa MPOTSIKEHHH Pa3MepoB KPHCTAJJUTA,
a He HA NPOTSKEHHH AJHHB! BOJNHBI, KaK 310 6blI0 OBl B OJHOPOLHOM
tese. Jlnd nornomeHus 3ByKa CYLIECTBEHHE! CKOPOCTH M3MEHEHHH Je-
dopManiy U BOSHHKAIOIHE TPAJIMeHTH TeMnepaTypel. M3 HuX meppuie
GyLyT UMETb MO-NPEXKHEMY OOBLIUHBIN MOPAAOK BeauUMHBL. [pajueHThl
e TeMIEPaTypel B MpeleaX KaxJOT0 KPHUCTa/J/IMTAa aHOMAJbHO Be-
aukd. [TosToMy mnorioumieHne 3ByKa, OOYCJOBJIEHHOE TemJONPOBOA-
HOCTBIO, GYZeT BeMHKO MO CPaBHEHUIO C MOTJOUIEHHEM, CBS3aHHBIM
€ BA3KOCTblO, M AOCTATOYHO BBHIYMCAHTb TOJNBKO MEpBOe.

PaccmoTpuM Ba PasMUHEIX MpEIeNbHHX caydyas. Bpewms, B Te-
YeHHEe KOTOPOTO MPOMCXOAHT BLIPABHUBaHHe TeMIlepaTyp Ha paccTos-
HHAIX ~a OYyTeM TeMNJONPOBOJAHOCTH (BpeMs peJakcauHHu Aas Teso-
NPOBOJHOCTH), — NOPsAAKA BedAuuunnl a*/y. Ilpeanonoxum crauana,
910 ® & %/a%. 310 3HAUMT, YTO BpeMs peJaKCalUH MaJo IO CpaBHe-
HHIO C NIePHOAOM KoJie6aHuH B BOJIHE, H [OTOMY TEIJIOBOE paBHOBeCHE
B NpeflefiaX KaXKAOTO0 KPHUCTANIHTAa B 3HAUMTENbHOHR CTeNeHH ycre-
BaeT YCTAHOBHTLCHA; MBI HMEEM 3/ieCh AeJO C NMOYTH U30TePMHYCCKHMH
KoJieGaHu sIMU.

Iycrs T’ — BoO3HHKamomue B KPHCTAJIMTE PA3HOCTH TeMIepa-
TYp, @ Tg — PasHOCTH, KOTOpbie BO3HHKIH OH NPH ajnabaTHIECKOM
npouecce. Pacxon Ttensa nyrtem TeHJIOHPOBOIIHOCTH (Ha eauHuIy
ofbema) ecTb

~—div q = ®AT! ~ uT'[a?.
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KonuuecTo e Tensa, Bhiensioleecss NpH AehopMalii, — MOPsiaKa
Bedyudnl ToC ~ @ToC (C — tennoemkocts). Ilpupabnubas sth
2Ba BBIPAXKEHHS, MOJYYHM

T~ Tp22,
X
Temnepatypa ucneiteiBaer usmenenue ~ 7’ Ha MPOTSKEHHH Pa3MePOB
KPHUCTa/JIUTa, TaK 4YTO ee rpamueHT ~ T'/a. Hakoueu, Ty Haxopum
13 (34,2), rae HamO MOJOXHTb Uy ~ kU ~ uw/c (4 — aMIAKUTYAE
BEKTOpa CMeLIeHHs):

, Topcw .
(OlleHHBaﬂ NopsAaKH BeJIHYHH, MBI, €CTECTBEHHO, HE OTJIHYaeM pasJjHy-
HBIE CKOPOCTH 3BYKa ¢). C NOMOIIBIO 3THX Pe3yJbTATOB BLIYUC/ISEM
JHCCUNIALUUIO 3HEPTHH B EAHHHLE ofbeMa;

TEMex ~ %" (VT)? ~ _;C‘_ (TTl)2

H, pas/equB ee HA IOTOK 3HEePrHH cf ~ cpw?u?, MoJyduM UCKOMBIH
KO03(phHIMEHT 3aTyXaHus

) Ta2pca?

xC

(C. Zener, 1938). CpaBHHuBas 3TO BhIpaxKeHHe C OOBIYHLIM BBEIP aXKEHHEM
(34,3) u (34,4), MBI MOXeM CKasaTb, YTO B PACCMAaTPHBAEMOM CJyuyae
IOTVIONIEHHE 3BYKa MNOJHKPHCTAJNNHYECKHAM TeNOM MPOHCXOJHT TaK,-
KaK ecan Obl OHO 00131210 BSI3KOCTbLIO

n~ Tq2p2c4a2/x6

ropasio GoJsbliell, yeM MCTHHHAS BS3KOCTb COCTaBJSIOUIMX €0 KPH-
CTaJIJIHTOB.

Hanee, paccMOTpHM OOpaTHHIH NpefelbHBH ciayual, KOrja o »
> y/a®. IlpyruMu crioBaMH, BpeMsl peslaKCalWH BelIMKO IO CpaBHe-
HHIO C TlepuoioM KosieGaHuH B BOJHE, H 332 BpeMsl Ka)<AOro NepHoja
He ycmeBaeT NMPOU3OHTH 3aMeTHOe BHIpABHHBAaHHE BO3HUKAIOMIHX NPH
Nedopmanuu pasHocTell TemnepaTyp. Buuio- 6bl, 0flHAaKO, HENPABHIb-
HBIM CUHTaTb, YTO ONpejessiiollie NOorouleHHe 3BYKa TPafiieHThl TeM-
nepatypbl nopsigka BeauuuHbl To/a. Tem cambiM MBI YUMTHIBAJIM Obk
JUIIL TPOIECC - TEMJIONPOBOJHOCTH BHYTPH KaXXAOTO KDHCTAJJIHTA.
Mex1y TeM OCHOBHYIO pPoJib B JAHHOM CJyyae ROJKeH UIPaTh TENJIO-
OoOMEeH MEeXJy coCelIHHMH Kpuctadjaamu (M. A. Heaxosuu, 1948).
Ecnu 6pf KPHCTAJ/IHTH OBNIM TENJOU3OJHPOBAaHBL APYF OT Jpyra,
TO Ha I'paHHUE MeXIY HHMH CO3/aBajHCh Obl PasHOCTH TeMMepaTtyp
TOrO e NopsjKa BeJuuuHH Tg, 4TO H Pa3HOCTH TeMmepaTyp B Ipe-
Jesaax OTAeJbHOTO KPuCTaijauTa. B nefiCTBHTe/NLHOCTH Xe TPaHHUHbIE
yCAOBHA TPEOYIOT HENpPepEIBHOCTH TeMnepaTypH NpH fepexoie dve-
pe3 NOBEpXHOCTH CONPHKOCHOBEHHS MeXIY KpHCTaANHTaMH. B pe-

@ mpn o K T’i- (34,6)
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3yJnbTaTe BO3HHKAIOT «PaclpOCTPAHSIOUHECS» OT IPaHHIl BHYTDb

KPUCTAJINTA «TeMIEPAaTyPHBlE BOJHBY, 3aTyxawllye Ha paccros-
1

Hiuu *) .

8 ~ (y/w)2,

B paccmatpuBaemom cayvae 8§ « @, T. e. OCHOBHOH IpafHeHT TeMIle-
parypbl — Nopsiika BeNMUYHHBI T0/86 M HMEET MECTO Ha PacCTOSIHUAX,
Ma/BlX [0 CPaBHEHHIO C OOLKMMH pa3MepaMH KpucTaasauta. CooTBer-
CTBYIOHIAst 4acTb O0beMa KpHCTaLIMTa ~a’d; OTHOCS ee K NOJTHOMY
obbeMy ~a®, HalllleM CpEJHIOI0 JMCCHNALMIO SHEPrHH:

Mex T F a®  Ta§ -

Hoxcrasus nast 75 swipaskenne (34,5) n pasneaus na cE ~ cpo?u?,
HOJMYYMM HCKOMBIH KO3(G(UUHEHT NOIJOUIEH st

Taloe  ,—
v ~—~a°é£1/xm nmpu o > —a’g—. (34,7

OH OKasHBaercsi MPONOPLHOHANbLHEM KODHIO H3 4YacTOTH 2).

Taxum o6pa3oM, Ko3PPUUHMEHT TOTJIOIEHHS 3BYKa B MNOJK-
KPHCTAJUIMUECKOM TeNe NPH caMBX MaJblX yactorax (o & x/a?) wme-
Hsercsd Kak o?; 3ateM B obaacth yx/0® < © & c¢/a o MeHsercs mnpo-
nopuHoHaAbHOo ©'/Z, a mpH © > c/a Ko3bpuUHEHT NOIJIOMmEHHs
CHOBa TNpONOpIUOHAJIEH o2 :

Ananoruunsle coo6paxeHHs] OTHOCSITCA H K 3aTyXaHHIO Nonepey-
HbIX BOJIH B TOHKHX CTEPXKHSIX H IVIacTHHKaX. Ecin A ecTh ToMmuna
CTeDKHS WJIH IJIACTHHKH, TO MPH A > A CyIIeCTBEH TPajHeHT TeMIle-
paTrypsl B [ONEPEYHOM HaNpaBlIeHHH M 3aTyXaHHe OGYCJIOBJEHO
B OCHOBHOM TENJONDOBOJHOCTBIO (CM. 3ajaud 3Toro mnaparpada).
Ecau npu 3TOM BhINONHsIETCs] HepaBeHCTBO ® « x/A%, TO Ko/MeGaHus
MOKHO CYHTATb HM3OTE€PMHUECKHMH; MO3TOMY IpH ONpEAeNeHMH, Ha-
OpHMep, YacTOT COGCTBEHHBIX KOJeGanuil CTEPKHSA MY  IIACTHEKH
HaJ0 B 5TOM cJyyae MOJb30BAThCSl H30TEPMHUYECKHMH 3HAUYEHNSIMH

MopyJell YIpyrocTH.

1) HanomuuM, 4TO eCJIM TemJIONPOBOAAIIAS Cpefia OTpPaHHYEHA NAOCKOCThIO ¥ = 0,
H36HITOUHAsA TeMnepaTypa KOTOPOH H3MeHSeTCs MEPHOAHMUECKH MO 3akoHy 77 =

= T(',e'""’, TO pacnpefie/ieHHe TEMIepaTyPH B Cpefie OMHCHIBAETCA 4TeMIepaTypHOil

BOJTHO#? . ' .
T = Tjexpl—iot — (1 + )2V 0/2x]

{cm. VI, § 52). . \
%) Taxofi e 4YaCTOTHOH SaBHCHMOCTBIO XapaKTEPHSYETCHl MOIVIOMEHHE . 8BYKa,

PACIpPOCTPAHSIONIErocs B XHIKOCTH WJIH B Ta3e BO/IHSH TBepAOH CTeHKH.(HampuMep,
no 1pyGe); cm. VI, § 79, )
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3anaun ,
1. Onpepenuts KO3KBHILHEHT SaTyXaHHSI NpPOXOJBLHHIX COGCTBEHHHIX KoJeGa-
HHiT CTEpXKHSA.
Pemenne Kospbuunenr saTyxaHus xoJeGaHHH CO BpeMeHeM ONpeleid-
eTcA Kak '

6=|EMex |/2E;
aMNaHTYAa KoneGaHui yObBAET CO BpeMeHeM NpONOPUMOHABbHO € PF,
B npOJ.lO..'IbHOﬁ BOJIHE B KAXAOM MAJOM YYACTKE CTEePXKHA NPOUCXOAHT npocrce
pacTdazKenue HJH CXaThe; KOMINOHEHTBH! TEH30pa Ae(I)OpMaIJ.HH
ou, Ouy
Upp = =7~y Uax = Uyy = —0Oay gz

Jlis u, oumeM u, = uy cos kz cos of, rie
- )
VEan/p
BoiuycaeHus, aHaJoTHuNbie NPHBEREHHLIM B TEKCTE, NPHBOIAT K CJAeAYIOMIEMY Bbl~
: ylomemy
paxeHH0 AaS KO3QPUIHEHPOB 3aTyXaHHL:
5 o? [ 1 3¢} —4ci et + ¥ Tpa?
= 2o 2\ o2 2 2y {302 2 2 .
2p ] 3 (ci —c<h)cq (¢f —¢€5) (3¢f —4¢j) 9CIJ

k

Buecto Eap, Oay MHL BBeH 3[€Ch CKOPOCTH ¢7, ¢t COTJacHO Qopmynam (22,4).

2. To Xe /151 NPOJOJILHHX KOJeGaHUH NIAaCTHHKH.

Pemenue Jlna BoaH ¢ HampapiendeM KojeGanufl, napajjenpHbIM Hanpa-
BJICHHUIO BOJHH (OCH X), HMeeM CHIENyIOUiie OT/HYHbC OT HYAA KOMIOHEHTH TeH3opa
JeopMalvH:

o Oy, 4 = Oan Oty
wToox 2 H 1 —0ay Ox

(cM. (13,1)). Cropoctb pacnpocTpaHeHHs 3THX BOJH paBHa

[ Eap 1/2
p(l"ogn) ] )

BurucaieRHe NMPHBOLHT K De3yJbTaTy:
b— o [ n 8+ dcp—6cje Le? xTo2p? (1 + Oap)?
T2 ) 3 ey (i —¢f) 3 (c;—¢j) 9cz, °

Jlng BOJH ¢ HanmpapjeHHeM KoJeGaHufi, NePHNEHANKYJSIDHHM HANlpaBJicHEIO
BOJIEH, 47 = 0 1 saTyxatue o6yCJOBJ€eHO OJHO# TOJNBKO BA3KOCThIO 1. Kosdduiuear
saTyXxaHnusl LA TaKHX CydaeB Bcerfa onpefeasieTcss ¢opmyJoi

P = nw?/2pc}.

K aTHM c1yuasiM OTHOCHTCS TaKKe H 3aTyXaHHe KPYTHJLHLIX KOJeGaHHi B CTEpPXAKX.
3. OnpenennTe KO3hGhHLUHEHT 3aTyXaHHS MONEPEYHBIX COGCTBEHHHX XoJjeGaumik
CTepKHA (C YacTOTaMH, YIOBJETBOPAIOWIHMH YC/AOBHIO ® > y/Ah%, h — Tonmmaa
CTEPIKHA).
Pemenne OcHOBHYIO POib B 3aTyXaHHH HIpaeT TemaonpopoixocTs, Coe
rnacno.§ 17 uMeeM B KaxJOM 2JeMeHTe o6heMa CTEPKHsI
X X 5
Uy = 3 Uxxy = Uyy = —OCap "
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(W3ru6 B TIOCKOCTH X, 2); MpH © > ¥x/h?® KoneGanus apuaGatuunbi. [Ipu cnaGom us-
rufe paguyc KpuBH3HH R = 1/X", Tax uro
’ ujy = (1 — 20,y xX*

(tpux osnavaer jubdepennupopanne no z). HauBosee 6uicTpoe HaMenmenme Tem-
nepaTypa HCIKTLIBAeT B HANPABJEHHH NONepeK cTepxus; nostomy (VT)2 = (97/0x)2.
C romomtpio (34,1) u (34,2) monyuaem AAA cpefiRefi KHCCHNANMH SHepPCMH BO BCEM
CTepxKHe ’

*Ta*Ey, S

(S — nmaomans cevennsi crepxus). CpeRHIO IOJHYIO 3HEPTHIO MOXHO HafTH Kax
YABOEHHYIO MOTEHHHAJbHYIO IHEPTHIO:

Eanly | X dz.

OKOHYATENBEO NOJYYHM AJS KOI(pGHUHEHTa 3aTyXaHHS
2
B = xTalSEqn
—RT AT .
181 o

4. To xe na nomepeuHbIX KoJeGaHHH MIACTHHKH.
Pemenune Cornacuo (11,4) umMeem B KaXJOM 3jeMenTe 06beMa MIacTHHKN

2
wpy e A= 201 FL

1 —0a, ax?

{H3ru6 B IVIOCKOCTH X, 2). Jluccunanuio sHepruu HaxoAnuM 1o dopmyaawm (34,1) u (34,2),
4 MOJIHYIO CPERHIOI0 3HepTHio — yABauBan suipaxenne (11,6). Kosdpduuuenr sary-
XaHHA paBeH ’ . .
p= QKTO:‘ZEan 1 4 oag _ 2fo12p (3¢ — 432 ¢}
3Co R I — oag 3CZh? G—=c)e

5. OnpexenuTs M3MeHeHHe COGCTBEHHBIX 4acTOT MONMEpeYHHX KoJebGaHUM CTepiK-
HH, CBA3aHHOE C HeafnaGaTHYHOCTbiO KoJeGanui. CrepxeHb umeer dopMy AJHHHOIM
RAACTHHKH TOJIMNB A, IloBepXHOCTb CTEPXXHS MpeAnoJjaraercd TEeIIOH30AHPO-
BaHBHOH. .
) Pemenune Ilycte Ta, (X, ) ecTs pacnipefiesienye TemriepaTyphl B CTepxKHe
NPH afnabaTHuecKHX KoJebanusix, a T (x, {) — UCTHHHOe pacrpejieJieHHe TemIllepa-
TYPH B HeM (X — KOODAHHATA BROJL TOJNIIHHB CTEPXKHA; H3MEHEHHEM TEMIIepaTyphl
BAOJb NJIOCKOCTH Y, 2 npeHebperaem xax GoJee MeRJeHHuM). Ilockoasky npu T =
== Ty Tem1oo6MeH MeXJy OT/AeJNbHBIMH ydYacTKaMH Tela OTCYTCTBYeT, SICHO, 4TO
¥PaBHEHHE TelIONPOBOJZHOCTH JOJIKHO HMETb BHJ ‘

2
S T —Tw=x—L.

ot a ox?

Tlpu nepHoAMueCKHX KoJe6aHHAX C 4Y3CTOTOR © OTKIOHEHHS Tay = Tay — Tos
¥= T — T, TeMnepaTypsl OT CBOEeT0 paBHOBeCHOro 3HavenHA Ty NpONOPRHOHAMb-

HH el MH uMeem .

. o fo
T — T = — T,
+ m Rl v )

(mrrpux osHauaer Anddepenuuponanye No x). Tlockonbky Tay, cornacHo (34,2),
DPONOPIHOHABHO U], 3 KOMIOHEHTH j; MPONOPUHOHAMLHN X (CM..§ 17), To Tay =
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== Ax, rae A — noCTofHHasl, KOTOPYI0O HeT HafOGHOCTH BHYHCAATH (OHa BHNAajaer
M3 OKOHYaTeJLHOIrO OTBeTa). PelueHHe ypaBHEHHS

0] i®
v t—T=—Ax
+ X X

¢ TPAHUYHBIM YycoBHeM T = O npu X = -£h/2 (NOBEPXHOCTL CTEPHHS TENJIOH30AH-
poOBaHa) ecThb

sin kx ) . ®
T=A({X————rrr— k=141 -
( kcos(&h/2) /° (1+0 2y °
MomeHT M, CHN BHYTPEHHHX HaNpsiXKeHHH B H3OTHYTOM CTepKHe (H3ru6 B Mio-
CKOCTH X2) CKNa[LIBAETCA H3 H30TEPMHUYECKOH TaCTH My pa (MOMEHT NDH H30TEPMHYE-
CKOM H3rn6e) H M3 YaCTH, CBA3aHHOM C HepaBHOMePHOHA HarpeTocThio crepxHsA. Ecan
My ap ecTb MOMeHT NpH afnaGaTHyecKoM H3rube, TO NPH He BIOJHEe aAuaGaTHIECKOM

npolecce AONOJHHTENbHAA 4aCTh MOMEHTa YMEHBbIAeTCA IO CPAaBHEHHIO C BeJIHUH-
HOH My an — M g3 B OTHOIUEHHH

/2 4 B2
14f(0) = j zudz j Ziap de.
—hs2 —hj2

Onpesenssi npu npou3soasuoft yactote ® Moayab 0nra Eg, Kax KoadduIHEHT npo-
NOpUHOHaTbHOCTH Mexpay My u [,/R (em. (17,8)) u 3ameuwass, uro Ezg — E =
= E2*Ta%/9C, (cM. (6,8); E — usotepMuyeckult moAyab IOnra), momem HamucaTh:

T‘l
Eg=E + [1 4 (0)] E? ggp.

Brlaucnenne paer gas f (o) BeipaxeHune
24 kh kh
1) = 7 ( g~ 83 )

Ipn ® — oo mosyuaeM, Kak H JAOJXKHO GBIIO GbiTh, [ = 1, Tak uro E = Ean'
amu o—>0f=0u E,=E.

YactoTel COGCTBEHHHIX KOJeGaHHA NpPOMOPLHOHANbHEL KOpHIO H3 Moayas lOura
(cM. 3amaun 4—6 § 25). [losromy umeem

: , m=mo[1+i(mo)%§],

rie @ — 3HaueHHd COGCTBEHHRIX YaCTOT NpPH NOJHOH aiHabaTHYHOCTH KOJIeGaHHA.
310 © Kommiekcro. Pasfensisi NEHCTBHTENBHYI0O ¥ MHHEMYIO HacTH (@ = @ + i),
noJyyaeM OKOHYaTeJdbHO JNf COGCTBeHHOH 4acTOTHI

ETaz 1 shE—/sin{E,]
3Cp E chgtcost

m’=mo[l—

H s KoapduuHenTa 3aTyXaHusd
- 2ETa?y [1 1 shf-sind ]
?

- B=—sm" E ChEFcost

rae BBeJieHO ofo3HauenHe § = A ((o.,/?x)” 2,
) [pn GoMbKX SHageHHAX § 4acTOTa ® CTpemHTCs, KaK H CJEA0BAJIO, K g, a
Ko3phHIHERT 3aTyXaHHd K

_ B = 2ETa?y/3Ch?
B COIJTaCHH C pe3yJibTatoM 3ajaus 3,
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"MaJike e 3HaueHHnl § COOTBETCTBYIOT MOYTH H3OTEPMUYECKHM YCJOBHSIM; B 5TOM
cayuae

EToa?
0 X Wy (1 — —Tng—) X Wg (E/Ean)1/2’

a xo3pdunHeHT 3aTyXaHus
B = ETa?h? ®
TOI80C,yx "

§ 35. OueHb BsI3KHE MHIAKOCTH

Jna THNHYHBIX KuaxkocTell ypaBuenus Hasbe—Crokca npume-
HUMBLL 0 TeX [Op, IIOKA MEePUOAB! ABHKEHUS BEJIMKH IO CPABHEHHIO
¢ MOJIEKYJISIPHBIMH BPEMEHaMH. D710, OJAHAKO, HE OTHOCHUTCA K OYeHb
BA3KHUM XuAKOCTAM. sl TakuX kHAKOCTEH OObIUHbIE THMAPOAHHAMHU-
yeCKHe YpaBHEHHSI CTAHOBATCS HENPHMEHHMBIMH Yy2Ke MHpPKH Topasio
6ONBNIAX Nepuojax ABuKeHusi. CymecTBYIOT BA3KHE XKHAKOCTH, KO-
TOpLle B TeueHHe LOCTATOYHO MaJbIX (HO B TO K€ BpeMsi GOJbUINX 110
CpPaBHEHHIO C MOJIEKYJISIpHBIMH) TPOMEXKYTKOB BPEMEHH BeAYT cebs,
KaK TBepAble Tena (HanpuMep, raulepuH, KaHudosab). Amopdubie
TBEpAbIE Tela (HanpHMep, CTEKJO) MOKHO pacCMaTpHBaThb Kak Ipe-
AeJbHBIA caydyall TAaKHX JKHUAKOCTEH ¢ BecbMa GOJIbLION BA3KOCTHIO.

CBOHCTBA 3THX XKHUJAKOCTEH MOTyT GBHITH ONUCAHLI CIELYIOMHUM CIIo-
coboM (nmpeanoxeHHBIM Maxcseanronm). B TeueHue MasiblX IPOMENKYT-
KOB BpeMeHu OHM ynpyro nedopmupyworcs. Ilocne npekpalleHus je-
¢opMallii B HHX OCTalOTCsl HAlpPsLAKEHHSA CJABHTA, 3aTyXaiollye,
OHAKO, CO BpeMEHeM, TaK UYTO IO HCTEYEHHH JOCTATOYHO GOJBILOrO
IPOMEKYTK2 BPEeMEHH HHKaKHX BHYTPEHHHX HampsikeHHH B XuAKo-
CTH NPAKTHYECKH He ocTaeTcs. I1yCTh T eCTh MOPALOK BENHUMHEI Bpe-
MEHH, B TeueHHe KOTOPOrO TNPOHUCXONUT 3aTyXaHHe HanpsXKeHui
(t HasbIBAIOT HHOTAA MAKCBEJJIOBCKMM BpeMeHeM penaxcauui). Ilpea-
NOJIOMKHM, UTO MKHAKOCTb MMOJBEPraeTcsi BO3JAeHCTBHIO HEKOTOPHIX Ie-
PEMEHHBIX BHENIHMX CHJI, MEPHOAMYECKH MEHSIOILUXCS €O BpeMeHeM
¢ vactotoii w. Ecau nepuof 1/ u3MeHeHHS CHJ BeJIHK [0 CPABHEHHIO
c BpeMeHeM peslakcalid T, T. e. @t & 1, To paccMaTpuBaeMasi Kua-
KocTb Oyner BecTH cebsl, Kak OOBIUHasl Bs3Kad KHAKOCTb. Hanpotus,
NpH AOCTATOYHO GOJMBIIMX 4YacToTaXx ® (Koria ot > 1) XuIAKOCTDL
Oyaer BecTH ce(d, Kak amopdHOe TBepAOe TeJo.

COOTBETCTBEHHO TaKHM «IPOMEKYTOUHbiM» CBOACTBAM paccMaTpu-
_BaeMBIX XKHJKOCTEH HX MOXKHO XapakKTePH30BaTb OJHOBPEMEHHO KO3d-
QHIMEHTOM BSI3KOCTH 1) M HEKOTODHIM ¢MOAYJIEM CABHra» W. Jlerko
NOJIY4uTh COOTHOLIE€HHE, CBsISBIBaloOLEe APYr C APYroM MNOPALKH Be-
JHYHH 1), B ¥ BpeMeHH penakcauuu t. Ilpm BosgeficTBHH NepuoAu-
YeCKWX CHJ C AOCTAaTOUYHO MAaJIOH 4aCTOTOH, KOTJa XHUAKOCTb BejeT
ceba, Kak OObIYHASI, TEH30P HanpsixKeHHil onpejiessieTcsl OOLIYHBIM BhI-
paxKeHueMm AJ1s BA3KHX HaNpsKeHHUH B XKHIKOCTH, T. €.

Cip = in.lik = —2[1’](011;7;.
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B ob6paTHOM npejenbHOM ciiyuae GOJbIIMX YAaCTOT XKUAKOCTb BeJeT
cefs, KaK TBepAOe TesO0, H BHYTpPeHHHe HAanpAMXKeHHdA AOJKHH Ompe-
JeaaThesa 1Mo GopMyJiaM TEOPHH YNPYTLOCTH, T. €. Oy = 2uiy;, (peub
HJeT Bce BpeMd O «aedopMamusix YHCTOIO CABHMTra», Tak 4TO MpeAno-
Jlaraercd, 4to 4; = 0, 0;; = 0). Ilpu uacTorax nopspka © ~ l/v
HaMpsKEHH s, ONPEAC/ISIOUINECs STHMH ABYMS BEIDAXKEHHUAMH, JOJKHbI
COBMafaTh M0 MOPSAKY BeluunHbl, TakuM o6pa3om, uMmeeM Nu/AT ~

~ pulk, oTKyHa

N~ T, (35,1)
DTO W ecTb HCKOMOE COOTHOLIEHHE.

BriBeseM, HaxoHell, YpaBHEHHE [BHiKEHMST, KaueCTBEHHO OIMCH-
Balolllee [OBejleHHe paccMaTpuBaeMblx Kuakoctei. s storo Gymem
HCXOAHTh M3 HauboJjiee MPOCTOTO MPEeANOJOMEHHS O 3aKOHE 3aTyxa-
HUsl BHYTpPEHHUX HanpsxKeHWH (mocsae NpeKpalleHHs JABHKEHHS);
UMeHHO, OyJeM CUHTATb, YTO OHO MPOUCXOAHT MO MPOCTOMY 3KCHOHEH-
OHaNAbHOMY 3aKOHY, YeMy COOTBETCTBYET YpaBHeHue

do; 1
i = O
C Apyrou CTOpPOHBI, B TBEPAOM Teje Ghio Ol 0;; = 2uu;,, U MOTOMY
dosp duip,
a = Mg
Jlerko Bujerb, u4TO ypaBHEHHE
do;p 1 du;
0w = 2n — (35,2)

NPHUBOAKT K MPAaBU/IbLHBLIM Pe3yabrataM B oéonx npejelbHbIX CJaydasx
MeJJIEHHBIX U OBICTPBIX ABHXKEHMil, 8 MOTOMY MOMKET CNYXXKHTb HHTEP-
MONALNMOHHBIM YPaBHEHHEM JIJs [IPOMEXYTOUHBIX CJyyaeB.

Tak, AS1 MEPHOAMYECKOTO ABHIKGHHSA, KOTAA Uy, W O 3ABUCAT
OT BpPEeMEHH MOCPeICTBOM MHOXKHTeNd e ‘®*, umeem us (35,2)

—iwo;, + —i‘ Oip = —2{OUp,
OTKyJa
2 :
Oip = ——— Uip- (35,3)
b —

[Ipu ot >> 1 sta dopmyna paer o, = 2puy, T.'e. OGBIUHOE BHIpa-
xKeHue s TBEP}U:I‘( Test, a npu ot K 1

Oip = —2ipTouy = 2pti,
— OOBIYHOE BBIpaXKeHne AJsl XUAKOCTH C BSI3KOCTBIO P,



rJABA VI

MEXAHHMKA )XHAKHX KPHCTAJIJIOB')

§ 36. Cratuuecksie pedopManu¥ HeMATHKOB

JKHIKHE KPHCTANJNbl NDPEACTABJSIOT COO0H € MaKPOCKONHYEeCKOH
TOYKH 3PEHHS AHU3OTPOIHYIO TEKYuyio cpelly. MexaHHKa »THX cpejl
geceT B ceGe uepTH, CBONCTBEHHBIE KaK OOBIYHBIM KHAKOCTHM, TakK
B YOPYTHM CPelaM, H B 3TOM CMEIC/Ie 3aHHUMAET N0J0XKEeHUe, IPOMEXY-
TOYHOE MexXJAY THAPOAWHAMUKON M TeopueH YNPYIroOCTH.

CylecTsyoT pasiuubble THOB KUAKHX KPUCTaJJoB. Kareropuio
HeMamu4ecKux sudKux xpucmaanog (WIH, KaK roBopaT Ais KPaTKOCTH,
HeMAMUKO08) COCTABIRIOT CPelbl, KOTOphle B CBOEM HeAedOpMHPOBaH-
HOM COCTOSIHHH OLHOPOJAHBl HE TOJLKO MaKpO-, HO W' MHKPOCKOIIH-
YeCKH; aHH30TPONHS CPeAbl CBA3aHAa TOJbKO C aHH3OTPONHOH OpHEH-
ranmeil Modekya B mpoctpancTtse (cMm. V, §§ 139, 140). Tloxasasio-
mee GOJBIIHHCTBO M3BECTHBIX HEMAaTHKOB OTHOCHTCS K IpocTeHiieMy
HX THITY, B KOTOPOM 2aHH3OTPONUS NMOJHOCThIO ONpefiesieTcsl 3aflaHE eM
B Kaxkaofl TOuKe cpelbl €AHHHYHOTO BEKTOpP2 §, BHIAGJAAIONErO BCETO
OflHO K36paHHOE HarpaB/eHHEe; BEKTOP N HA3BIBAIOT OuUpexmopost.
IIpu 3ToM 3HaYeHHs N W —n, pasAHYAONINECS JUIIL 3HAKOM, (H3I-
YeCKH SKBHB&JIEHTHbl, TaK YTO BblAENEHHOH fBJIAETCS JHIIb ONpefe-
JIeHHas OCb, a ABA NMPOTHBOMOJOXHLIX HarNpaBjeHUsl BAOJIL HEE IKBU-
sanedTHbl. Haxkoden, cBoHCTBa 3TOro THIIA HeMaTHKOB (B KamaoM
3neMeHTe HX 06beMa) HHBAPHAHTHE OTHOCHTENBHO HHBEPCUH — H3Me-
HEHU A 3HAKA BCeX TpeX KoOpAMHAT ¥). Hike MbI paccMaTpunaeM TONLKO
STOT THI HEMAaTHYeCKMX KHIKUX KPHCTAJJOB.

Taxum o6pasom, COCTOSHHE HEMaTHUYECKOH Cpelbl OIHChiBaeTcd
33JIaHIEM B KaXKJIOH €e TOYKe HapAay ¢ OOLYHLIMM AJS KHUAKOCTH Be-
JUYIIHAMH — TJIOTHOCTH P, AABJEHHS p M CKOPOCTH V —— elle H AH-
pexTopa n. Bce 3TH BesiHunHBI BXOLST B KauecTBe HeH3BeCTHHIX (yHK-
mi# KOOpJAWHAT ¥ BPeMeHW B ypaBHEHHMS JBHKEHHS HeMaTHKa.

B paBHOBECHOM COCTOSHMM HENOIABHXKHBIH HEMATHK, HE HaXOnd-
mWAACA nox AeficTBHEeM BHEINHHX CHJ (B TOM YHCAE CO CTOPOHEL OrpaHu-
YHBAIOMMX €ro CTEHOK), OAHOPOJeH: BO BceM ero o0beme n = const.
B netdopMupOBaHHOM Ke HeMaTHKE HallPaBJeHHe AUPEKTOPa MeLJeHHO
MeHfeTcs IO NPOCTPAHCTBY; MeAJIEHHOCTh TOAPa3yMeBaeTcs 3JeChb
B OOLIYHOM AJS MaKPOCKOMHUECKOH TEOPHH CMEICAE: XaPaKTepHbe

-1y Sra rnasa nanucana cosmectro ¢ JI. I1. ITuraesckum.
?) HemaTHkH, He HHBapHAHTHHIE OTHOCHTEJLHO WHBEDCHHA, HEYCTOHYHBH MO

. mnomenmg X necpopmauuu, npeBpamalomeﬁ UX B Tak Ha3bBaeMble XOJIECTEPHKH —
e, § 4 :
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ANHHBIL, Ha KOTOPHIX JedopManusi CYHIECTBEHHO MeHseTcs,  Be-
JNHKH N0 CPAaBHEHHIO C MOJEKYASpHHIMH Pa3MepaMmHu, TaK 4TO Mpo-
'M3BOAHBIE 0n;/0x; JNOMKHBH PacCMaTPUBATbCS KAaK MaJjible BEJTHUHHH.
B 3roit ry1aBe Mbl 6yleM OTHOCHTb BCE TePMOAHHAMHYeCKHE Be-
JAHYUHBL K efHHULE ofhema NedOpPMHPOBAHHOTO Tesla, a HE K elu-
HHle o6bema HeledhOPDMHPOBAHHOrO, Kak B NPeJHAYHIMX TIJaBax.
OupenesieHsass TakuM 06pasoM NJIOTHOCTH CBOGOAHOM 3HepruuH F He-
MaTHYeCKOH Cpeisl CKJaiblBaeTcsi K3 CBOGOAHOM 5Heprun Hepedopmu-
poBaHHOro Hematnka Fy (p, T) u suepruu gedopmarmns Fy. Ilocaen-
Hsig TpeAcTaBaseT coGOfl KBajpaTHYHOE MO NMPOU3BOAHBIM OT N Bhi-
paxenue, oGmui Bux koroporo (C. W. Oseen, 1933; F. C. Frank,
1958; J. L. Ericksen, 1962)
Fy=F —Fy =5 (divoy 4 %2

(nrotn? + L (nrotnp  (36,1)
(cM. V § 140); ormerum, 4T0O AN €AMHHYHOTO BEKTOpA N (r) B CHJIY
ToXAecTBa Vn® = 0 CHpaBelIHBO PaBEHCTBO

[nrotn} = — (ny)n, (36,2)

nosToMy HocjeiHuil uiex B (36,1) Moxer OHITH 3aIHCaH TaxKXke H
B 3KBHBadeHTHOH ¢opme Kj ((nV) n)%/2. -

Oueprus (36,1) urpaer B MexaHuKe HEMaTHKOB POJ/ib, aHAJIOTHY--

HYI0O POJNH YNpYyrod sHeprud AedOpMHPOBAHHOTO TBEPAOTO TeJa, H
HMEHHO €e CYIIECTBOBAaHHE APHIAeT 3TOH MeXaHHKe HEKOTOPhie YepThl
TEOPHUH YHPYFOCTH *).

Tpu kBagpaTHuHbie KOMOGMHALHMM TPOH3BOAHBIX B (36,1) HesaBm-

CHMBI AP YT OT ApYyra: Kaxjaas H3 HUX MOXeT ObiTh OT/IHUHA OT HYJ14 NPH
PaBHEIX HYJI0 JBYX ApyruX. [losroMy yc/loBue yCTOHMHBOCTH Hefe-
(OPMHPOBAHHOIO COCTOSAHHA TpeGyeT MOJIOXHTENBHOCTH BCEX TPEX
ko3dduurentoB K, K,, K, (PyHKUHH IJOTHOCTH H TeMIepaTyphi);
Mbl 6yleM Ha3bIBaTh HX MOOYAAME Yynpyeocmu HeMaTHKA (HX HA3blBalOT
TakmKe Mmodyaamu <Ppanka).

YnoMsHem, 4T0 AedopMaluu, B KOTOPHIX OTJIHYHA OT HYJS JHIIb
oaua u3 Beauund div n, nrot n uau [nrot nl, HaswBawoT coorser-
CTBEHHO . nonepedHoim useubom, KpyyeHuem HUIH NpOJOAbHbIM U32U-
6ox %). B ofuem cayuae, KOHeuHO, nepopMalHs HEMATHKA COLEPKHUT
OJIHOBPEMEHHO BCE 3TH TPH 3/71eMeHTa. [IAs HAMIOCTPAlHU HX XapaKTepa
yKaxeM npocrthie npumephl. [1ycTh nemaThueckas cpejla 3amogHseT
HPOCTPAHCTBO MeXAY ABYMS KOAKCHAJbHBIMH UMJIHHAPHYECKHMH MO-

1) HdedopmupoBanue XHAKOTO KpPHCTaJJja OPHBOXHT, Boofme roBopsi, K €ro
EHM3AERTPHYECKOH TOJSIPH3AIHH H COOTBETCTBEHHO K BOSHHKHOBEHHIO JIEKTPHIECKOrO
noast (M. VIIL, § 17); aror sddekr obuiumo cnab, # Mu He GyieM paccMaTpHBATH
€ro BAHAHHE HA MeXaHHuecKHe cBOHACTBa cpeAnl. Mul He GyJeM TaKxe paccMaTpHBaTh
BJHSIHHE, KOTOPOE OKa3HBaeT Ha CBOACTBA JXHAKHX KPHCTA/JIOB BHelIHee MarHHTHOe
nojie; BBHAY aHHIOTPONMY MaramETHOR (baKTHMECKH AHaMarBHTHOR) BOCHPHEMYHBO-
CTH HEMaTHKAa MAIHHTHOE [OJe OKA3HBAaET HAa HEFO OpHeHTRpYiouiee AeACTBHe. -

?) Ilo aurawiickoit Tepmunonoruu: splay, twist nai bend, \ :

t
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BEPXHOCTSIMU; 7, @, 2 — LUJUHADPUYECKHE KOOPAHUHATHL C OChIO 2
N0 OCH LUJAXHAPOB. Ec/u AUPEKTOp N B KaxX/J0# TOUKe Cpejibl Hampas-
AeH BAOAb pajauyca (n, = 1, n, = n, = 0), 1o fedopmMauus npeacTan-
nser co6oil nonepeyHbIR usmé (divn = 1/r). Eciu n HanpaBieH
B KaxXJIOH TOYKe BJOJIb OKPYXXHOCTH C LEHTPOM Ha OCH 2 (ny =1,
1, = n, = (), T0 MBI UMeeM YMCTHI# NPOAOJBHBIH H3THO (rot n=
= 1/r). Hakonen, eciu no Ttonmuue (0Cb 2) MJIOCKOMapasJefb-
HOTO CJIOSl HeMaTHKa HampablleHie AupekTopa MeHsleTCsl NO 22KOHY
n, = cos @ (2), n, = sin ® (), n, = 0, MLl HMeeM Jiel0 C YHCTbIM
KpydyeHdeM (n rot'n = —o' (2)).

Crenkd, OrpaHUYKMBAIOLIME 3aHHMAeMblH KHAKOKPHCTANJIHUYECKOH
cpenoit 06beM, W Jaxe ee cBo0OAHAsA NOBEPXHCCTb OKAa3LIBAIOT Ha
cpelly opHeHTHpYoLee Bo3jelicTBie (06 5TOM GyIeT TOBOPHTHCS IOJ-
pobHee Huxe). [losToMy yiKe caMO HaluyHe rPaHHYHBEIX NOBEPXHOCTEH
NPUBOJUT, BOOOLIE TOBOPSI, K AeQOPMUPOBAHHIO HENOABUIKHOH »KHIKO-
KpucTanauueckoft cpeasl. Bo3HUKaeT BONPOC O HAXOXKAECHHH YpaBHe-
BHil, onpelensaomuX 3Ty fedopMauyio; APYTUMH CJIOBaMH — 06 ypas-
HEHURX, OMpeleNsloUX paBHOBECHOE pacnpelienenue n (r) Nnpu 3a-
AAHHBIX TPaHU4HBIX yeaoBuax (J. L. Ericksen, 1966).

Jana 3toro ucxoauM u3 oOmero TepMOAHHAMHYECKOTO YCJIOBUA
PaBHOBECHS] — MHHHMAaJbHOCTH INOJHOH CBOGOJHOH SHEPrHH TeJa,

T. €. HHTerpasa JFdV, NIpeACTaBMASIONEr0 co60# (GYHKUHOHAA OT

$yHKUnK n (r). [TocKOMBKY BeKTOp N €IHHHUYHEIH, 3TOT (YHKUHOHAN
Jonxed OBITH MHHMMAJIeH TpPH JONOJHHTENBHOM YCAOBHH n? = |,
clellys H3BECTHOMY METOY HeolpeJieleHHBIX MHOKUTeel JlarpaHika,
Hajo noTpefOBaTb PaBeHCTBA HYJIO BapuHalMy

8 {F-—-;—x(r) n2}dV, (36,3)

A (r) — Hekotopaa ¢yHKkuudA. IloxgpiHTErpajJbHOE BHIPaXKeHUe 3aBUCHT
Kak OT caMmMuX q)yHK'uuﬁ n-(r) TaK H OT MX NPOU3BOAHBLIX. Mmeem 1)

GIFdV=J{ on; —[—a 0h6n}dV.—
( OF oF
= [{4 — %5y n)}én dv+g5 - onidfy.  (36,4)

BTopo#i ulieH — HHTErpas Mo NOBEPXHOCTH Tela -— CYIIECTBEH JHIUb
JAA HAXOXJeHusl TpaHuuHBIX ycaoBuil. Ilomaras moka 6n = 0 na
rpaHuiax, HaXxoAuM JJisi BapualUMH NOJHOH CBOOOAHON 3HEPTHH

8 [Fav = — [Hénav, (36,5)

1) B sroft r1ape AaA ynpouleHus 3anucH GopMya Mul Gyjem MOAb30BATLCS MPHU-
HATBIM B COBPEMEHHOH . erepa'rgpe Kparxmw o6o3HaueHHeM oriepaTopa Auddepen-
IHPOBAaHHA NO KOOP/HHATAM: /0%y,
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rae H — BeKTOp' ¢ KOMIIOHEHTaMHu
N oF oF
H! = dhnhi — ——67!;— , Mgy = m. (36,6)

Benuuuna H urpaer posib 1moJisi, CTpeMSIIErocs «BHIIPSAMUTH» HANpPaB-
JICHHS N BO BCeM 0OGBeMe KHAKOIO KPHUCTaJ1a; ero HashBalOT MOAe-
KYASPHOIM NOAEM.

YpaBHenne xke (36,3) NpUHHMAeT BHJ,

[ H -+ 2n)dnav =o,

OTKYZa BBHAY NPOHU3BOJLHOCTH Bapuald On HaxoAWM YpaBHEHHE
paBHOBecus B Bufie H = —An, Orcioga A = —Hn, 1. e, npogospHas
KOMIIOHEHTa 3TOT0 YpaBHEHHS YJOBJIETBOpSETCH 3a cyeT BhiGopa A.
ITosToMy ¢aKTHYECKH YC/IOBHE PABHOBECHS CBOAMTCA K TPeOOBaHHIO
KoJistiHeapHOCTH BeKTopoB H W n B Kaxjao#l Touke cpejrl; Npoa0Jib-
Has ke KommoHeHTa H He uMmeeT ¢du3HUecKOro cMbicia. TakuM o6pa-
30M, YCJOBHE DAaBHOBECHSI MOXKHO 3aluCaTh B Buie

h=H —n(nH) =0, (36,7)

BBeAs BekTop h, mnas kKotoporo nh = 0,

Hafinem sBHOe BHIpaKeHHE MOJEKYJ/SPHOTO MOJ5, COOTBETCTBYIO-
mero csoboxuo#t snepruu (36,1). lna nposenenns auddepenuupo-
BaHHA [0 O,n; 3aMeuaeM, UTO

divn = 0;n;, rot;n=e;,;0xn;
(rie e;; — aHTHCHMMETDPHUHBI €IMHHYHBIH TEH30p), M MOSTOMY
ddivn 0
TGy~ O Gy 1O = e
B pesyabpraTe mosyuMM HAJsl TEH30pa fp; BBHIpaKEHHE
Ty = K1byp divn 4 Ky (nrot n) niey; +- Ks[[nrot n]nl e, (36,8)

Janbneiiimee auddepeHnHpoBaHue, coriacHo ompegenenuto (36,6),
IPUBOJMUT K CIEAyOIIEH JOBOJLHO CJIOXKHOH doOpMyJse AJs MOJEKY-
JIIPHOTO TOJSA:

H = V (K, divn) — {K;(nrot n) rot n - rot (K, (nrot n) n)} 4
-+ {Ks([nrot n]rot n] + rot [Ksn[nrotn])}. (36,9)

['pannuHble yCJIOBHS K ypaBHEHHSIM DPaBHOBECHS] He MOTYT GHITh
YCTaHOBJIEHH B OOIlleM BHJA€: OHW 3aBHCST HE TOJNBKO OT YHpyro#
sHepruH (36,1), HO U OT KOHKPETHOTO pPojia B3aUMOJEHCTBHS KHAKOCTH
g OrpaHHYHBaIOILEH ee CTEHKOH; 3Ta [IOBEPXHOCTHAS 3HEPTUS JOJKHA

BlJ1a Obl GBITh BKJIIOYEHA B TMOJHYIO CBOOO/IHYIO SHEPTHIO, MHHHMA/Ib-
HOCTb KOTOpPOH ONpeleNsiioT YCJAOBHS PaBHOBeCHS. PaKTHYECKH STH
[IOBEPXHOCTHBIE CHJIBI OOBIUHO HACTOJNIbKO BEJMKH, YTO HMEHHO OHH
YyCTaHaBJAHBAIOT HanpaB/eHHe N Ha IpaHHIe, He 3aBHCAIIEE OT Xa-
pakrepa aedopmanuu B obbeMe ofpasua. Ecau rpanuuHas TBepjas

1472 T T MYaunauv B M Tudurmanr 1 VI
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TIOBePXHOCTh aHH3OTPOINHA, TO 3TO HalNpaBJieHHe OKa3hbiBaeTCA BIIOJIHE
onpeje/ieHHBIM (HJIH ONHHM M3 HEeCKOJbKHX BIIOJIHE ONpefleseHHBbIX).
EcJin Ke NOBeDXHOCTb H30TPONHA (CIOZAa OTHOCHTCS H clydal cBo6oj-
HON NOBEPXHOCTH), TO OKa3blBaeTCsi 3aJaHHBIM JHIIb YIoJ MeXAy n
H HOpPMaJbio K NMOBePXHOCTH. Ecjin 3TOT yros paBen HyJ0, TO N umeeT
BIIOJIHE OIpefieJieHHOe HanpapJjieHHe — 10 HOPMa/JH K MOBEPXHOCTH.
Ecnu ke yros oTiuMuYeH OT HYyJs, TO JAONYCTUMEIE HanpaBjeHusa it
3a0JHSOT KOHMYECKYIO MOBEPXHOCTb C OIpelleleHHBIM YIJIOM pac-
TBOpa.

B 3To#t mnocneiHefl cuTyanudH HeOOXOAMMO MOCTaBUTL JAONOJHH-
TeJIbHOE TpaHHyHOe YycnaoBHe. OHO YyCTaHaBlIuBaeTCss TpeGOBaHHEM
ofpalleHusl B HYJb IIOBEPXHOCTHOTO HHTerpana B (36,4) ajas Bapua-
uu# 8n, npeacraBasomUX co60fi MOBOPOTH N BOKPYT HOPMaJl B Kax-
JIOH TOYKe NMOBEPXHOCTH C COXpaHEeHHeM YIJVIa HAKJIOHAa K HeH (T. e. Ba-
pHauuil, He MeHSIOWHX NCBepXHOCTHOH sHepruu). Takas Bapuaunus
umeer BuA On = [vn] 8¢, rae v — enauHMYHLI BeKTOp HOpMaJH,
a 8¢ — npousBosbHEI (B KaxJAOH TOUKe NOBEPXHOCTH) yroJa HOBO-
pora. HanucaB Takxke sjeMeHT noBepxHocTH B Bufe df = vdf, mo-
JYUHM

§ g i€imnln VmVrOQ df = 0,
OTKY/la BBHAY HNPOH3BOJbHOCTH O ClelyeT IpaHHYHOe YCJIOBHE
T iCimnnVmVy = 0, ‘ (36,10)
HJIM, HAOpaBMB OCb Z BAOJb V:
Tpully — Tyt = 0. (36,11)

Hakonren, crenaeM eme ciepywolliee 3aMedaHne MO NMOBOAY GHTY-
pupytomux B (36,1) monyneit ynpyrocrtu. [IocKOJBKY OHH BBeJeHH
KaK K03(p®huIueHTH B CBOGOAHOM 3HEPTHH, HMH ONPEJeNSIOTCS H30Tep-
MHYecKHe fedopMalun Tena. JIerko BuAeTb, ONHAKO, YTO Te JKe KOo3(-
(UIIMEeHTE OnpellesIfAlOT B HeMaTHKaxX Takie W aJAnabaTHYECKHe je-
¢opmanun. [leficTBuTeNbHO, MBl Bujenu B § 6, uTO AJs TBepAOro
TeJla pa3jiHuhe MeXAy H30TePMHYeCKHMH H afHaGaTHYeCKHMH MOAY-
JISSMH BO3HHKaeT B CHJY HaJuyhus B CBOOOLHOH 3HEPTHH YJe€Ha, JIH-
HeHAHOro Mo TeH30py Jedopmanuu. Il1a HEMaTHKOB aHaJOTHYHYIO
poabp Mor 6bl HTpaTh WieH, JHHEeHHBIH MO NPOM3BOAHBIM Oyn;. Takoi
yJieH A0JKeH Obla Obl 6bITH CKaJsPOM M K TOMY K€ HHBaPHAHTHBIM [0
OTHOLIEHHIO K H3MEHeHHWIO 3Haka n. QueBHIHO, YTO TakO# 4YJeH IO-
CTPOMTb HeNb3s (Npou3BeleHne n rot n — mnceprocKansip, a eauH-
CTBeHHBIH HCTHHHHIH cKaasp div n MensieT 3Hak Bmecte ¢ n). Ilo stoi
NpHYHHE H30TePMHYeCKHe M ajuabaTHueCKHe MOJYJM HEMAaTHKa
COBNAAAIOT APYF C APYroM (NMofoGHO TOMY, KaK 3TO HMEET MECTO JJisl
MOAYJSl CABHIa H3OTPOMHOro TBepAoro tena — § 6). 3tu paccyxie-
HHA MOXHO c(OpMYJLHPOBAaTb MU HECKOJHKO HHaye: B OTCYTCTBHE JIH-
HefiHOrO uwJeHa KBajpaTHyHasi ynpyras 3neprus (36,1) sBasgercs
nepBofi «manofi MONPABKOHY K TePMOJHHAMHYECKHM BeJHUHHAM He-

.
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AehOpPMUPOBAHHOrO Tejla; B CHJAY «TEOPEMhl O MaJhX Jo0aBKaxs
(cm. V, § 15), 6ynyun Bhipa)keHa Yepe3 COOTBETCTBYIOLIHE TEPMOAH-
HaMHYeCKHEe llepeMeHHble (TEMIepPaTypy WJH SHTPONMHIO), OHA OAHHA-
KOBa Il CBOGOAHOH 3HeprHH M JJIsi BHYTPEHHEH 3JHEPTHH.

§ 37. MNpsamMoauHeiiHble AHCKIHHALMM B HEMATHKAX

PaBHOBECHOMY COCTOSTHHIO HEMATHYeCKOH cpeibl NPH 3aJaHHBIX
FPAaHHYHBIX YCJNOBHSIX He 00s13aTeIbHO COOTBETCTBYET BCIOAY Hempe-
PEIBHOe pacnpejeneHue N (r), B KOTOPOM BeKTOp n HMeJ Obl B KaxkAo#h
TOYKe BIIONIHE ONpeleleHHOe HampaBjeHue. B MexaHHKe HEeMaTHKOB
HeoOXOAMMO paccMaTpuBaThb TaKxke H JAedopMmalud C NOJSMH n (r),
cojiepKaluMH ocoOble TOUKH HJH 0coOble JIHHUH, B KOTOPLIX Hampas-
JleHHe N OKa3bIBAaeTcsi HeONpejeeHHEIM. JluneliHbie OCOGEHHOCTH Ha-
3RIBAIOT OQUCKAUHAUUAMU.

BO3MOXHOCTb BO3HHKHOBEHHS! IMCKJIMHAIMHA MOMXKHO TNPOHJJIIO-
CTPHPOBAThb NPOCTHIMH MpHMepaMH. PaccMOTpUM HEMAaTHK B JJHHHOM
LUUJIHHAPHUYECKOM COCYyJe, NpHYeM TrPaHHYHBIE YCJOBHS TpeOyIoT
NepneHJHKYISPHOCTH N I0BEPXHOCTH cocyza. EcTeCcTBeHHO OXMIATH,
4YTO B PABHOBECHH BEKTOP N B KaxJof TouKe OyAer JiexaTh B MJO-
CKOCTH IIOMNEepeuyHOro CeueHHsl HHAHHAPA H HanNpaBjeH [0 paiuycy
B 3TOM CedyeHHH (KaK 3TO H300paKeHO Ha pHC. 27, a); oueBHAHO, YTO:
Ha OCH UMJIMHAPA HanpaBjeHHe n OYAeT MPH 3TOM HEONpeJeJeHHBIM,
TaK 4TO 3Ta ochb Gyler AuCKJIHHauueH. Eciy Ke rpannyHble ycJOBHS
TpeGylOT NapaljeNbHOCTH HanpaBjieHuss N CTeHKe cocyjga B MJIoO-
CKOCTSIX ero IOMNepPeyHOTO CeUeHHSs, TO YCTAHOBUTCS paclpejielieHHe
C BEKTOpaMH N, JeXKaluMHu Be3Jle BJOJb KOHIEHTPHUECKHX OKpYXK-
HOCTell B 3THX IJIOCKOCTAX C HEHTPaMH Ha OCH uuauHApa (puc. 27, 0);
H B 3TOM CJy4ae HampaBJeHHe n Ha OCH OYAeT HeOompe/eSeHHBIM.

DTH JBa NpHMepa — MPOCTHE YacTHHIE CJAydYaW INPSIMOJHHEHHHIX
JMCKJHHAIMA. Mpbl paccMoTpuM 0OIYIO 33Jjauy O BO3MOXKHHX pac-
npefeieHusaX n (rf) B NpsIMOMMHEAHBIX AMCKJAHHAUWAX B HEOrPaHH-
yeHHOH HeMaTHyeCKOH cpefe. OueBHAHO, 4YTO pachpeneneHHe n (r}
B TakO#l AMCKJIMHALNH HE 3aBHCHT OT KOOPJAMHATHl BAOJb €€ JJIHHEL,
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TaK 4TO JOCTATOYHO pacCMaTPUBATL €T0 B IVIOCKOCTSIX, MepHeHIu-
KYJASIPHBIX OCH JHCKJHHAUHH. DyseM cunTaTh, 4TO M caM BEKTOpP n
JEXKHUT Be3le B 9THX IOCKOCTAX. TakuMm o6pa3oM, Mbl HMeeM JeNo
C IJIOCKOH 3ajayell MeXaHHKH HeMaTHKOB. Hekoropwoie ofuise cBO#-
CTBa pelleHHs] 3TOH 3aJaud MOTYT OBITb BHISICHEHBI yXKe U3 OOLHX
coobpaxkeHu#i, Ge3 pacCMOTPEHUS KOHKPETHbIX YpDaBHEHHH paBHO-
BeCHS . i
BBeneM UUMHHADHYECKYIO CHCTEMY KOOPJAMHAT r, ¢, Z C OCblO 2
BJIOJb OCH QUCKAuHamuu. Kak yKe OTMeueHo, pacmpejeneHue n(r)
He 3aBHCHT OT KoopiuHatbl 2z. OHO He
MOXET 3aBHCETb TaKXe€ H OT KOOpPAH-
HaTel 7, MOCKOJbKY B MOCTaBJEHHOH
3ajlaue (JHCKJIHHALWSI B HEOTPAHHUYEHHOH
cpelie) HeT HUKAKHX [apaMeTpoB ¢ pas-
MEPHOCTBIO JJIHHBI, C NOMOLIBIO KOTOPHIX
Mor/a Obl OLITh MOCTPOeHa Ge3pasMepHas
Puc. 28 (kakoBo#l sBasieTcss n (r)) ¢yHKOHSA me-
pemenHofi r. Takum o06pasoM, HCKOMOE
pacrpenejeHHe 3aBUCHT TOJMBKO OT YIVIOBOH MepeMeHHOH: n = n ().
Beesem yron Y Mexay n U paauyc-BeKTOPOM, HPOBEIEHHBIM
B IJIOCKOCTH 2 = cONst B JaHHYIO TOUKY (puC. 28); KOMIHOHEHTHI ABYX-
MEPHOTO (B 3TOH MJIOCKOCTH) BEKTOpa Nn:

n, = cos, n, = sin .

[Toaspubifi yros ¢ OTCUMTHIBAETCS OT HEKOTOPOrO H36PaHHOTO Ha-
NpaBleHHS B INVIOCKOCTH — MOJSIDHOH ocu. Beeaem Takxke yron o
MEXIy N U MOJSPHOH OChblO; OYEBHAHO, UTO ¥ = @ -+ .

Hckomoe pemrenne onpepenserca ¢ynxuued ¢ (9). OHO HONKHO
YAOB/IETBOPATL YCJAOBHIO (DU3HYECKOH OJHO3HAYHOCTH -— NIPH H3Me-
HEHHH NEepeMeHHOH ¢ Ha 21 (T. e. Ipu 06X0Je BOKPYT Hauala KOOpJAH-
HaT) BEKTOP N JOMKEH OCTAThCs HEM3MEHHBIM C TOYHOCTBIO A0 3HAKa
(M3MeHeHHe 3HAKa AONMYCTMMO BBHMAY (HM3HYECKOH 3KBUBAJEHTHOCTH
HanpasJeHu# N0 4 —n), 3TO 3HAUHT, UTO AONKHO GbITh

Y (¢ + 2n) = ¥ (9) + 2nn,

TIe n — UeN0e UJAH NOJIYUENOe NMOJOXKUTENLHOE WM OTpHIlaTeNlbHOe
YHCHo (3naveHue n = 0 oTBeuaeT «HeLePOPMUPOBAHHOMYY» COCTOSAHHUIO
n = const). Haa o¢yurkuun ¢ () = ¢ — ¢ nMeem orciona

Vi +2n)=2n(n—1)+ ¥ (9). (37,1)

Uneno n HaswBaoT urdexcom PpaxKa JUCKIHHAIMH.
YpaBHeHne paBHOBecHsI (KOTOpO€ OYAeT BHIIHCAHO HHXKE) omnpene-
JIleT NpOW3BOAHYIO d{/dp uW uMeeT Buj

a1 ‘
o =T’ (37.2)

€ro ImpaBasi CTOPOHA HE COAEPXKHT HE3aBHCHMOH MEPEMEHHOH ¢ —
KaK CJEACTBHE TOr'0, YTO YpaBHEHHe AO/MKHO OHITh MHBAPHAHTHO IO
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OTHOLLEHHIO K JI0GOMY NOBOPOTY BCell CHCTeMbl (HEMAaTHKA) Kak Iie-
JIOTO BOKPYr OCH 2 (T. €, MO OTHOWIEHHIO K NpeoOpa3oBaHHIO ¢ -
-~ @ + @p); Qynkuus f (P) mepHoaMUHA C NEPHOAOM T, MOCKOJIBKY
3HayeHus P U P + n ¢dusuueckH ToxkAectBeHHB. OTCiona

P
- j F (x)dx, (37,3)
0

TAe IOCTOSHHAs WHTErpUpPOBaHus BbiOpaHa Tak, 4ro P = 0 npu
= 0. IlogcraBuB 310 BhipaxeHue B (37,1), Halzem, 4TO

E%J‘f(x)dx_ L, (37,4)
0 .

npu n %=1 (uepTa oO3HayaeT ycpegHEeHHe HO NepHOAY GYHKLHH).
Ot1croa MOXKHO CIeIaTh BaXKHOE 3aKJ0UeHne O CHMMeTPUH AUCKJ/IH-
HAlMH: [pPH MOBOPOTE BCeH KapTHHBI Ha Yrod ¢, = 21/2 (n — 1)
BOKPYT OCH Z YIVIBI P MEHSIIOTCS HA JT, T. €. BCE paclpeseTeHHe OCTaeTCs
Heu3MeHHBIM. JleHCTBUTENbHO, C YYEeTOM NEePHOLHYHOCTH (PyHKLHH
f (4) 310 mpeoGpasosanue npnBo;mT K TOXIECTBY
Ll P41

o+t = j f(x)dx—jfx)dx—l— j f(x)dx =g+ fr.

TakuM o6pasoM, B pe3yabTaTe OJHOrO JHIIb TPeOOBaHHS OLHO3HAY-
HOCTH OCb Z ABTOMATHYECKM OKasbiBaercsa ocbio cHMMerpHH (Cp,)
nopsjaka

m=2|n—1|, ns=l. (37,5)

«/IuHHH TOKa» JUPEKTOpa ONPEAENSIOTCH KaK JHHHH, B KaXKAoH
TOUKE KOTOPBIX 3JMeMeHT ajuun di (dl, = dr, dl, = r dg) napasnne-
qnen n, JuddepeHunanlbHoe ypaBHEHHE 3THX JHHHH:

dlyjdl, = nyin,,
T. €.

dp
T = v . (37,6)

Orciona BuAHO, B YacCTHOCTH, 4TO CPeld JIMHHI TOKa HMeIoTCH
npsAMoJHHENHbBIEe, HA KOTOPHIX Y = pm (p — LeJoe YHCJI0). DTH JH-
HUM [OPEACTaBJSIOT co0ofi 2{n — 1| paguaabHBIX Jyyelt

(p=l—r:_”—l|pz(pp, p=pn, p=0,1,2 ..., m—1. (37,7)

ITnockocTh NONEPEYHOTO ceueHUs MUCKAHHAUUH JEJTHTCH 3THMH Jy-
YaMH HAa m OJHHAKOBRIX, NOBTOPAIOWMX ApYyr JIpyra CEKTOpPOB.
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[lepeiineM K KOHKPETHOMY MOCTPOEHHIO PelleHHs [J17 HeMaTHKa,
3Heprus JAedopmainuu Kortoporo naercs dopmynaolt (36,1) ).
s njocKoro pacnpeiesieHHsT HMeeM:

. 1 dn n, 1 "
d]Vn=—7- d(pm -{——]_—-:Tcosw(l—{—\p),
o 1 dn, ne 1 ’
_rOtzn— TW‘!‘ Fantiania Sin‘b(l“{“p);

nrotn=20

(V" = dy/dp). B cBOGOAHOI 3HEPTHH OCTAKOTCS TOABKO ujieHnl ¢ K,
).
H

3

[ Fardrdo =535 [ (1 —acos2) (1 9% 2L, o= ozl

Huterpan no dr norapudMuuecku pacxoautcs. B peanbHbix 3a-
Rayax OH obpesaeTcsi CBepXy Ha HEKOTOPOH AuHe R nopsjxa Belu-
YHHBI pasMepoB oGpasua. CHH3Y »ke HHTerpajs obpesaercss Ha pac-
CTOSIHHAX TOPAJKA BEIHYMHBI MOJIEKYJASIPHBIX PasMepoB 4, Tae me-
pecraer OHTb NPUMEHUMO MakKpockomuueckasi TeopHusi. [Ipu ompe-
Je/leHHH HHTepecymollero Hac peurenusi Ha paccrosiHuaxa K r K R
MOXHO CYHTATh MHOXHTE/b

L=|—=In

@ iR
r a

IIPOCTO HEKOTOPOil MOCTOSHHOM, TAK YTO PaBHOBECHOE paclnpejelenHe
Y (p) onpepensiercs MHHHMAaJbHOCTbIO (YHKLUHOHAJA

27

| (1 — acos 29) (1 + ') d = min. (37,8)
0
YpaBuenue Jitsepa 3TOHl BapHalHOHHOHR 3ajadu:
(1 — a cos 2¢) " = a sin 2¢ (1 — P'?). (37,9)
OHO HMeer, Npexjie BCero, JBa OYEBHAHBIX peLIEHHS:
v=20 (37,10)
"
Y = n/2. (37,11)

1y Dra 3afaua pemanack Oceenom (C. W, Oseen, 1933) u Ppancon (F. C. Frank,
1958) A/151 UACTHOTO cilyuasl HeMaTHKa, B KoTopom K, = Kj. Hanaraemoe nuxe ofilee
petenne npunaaaexut H. E. [asaowunckomy (1970).

2) B MOAHHTErpalbHOM BHIDAKEHHH HEXKe OnyllieHa noJjsas NpoussopHas (1 —
—at cos 2¢) 20’ =(2p—a sin 24)’, uro He BaHsier Ha GOPMYJIHPOBKY BADHAIHOHHOH
safiayd. Me BBIBOAWM S8eCh ypaBHeHHe DaBHOBeCHA 3aHOBO, He mpHOeras K oGmHM
ypaBrerusaM (36,7—8), 910 daKkTHuecKH moTpe6oBaso Ou Gosee TPOMOSAKHX BLIYHC/IE-
HHH. :
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310 — OCEeCHMMETPHUYHBIE pelIeHHs, KOTODHIM OTBEYalOT COOTBET-
CTBeHHO pHC. 27, @ u puc. 27, 6 !). DT pelueHHs OLHO3HAYHHI, T. e.
uHjaekc ®panka 3tux auckauHauuié n = 1 (cp. (37,1)).

Jas HaxoxneHus pelueHuit ¢ n = | 3aMmedaeMm, 4TO ypaBHeHHe
(37,9) umeer nepBbifi MHTErpa’ )

(1 — acos2¢) (P2 — 1) = const = —qlT — L (37,12)

Orciofa HaxoiuM pemeHne B Bufe (37,3) ¢ dyHKUHeH

1— 2 1/2
1) =9 [ e | - (37,13)

Koncranta ¢ onpepensiercss ycjoBuem (37,4)

1
1— 2 1/2
(W—qu[T:ég%g%J dp =n (37,14)
0

(mpx 3TOM AOMKHO OHITh || g® <3 1). Dtu dopMyan oNpenensior
HCcKoMoe perneHne. [Ipn KaxI0oM n pellieHHe eJHHCTBEHHO: OCKOJbKY
JeBasi yactb ycaoBus (37,14) — MOHOTOHHO Bo3pacramomas (yHK-
UM ¢, 3TO PABEHCTBO YJOBJETBOPSETCS JHIUb OAHWM 3HAUEHHEM .
Qyukuusa f(x) uyerHa; nostoMy ¢ (P) —— HeueTHass OYHKLMS. IDro
3HAYHT, YTO ILIOCKOCTh ¢ = 0 sABJfAETCS NJOCKOCTbIO CHMMETPHH
pacrmpejesieHus; B CHJY CyluecTBoBaHUs ocH cumMmerpuu C, Tem ca-
MBIM BO3HHKAIOT eile m -— 1 NpOXoAdIuX dYepe3 OCb 2z IJIOCKOCTEH
cummerpur. HakoHel, NIJIOCKOCTBIO CHMMETPHH, OUEBHJHO, fABJISETCS
minockocth 2 = 0. TakuM o6pasoM, IUCKJAHHALHMA C HHAEKCOM n
o6najaer MOAHOH CHMMeTpHeH Todeuno#l rpynnel Dy,;.

IMpu n = 2 u3 (37,14) oueBuaHEIM 06pa3oM cienyer, 4To ¢ = I,
H COOTBETCTBYIOLlEe pEIIeHHE €CTb NPOCTO

p=q = 0/2. (37,15}

Jlisi BBIICHEHHS] KaueCTBEHHOFO XapakTepa MNOJYYEHHEIX pelle-
HHil HcclieflyeM INOBeJleHHe JMHHR TOKa BOGIM3H pajMalJbHHIX Jyueir
¢ = @p (37,7). Ha stux nyuax ¢ = pn, a BOMM3H HUX Y & pou n
¢yukuus (37,13) cBoauTcsi K IOCTOSTHHOM:

| —a )1/2

d
—d%=f(ll?)%4(Taq?

A (37,16)

Orcrona
1
Y— P X7 (P— Pp)-

1) OrmeTnM, 4TO B «BHPOXAeHHOM» clyuae Ki = Ky, ¢ = 0 CYImMEeCTBYIOT pelle-
HUA ¢ JI00uMH P = const.

2) Ecam paccMaTpHBaTh NOZHHTErpalbHOe BHpamenwe B (37,8) Kak dyHKuMio
Jlarpanxa ofHOMEepHOHA MeXaHHYECKOH CHCTEMH (npHuem \ Hrpaer poJp 0GOOHIEHHOH
KOODAHHATH!, @ — poJb BpemeHH), To (37,12) ecTs muTerpas SHEPYHH.
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JuddepennnalpHoe ypaBHeHHe JHHHH TOKa NPHHHMAaeT BHJ

dinr 1 A
=ctgp =~ ~ )
M ?—%p

OTKYJa HaxoiuM JAjadA GopMbl JuHHA TOKa BOAH3H Jyda
r=const-|g — @, |* ‘ (37,17)

Ecau BBeCTH JeKapTOBbl KOOPAHHATH C OCBIO X BAOJb Jy4a, TO BOIH3H
HOCJEAHEro: r & X, ¢ — @, A Y/X H ypaBHeHHe JIHHHH TOKa 3allH-
cpiBaeTcA B BHJE

Y = const. x!+1/%, (37,18)

Janee Hajo paccMoTperh pasnuuHbe caydau. Ilpu n = 3/2
umeeM n —1 >0, u u3 (37,14) oueBuano, uro g >0, u mHoromy
A > 0. B atOoM cayuae JIHHHM TOKa BLIXOAAT M3 HauaJa KOODJAMHAT,
Kacasch Jyua.

IMpu n = 1/2 napamerp ¢ <@ 0, a ¢ Hum u A <€ 0. Uncnennoe
HccieoBanue ypaerenus (37,14) mokaspiBaert, uto ¢ > 1, a HOTOMz
u |A] > 1. U3 (37,18) Buano, uro y pacrer Bmecte ¢ x. Obaact
BOJM3K Hauala KOOPJAHHAT HENb3A pPAGCMOTPETb ITHM CIIOCOGOM,

n=3/2 ne=1/2
“m=1 . m=]
TN /’/ -
// . \\ ////'—
Vd , - \| h /// e
,’ / 73 /// ’/./,/”
LR o WT
A \\ = VN O, ‘\~“——
\ S P ) AN S~
\\ - / ~ -, §‘~
\\\__/ \\\
Puc. 29

Tak Kak, corsacHo (37,17), npu A <3 0 mManpiM SHaAYeHHAM @ — @p

oTBeyaloT GoJplune 3HA4YeHUdA 7.
Hakonen, npu n <0 mnapamerp —I @A €0 u, corjacuo
37,18), y = 0 npu x — co. JINHMH TOKAa ACHMITOTHYECKH INPHKH-

MaloTcsl K Jydy. -
Ha puc. 29 cxemaTHuecKH NOKa3aHbl JHHHH TOKA AJA JHCK/IHHA-

mit c n=23/2, n=12mn n=—1/2.

§ 88. HecHuryasipHoe oCeCHMMETPHYHOE pelleHHe
ypaBHEHHH DABHOBECHS HEMaTHKOB

Ocecummerpuunbie gegopmanuu (37,10—11) (cm. pue. 27), mpea-
CTaBJAfOWIKe JAMCKIHHALKMH C MHAeKCcOM PpanKa n = 1, aBasiorcs
TOYHBIMH PEILEHHAMH ypaBHEHHH DAaBHOBeCHA HEMAaTHYeCKOH Cpean!
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C 3ajaHHBIMH [PaHHYHBIMH YCJOBHSMH Ha CTeHKax cocyaa. Ounxako
OHH He fBJSIOTCA eNHHCTBEHHBIMH pelEHHSIMH 5THX 3ajad. OHu
€IHHCTBEHHB! TONbKO B KaTerOpHH [JIOCKHX pemweHuil. Ecan xe orka-
3aThCsl OT MPEANOJNIOXKEHHA O PACNOJNOXKEHHH BEKTOPOB N Besjle B [10-
NePeYHHX K OCH COCyJa MJOCKOCTAX, TO BO3MOXHbI U JAPYTHE peie-
HHSl, NpudeM He obsajaioiliue 0COGEHHOCThIO HAa ocH. Tak, ecaH rpa-
HHYHBLIE YCJIOBUA TPeOYIOT MepneHANKYJSPHOCTH N CTEHKE, TO JIHHHH
TOKa AMPEKTOpPa B TAaKOM pelleHHH 6e3 OCOGEHHOCTH PpacloJIOMKeHB!
B MEPHIHOHAJLHBIX IJIOCKOCTSIX M MMEIOT MOKasaHHylo Ha puc. 30
dopmy. Hauunasicb Ha CTeHKe HOPMaJbHO K Hef,
AHHUH TOKa u3rubalorcsi, ctpeMachk K ocn r = 0, Ha | é,i\‘
KOTOpO#, TakuM oOpa3oM, HampasjieHHe n OKa3shbl- N | 1
BaeTcs BOOJHE onpejiejeHHBIM. DoJee TOro, Mbl yBH- ViR
I1M, 9TO OTCYTCTBHE OCOGEHHOCTH B TAaKOM pEILEHHH N !
IpHBOAHT K ero 6dOabliel TePMOAMHAMHYECKOMH Bbl-
FOAHOCTH (MeHblLIEA @OONHOH ynpyro#t cBOGONHOH \ l
SHepPrHH) NO CPABHEHHIO C PelleHHEM C OCOGEHHOCTBIO \ l !
Ha ocu (P. E. Cladis, M. Kléman, 1972). Tlpucry- B
UM K NOCTPOEHHIO STOI'O PeleHHS. \ |
Bylem wHckaTh OCeCHMMETPHYHOE, OINHODOLHOE &\
BJIOJIb OCH 2 DelleHHe B UHJIHHIPHYECKHX KOOPAH- \ '
Hartax r, @, z B BHle . i |

n, =cosy (r), ng =0, n, =siny () Pre, 30
(38,1)
(cMbica yroia y Dokasau Ha puc. 30). 'paHuuyHOe yc/ioBHe Ha CTEHKe:
x=0umopur=R § (38,2)
(R — paauyc UMAMHAPUYECKOrO COCYJAa), a HA OCH [IOCTaBHM YCJOBUE
y = /2 npn r = 0, (38,3)
OTBEUalolllee, KaK YXKe YKalaHO, OTCYTCTBHIO oco6eHHOCTH. FlMeem

_ dy, coS ¥,
divn= ——= = —siny -+ ——.

CeoGoaHasi sueprusi nebopMauun (Ha eAWHHHOY AJHHBI BAOJBL OCH 2)
JaeTcsl WHTErpaJjoM
R -
I F2nrdr =
41
InR
= J {(Kysin? x -+ Kgcos?x) x'% + Ky cos?y — Kysin2x-x'} dE,

(38,4)



202 MEXAHHKA XUIAKHUX KPHUCTAJNJIOB fra. Vi

rfe WTPAX O3HauaeT AH(pdepeHUUPOBaHWE 0O aepeMeHHOH § =
= Inr1?).

[lepBrefi HHTErpaj ypaBHEHHs paBHOBECHR (T. €. ypaBHEHHSA
Diinepa BapHanMOHHON 3afaud O MHHUMyMe GbyHKuMoHana (38,4)):

(Kysin®y + Kgcos?y) x'* — Ky cos?y = const. (38,5)
Cornacuo ycaoBuiwo (38,3) monxeo Obith ¥ — /2 npu § — —oo.
OveBHAHO, YTO /151 3TOTO AOMNKHO ObITh 4 — 0 npu ¥ — 7/2; mo3TOMY
const = 0, tak 4ro
o = — V' Kicosy,
(K, sin’ y + K, cos® x)!/?

Orciona HaxomuM HCKOMOE peLleHHe, YAOBJIETBOpsIOllee YCJIOBHIO
(38,2), B BHIE

R _ (Kl sin® y + Kgcos® y)\/?
In - VK; j T dy. (38,6)

B nporuBononoxuocts auckaunauuu (37,10) 310 peluenne He aBTO-
MOZEJIbHO: B HETO BXOAMT pa3MepHulil napaMerp AduHE R. Hurerpan
(38,6) BHIpamaercsi uepes anememapﬂme ¢byukuud, BrinumeMm orser
B MOpeAnoJiokeHud, uto Ky > K;i:

r Vi—Rsimdg —k siny )} k ,
-+ _{ Ty T ey } exp {——? arcsin (% sin x)}
(38,7)

2 _ Kg— K, r__ 1 _pr_ K
k_.———-Ks,k—l k_Ka'

[Mpu r — 0 pas3noctb 7t/2 — % CTPEMHTCS K HYJIO NPONOPHHOHAALHO

NepBOM CTENeHH 7, a JUHHH TOKa MPUOAHIKAIOTCA K OCH 2 MO 3KCHO-

HEHIHANBHOMY 3aKOHY r ~ exp (const-z).
Jns cBOGOAHOH 3HEPTHH, CBA3AHHOH C STHM DElI€HHEM, BhIYHCIE-

HHEe Jaer
R
| Fa2mr dr = sk {2 + g arcsin &} (38,8)
[§]

O1MeTHM, 4TO 3TO BhIpaXKeHHe BOOOLIE HE 3ABHCHT OT paimyca co-
cysa R. dueprus xe auckauHauuu (puc. 27, a; pemenue (37,10)):
R
[ Pa2nrdr = nKiL, (38,9)
0

1) TMocnepnufi 9aen B NOABLIHTErpaJLHOM BHpAKEHHH HeCylUlecTBeH s ¢opmy-
JIMPOBKH BapHALMOHHON 8aJayH, HO HYyXeH JJifi BHYHCAEHHS [OJHON CBOGOAHON
SHEPTHH.
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rie L = In (R/a) — Gonbwo# sorapuM, NPOUCXOKAEHHE KOTOPOro
CBS3aHO HMEHHO C OCOGEHHOCTbIO Ha OCH. MBI BHAMM, UTO pellleHHe
6e3 0COGEHHOCTH 3HepreTHYecKH GoJiee BBHIFOAHO MO CPABHEHHIO C pe-
LIeHHEM C 0COOEHHOCTBIO (€C/IH TONBKO KoadduuneHT K He aHOMAaJbHO
Mau).

[Tosie n (r) paccMOTPEHHOrO 3[€Ch OCECHMMETPHYHOro 6e3 ocoGeH-
HOCTH pelUeHHsl ypaBHeHHHl paBHOBECHS MOMKeT ObITb IOJYYeHO H3
noas n (r) B AHCKAMHAUWH ¢ 7 = | nyreM HenpepuiBHOH (T. e. 6e3
BO3HHKHOBEHHSI KaKuX-1HOO pa3pbiBOB) AedopMaluu — [OCTENEH-
HBEIM BBIBOJOM BEKTOPOB n M3 IIOCKOCTeH 2 = const. I1o o6cToATENb-
CTBO ABJAIETCSl NpOsiBJeHHeM BecbMa OOWEH CHTyaluuH, KoTopas
Oyler BbISICHEHa B cJelylolieM Haparpage.

3agaun

1. HafiTH OCeCHMMETpHYHOE pellleHHe YypaBHEHUHl PABHOBECHS HeMaTHYeCKOf
cpenb! B IIHJIHHADHYECKOM cocyfle 6e3 0COGeHHOCTH Ha OCH, OTBeualoliee paHHYHLIM
ycaoBHAM pHc. 27, 6.

Pemenne Hmem pemedne B Buse

n, =0, ng==cosy(r), ny=siny ()
¢ TPaHHYHKIMH YCJIOBHSIMH
L(R) =0, %(0)=mn/2.

Hmeem
rot¢n=—cosx%, rot, n = COrSX_sinx__ng_’ divn=0.
CBoGoznas aHeprus:
R InR
J. 2nrFadr=nm J. {Kq (sin y cos y, — %) + Kg cos? x} d§.
0 —

TMepBufi MHTETPan ypaBHeHHS DABHOBECHS:
Kax'® — (Kysin® o cos? { + Kg costy) == 0.
HuterpupopaHne 3TOr0 ypaBHeHHS NPHBOXHT K pedyabTary (mosnaraem Kg > K,):
ro {Vl — kZsin? y — k' sinx}l/z, K=Ky L Ky
VT1I—Esin? y -+ & siny

R~ Ky K
Mpu r — 0 yroa ¥ — n/2 no aaxony

A op L
5 TA=% g

Cro6opnas sHeprus arofi KedopMalluu
g 1
I Fa2nr dr = 1K, {2 + arcsin k} ,
0
MeXJIy TeM KaK CBOGONHAS 9HEPIuSA IJIOCKOH AHCKAHHauuu puc. 27, 6: nKgL.

2. UccaenoBath yCTONUHBOCTE JHCKAMHAUHEA € HHIEKCOM 7 == | OTHOCHTEILHO
Manux BoamyuieHni Bufia On () (C. H. Anucumos, H. E. Hesaouwunckud, 1972).
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Pewenne a) Herosmyuennoe none paiuaibHoil AUCKJAHHALKE (pHS. 27, a):
Ay = 1, ng = n, = 0. Bosmywennoe xe nose nawem B BHJe

n,=cosecos®zl—,—;— 0 + @2, ny=costsin@®~®, n,=sin0~6,

rie yrau 6 g @ — Qynkuun yrjaosofi KOOPAHHATH @. SHeprus, CBASaHHan C STHAM
BOSMYHIEHHEM:

derdra:_’ii

; j (K@% + K97 + Ky — Ky) @ — K,0%) do.

Hdasn ofwerc ucciienoBavHs Hano O6HAO L AOJOMHTL

8= Y Be'*®, @ (@) = » O '®

S===——00 f———

# BHIPA3HTL SHepruio Kak gyuxuuio scex 8;, ®,. Ho » Ges roro cpasy Bugno, 9TO
paccMaTpHBAaeMaf JBCKJHMHALIMS BCerla HeyCTONYHBA OTHOCHTEJLHO BO3Myuwenns 8
(unen — K,0% B sHeprun).

6) HeposmyienHoe fose UHPKY/ISApHOH OHCKARHALHW (puc. 27, 0): n, = A, =
= 0, ny, == 1. BosMyuleHHOe fn0Je 3anHCHBaeM. B BHJle

n,-‘=vcosecos_(—;-+®) ~ — O, nw=cosﬂsin(—g— +CD) b -

_._;.(ez.g.a)ﬂ), n,=sind=~6

ionpefefienie yraa @ H3MeHeHO NO CPABHEHHIO ¢ NpelbAYIIHM caydaeM). CooTer-
CTBYIOLLAR SHEPTHS:

2
[ Farardp =L [ (Ky @2+ @ 4 Ky~ Ky @ 4 Ky~ 2K, 8% do.

Hau6onee conacubi» sosmyllenus 6, u @,; ycaopus YCTOHUMBOCTH N0 OTHOLIEHHIO
K STHM BOSMYLIEHHAM:

Ki > K3, Ky > 2K,

[lonyuennoe B TekcTe H B saflave | yTBepAcHUe, 4TO cBOGOAHAN 3Heprus Aedop-
Md4lHH B JHCKIHHANUAX ¢ A = | npeBHllae’ IHEPIHI0 HECHHTYANPHOIO OCECHMMe-
{PHYHOrO pelleHHA 03HayaeT JHillb, 9TO 3TH JAHCKAHHAUHKY MOIJH Ob GHTL B JYyulllem
clAyuae MetaciaGHILHEMH. Tenepb M BHAUM, YTO pajHajlbHaf AHCKJAHHALHA BooSie
HeYCTORYHBA, a HHPKYyJfApHasd YCTONUHBA {OTHOCHTeJNIbHO BO3MYIIEHHH YKa3aHHOro
BHLA) Np# COGJIIO/IEHHH ONpeleCHHHX COOTHOLICHHH MEXAY MOAYJAMH..

3. Hematuueckas cpeja 3amnojHsieT pOCTPAHCTBO MEXAY ABYMS Napajjielb-
HHIMH (JIOCKOCTSIMH, {IDHUeM [PAaHHYABlE YCJAOBHA Ha OJHOR (NIOCKOCTH Tpebyior
UepNeHAMKYAAPHOCTH, a Ha [APYrod — napaleJbHOCTH AHPEKTOpPa NOBEPXHOCTH.
OupeeniuT paBHOBECHYIO KOHOQHrypauuio n (r).

Pemenue PapHopecHas KOHQUIypauus OyleT, OYeBHAHO, MJOCKOH; BbiGe-
peM ee IJIOCKOCTb B KauecTBe INIOCKOCTH X, 2 C OChIO Z NEpPNeHAHKYAAPHOA IpaHHYHKIM
MJIOCKOCTAM (IWIOCKOCTH 2==0 H z==h). [losoxum

ny = siny (2), n, = cosy (2).
Cpobojinan sneprHst Aeopmauun:

j Fyde= -;—-j {, sin? x + K,cos* y} y*da.

rmpaufl HHTETPaN YDaBHEHHs PABHOBECHA:
Ky sin® X' Kg cos x) x'* == const,
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OTKYyJla ¢ y49eTOM TPaHHYHBIX ycJIOBHA _
X w2
I (Kystn? x 4 K, cos? )2 dy = —;—- J' (K, sin® y + K, costi /2 dy,
0 0

L8]
2= HE (3, B/E (—’2-‘-, k), 1 = (Ky — Ko/ K,

rhe E (y, k) — sannnTaveckuli MHTErpan BTOPOTO Poja.

§ 39. Tononoruyeckue csoficTea MMCKAMHALHUA

Hanuoe 8 § 37 onpepenenne nugerca ®paHka GblIO CYMECTBEHHO
CBSI33HO C MPEANoJIOKeHHEM O I[UIOCKOM XapaKktepe jaedopMmanuy
B JHCKJMHAIMU W OAHOPOAHOCTHIO BAOJL €e AJiuHbl. [JokaKem Tenepn,
KakdM o6pa3oM 3TO MOHsITHE MOXKeT GhTb BBeleHO B ofineM cjaydae
TIPOU3BOJILHBIX KPUHROMNNHEHHBIX AUCKAKMHANHYA B HEMAaTHUECKOH cpele. .

DHeprus HeMaTHKa He MEHseTcs NpH OAHOBPEMEHHOM MPOH3BOJIb-
HOM [MOBOPOUTE NMPEKTOPA BO BCeX &ro ToukaX. B 5ToM CMbIC/e MOXKHO
CKa3aTb, YTO COCTOSIHMA HEMaTHKa BBHIPOXKAEHBI MO HaNpaBJEHHAM
IHPEKTOpa; 5TH HANpaBJeHHsi WIPAIOT POJb AAPAMEMPA BbLPOKHCOe-
Husa. BBeleM NOHATHE O npocMpancmee Buiposclenus — obnactu 10o-
nyckaemoro 6e3 n3MeHeHus SHEPTHU H3IMEHEHHs napaMeTpa BhHIpOXKie-
HHus. M dBasercs B JaHHOM cJydae NOBEPXHOCTh cdephl €IHHHYHOTO
paAMyca, KaxHOas TOYKa KOTOpPO#l OTBeyaeT ompelejeHHOMY Hampas-
Jenuio n. Hajo ogHako yyecTb elme, 4TO COCTOSIHUS] HEMaTHKa, OTJIH-
yaiouiuecs H3MeHeHHeM 3HaKa n (u3HvecKH ToxaecTsennnl. Hpy-
TUMH CJOBaMH, [AMAMETPaJIbHO MPOTHBOMOJOXHLIE TOYKH Ha cepe
¢u3nyecky 3KBuBajieHTHH. TakuMm ofpa3oM, NpPOCTPAaHCTBO BHIPO-
XKIeHUS HeMaTuka — ciepa, Ha KOTOPDOH KaXKAble [Be AMaMeTpajibHO
NPOTHBOIONIOXHbBIE TOUKM CYHTAIOTCS SKBHBAJIEHTHBIMH ).

[TpenctaBum cefe, 4TO MBI MPOU3BOAKM B (U3HYeCKOM OGbEMe He-
MaTHKa 00XO0j BOKPYI' PacloNOXeHHOH B HeM NHUCKJIWHAHHOHHOH JIH-
HHH MO HEKOTOPOMY 3aMKHYTOMY KOHTYPY (Ha30BeM €ro KOHTYpOM ¥).
Byaem crenuth opu 3TOM 06XOJe 32 HamnpaBjJeHHEM BekTOpa n.
H3obpaxalomas ero TOYka B [POCTPAHCTBe BLIPOXKAeHHS -— Ha
chepe — onHineT HEKOTOPLI TOXKe 3aMKHYTHIE KOHTYpP (Ha3oBeM
ero kourypom I'), 3mech nago pasnuyath ABa cJayuas.

B onHoM 13 nux koHTyp ' 3aMKHYT B 6yKBaJabHOM cMEuIc/le. Bosspa-
masicb B MCXOHHOE MOJOXKeHWe, H300pakaiomias TOYKa OMHCHIBAET
HEKOTOpOe [le/1oe YHCJIO 11 merenb (Tak, Aas Konrypos I'y m T'y Ha
puc. 31 3to gxcao pasuo 1 u 2). 10 UHCIAO H ABJAAETCA LEJOUHCTIEH-
HbIM HHAekcoM PpaHka.

B apyrom cayzae kontyp T, BuIfiis H3 HeKOoTOpo#l TOuKM Ha cepe,
3aKaHyMBaeTCs B AMaMETPajbHO NPOTHBONONOXKHOH TouKe. Takoi

1) 3tomy reomerpuueckoMy o06pasy OTBeydeT B TONO/JOrHH TaK HasHBaeMag
NpPOeKTHBHAA [IOCKOCTb,
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KOHTYp TOXe JOJIKeH pacCMaTpPHBATbCH KaK «3aMKHYTHIF» BBHAY
3KBMBAJIEHTHOCTH [AMaMeTpajbHO NPOTHBONOMOXKHEIX Touek. HHuekc
-®pa’Ka OnpeleseTcst KaK NoJYyUeloe «IHCIO NeTe/by, ONHChIBAEMbIX
0pu 3TOM u3o0paXkaiolell TOYKOiH (Tak, ANS NOAYOKpyxHOCTH T2
5TO uucao n = 1/2).

JIi060% 3aMKHYThifi KOHTYp Ha MOBEPXHOCTH C(epbl MOXeT ObITb
npeBpalled B Ji060# ApYrofl 3aMKHYTHIH KOHTYp MyTeM HelpepbIBHOH
(T. e. Ge3 pa3priBa KOHTypa) Aedopmanuu. Bosee Toro, moGoi 3aMKHY-
TEIH KOHTYP MOXKET GhiThb HENpPEPhLIBHBIM 06pasoM CTSHYT B TOYKY ).

Taxkke MOTYT ObITh fIpeBpallleHbl APYT
B Apyra Jo6ble KOHTYPbl, HAUHHAIOILHECS
H KOHUWIlHeCss B JAHAMETPAJIbHO MPOTH-
BOIIOJIOXKHEX TOuKax cepol. Takue KOH-
TYpHl, OLHAKO, HE MOTYT OBbITb CTAHYTH
B TOYUKY: OpH JAe(POPMHPOBAHHH KOHILHI
KOHTypPa MOTYT CMeIlaThcsi, HO JIHIUb
OCTaBasiCh IpY 3TOM Ha KOHIIAX KaKoro-
aun6o auameTpa cepnl.

Takum obOpasom, HHAekc PpaHKa He
SIBJISIETCS  TOMOJIOTHYeCKMM HHBapHaH-

Puc. 81 ToM. TomosorHyecK HHBAapHAHTEH JIHILb
¢haKT ero neso- HIHU NOJNYEeJOYHCIeHHOCTH.

H3 ckasanHoro ciepyer, uTo BCE AMCKJAMHALHHM B HEMaTHYECKOH
Cpeie pacnajaioTcs Ha JABe KaTeropuu, B KaxJAOH H3 KOTOPHIX Bce
JUCKJIHHALMH TOMOJOrHYECKH 3KBHBAJEHTHH — MOTYT OHITb nepeBe-
JAeHbl JPYr B JApyra NyTeM HempepHBHOTO AehOPMHPOBAHHS NOJSA
n(r) (C. 4. Anucumos, H. E. Hzarowmunckoid, 1972). Onny karero-
PHIO COCTaBJASAIOT AHCKJIHMHAUMHM ¢ LeabiMH HHAeKCaMH ®PpaHKa; 5TH
AMCK/IMHEUHH K TOMY K€ TONOJOTHYECKH HEYCTOHYHBLI — OHH MO-
TyT GbITb BOOOLIE YCTPAHEHE MYTEM HENpPEePHBHOrO AepOpMHPOBAHHUS.
HCKNHHALNS LENOro HHAEKCA MOXKET 3aKAaHUHMBATHCS B OOBEME He-
MaTHKa.

Ilpyryio KaTeropuio COCTaBJASIOT AMCKJAHHALMH C IOJYUETBIMH
WHIEKCAMH. DTH AMCKJIMHAUMH HEYCTPAHHMbl, OHH TONOJOTHYECKH
YCTOHUHBHI, :

Bonpoc o ToM, KaKas M3 TONMONIOTHYECKH SKBHBAJEHTHHIX CTPYK-
TYpP AO/XHa (DAKTHYECKH OCYMIECTBHTHCS B T€X HJM MHBIX 3aJaHHBIX
YCJIOBHAX, 3aBHCHT OT OTHOCHTENLHOH TePMORHHAMHMYECKOH BHITOA-
HOCTH 3THX CTPYKTYP. D710 3a/]aua BLIXORHT 32 PaMKH TONOJOrHYECKOrO
aHaNIu3a.

Hapsiny ¢ nuHeAHBIMH OCOGEHHOCTAMH, AHCK/JHHALMSMH, B HeMa-
THYECKO#H Cpejie MOT'yT CYLIECTBOBATh TAKXKe H TOYEYHble 0OCOGEHHOCTH.
[Tpocrefitunii npumep Tako# OCOGEHHOCTH — TOYKAa, H3 KOTOpOH TOp-
4aT BeKTOPH N BO BCEe CTOPOHH (¢eiK»).

1) Dedopmanius KOHTYpPa MOMeT OTpamarh COGOM Kak W3MeHEHHE KOHTYypa
B (H3UYECKOM NPOCTPAHCTBE, TAK W H3MEHEHWe caMoro nojas n (r).



§ 39} TOTIOJIOFUUECKUE CBOWCTBA AUCKIAUHAUUN 207

JJssi BoIACHEHHA TOMOAOTHYECKOH KJAaCCHOWKAIMH TOYEUHBIX OCO-
GeHHocTed CHOBa O6GpaTtuMCsi K OTOOpaKE€HHsIM B MPOCTPAHCTBE BHI-
poxnenus Ha epmHHYHyiO cepy. BribepeM B 3anosiHeHHOM HEMartH-
KOM (H3HYeCKOM MPOCTPAHCTBE 2Be TOYKH A H B, coepnHeHHbIEe He-
KOTOPLIM KOHTYPOM Y, OKpYykawoluM ocobyio Touky 0, Kak nokasaHo
Ha puc. 32. Ha ennunyuoit chepe KOHTYPY Y OTBeuaeT onpeleneHHbIH
Koutyp I'. Bynem Temepr BpaliaTh KOHTYP y BOKpPyr mpsimoit AB.
[Tocne noanoro 06opota, KOrA2 KOHTYP COBMECTHTCH cam ¢ coGofi, OH
OnMuuIer B ¢pH3HYECKOM MPOCTPAHCTBE 3aMKHYTYIO [OBEPXHOCTH O.
Ee oroCpaxenne Z, onuchiBaemoe KOHTYpOM I, MOKPOET eZHHHY-
HYIO cepy, BO3IMOXKHO, O6oJjee ueM OIHH

pas. Uucao N moKpbITHH efMHUYHOH cephl ~7
otobpaxkeHueM X sBJIAETCA TOIOJOTHYe-

CKOH XapakTepuCTHKOH oco6od Touku. Oro- 0
Opaxkenue X MOXHO NMPENCTaBUTb cefe Kak — %
HaTAHYTYIO Ha cepy B3aMKHYTYIO [JIEHKY; Puc. 32

O4EBHJAHO, YTO €€ HHKaK Heab3sl (He Npo-

H3BOAS HA HeH KaKuX-iuG0 paspesoB) crs-

HYyTb B TOYKY. DTUM BbLIpaxaercss HEYCTPAHHUMOCTH OCOGEHHOCTH.
Ecnn N = 0, to njeHka BooOule He OoXBaThiBaeT cdepy. DTO OTBe-
YaeT OTCYTCTBHIO OCOOCHHOCTH MM €€ YCTPAHMMOCTH — TaKYIO MJeH-
KY MOXHO CTAHYTb B TOuKy. s ocoOLIX TOuek B HemMaTHKe 3HaK N
HE HMEET CMbICJIa: ero H3SMEeHEeHHe 03HavaeT JMIIb H3MEeHeHUe Halpap-
JeHHH n BO BceM NPOCTPAHCTBE Ha OGpaTHHIE, YTO HE OTPa)KaeTcs Ha
COCTOSIHWH HeMaTHKa.

Yucno N, xapakTepusyiollee TOYCYHYIO OCOOEHHOCTb, MOXKET
ObITE TOJILKO lLlesIbiM. JIerko BuAeTh, YTO moayuenoe N o3Hayano G
B JeHCTBHTE/JLHOCTH CYLUIECTBOBAHHE HEYCTPAaHHMOH JHHeHHOH, a me
ToyeyHoH ocoGeHHOCTH. Tak, ecan X HOKpHIBaeT MOJOBHHY cdeph
(N = 1/2), 10 310 8HauWT, YTO, HPOCJEAHB 338 KaKOH-NHMOO ONHOH
TOYKOH Ha P, Mul HafijeM, 4TO ee OTOOpaXKeHHe ONHChIBaeT Ha cdepe
KOHTYp Buaa Iy (puc. 31), uro cBuAeTeNLCTBOBANO Gbi O HAAHYHY
HeyCTPaHUMOH JUCKJAMHAUHM C HHAeKcoM Opanka n = 1/2?),

B cBa3u c o6CyxAeHHEM TOMOJOTHYECKHX CBOACTB ocoGenHOCTeR
B HEMaTHKaX OCTaHOBHMCS KPaTKO Ha TOMOJOIMYEeCKOM HCTOJKOBAaHHH
JUCJIOKAURA — OCOGBIX JIHHUH B KPUCTAJJHYECKHX pemerkax. [Ipes-
cTaBuM ceGe HEOrpaHHYEHHYIO KPHCTAJJIMUECKYIO PELIeTKY U BBeJeM
OCH Xy, X3, X3, HAmpapjieHHBE BAOJb TPeX OCHOBHHX NEPHOLOB pe-
WeTKH, BeJIHUHHB STHX NMEPHOAOB NYCTb OYAYT Gy, Qs;, Q3. DHEPrus
pemeTkn He MEHACTCs NPH ee napainedbHbX CABHraX Ha Jiobble pac-
CTOSIHHSl BJOJIb OCEH Xy, Xg, xg. O6J2CTH U3MEHEHHS TapameTpoB BH-
pOXIeHUA (BeMUYHH CABUIOB) — OTPE3KH AJIHHH Gy, 4y, dg, NpHYEM
¥ KaxJAOrO oTpe3Ka ofe ero KOHUEBHe TOYKH PacCMATPUBAIOTCS Kak

}) llpn uenom N nopoGHHE pacCyXJeHHA He NpHBesW Osl K @HAJOTHIHOMY Bhl-
BOJy, NOCKOJIbKY JHCK/AHHALHKA UeJOro HAZEKCa yCTPaHHMa, 2 0To0paxKenHe ¢ MeJam N
OTBeyaeT HeycTpaHuMOfi 0COGeHHOCTH.
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SKBHBaJ/IeHTHhIe ([OCKOJbKY CIBHI Ha MEPHOA COBMELIAET pPeLUETKY
caMy ¢ coGo#i, T. e. OCTaBAseT COCTOSHHE PELIeTKH TOXAECTBEHHO
HensMmeHHEM). OTpesok ¢ 3KHBaJeHTHHIMM KOHLAMH TOIOJIOTHYECKH
COBMAaJAeT C OKPYKHOCTbIO, TAKHM 00pa30M, NPOCTPAHCTBO BHIPOKIE-
HHS KDHCTa/JIHYECKOH pellerky OpeiAcTaBiseT COBOH TpeXMepHYIO
061acTh, MOCTPOEHHYIO HAa TPEX OKPYMXKHOCTAX, 3Ty 00/MaCTb MOMKHO
NpeicTaBHTh ce6e KaK Ky6, NpOTHBONONOXHLIE IPAHM KOTOPOro Mo-
[TapHO 5KBUBAJEHTHBI, HJIH, 4TO TO XKe CaMOe, KaK TpeXMepHyio mMo-
BEPXHOCTh TOpa B 4eThipexmepHOM npocrtpaucTse !), Ha takom Tope
CYIIEeCTBYIOT HE CTSirUBaeMble B TOUKY KOHTYpH I', KaxAbIA M3 KO-
TOPHIX XaPAKTEPU3YETCH TPeMs LEeJOUUCTEHHBIMH TONOJOTHYECKHMH
HHBADHAHTAMH My, Ry, Rg — 4ucAaMp 00XONOB Tpex 06pasyiolux
Top OKpy:kHocreli, Eciu kostyp I' — o6pa3 KouTypa y, obxoasinero
B (M3HMYECKOM MNPOCTPAHCTBE OCOOYIO JHHHIO (AMCJOKALHMIO), TO TPH
ero WHBapHAHTA COBNAJAIOT C TPeMs KOMIOHEHTaMH Bekropa Diop-
repca (M3MepeHHbHIMH B e€AMHHLAX COOTBETCTBYIOWIUX MEPHOLOB ay,
a,, ag). TakuM 06pasoM, AHCAOKALHH — TOMOJOTHYECKH YCTOHYHBRHIE
HeyCTpaHuMble O0COGhIe JIMHHH, 2 HX BeKTophl Bioprepca — Tonosory-
YeCKHE MHBAapHAHTHI.

§ 40. YpasHeHHs ABHKEHHS HEMATHKOB

CocrosiHue ABHXYyUlefcs HeMaTH4YeCKOH cpeiHl onpejensercs pac-
npeReJeHUsMM B [POCTDPAHCTBe UeTHIPEX BENUWYHH: JUpeKTopa n,
IJIOTHOCTH MacCHl P, CKOPOCTH V M ILIOTHOCTW 3HTponuu S. Cootrser-
CTBEHHO 3TOMY [OJIHAS CHCTEMAa TCHAPOAWHAMHYECKHX YDaBHEHHH
JBUKEHHS HEMAaTHKAa COCTOMT H3 ueThipeX ypaBHeHHH, onpelensiomux
NIPOM3BOJAHLIE [10 BpeMeHH OT YKaszaHHHX eesuudd (J. L. Eriksen,
1960; F, M. Leslie, 1966) 2).

Hauynem ¢ ypaBHeHus jgas aupekropa. Eciu HeMaTHK HaXOmMTCS
B paBHOBecHH (Tak uroh = 0) ¥ ABHXKeTCS KaK leN0oe C MOCTOSHHOM
N0 OPOCTPAHCTBY CKOPOCTBbIO, TO 3TO ypPaBHEHHE JOJIKHO BHIpaXKaTb
coboii npocTo TOT BaKT, 4TO H 3HAUEHHS 0 NEPEHOCATCA B MPOCTPaH-
cTBe ¢ TO# XKe CKOpOCTbio. JLpyruMH CJI0BaMH, KaKAas XHAKas uac-
THIIA NepeMewlaeTcss B MPOCTPAHCTBE CO CBOHM 3HayeHueM n. 1O
BblpaXkaeTcsd paBEHCTBOM HYJ/10 MonHo# (Mad, Kak rosopAr, cyG-
CTaHIUMOHANBHOH) MNPOM3BOAHOA MO BpeMeHH

L (W)n=0. (40,1)
B ofimem e ciyuae INpOH3BOJNBLHOTO MABHMXKEHHS B NpaBoH 49acTu
ypaBHEHHS MOSABJSIOTCS 4YJEHH!, 3aBucAmye oT h H OT NPOH3BOAHBIX

1) Mogo6HO TOMY, KAk KBajpaT ¢ NONAPHO SKBHBA/JAEHTHHME [POTHBOMONOXKHAEIMH
CTODOHAMH TOMOJIOTHYECKH SKBHBA/EHTEH ABYXMEDHOM MOBEPXHOCTH TOpa B Tpex-
MEpPHOM NpOCTpaHCTBe.

2) Mul, 'gacTHuHo, Caeayem usaoxenmo D, Forster, T, C, Lubensky, P, C, Mar-
tin, J, Swift. P. S, Pershan (1971).
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CKOPOCTH (10 KOOPAHMHATaM; B MEPBOM HEHCUE3AIOUIEM [HAPOAHHAMH-
YeCKOM NpuOIHKEHHH HalO OTPaHHYHTLCA YJEHAMH, JHHEHAHBIMH (10
3THM BenauuuHaM. [IpousBoaunie Ov;/0x; COCTAaBJSIOT TEH30p, KOTO-
PH MOXHO pasjgeluTb Ha CHMMETPHYHYIO U AHTHCHMMETPHUHYIO
4acTH:

Uik = 5 (Ot 1+ 0nty),  Qup = Y3 (0:0n — 0,03). (40,2)

Ilns ycrauos/ieHHsi 3aBHCHMOCTH OT Q;, NOCTaTOYHO 3aMETHTb, YTO
NpH paBHOMEPHOM BPAILEHHH HEMATHKA KaK UeJ1oro ¢ yrjaoBoH CKo-
pocThbio Q, ¢ TOH XKe CKOPOCTHIO OyJeT BpallaTbCsl H BCe noje n(r).
Taxoe spamieHHe onMUCHIBAeTCS YypaBHEHHEM

dn 1

d
- = —2--[rot v.n] aJan —nt'- = Quny,.

d

HeficTBuTeNEHO, CKOPOCTH TOUEK BPALLAIOIIEroCs Kak lejoe TeJa
v = [Qr]; rorna rot v = 2Q u 1s1s CKOpPOCTH WU3MeHeHHs AHPeEKTOpa
nostyuaercs takoe xe oipawmenue dn/df = (Qnl. Uneuw xe, 3aBu-
CSIIHe OT U, MAOMKHH OHTb COCTaBJieHB! C YyderoM TpeGOBaHHS
n dn/dt = 0, clenyowero U3 noctosHcTBa KBagpara n? = 1. Takuwm
06pa3oM, NPHXOJAHM K CJAEAYIoiueMy OOLieMy BHAY «ypaBHEHHS HBH-
XKEHHS! THPEKTOpa»:

lliif;i = Qkink + K(ﬁil —_— n,nl) nhvkl + N“ (40'3)

rae %) .
N = h/y. (40,4)
Unen N onpcriBaer pejakcauuio AHpPEKTOpa K paBHOBeCHIO MOA Ae-
CTBHEM MOJIEKYJspHOTO MNOJs, a BTOpPoi#l uneH B (40,3) — opuentH-
pyloiee JelcTBHe rpagueHTa CKOPoCTH Ha aupertop. Koshduuunent y
(c pasMepHOCTBIO BA3KOCTH) U KO3(dHIIeHT A (Ge3pa3MepHBIll) B 3THX
YIeHaX UMEIOT KHHETHUYECKYIO (2 He TePMOAUHAMHUECKY0) NPHPOAY 2).
YpaBHeHHe A/ BpeMeHHOU [POM3BOLHOH IJIOTHOCTH XKHUAKOCTH

€CTb YypaBHEHUE HeINPepHIBHOCTH

2 4 div(pv) =0. (40,5)

OtMeTuM, YTO 3TUM yPaBHEHHeM, MO CYL1eCTBY, ONpejesifieTcsl THAPO-
JHHAMHYeCKasl CKOPOCTb KaK MJIOTHOCTh MOTOKA BeillecTBa, OTHECEH-
Has K ejuHHILle er0 MaccChl.

¥YpaBuenne anA BpeMeHROH [POH3BOAHOA CKODOCTH €CTh AHHAE-

MUUYECKOE ypaBHEHHE
oo —F, | (40,6)

1) O6osnauenne N BBefeHO JJIs GoJlee ACHOTO BHISIBJEHHA CTPYKTYPH HEKOTOPHIX
HopMyJl HHXKe, a TaxMe BBHAY ZHajbHeAmux o6oCuieHuf B § 43.

’gl,()my'rc'rsae B MpaBo#l cTOPOHe ypaBHeHHs (40,3) 4ieHOB ¢ rpalHeHTaMH MJOT-
HOCTH M SHTPONMH (WJIH TEMNEpPaTypH) CBASAHO ¢ TPeGOBAHHAMH HHBADPHAHTHOCTH
ypaBHEHHA 1O OTHOINEHHIO K MPOCTPaHCTBEHHOR HHBEPCHH H 0 OTHOLICHHIO K H3Me-
HeHHIO 3Haxa n. CM. 06 3tom noApoSiee B § 43. '
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rae F — cuna, neiicTBylomas Ha eAHHHIY obbeMa. B coOOTBeTCTBHH
C M3JIOXKEHHEIMH B § 2 OOIIHMH pacCyXAeHHSAMH, O6beMHEE CHJIBI MO-
ryT OHTb MpeiCTaBjeHbl B BHJAe TEH30DHOH AHBepreHLHH

Fy = Oyo,

rle O; — TeH3op Hampsxenu#. Torga QuHaMuYeckoe ypaBHeHHe
3anyiieTcss B BUJE

du; _ Oy,
[y _d_l;- =p (—EUZ— + (VV) Ui> = 0k0ih’ (40,7)

Bua Tensopa HanpsixkeHu#i GyAeT YCTaHOBJIEH HHIKE. '
Hakonel, octaercs ellle ypaBHeHHe IJsl 3HTPonmuH. B oTcyTcTBHE
JHUCCHMATHBHLIX MPOIECCOB ABHKEHHE XKHIAKOCTH Oblno Obl aauaba-
THYHBIM, NPHYeM afnabaTHYHBIM B KaXKAOM 3J1eMEHTE XWIKOCTH, KO-
TOPblE TNepefBUraluch OBl CO CBOWMU MNOCTOSIHHBIMH 3HaY€HUSMH
SHTPONHH. YpaBHEHHEe, BHPaxalolllee COXpPaHEHHE SHTPOIMHH, 3aMH-
ChiBaJIoCh Obl NPOCTO B BHJAe YPaBHEHHS HEMNPEPLIBHOCTH 1Jifl Hee:

as .
o + div (SV) = 0,

rge S — SHTPONHS eNHHMUH o6beMa, a VS — IJIOTHOCTL MOTOKA
suTponuu !). IIpH yyeTe AHCCHNATHBHBLIX MPOLECCOB SHTPOMHIHOE
ypaBHEHHE HMeeT BH],

RN div(Sv+“T)=—27§-. (40,8)
3pech R — Tak HasmiBaemas AHccHTaTHBHas ¢yHkuusa; 2R/T ompe-
JleNfieT CKOPOCTb BO3pacTaHHsi SHTPONMH °); OHA NpeAcTaBJseT co6oi
KBaJpaTHYHYl0O (OpMY, COCTABJEHHYIO H3 KOMIIOHEHT TEH30pa Uy
¥ BeKTOpOB h ¥ rpaanenTa Temneparyphi y 7. BekTop e @ — MI0THOCTD
HOTOKA TelJa, CBSI3aHHOTO C TeIVIONPOBOAHOCThIO. KoMmoHeHTH
3TOT0 BEKTOpa — JIHHeHHLIe QYHKUHH KOMIIOHEHT BEKTOpa rpajiueHTa
TEMIIEpPaTyphl

gy = —x%44,0,T. (40,9

B sBemaTtvueckol cpefe TeH30p KO3pOHLIMEHTOB TENJONPOBOAHOCTH
%3, MMeeT JBe HE3aBHCHMbIe KOMIIOHEHTR H MOKeT ObiTh NpeicTaBJeH
B BHJE

Hip = ¥y + ®, (sz -— n,-nk), (40,10)

1) 310 ypaBHeHHe MOMKeT OLITb NPEACTABJEHO B SKBHBAJEHTHOM BHE
d S a S S
W e = o 5 W =0
Bupax(a]omem NOCTOSHCTBO HEPEHOCHMOﬁ YaCTHHAMH XHIKOCTH SHTPONHH, OTHeCeHHOH
K €JXHBHIle MAaccChl.
2) Cama xe ¢yHKIHA 2R Naer (Kak H B § 33) CKOPOCTb JHCCHIIALHH MeXaHHYe-
ckoli smweprus (cp. VI, § 79).
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THe %, M %, ONMHUCHLIBAIOT TENMJIOMPOBOJHOCTb B INPOJOJbHOM H MOMe-
peuHoM (MO OTHOLIEHHIO K M) HanpaBJeHHAX.
3aKOH COXpaHEHHsl 3HEPTHH B TMAPOJHHAMHKE BBIpaXKaercs

YPaBHEHHEM BHJa
d

-2
2[5~ +E] +diva=o, (40,11)
rie E — mioTHOCTb BHyTpeHHed 3Hepruu, a Q@ — IJIOTHOCTb MOTOKA
sHepruu. IlnotHocts suepruun E = E, + E4, rae E, (p, S) oTHo-
cuTcs K HeledOpMHPOBaHHOH, OJHOPOAHOM cpefe, a sHeprus E4 cBa-
3aHa ¢ HcKaxenueM mnoJas n (r). CorJacHo CKasaHHOMy B KOHHE
§ 36 msennmunna E4 coBmajaer co cBoGogHo# 3Hepruedr Fy (36,1),
¢ To#l Juwb pasHuned, uro MOAYJH ynpyroctH K;, K,, Kz noapasy-
MeBalOTCsi BHIPAXKEHHBIMH uepe3 IIOTHOCTb H 3SHTPONHIO, a He TeM-
nepaTypy.
3aKOH COXPaHEHHS SHEPrHH COJEPKHUTCH, KOHEUHO, B ypaBHEHHAX
JIBHXeHHs. Mbl Ke BOCHOJIb3YEMCS HM JJIl YCTAHOBJIEHHSI CBf3H
MeXJy BBEJEHHBIMH Bhille QyHKuHeH R, TeH30poM O;; H BekTopoM N.
Packpoem mpousBoiHylo no BpeMeHH B ypaBHeHuH (40,11) ¢ yue-
TOM TepMOAMHAMHUYECKHX COOTHOLIeHHH

<_%;)p,n = T’ (%)S.n =t

rZe P — XHUMHYecKH# moteHuuan ). Hmeem
d pv? 2 9 av ap S OEy4
"aT{'_z + E} =5 TVt +T 5 +< ot )p,s'
(40,12)

Paccmotpum oTZenbHO mocnenHHi uieH. BBens ofoshnaueHue iy,
13 (36,6), muiuem

9E, [ 0B, on; ony

( ot p,s‘( ony )p,s - T Wm0 5 =
__(OE4 on; ony \ _ on on,
= { s akﬂki} —i~ 10k (ﬂht =)= h——+ O (ﬂht 5

(Bmecro H 3pech HanHcano h, nockoabKy npogonbHas uacte H cpasy
BhINajaeT BBHAY paBeHcTBa non/df = 0). [loacrasuB ciopa On/df us
(40,3), numem:

OE, .
(Tatd—)p,s = (Un Oxnty + Quptty — Avantp) by — Nh - div (.. +)

1) NonuepkHeM, uto E otHocHTCA K 3ajaHHOMY (eAHHHUHOMY) OGbeMy, a mepe-
MEHHBIM fBJseTCA YHCAO N yacTuu (MoJeKya) B 3ToM o6beMe. B V XHMuueckuit no-
TeHIIHaJ Besjle OTHOCHWJCH K OJHON wacTHLe, T.e. Ompejensncs Kak p = 0E/ON.
Hockoabky N = p/m (m — macca MOEeKYJIH), TO IPHHATOE 3eCh ONpeeeHHe OTIH-
4aercsl OT onpeleeHHss B V JHbL MHOXHTeNeM m. Bo H3GexxaHHe HefopasyMeHHH
NpH CPaBHEHHH C TEPMOJHHAMHYECKHM COOTHOLeHHeM (3,2a), HANOMHHM, YTO 3fech £
€CTb BHYTPEHHAS SHEPTUf eJHHHIH Oo6beMa B TOYHOM CMBIC/IE STONO CJIOBA, MEXAY
TeM Kak B § 3 BesHuHHA & onpejeseHa KaK SHEPrHs KOJHYECTBA BEULECTBA, 3aKJIO-
UeHHOIO B efHHHIE o0beMa HeflepOPMHUPOBAHHOTO Tefa.
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H nocjie BblleJIEHHS ellleé OJHOH NOJHOH AHBEpTEHUH::
E .
(55 ),.s=—Ov =g div (e, (40,13)

riae
A
Gy = — Py Outty - 0 (b, — nyhs) — =0y (mify, 4 nghy). (40,14)

3leCh M HHXKE Mbl He BEIIHCHIBAeM MOJMHOCTbIO BbIpaKeHHE NOJ 3Ha-
KOM [IHBepreHUHH ¢ UeJbI0 YMEHBIUEHHS TPOMO3RKOCTH (GopMyJ:
ITu uneHnl (K KOTOPHIM MBI BEpHEMCsl ellle B KOHue naparpada) He
CYIIEeCTBEHHHl AJIs PElueHHs] MOCTAaBJEHHOIO BONPOCA.

Brupaxenne (40,14) MoxHO npeacTaBuUTh B BHAE

G; = 0,0%7 + (6:Ea)s, s, (40,15)
rae

0’,‘;:) == — Tyt aiﬂl -_ %—(n[hk + nkh,-) + —-;-(nihk —_ Ilkhi). (40, 16)

[lpn npeofpa3oBaHHH HCIOMB30BAHO PaBEHCTBO

E
(aiEd)o, s= %n_:‘aink + 1,040,114,

OnpefiesienHe TeH30pa Ojr HEOAHO3HA4HO! BbipaxkeHue (40,15)
He H3MEHHTCs NpH N0GaBIeHHH K Off JI0BOTO CJIaraeMoro BHAA O;)in,
TA€ ¥;;p — NMPOH3BOJILHBIA TeH30p, AHTHCHMMETPHUHBIA MO Moc/enl-
Hell nape MHAEKCOB (Y = —%Yix1). XOTs Tensop (40,16) ne cumme-
TPHYEH, OH MOXeT GBITh NPHBELEH K CHMMETPHYHOMY BUIY NpubanJe-
HHMEM YIEHA YKA3aHHOrO BHJA ¢ HaJJe)KalkM o6pasoM MoAO6palHbIM
TEH30POM ¥;1;. PaKTHUECKOE MPOBEIEHHE 3TOH, JOBOMBLHO IPOMO3KOR,
omepanud OT/IOXKMM [0 KOHUA naparpaba, a ceyac MPOLOMKHM
BEIBOJ, ypaBHeHHH [BHXXEHHS, Mpeanojaras CHMMETPU3aUHIO ol
y2Ke NPOU3BEIEHHON.

[Noxcraeus (40,15) B (40,13) 1 BHIAe/NAA B OAHOM H3 YJIEHOB MOJ-

(r
Hylo uBepreHuuio (C ydeToM CHMMeTPHYHOCTH of%), nonyunm Y

4 = —Nh+ olfvie — (@i, 50 +div(-+2) (40,17)
0 S
Haxkounen, nogcrasum B (40,12) durypupyrolge TaM Npou3BOLHLIE
no BpeMenH u3 (40,5), (40,7—8) u (40,17), npuyeM yactHylo (npu mo-
CTOSIHHBIX P M S) npou3BoAHYt0 oT E BhIpa3uM yepe3 MOJHYIO NPOH3-
BOJIHY!O COIJIacHO

= (0;E)p,s + 10 + T S

4) Mockoavky Eq = Eo (p, S), 10 (31Ed)p, s = (%E) p, 8.
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[locne psma opeoGpasopaHuil (BbiAeJEHHs [MOJHBIX JHBEPreHnHH)
HOJAYYHM B pesyJbTare

_g_t[PV’ + EJ“-Uikvm—Nh-i- qQVT 4+ 2R - div (s« ),

(40,18)
Flie Oy CBA3aHO C Oy GopMmyJaoi

Otp = — POup -+ 08 - Oy (40,19)

a JaBjieHHe BBEJEHO COIVIaCHO €ro TE€PMOJHHAMHYECKOMY oOfmpele-
JICHHIO:
p=op—E+TS (40,20)

(op = @ — TepMONMHAMHYECKHH MOTEHLIHaJ €IHHHIH 00beMa Be-
LeCTBa); KaK M AOMKHO GblJIO GbiTb, HM OMNpeflensieTcs H3OTPOMHas
YacTb TCH30pa HANpPSKEHHH.

CpaBuuB (40,18) ¢ ypaBueHHeMm coxpaHeHHs 3Hepruu (40,11),
MBI BHIHM, 4YTO

2R_0,kv,k—|—Nh——qVT (40 21)

Sra (bymmma omnpejie/iseT BLI3BAHHOE AHCCHNATHBHBLIMH MpOLECCAMH
yBe/IMYEHHE 3HTPONHH. $lcHO mMo3TOMY, 9ro BBeleHHbH B (40,19)
TEH30p Oy, MOpeicTaBiser coboi lIPICCPIHaTPIBHle («BA3KYIO») 4acTb

TeH3opa Hanpsxenui. Tenzop xe ofy B (40,21) ne BXOJIUT; OH Mpef- -
cTaBJjseT coOoH HEAHCCHIATHBHYIO (HOMHMO CBfI3aHHOH C JaBJIEHHEM)
yacTb TeH30pa HampsiKeHuil '), cmenmpuyeckyio /st HeMaTHYECKOH
(B OT/NHYKHE OT OOBIYHOH) XKHAKOCTH.

O6paTuM Takke BHHMaHHe Ha TO, YTO B JUCCHIIATHBHYIO QYHKIIHIO
He BXOAUT Ko3(pduuMeHT A. XOTA onuchiBaeMbll 3TUM Oe3pa3MepHBbIM
Ko3dpunnenToM 3ppeKT HMeeT ABHO KHHETHYECKYIO (a8 He TepMOAHHA-
MHYeCKYIO) PHPOLY, OH He AHCCHIIATHBEH 2).

[TnotHOCTE 0GBEMHHIX CHJl B JBHXKYIlefics HeMaTHYecKOH cpele

Fi=—0,p+ 0:0%7 + Geois = — 8ip + FI” + Fi.
B HenoaBH:XKHOH paBHOBeCHOH (XoTs H JeQOPMHDOBAHHOH) cpeje
F' = 0, a corsiacHo ycnaoBuio paBHOBecus (36,7) u h = 0, Coraacno
(40,14—15) mpu sToM cuJja )
F() = — (VEd)p. S F= — Vp — (VEd)p. S
Ecan cunTaTh MopysnH yOpyrocTH MOCTOSIHHEIMH, HE 3aBHCSIIHMH

or p u S BenuuuHamH, T0 (VEg), s = VEs ¥ Torma cuna F =
= —V (p + E4). Ho B paBHOBecHu 1o/MXKHO GHTb Takxke W F = 0,

1) Ee 4HOIAA Ha3HiBAOT PEaKTHBHOM YacThIO (OTCIOZA KBAGKC (7), KOTOPHM Mhi
cHabiunu ee O0GO3HATEHHE).

3) Ora cHTyauus He yHHKAJbHA: 4aMOMHHM bdext Xoaa B 9EKTPOAHHAMHK«
OpOBOAAILAX TEJ; OH TOXKe He CBA3AH C JHCCHOALHeR.
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Orciona cienyer, 4910 (B YKa3aHHOM NPEANOJOKEHHH) paclpeneseHue
JaBJeHHsl BIOJb HaXOAAllEHCA B pPaBHOBECHH HEMaTHYeCKOH Cpeisl
Jaetca ¢opmyJoii 1)

p = const — E,. (40,22)

ITpousBseneM Tenepb B SIBHOM BHAE YNOMAHYTYIO BbIILIE ONEPaIHIO

CHMMETpH3alLMH TeH3opa O . [Ipexie BCero, BHIYHCAHM B SBHOM

BHJE€ AHTHCHMMETPHYHYIO YacTb 3TOr0 TEH30pa. an BbIYHCJEHHH

PasHOCTH Off — Y Hajo yYeCTb, YTO BHIPAXKEHHE

oE
By, = 6nj ny + Ty 00, — Ty, Oy

CHMMETPHYHO MO HHAeKcaM [, k. [IpoBepHUTb 3Ty CHMMETPHIO HEINO-
CpeACTBEHHO HeJjerko. [lpouie creaTb 3TO KOCBEHHEIM NyTeM, BOC-
NoJb30BABILHCL T€M, YTO 3Heprus E,; — cKanfap H TeM caMblM HHBa-
pHaHTHA OTHOCHTEJNBLHO NPOH3BOJBHHIX BpalleHHH CHCTEMBI KOODAH-
Hat. [Ipn GeckoHeyHO MaJIOM MOBOPOTE Ha yroJ 8¢ KoOpAMHATH Npe-
ofpasylores Kak

t'=r-6r, &r=1[0p-r]

Ox; = epXn, B = eypbQ; = — €.

I M3MeHeHHS BEKTOpPA N H TeH30pa Oxn; MMEEM COOTBETCTBEHHO
On, =eyn;, 8(0nn;) = &1 0,1, + 4,01,

HupapuantHocTs ¢yHkuue E; OpH 3TOM NOBOPOTE O3HAYaer, YTO
Bizey, = 0. TlockobKy €;;, — NpOHM3BOJBHEIA AHTHCHMMETPHYHBIH
TEH30p, TO OTCIOfA cJefyeT, uTo B;, — CHMMETDHYHBIH TEH30p, 4TO
H TpeGoBasloCh AOKAa3aTh.

Hmess 310 B BHAy, JIerkO MpPHBECTH AHTHCHMMETPHYHYIO YacTb
Tensopa ofr K BHay (2,11) ¢ TeH3opoM
Pirt = MyTyp — NpTly.

IMoclie 5TOTO CHMMETPH3OBAHHBIM TeH30p Off MOJydaeTcs Hemocpel-
CTBeHHO Nno ¢opmyae (2,13). [Tocsie HEKOTOPHIX NPHBEAEHHHA NMOJYYHM

A ;
ng) = — '2_(nihk + nxhy) — —;"(nkl Oy + 7y, 0p1) —

- _;"al [(Rgn + Tag) 1y — T0y — mgny). (40,23)

1) Ecau He fenath YKa3aHHWX Npefnosoxenuit, To cuiry F npu nocrosHHOR
TeMnepaType MOMXKHO NPHBeCTH K BHAY F = —p V| Tak, 4TO yc/a0BHe paBHOBECHS
CBOAHTCA K OOBYHOMY | == const. [leficTBHTenbHO, AHbbepeHIHPYR BHpaXeHHe
(40,20) ans XaBiieHHs H YUHTHBAs TepMOAHHaMHyecKoe cooTHOmeHHe dE = T dS 4
<+ pdp + (dEg)p, s, nafinem —Vp= — pVp — SVT 4 (VEq)p s, OTKyAa npH
T ='const u nomyyaercs ykasaHHOe BmpaxeHHe Aas F,
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OrMeTuM, 4TO 3TO BhIpa)eHHe (GaKTHUECKH COAEPIKHT TOJMbKO Monepey-
Hble (10 HHAEKCY k) KOMIOHEHTH TeH3opa ;. EcCaH npeicTaBHTb
mocnelHHH B Bule

¢
My = mie + mneny

¢ ¢
(Tak uto mig'n, = 0), 0 B (40,23) ocTaHyTCH TOJNBKO WIEHBI € iy,

Hakonel, BepHeMesi K 4JieHaM € [OJHBIMH JHBEPTeHIIHAMH, KOTO-
pble MBI JO CHX mop He BunuceiBaau. Cpasuus (40,18) c (40,11),
BHIHM, 4TO BhIpaxeHue, crosiuiee MoA 3HaKoM div B COBOKYMHOCTH
ITHX WIEHOB, ONpefesuT co6oii MIOTHOCTL MOTOKA 3HepruH. [IpuseleM
3lechb MOJyYalOUIHHCS TaKHM 06pa3oM OKOHYATeJNbHBIH pe3yJIbTaT:

2
Q= (W -+ '%‘) U; — Ty {— 0, 041 + Rupny 4 Any (Un) — MaNtpUim) -+

-+ -;—(fl[hk - nkhi) v, + % (fl[hk + flkhi) U — 070 — %2 0T,
(40,24)

rie W = p 4+ E — tennioBass ¢yukuusi. [lepBrifi 4nen coBmagaer
C BhIpaXKEeHHEM [I0TOKA DHEPTHH B rHAPOIHHAMHKE OGBIYHOM KHAKOCTH.

§ 41. AuccHnaTHBHLIE KOI()pHIHEHTh HEMATHKOB

Unenunt ¢ N H 0}, B ypaBHeHHAX IBHXK€HHS BHpaXalwT coGoH
pejlakcanHOHHBIE MPOIECCH, BO3HHKANOUIHE BCJENCTBHE TepPMOJHHA-
MHYeCKOH HepaBHOBECHOCTH CpEJBl; 3Ta HePaBHOBECHOCTbH B CBOIO
ouepelb CBA3aHA C OTJIMYHBIMH OT HyJs h H vy,. B obriuHoM ruaponu-
HaMHYeCKOM NpPUOGJIHKEHUH HepaBHOBECHOCThH [peAmoJaraercs cJja-
Go#i, T. e. BeMHYUHH h, v;; — B ONpelesleHHOM CMBICJAE MaJhIMH.
Torpa oj, sABAfeTCH HX JHHeHAHBLIMH QYHKUHSIMH.

Onnako Opu npuHATOH Hamu ¢opme 3alicH YpaBHEHUH ABHXKEHHSA
3aBHCAUIHX OT h 4neHoB B 0}; nucaTh He Hajgo. HefcTBHTeNbHO, TaKHe
YJieHbl, COCTABJEHHBIE U3 KOMMOHEHT h u n, wumenn 6n BHJ
const. (n; by, + nphy). Ho unen takoro BHAa yXe eCTh B HeJHCCHINa-

THBHOM 4YacTH TeH30pa HampsukeHuh o7 (40,23); KoGaBieHue Mo-
IOGHOTO 4/leHa B Oy CBOAHJIOCH OBl MO3TOMY JIHIIb K Mepeonpejaee-
HHIO Ko3(dHuHeHTa A.

O6wuit BHJ JUHEHHON 3aBHCHMOCTH O;p OT Ul
Otk = NiktmVim (41,1)

NpHYeM TEH30p 9eTBEPTOrO PaHra 1, 00/ajaeT OYeBHAHLIMH CBOf-
CTBaMH CHMMETDHH (C/eICTBHSIMH CHMMETDHH TEH30POB Oz H Ujz)

Nirim = Natim = Nizmi- (41,2)

Kpowme T0r0, 3T0T Tensop obnanaer 1 6oJiee rayGoKoH CHMMETpHUER,
crepytouiefi U3 o6IIero NpHHUHNIA CHMMETPHH KHHETHYECKHX KO3(dH-
nuentoB Oncarepa (eM. V, § 120; kak u B § 32, nuxKe B 3TOM naparpacde
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Mbl NOJIb3yeMca (POPMYJHPOBKON 3TOr0 NpHHUMNa, AaHHOH B VI § 59
¥ BBEIEHHBLIMH TaM ONpeJeNEHHAMH BeJHUYHH X, U X,). 3 Brpaxe-
Hust 2R/T AJs CKOPOCTH YBEJHUYEHHsl SHTPONHH BHIHO '), 4TO €CJH
N0l BeJIHYHHAMH X, NMOHHMATL KOMIOHEHTHI TEH30Pa Oz, TO «T€DPMO-
JAHHAMHYECKH COMNPSIKEHHBIMH» C HHMH BeJuuuHamu X, OYyAyT KoM-
NOHEHTHl TEH30Pa — Upy/T 2). KoMOOHEHTHl ke TeH30Pa Mipim
MIPAIOT POJIb KHHETHYECKUX KO3(DODULHEHTOB Yqp. [IpuHIEN OHcarepa
TpeOyeT paBeHCTB Yqp = Vpa, T €-

nihllm = Mimin- (41,3)

Tensop ipim AOMKEH GBITH COCTABJEH JIHIIL C [OMOIIBIO eHHHY-
HOTO TeH30pa 8, W BEeKTOpa N C YUE€TOM YKa3aHHBLIX CBOHCTB CHMMET-
pun. MmeeTcs Bcero nsiTe JHHEHHO HE3aBHCHMLIX TaKHX KOMOHHALHA!

RNy, Ayl Oip - nyny Oy,
1318 + 11840 + MRSyt -+ MRSy,
6lhélma 6iléhm + leélm-
CoOTBETCTBEHHO TEH30P Mip1m HMEET MSThb HE3aBHCHMBIX KOMIIOHEHT;
NPeACTaBHM COCTAaBJICHHHIH C ero NOMOLBbIO TEH3Op HampsKeHWH
B BHZAE %)
O1e = 20, + (N2 — 1) 8001

+ (0 + M — N2) Gpriimlin + nynpvp) +

+ (Ms — 2my) (ny708; - npnyoy) +

4 (M5 4+ ™ -+ N2 — 210 — 20y) MR 1. (41,4)
[{esecoo6pasHoCT KMEHHO TAKOIO onpefesleHns BeeX K03ahdHIIHEHTOB
HJLJIIOCTPUPYETCS CJAeNYIOUHM BLIpaXKeHHEM AHCCHNIAaTHBHOH yHKIMH,

KOTOPOE OHO NpHHHMaeT NpH BhibOpe ONHOH H3 ocefl KOOpAHHAT
(ocu z) BEOJL HanpamJeHHS n:

2R = 2!]1 (voaB d '-é" Gaﬁvw) ’ + ﬂi’vgba -+ 2!]3”3&2 + 2140000 +
+ e 7 (@) 2 QaT)V) -1, (41,5)

1) HanomnuM, 9T0 9Ta CKOPOCTb BHIPAXKAETCA Uepe3 BeTHYHHE Xq, Xq GOpMY-
aoft 2RIT = —-2 £aXa.

a

%) B ;nTepaType O BeTHUHHAX %4 H X4 UACTO TOBOPAT COOTBETCTBEHHO KaK O Mep-
MOOUHAMULECKUX NOMOKAX U Mep MOOUHAMUNECKUX CUAAX.

8) Ouccunarusrble KoahdUIHEHTH HEMATHKOB ObifM BBefeHH (B APYyFroM BHJAE)
Jlecau (F. M. Leslie, 1966) n [apodu (0. Parodi, 1970). OOménpausTefi BHGOp onpe-
JeneHHA KOX(X(DHLHEHTOB BASKOCTH Hemamxon B JAuHTepaType, NO-BHAHMOMY, emle .
fte yCTEHOBHJACH,
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rie uupekcn o, P, y npoGerator nBa 3HaueHus ¥, y. ITockoabky
JOJIXKHO OBHITH R>0 (3uTpOnHs BO3pacTaetr), TO KOPPHUHEHTH
Q1 N2 Mas Msy Xjs %1, ¥ TNONONKHTENbHBl H, KpOME TOTO,

.

s > 1. (41,6)

Takum ofpasoM, HeMaTHuyecKasd cpefa XapaKTepH3YeTcsi BCEro
JeBATbIO KHHETHYECKHMH Ko3(ppuuHeHTaMH: NATbIO KoxbduumuenTamu
BSISKOCTH, JABYMs KO3(p(HLUHEHTaMH TelJONpPOBOAHOCTH, KO3(dHIHEH-
TOM Yy (TOX€ HMEIOIHM Pa3MepHOCTh B3KOCTH) H GE3JHCCHNIATHBHLIM
GespasMepHBIM Kod(puuuenToM A.

UHcso GUrypHpyIOMUX B YPABHEHHAX JBHKEHHSA KO3 (PPUIHEHTOB
BSI3KOCTH YMEHbLIAeTCsl B BaXKHOM CJyyae, KOTAA ABHXKYLLYIOCS XKHA-
KOCTb MOXKHO CYHTaTh HeCXKHMaeMoH (lJs 4ero ee CKOPOCTb JOJIXKHA
ObITh MaJla N0 CPABHEHHIO cO CKOPOCThIO 3ByKa). YpaBHeHHe Henmpe-
PHIBHOCTH HECKHMAeMOH XHJKOCTH CBOJUTCA K paBeHCTBY divv =
= vy = 0. B Tensope Hampsixenuit (41,4) BTOpPo#l usneH Bbinajgaer
BOBCe, a Tpemﬂ npuHHMaeT Bux const. §;; (mnnvy,). 3aMedaeM, uro
NMOC/HEHHH uJeH He JaeT BKJaJa B JHCCHNATHBHYIO (QYHKUHIO (OH
BEINafiaeT NpH o6pa30BaHUH NPOU3BEAEHHS O;4U;x , HOCKOMBKY U 8 =
= vpp, = 0). KpoMe Toro, oH uMeer Takyio xe TeH30PHYIO CTPYKTYPY,
Kak M 4leH —pd;, B MOJIHOM TeH30pe HampsKeHHH 0;,. Mexny Tem,
B TrUAPOJMHAMHKE HECKMMAeMOH JKUIKOCTY [ABJEHHE BBHICTyHael
(HapsLy co CKOPOCTbIO) NPOCTO KaK OJHa M3 HEH3BECTHHIX (QYHKIHA
KOODJAHHAT H BPEMCHH, ONpefesseMBX B pe3yJ/bTaTe pelleHHs ypas-
HEHUH JBHIKEHHSA; OHO He ABJSETCA 31eCh TEPMOAMHAMHUECKOH BeJH-
YHHOH, CBA3aHHOH G JPYrHMH NOAOGHBLIMH BEIHYHHAMH ypaBHEHHEM
cocrosinusi. [Toatomy umensr —pd;, u const 8;, (mn,v1,) B TeH30pe
HalpsiKEHUH MOXHO OGBEAUHUTD APYT C APYIOM, YTO CBOAMTCS NPOCTO
K TepeonpeneseHuio jaBiaeHHs. TakuM o6pa3oM, Bs3KHH TeH30p
HanpsiKeHUH HecKHMaeMOoH HeMAaTHYeCKOH >KHAKOCTH CBOAMTCHA K BbI-
paxeHHIO

O = inbfk + (M3 — 2m1) (minvrr + neni)) +
~+ (fia -+ M — 2M3) nunpnnpUims  (41,7)
i}

(rme Me= Mg + N;—2n,) U CONEPKHT BCEr0 TPH HE3aBHCHMBIX KO3(-
¢uunenta BA3KocTH. COOTBETCTByIOWIass JHCCHIATHBHAA (QYHKUUA
(ocx: z BlOJb n):

2R = 2711 (UaB — Ga.ﬂvw) -+ ']2022 + 2TI3Uaz +
{“u (0:T)* + %, (aT)?} +- LM (41,8)

(namomyi,, ,qfro,bm + v‘z,'~'—=' 0); [0/I0XHTEb HOCTD Koatb(bﬂuﬂema
1), ofecrneunBaercs HepasencrsoM (41,6).
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3agaua

OnpeReanTs CHAY, AACTBYIOMY0 Ha MPAMONHHERHYI0 AHCKIRHAKHIO (C HHAeKe
com OdpaHka 1 = ﬁ’, JABHXYINyloCS B NepHeHAHKY/JIAPHOM €e OCH HAMpaBJcHAH
(H. Imura, K. Okano, 1973).

Pemenue. PaccMaTpHBaeM AHCKJAMHAUHIO B CHCTeMe KOODAHHAT, rjie OHA
TIOKOHTCA (H COBMajiaeT ¢ OCLIO 2), a HIKOCTb JBHXETCA C MOCTOAHHOR CKOPOCTLIO V
BROb ocH X. Pacnpenesnenne n (r) B JHCK/IHHAUHH B STOR CHCTeMe CTAllHOHapHO W
Jaerca dopMyaMH (IS ZHCKIAHHANHH C pafHaJbHHMH CIHHHAMH TOKa JHDEKTOPA?,
puc, 27, a) :

ny = COS P, ny=sing,

TZe noAspHuA yroa @ == arctg (y/x). B ypasnennu (40,3) mmeem /3 = 0 n oy = 0
(BRHAY ONHOPOXHOCTH MOTOKA), TaK 4TO OCTaeTcs
on h

— e —

0x v

Orcroza HaXoAHM A/ BO3HHKAIOMIEro B Pe3y/bTaTe ABHMKEHHA CIAGOTO MOJERYJAps
horo noas
oo
ox '

h = yv [vn]

TAe ¥ — efHEHIHHA BEKTOD B HANpaB/ICHHH OCH 2 (B OTCYTCTBHE ABHIKCHHS MOJIEKY=
aspHoe noje h = 0, Tag KaK HenoABHKHAas IHCKAHHAUHA MpeICTaBaser coGod pas-
HOBeCHOE COCTOSIHHE Cpefn). JlHcCHMATHBHAA (YHKUHA

h? dap \?2 ' $
R=—=v (k) = i
OReprug, AUCCHNHPYEMas B €IMHHLY BpeMeHH (M OTHeCeHHad K eAHHHMEE AJNHHH
JHHHH JHCK/JHHALHH), HA€TCH HHTErPAJOM
. I 9Rdydy = mypil, L= In(R/a),

Iie R — nonepeyHsle pa3Mepbl 06/1acTH ZBHXEHHS, 8 @ — MOJIEKyJAspHHE pa3MepH.
STa AHCCHNANHA HO/KHA KOMNEHCHPOBAThCA paboToil uf, coBepiiaemoii eficTaylomed
Ha JickausanHio cHaof f, Orcioda HaxoxuM

[ = myolL.

Ja AHCKIMHALMM C KPYTOBHMH JAMHHAMH TOXKa (cM. pHC. 27, 6) momyuaercs
TaKOH 3Xe pesyawTat,

§ 42. PacnpocrpaneHre ma/ibiX KoJeGaHHA B HeMaTHKaxX

Tonsas cHcTeMa TOUHRIX YPaBHEHHH THAPOZHHAMHKH HEMAaTHKOB
odeHb cloxHa, OHa, ecTECTBEHHO, YIpollaeTcs B caydae MaJEX KoJje-
6anufi, Korza AOMyCTHMa JHHeapH3alHs ypaBHEHHH.

Tlphcrynas K Hcc/e0BAaHHIO PACNPOCTPaHEHHS MaJHX KoJieGaHHuR
B HeMaTHYeCKHX cpelaX, HAallOMHHM IpelBapUTeJbHO, KaKHe THIH
(Mozpl) KOMleGaHUH CYIIECTBYIOT B OGRIYHBIX XKUJAKOCTSX. IIpekae Bcero,
870 OObl4fible 3BYKOBEIE BOJIHBI ¢ 3aKOHOM AHCIEPCHH (CBSI3bI0 MEXAY
9aCcTOTOH ® M BOJNHOBBIM BeKTOpOM k) ® = ck u CKOpOCTBIO pacnpo-

crpaHéHns :
o=V (&), . @)

.Koheﬁalﬁﬂa 'B 3BYKOBOH BojHE TPOXOJbHH (cM. VI, § 64).
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Ilanee, CyWECTBYIOT CH/ILHO 3aTyXalollHe BA3KHE BOJHLI C 3aKO-
HOM JHCIepPCHH

o= L  (42,2)

rae 1 — ko3duuuent Ba3kocTH (cM, VI, § 24). S1H BosiHE! MONepeYHLL
(ckopocTh Vv meprneHAHKYJAsipHA BeKTOPY k), B CBSI3H C ueM HX 4acTo
HaskIBaloT c08uz086iMi. OHH MOTYT HMETDb JBa HE3aBHCHMEIX HaNpasJe-
HHSl MOJIIPH3AlMH; 3aKOH NHCINEPCHH OT HANPaBJEHHS MOJsSpH3anUU
He SaBHCHT.

Haxonell, B HeMOoABHXHOA XHAKOCTH Majbie KojaeGaHUs Temiiepa-
TYpH (H SHTPONHH) PaCIPOCTPAHSIOTCA; KaK CTOJb XKe CHJIBHO 3aTy-
Xawige BOJHE ¢ 3aKOHOM ,u.ucnepcnn

= Xk, (42,3)

Iae % — TeMIepaTyponpoBOAHOCTb cpennl (cM. VI, § 52).

BosHE! aHANIOTHYHWIX THIIOB CYWIECTBYIOT H B HeMaTHYeCKHX cpe-
Jax. Ho Ha/MHuHe y HeMaTHKOB LKONOJHHTENbHOH JHHAMHYECKOH Iepe-
MeHHOH — fHpeKTOpa N — MPUBOJHT K IOSBJCHHIO ellle H HOBHIX,
cneyHpUIECKHX AJs HHX THNOB BoJH (P, G. de Gennes, 1968).

HauneM ¢ o6B1yHOTO 3BYKa B HEMaTHKax. JIerko BujeTh, 4TO B Mpe-
Jejle JOCTATOYHO JJIHHHHIX BOJH (T. €. MOCTaTOYHO MaJbiX 3Haye-
HHM k) MONPaBKH K CKOPOCTH 3BYKa, CBSI3aHHBIE C HAJIHUHeM HOBOH JH-
HaMHYeCKOH MepeMeHHOH, MaJibl, TAK YTO CKOPOCTh 3BYKa JAeTcCs Mpex-
HeHl npocroii dopmynoit (42,1). IlpencraBumM AHpeKTOp B KOJEGJIO-
mefica cpejie B BHAE n = Ny -+ On, rje ny — NOCTOSTHHOE BXOJB CPeJbl
HeBO3MYIIEHHOe 3HaueHHe, a On — majas nepemeHHas uwactb (mo-
ckoMbky nf = n} = 1, 10 nydn == 0). CpaBHeHHe /eBOH CTOPOHH
ypaBueHH4 (40,3), c mepBbHIMH JByMS WJIeHAMH B €ro MmpaBoOH CTOpOHe
nokaseipaet, uto odn ~ kv, 1. e. dn ~ v/c (unen xke N = h/y B pac-
CMaTpHBaeMOM MNpHOG/IMKEHHH sIBJASETCA MaJiod BeaHuHHOH GoJsee
BBLICOKOTO NMOPSifKa, NMOCKOJBKY, cOrJyacHO (36,9), MosieKynspHOe noJje
h oo k%), Ilostomy uneH E4 B MJOTHOCTH 3HEPTHH XKHIKOCTH;

Eq ~ K (kSn)* ~ K (vklc)?,

T. €, HMeeT NOPSJOK k% Mo CpaBHEHHIO C OCHOBHHIM WJIEHOM, KOTOpBIA
~pv?. B paccmatpuBaeMoM TIpHG/IHKEHHH STOH 5HepPrHed MOXKHO,
cliefloBaTesIbHO, TpeHe6peyb, YeM H JOKashiBaeTcs CfeJaHHOe BhllIe
YTBEpPKIEHHe O CKOPOCTH 3BYyKa.

B caenyromem no k£ npubirKeHHH NOABAAETCS CBASAHHOR G JHCCH-
NaTHBHBIMH MPONECCAMH TOTJIoMeHHe 3ByKa. Cnennduka HeMaTHKA
(o cpaBHEHHIO ¢ OGBIYHLIMH XHIKOCTSIMH) NPOSIBAseTcS B aHH30TPQ-
fIHH 3TOTO IOIVIOLIEHHS — €0 3aBHCHMOCTH OT HaNpaBJeHuf Pace
fipoCTpaHeHHs 3BYKOBOA BOJHH (cM. sajauy 1).

OcTaJIbHHe THNB Ko/e6aHui B HEMaTHKAX HMEIOT 3aKOH RHCHep-
CHH, NOJOOHHA (42,2—3) 1 @ oo A%, 310 3HAUMT, YrO NMPH JNOCTATOUHO
MaJHX k BO BCAKOM ciydae Gyner ® & ck. B cBoio odepeAb OTCIOAA
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CNefyeT, YTO B 3THX KOJNEGaHHAX MKHMIKOCTh MOMKHO PaccMaTpHBaTh
KaK HecxHMaemyio 1), YpaBHe}me HEeNpepLIBHOCTH CBOXMTCA TOrNa
K divv =0 uan aas naockoli BonHel kv = 0. Takum o6pa3zom,
B OTHOIUEHHH KoJe6aHHH CKOPOCTH paccMaTpHBaeMble KoJaeGaHuA
MonepeyHEl — CABHTOBbIE KOJeGaHHUS.

Hans HCC/IEJIOBAHHS BCEX STHX KoJIeGaHui NpOH3BeNeM mmeapn-

3al{I0 YpaBHEHHH ABHAEHHS, NOJOXHB B HHX n = ng - On, p =
== po + Op. B nepBoM npuGIHKEHUH MOJIEKYIIpPHOE ToJIe JIHHEAHO
N0 MPOM3BOAHBIM OT N W TeM CaMbiM — JuHEHHO no On:
H = K,V div 8n — K, rot (n, (no rot 8n)) 4 Kgrot {ng [y rot 8nj]. (42,4)
IlepBriii e uJieH B «peaKTHBHOH» 4acTH TeH3opa Hanpsixenu#l (40,16)
KBajiparuyeH no 6n H NMOTOMY JAOJIKEH ObITb onyuieH. Jlo/xHBI GBITh
ONyIIEHLl TaKXe M KBajJpaTHUHLIE q.neHbI, BO3HHKaIOIWMe npH obpa-
30BaHHHU TeHSOpHOH JuBeprennun 0,0'; B ypaBHenuu (40,7) u uien
(vV) v B ero JieBoil ctopoHe, B peaysbTaTte 310 ypaBHEHHE CBOZMTCA
K CJAeNyIoUieMy;

B 0:8p 4 5 (101 Oufte — ok D) — - (s P +-

TN
+- 1105 0p1) 4 Oroin.  (42,5)

B YPaBHEHHH Xe (40,3) nocTraTouHO 3aMeHHTH (B NepBhIH ABYX useHaX
B IpaBoil CTOPOHE) N Ha My H ONYCTHTL uieH (vV) 8n B MeBofi cropone:

aon;
—n— = Qu;no, + A (841 — noynor) Nontr -+ T hy. (42,6)

Beupy paseHctB nydn = 0, vk = O BekTopnl On M V HMeIOT BCero
1O JlBe HE3aBUCHMBIE KOMIIOHEHTH. ¥YpaBHeHus (42,5—6) cocraBasior
NI0O3TOMY CHCTeMY YeThIpeX JIHHEHHBIX ypaBHeHuH. HiMu onpeneasiorcs
teThlpe KoJebaTeJbHble MOABI, B KaxXxJIOH H3 KOTOPHIX HCILITHIBAIOT
CBfI3aHHBIE JIPYT C JPYroM KoJeOGaHusa KaK CKOPOCTb, TaK H JHPEKTOp.
OG6bIYHO, ONHAKO, CHTYallisl CYIIECTBEHHO YNpPOILIAaeTCs BBHAY TOrO,
uyro 6e3pasMepHOe OTHOILIEHHE

p = Kp/m? (42,7)

OKasblBaeTcsl MaJof BeMHuuHOH ~ 1072—107% (3agech K M 1 — nopsikH
BeJHYHHE MORYJeHl yINpyrocTH HeMaTHKa H ero KosdQpHUHEHTOB
BA3KOCTH 1), 1ls, Mg, 7). Kak 6yldeT mDOKa3aHO HHUXKE, NPH 3TOM
MOXHO pa3juyaTh JABa CYIIeCTBEHHO Pa3JHUHBIX THIA KoJeOaHHH,
AJisl KaXJ0ro M3 KOTOpHX ypaBHeHHs (42,5—6) donmyckaiot ompene-
JIEHHBIE YNPOIEHHS,

1) HanemuuM (cm. VI, § 10), 4To HecTALHOHADHO JABMIKYHIYIOCS IJKHAKOCTb
MDKHO CUHTATH HECHHMAeMOH NpH YCJIOBHAX v << ¢ M T3> l/c, The T u [ — npo-
MexYTKH BDeMEHH H PACCTOAIHHA, Ha KOTOPHIX CKOPOCTH KHAKOCTH HCNEITHBAET 3a-
MeTHOe H3MeHeHMe, il KOJe6aTesibHOIO JABHXKEHHs NepBoe YCJIOBHE BCErAa BHINOJ-
'HseTCsl APH JOCTATOUHO MaJBIX amnumynax xoneGamm, a BTOpoe ycnonne KdK pa3
i osHauaer TpeGoBanue Wk K ¢, , s :
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B oxHOM M3 HHX 4acTOTa CBsi3aHA C BOJIHOBLIM BEKTODOM COOT-
HolIeHHEM BHAA ' - C e

- fo ~ nkp -~ (42,8)
aHaJorHuHbIM (42,2) (Mo mpHYMHe, KOTOpast BBICHUTCH HH¥KE, STH
KoJieGaHHs1 Ha3BIBAIOT ObiCMpbiMl CABHTOBHIMHE). B 060HX ypaBHEHHSX
(42,5—6) mMoxHO TOTEa npeHeGpeub BCEMH UIeHAMH, cofepxkamumu h.
Heficreuresnbno, us (42,8) BuauM, yTO

on ~ kv/o ~ pu/nk,
H [O3TOMY MOJIEKYJApHOE MOJe
h ~ Kk*n ~ pvkK/n.

Hcnonp3yst 3TH OUEHKH, JIeTKO yOeqHThCsi, 4TO 4ieHH ¢ h B ypas-
HEHUAX MaJIbl 10 CPABHEHHUIO C WIEHAMH C U;;, B OTHOLIEHHH ~ . Takum
o6pa3oM, cucTeMa YypaBHeHHH AJsi OBICTPHIX CABHIOBHIX KOJeGaHHH
CBOJMTCH K

o %_ = 0407% — 0:6p, (42,9)
B = Quitton -+ A Byt — Maatio)) PUyte -« (42,10)

IlepBoe ypaBHeHHe He cofepXkHT On M omnpejenser KosaeGaHHA CKO-
POCTH H 3aKOH JHUCIIEPCHH, NOCJE 4ero BTOPOE YpaBHEHHE Henocpea-
CTBEHHO JaeT CONYTCTBYIOUlME KOoMeGaHHs AupeKTopa (cM. 3ajauy 2).

IepeiineM KO BTOPOMY THNY CABHIOBHIX KOJeGaHHH NPH YCJIOBHH
pLl—x crnenyUIecKuM A HeMaTHKa MelaeHHboiM KOoJMeOaHu AM
JupekTopa. B aTHX Kome6aHHAX NMOPSIAOK BeJHYHHBI IepEeMEHHOMH YacTH
JupeKTopa ompefensercs 6GaJaHCcOM MeXAy NpousBopHo# Adn/dt
B JeBOfi cTOpoHe ypaBHeHus (42,6) u uwieHoM h/y B ero mpaso# cro-
poHe: wdn ~ h/y, n mocROMbRY h ~ Kk%8n, 3aKOH QUCIEPCUH 3THX
KoJie6aHHfi KauecTBEHHO [deTCsl COOTHOLIEHHEM

io ~ KRy, (42,11)
OueBH/IHO, YTO NPOH3BOAHAs P OV/0f ~ PU® B JEBOH CTOpOHE ypaBHe-
HuA (42,5) OKaskIBaeTCs NPH STOM MalOH 1O CPAaBHEHHIO ¢ UJeHaMH
0,0r ~ Muk® B ero npaBo# CTOPOHE H NOTOMY MOMET GEITb OMYyIleHa,
YpaBHeHHe

A
—0;0p 4 ’;— (nio1 Ophy, — nop Oxhy) — —- (noy Ol -
+ for Ohi) + 0e07r =0 (42,12)

OnpefieNIsieT CBA3h MEXY KoJeGaHHSIMH CKOPOCTH H AHPeKTopa, Iocie
4ero 8aKOH JAHCIEPCHH onpejlesiseTcs U3 ypaBHenus (42,6) (cm. 3a-
nauy 3).

OGpaTtuM BHHMaHHe Ha TO, YTO OTHOUIEHHe yactor (42,11) u (42,8)
0,/0g ~ p. TakuM o6GpasoM, 0HpH OJHOM H TOM e 3HAUeHHH £k
YacToTa 0, Masia Mo CPaBHEHHIO C Wg; C STHM H CBA3aHO HasBaHHE
COOTBETCTBYIOLIHX KOMEOaHHA MEJAJMEHHBLIMH H OGBICTDPBIMH:
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Haxonen, remMneparypHuie KoJé6aHHA B HENOJABHIKHOR HeMaTHUe-
CKOH cpele OTJAHYAIOTCA OT aHaJOrHUHEIX KoJieGaHul B OOLIYHOMR
MHUAKOCTH MHIIb HOSIBJIEHHEM aHU3OTPONHH B 3aKoHe JHCIEPCHH,
aHayoruyuoM (42,3) (cM. samauy 4).

3apaum

1. Onpegeants Ko3QPHUMEHT NOTJOMEHHA 3ByKa B HEMaTHYeCKOH cpefe.
Pewenue, Kosppuuyeyp noriomenus?) BHUHCAAETCS KaK OTHOMIEHHe

' = R/cpc?

(cM. § 34), npuuem amccuinatuBHag dyHKuHA Jaerca ¢opmynofi (41,5). IMpu stom
B Hellt MOXHO ONYCTHTD wieH h?/y. IeficTBHTE/ILHO, KK yXKe YKa3aHO, MOJICKY/AApHOR
'niosie h 03 k2, u notoMy A%y ¢ k%, MeXJly TeM, KaK OCTajJbHHeE UleHH B R npomop-
'fHoHanbEE Goee: HHZKOA CTelleHH BOJHOBOTO BeKTOpa — k2, Tlpocroe BHYHC/EHHE
DPHBOJHT K cJefyloiiéMy pesyabrary )

: . T
I‘=\ Qm'p‘“"cs {('11+Tla)+2('fls+ Mg — M1 — M) c0s? 6 +
+ M1+ M2+ N5 — 213 — 2n4) cost 0 4
1 1
+ [y + (y—%, ) cos? 8] (_E____C;_ }’

rae @ — yroa mexay k (2 TeM caMmM v) B n. Bruncienne TemronposoaHoCTHOR
9aCTH NOIVIOMEHHS MOJHOCTLIO aHAJOTHIHO TAKOMY e BHUHCHAEHHIO I OGHYIHOA
mwugkocTH ~— cM. VI, § 79 (¢p, €p — TEMIOEMKOCTH ENHHHIL Maceh BeIlecTBa),
2. Hafiti sakoH jAmcOepCHH OHCTPHX CABHIOBHIX KOJIeGaHHE.
Pemenue [Jasx naockod ponsu (v o exp (tkr — {o#)) ypasHenne (42,9)
NPHHHMAET BHJ,
— l'pa)v‘- = — iktﬁp + ikkazk'

Jas HeC)KREMaemoro HeMaTHKa BSSKHR TeHsop HanpsmKenufi jaercs dopmyJon (41,7),
4 npoCToe BHYHC/JEHHe (C ydueToM monepeqHoctd v, vk = () NpUBOZMT ypaBHeHHe
X BHAY %)

ipov = ikbp 4 agk?v 4 azkn (nv) + azkk (nv), 1)
The

a; = 1M1 + ¥/5 (ng — 21y) cos? O,

8y = g (N3 —2my) + (13 + M — 2ng) cos? 8,

ag =1/, (ng— 27,) cos 6,
rae 8 — yrox mexny k 1 n. Yuuoxus ypasuerde (1) xa k, noxyusm ¢popMyay, onpe-
JleJIAI0mY1I0 Ko.nedaﬂua_ JaBJeHHSI IO KOJIeGaHHAM CKOPOCTH{

8p == 1k (nv) (a5 + a5 cos ), 2

1) Mu ofoanadaem specs STy Beamymuy kak I', Bo H3GexaHHe NYTAHHOR C JHC-:
CHNATHBHEM KosbdruHeHTOM 7. :

%) IlpH BHYACAEHHH KBAADATHIHEIX BEJAMYHA BCe KOJeOIOMHAECS BeAMTHHE
JONKHH, KOHEYHO, SANHCHBATHCA B BEIHECTBEHHOM BHIE - WX 33BHCHMOCTb OF §
R jaercd MHOXHTGIAME c¢oS (kr — of), -

%) Oas YUpOWEHHY JaUHCH dopuy s HHIeKC y Nig Be3Ae HHKe B 9aanax OmycKaeM,
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Hckombift Xe 8aKOH JHCHEPCHH OMpefie/AeTcs MOTePEHEIMH KOMIOHEHTaMH ypaBs-
Heuua (1). YMHOXuB 370 ypasHenwe Ha [nk], mofyusm sakonm JucmepcHH

k2 k2 : 1
o, =54 ©) =—T)—(1]1 sin? 0 +—2—n3cos29),

OTBedalomufA RoJIeBaHAAM V, MEPNEeHAHKYAADHHM [LIOCKOCTH, NPOXOAAmedl ueped
BexTOpH k H n. 3aRoH Xe JHCOepPCHH LI KOJIeGaHHl, NONAPH3OBAHHEIX B YKaSaHHO!
IIOCKOCTH, TMOJNYYHTCA YMHOKEHHeM ypaBHeHHA (1) Ha n W HCKIOUEHHeM U3 Hero 8p
¢ nomomsio (2): :

iw) = _’::- {a; (6) 4 sin? 0a, (0)} = —%2- {-‘i—- (1 + Tiy) sin? 20 + —;— 13 cos? 26} .

O6a sakoHa HaXojATCHA, KOHEYHO, B COrMIAaCHH C KaueCTBEHHON onenxof (42,8).

3. HafiTh 3akoH JHCDIEpCHH MeJJIeHHHX CIBHIOBHX KOJeGaHHA.

Pemen ne. JOna nnockoit Boaan (On oo exp (ikr — iwf)) auHeapH3OBaHHO®
MOJIeKyIApHOe 1oJe

“h=H — n(nH) = — K; {k — n (nk)} (kén) — Kqv (vbn) — K, (kn)? &n,
rze .
v = [nk] (v = £%sin% ),
Ypapuenue e (42,12) (¢ 07, n3 (41,7)) npauumaer Bug
— ikBp — agk®v — aghPn (nV) — agkk (V) 4 § ;’“ n (kh) — i - ';"' h(nk) =0
)

(bynrnun a; (6), @, (0) onpefiesieHH B 3afaue 2). YMHOXHB €r'0 Ha ¥, HAXOLAM CBA3b
MeXKJy KoJieGaHHAMH V H Of, NONAPH3OBAHHEIMHE MEPNEHAHKYAAPHO miockoctH k, n:

4y (v) =—4i—1—2_—|;-§2'— (nk) () = ¢ 22 ey K| (wbm), ®

rae '
K, = K,sin® 6 + Kj cos® 8.

Banee, numem ypapuenue (42,6), yMHOXKeHHOE HA V: .

— i@ (von) = -g—(l + ) (nk) (v9) — kz:* (vn).

Hckaouns o1ciofa (vv) ¢ noMomesio (2), HafiieM sakod AHCNEPCHH KoJleGanuit, monapu-
BOBAHHHIX NEPNEHIHKYAAPHO IIOCKoCcTH k, n:
1 (142%)3cos?0
] — LS vl A
(DJ‘—kK‘L{V+ 44 - )

T HaXoxJieHns 32KOHa JAHCNEPEHA KoAebGaHuf, NOAAPH30BAHHHIX B TWIOCKO-
ctu k, n, npoenupyem ypaBHeHHe (1) Ha HanpaBieHHe, NePNeHARKYAApHGe BeKTOpY K
(B miockocTH n, k) 1 yMHOXaeM ero Ha n; 970 faer

(a9) (@ + a3 5102 8) = — = (1 -+ cos 26) K} (kbn),

e ,
Ky = Ky sin® 0 4 K; cos* 6,

Ilpousseas Takme e ODepallHH @ ypaBHemneM (42,6), monysud

{o (kbn) = —,;—-k' (1 + A cos 20) (av) + 1:— K] (k8n),
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McrmounB (nv) 3 OGOMX mMOJNydYeHHHX ypaBHeHHI, HallleM SaKkoH NHCIEPCHH
) for —= KK | + (1 4+ A cos 26)2
" d vy "4(a +aysin?6)f "

O6a 3aKOHa HAaXOAATCA B COOTBETCTBMH C KadeCTBEHHOM oueHxodr (42,11) Y.

4, HafiTH 3akoH RucmepCHH TeMmepaTypHEIX KO/IeGaHHA B HENOABHIKHOM He-
MaTuHKe,

Pemen ne [lpeoGpasosanue ypasHenus (40,8) 151 HecKHMaeMOro HeMaTHKa
MPON3BOAHTCA B TOYHOCTH TaK, KaK 3TO JeJaeTcsl B c/ayuyae OGhIYHON XKHAKOCTH (CM.
VI, § 50) u NpHBOAHT X ypaBHeHHIO

oT Rin
57 = Xir0i0Tr Aa =-“3;—p =%ty + %o (Bre — 1)
Haa goneGanuit 67 ¢ exp (ikr ~— {®f) HAXOZUM 3aKOH JHCHEPCHU

o =k (Y, cos? 6 + y, sin®6).

§ 43. Mexanunka XoJeCTepHKOB

Xonecmepuueckue KUAKHE KPHCTAIHL (X0aecmepuri) OTIHYAIOTCA
OT HEMaTHKOB OTCYTCTBHEM CpeIH UX 3JeMEeHTOB CHMMETPHM IleHTpa
HHBepcuu. HanpaBieHus Xe n U —— n JHPEKTOpa MO-NpeXHEMY OC-
TAIOTCHA KBHBaJeHTHBIMH (cM. V, § 140).

OTCyTCTBHE 1leHTPa CHMMETPHH HODHBOJHT K TOMY,; 4TO CBOGOZHAS
SHepTHA JedopMallHH MOXKeT Telephb COAEPKATh JHHEHHHIA MO NpoHs3-
BOAMBIM WIeH— mceBjockaaap n rot n. Ee ob6uuit Buj MoxKer GhITs
IpeACTaBJeH B BHIE

Fo=-%(divay + K2 nrotn+ g + Ko (nrotnp, (43,1)

Tlie ¢ — mapaMeTp C Pa3MepHOCTbIO OGpaTHOA AJHHBL JTO OTJHUHE
OPHBOANT K DaJHKAJbHOMY H3MeHCHHIO XapaKTepa pPaBHOBECHOrO
(B OTCYTCTBHE BHeUIHHX BO3JEHCTBHH) cOCTOSIHHA cpenpl. OHO He
ABJISIeTC Telepb NPOCTPAHCTBEHHO OXHOPOAHBIM (n = conist), Kax
y HeMaTHKOB,

PaBHOBeCHOMY COCTOSIHHIO XOJIeCTEDHKA OTBedaeT paclpesie/icHHe
Hanpap/eHHH AHPEKTOpa, AJAs KOTOpPOro

divn=0, nrotn=—gq, [nrotn]=0 (43,2)

(cBoGognasn sueprus (43,1) MHHHMa/NbHA — paBHA HYJIO). DTH ypab-
HEHHs HMEIOT pelleHue;

n, = cos ¢z, n, =sin gz, n, = 0. (43,3)

ATy CTpYKRTYpYy (€e Ha3HIBAIOT 2eaukoudaabrol) MOMKHO TPEACTABHTH
cebe KaK pe3yJbTaT 3aKPYUYHBAHHS BOKPYT OCH 2 HEMaTHYECKOH CpeaHl,
nepBOHAYaNbHO OPHEHTHPOBAHHON CBOUMH n = const B ofHOM Harmpa-
BJIEHHH B INIOCKOCTH X, y. OpueHTalHOHHAf CTPYKTypa XoJecTe-
pHKa OKasblBaeTcsl NePUONHYECKOH BIOJIb OJHOrO HanpaBJeHUs B IPO-

1) Mpu BellleCTBEHHHIX & BelNeCTBeHHAsl BEIHYHHA {0 JOMKHA GHITb MOJOXKHTE/bs
HOfl — Rone6auusa NOMKHBl 3aTyXaTh (a He CAMOTPOH3BOABLHO YCHJIHBATLCSH) CO Bpes
meneM, Bee HafijeHnbie B 3ajjayax 2 H 3 3aKOHHI JUCEPCHH 3THM CBOACTBOM 06/1aal0T,
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crpancTee (oCH 2). Bexrop n Bo3BpamaeTcsi K NpeXHeMY 3HAYEHHIO
yepes KaXMIbA HHTepBaN AMMHBL 271/ BAOJL OCH 2, HO HOCKOJBKY Ha-
HpaBJIeHHS N ¥ —N 5KBUBAJICHTHH, HCTHHHHHA MepHoJ OBTOPAEMOCTH
CTPYKTYpPH BIBOE MeHbliie — paBeH n/q. Pasymeercs, MakpocKkonuue-
CKOe ONHCaHue TeMUKOHAAILHOH CTPYKTYPHL XoJecTepHka ¢opmy-
Jam# (43,3) uMeeT CMBICJ, JIMIUb €C/IH LIAar CTPYKTYPH BeIHK TO CpaB-
HEHHIO C MOJIEKYJAPHEIMH pasmepaMH. B peajibHBIX XOMeCTEpHKaX
5TO YCJOBHE BHIIOJHAETCS (n q ~ 1075 cm).

IMpu BLIBOJe YpaBHEHHWH pPaBHOBECHS M YPABHEHHH JBHKeHH:
HEMaTHKOB HaJ/lHYHe Y HHX ILEHTPa HHBepCHH HE HCIOJb30BaJOCh,
ITosToMy Te e ypaBHeHHS B HX OOIIeM BHJe CIPaBeNJHBLI- H IJs
xosecTepukoB. B To ke Bpems uMeercs H psai orauunii. [Ipexze
BCero, MeHfeTcd BhIpakeHHe Fy, ¢ KOTOPHM ROJ/XKHO BBIYHCJISATHCH,
corJacHo onpenenennio (36,5), monekyasipuoe mose h. Manee, Hamau-
uMe AWHEHHOrO MO NPOH3BOIHLIM u/leHa B CBOGOAHOH 3HEPrHU MpPHBO-
IMT K NOSBJCHHIO DA3/IHuusl MEXIY H30TepPMHYECKHMH H aiuabaTH-
YeCKHMH 3HaueHHsMH MORyns K, (cp. xouen § 36). B chopmynupo-
BanHON B §§ 40, 41 cucreMe ruApPOAHHAMHYECKHX ypaBHEeHHH OCHOB-
HEIMH  TePMOJHHAMHYECKHMH IepEeMeHHBIMH ~$IBJSIOTCS IJIOTHOCTb
n suTponus. COOTBETCTBEHHO 3TOMY [OJIKHBEI HCIOJB30BATHCH ajHa-
Gatuyeckre 3HaueHHsI (KaK ¢YHKIHMH 9 U S) MOAgyJst ynpyroctH.

HaxkoHen, CyIeCTBEHHOE H3MeHEHHE B THIPOJUHAMHYECKHX ypaB-
HEHHSX XOJIeCTEDHKOB IO CPAaBHEHHIO C YPaBHEHHAMM AJs HemaTH-
KOB COCTOHT B IIOSIBJIEHHH JOMOJHHUTENbHLIX YJ€HOB B IHCCHIATHBHEIX
YacTAX YPaBHEHHA — B TEH30pe HaNPsKeHHuH O/, TEIJIOBOM TIOTOKE q
u BesinuuHe N B npaBoif cropone ypasuenus (40,3) (F. M. Leslie, 1968):

Oit = (Oit)ues -+ 1t (Bilhtm -+ N411m) Nen O: T,
N; = (Ni)yem -+ veininy, 0T, : (43,4)
g1 = (@0)uen + Vi€ritthhy 4 By (@rminte + €1mals) mVin

(yneHEl ¢ HHAEKCOM ¢HEM» 0G03HAYAIOT BHIPAXKEHAS M3 FHAPONHHAMHKH
HeMaTHKOB). J[onosHHTe/bHEIE YIeHbl B 3THX COOTHOLUEHHAX SBJSAIOTCA
He HCTHHHBIMHM, a ICEeBIOTEH30POM H ICEBJOBEKTOPAMH. 1€M CaMbIM
HapyMWaeTcs CHMMETPHSI OTHOCHTEILHO NPOCTPAHCTBEHHOH HHBEpCHH,
¥ UMEHHO 10 3TOf NPUYHHE ITH YIEHBl OTCYTCTBYIOT B FHAPOJHHAMHKE
HeMaTHKoB. OGpaTHM BHHMAaHHE HA TO, YTO NOCTPOEHHE aHAJOTHYHHEIX
YNEHOB, KOTOpHEe OblIH OBl UCTHHHBEIMH TEH30PaMH HJIH BeKTOpDAMH,
HEeBO3MOXKHO B CH.IY TpeGOBAHMS WHBapHAHTHOCTH YpaBHEHHH OTHO-
CHTeJIbHO H3MeHeHHs 3Haka n. Tak, unesn Buga const (7;0,T +

-+ n,0,T) B 0ix uan unen Buza const.h B q MeHs/IH Gbl 3HaK BMeCTe
C N, MEXAY TeM KaK TEH30p HANpSKeHHH U TenJoBOH NOTOK JAOJAKHLL
GbiTh MHBADHAHTHHEL MO OTHOWIEHHIO K 3TOMYy NpeoGpasoBaHuio. AHa-
JIOFMYHBIM 0Gpa3oM, wieH Buja const. VT B N HeBo3MOkKeH, IOCKOJIBKY
OH HHBapHaHTEH TIO OTHOLIEHHIO K H3MEHEHWIO' 3HaKa N, MEXKAy TeM
Kak BesuunHa N (onpenensiolas [Ipou3BOLHYIO dn/dt) JIOMKHA GbL1a;
OLl M3MEHHTH .3HaK,
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KosppunaenTH B BhipaeHnsx (43,4) CBf3aHH ApPYr © JApYroMm
COOTHOMIEHHAMH, CJeAYIOUMH H3 npHAnKHA Oucarepa. Hus npume-
HEeHHs 9TOro MpHHIHMNA (cp. § 41) BHGepeM B KadecTse BENHUHH X, —
«TEPMOJUHAMHIECKHX TIOTOKOB® — BEJIHYHHH Ok, §i, N;. H3 Buia
JuccunatHBHO# ¢ynxnuu (40,21) (Tounee, n3 Buza ¢yuruuu 2R/T,
onpefeJsiome!l pPOCT SHTPONHH) BHIHO, YTO COOTBETCTBYIOIIMMH
4TEDMOJHHAMHUECKHMH CcHJaMu» X, OYyAyT BeJHYHHH —uu;/T,
0;T/T?, — h;/T. Hano Takxe yuecTb, 4TO BEAHYHHH Ojp YETHHI, a
q;, N, HeueTHH 0O OTHOIIEHUIO K OOpalleHHIO BpeMeHH (KaK 3TO
BHJHO W3 MeCTa, 3aHMMaeMOoro WM B ypapuenusx (40,3), (40,7) u
(40,8)). Ecaiu BeiM9uHAHN X, H X; HUMEIOT OAMHAKOBYIO 4YeTHOCTh IO
STOMY NpecOpa3oBaHHIO, TG COOTBETCTBYIOIIHE KHHETHHYECKHE KO3()-
(GUIHEHTH CBA3aHH PABEHCTBOM Yqp == Yba; €CJAH 2Ke UETHOCTH Xq
H Xp Da3slHYHBI, TO Yop = —YVps. CPABHHB Teleph <MepPeKPECTHHER
KospdHunueHTH B CoOTHOmeHHAX (43,4) 1), malineM paBeHcTBa

vy =T, py = uT.
TaguM o6pa3oMm, MOXHO OKOHuUaTeJbHO mepemucats (43,4) B BuAe

Oik = (Oir)aen — B (1 {(nVT )y - ne [nVT),),
N =Nnem + v [nVT]s ’ (43,5)
" q = Qgen -+ vT [nh] | 2uT [n (- n)]v

Tae cHMBOJ (v-n) 0603HAYACT BEKTOP C KOMIOHEHTAMH Ugyfiy.

- Hrak, B MexaHHKe XOJIeCTEDHKOB MOSBAAETCA 3aBHCHMOCTb TEH-
sopa HanpsxeHuH u BekTopa N OT Trpamuenta TeMmepaTypH %).
®DopMa 3TOH 3aBHCHMOCTH (BekTOpHOe npoussefenue [nVT]) osua-
4aet, YTO IPajHeHT TEMIepPaTypH IPUBOAHT K NOABJEHHIO 3aKpYYH-
BaIOLIHX MOMEHTOB, JeACTBYIOIIHX Ha JUPEKTOP H Ha MACCY XKHUAKOCTH.

TO K€ BpeMs MOJIEKYJspHOe NoJie (CONpoBOXKAAIoiee BpalleHHE
‘AUPEKTOPa OTHOCHTENLHO XKHUAKOCTH) H TPAUEHTH CKOPOCTH KHIKOCTH
PPHBOAT K NOSABJEHHIO B Hell TEMJIOBBIX NOTOKOB.

Onno #3 cBoeoGpa3sHbX, CrenuGHYECKHX A XOJeCTEPHKOB FHIPO-
AMHAMHYECKHX SBJEHHH MOXET GHTb HaIJIAJHO ONMHCAaHO, KaK «Ipo-
CayuBaHHe» XKMIKOCTH CKBO3b OCTAIOUYIOCH HENOABHKHON FeJHKO-
#naneuyio ctpykrypy (W. Helfrich, 1972). OHO cocToHT B clexyio-
\‘e'M.

B -
-

1) Tlpu cpapHeHHH HEOGXOAMMO TWATENBHO CJEAMTb 82 MODPSAKOM HHJEKCOB
B MHOXHTele eg;!

%) Hanomum (em. VI, § 49), 10 cymecrsoBafre CPefH AHCCHUATHBHHX ajie-
HOB B YpaBHEHHNX ABHKEHHs YACHOB C IDafiHEHTOM BTODPOH He3aBHCAMOHl TepMOAH-
HaMHTECKOR BeNHUMEH (HAODHMep, RaBiedHH) SampemeH0 TPeGOBAHHAMH SAKOHA

dpacTauus surponuy. Hanudue TAKHX WIeHOB MpHBeNO OH K NORBIEHMI0 B AHCCH-
nafusnoli ¢pyHKUYY uAeHOB ¢ npousBefeHHSMH VpVT, hVp, KoTopHe B OTCYTICTBHE
'meuoch KBafpaTOM (Vo) chenann OH HEBO3MOTKALIM -O0ecreucHN:e MOJOXKHTENb
HOCTH R, ¥ L A o
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TlpencraBum cefe XOMECTEPHUYECKYIO CpeAy; FeJHKOHAAbHasA
CTPYKTYpPa KOTOpPOH 3aKpenscHa B NPOCTPAHCTBE (CKaxeM, 3a cuer
onpeneseHHuX 9(geKToB cuelVIeHAR C OrpaHHYHBAIOIIHMHE CpeRy
crerkamu). [TokaxeM, 9To B 3THX yCJOBHAX BO3MOKHO CYHIeCTBOBA-
HHe OIHOPOZHOrO MO NPOCTPAHCTBY PABHOMEPHOIO IOTOKA )mmxocm
B HanpabJIeHHH OCH CTPYKTYpH (OChb 2).

Tockoabky cTpyKTypa (43,3) OTBEuaeT paBHOBECHOMY COCTOSTHHIO
cpenpl, OHa ofpallaeT B HYJib MoJleKynapHoe noge, h = 0. Haauuue
4IIPOCAYHBAIOILETOCsA» MOTOKA HECKOJNbKO HCKaXaeT CTPYKTYpYy H co-
OTBETCTBEHHO CO3/laeT MaJioe (BMEcTe CO CKOPOCTHIO MOTOKA U) MoJje-
KyngpHoe nodte. ‘OnpenesuM 3To NoJie HCXOAS H3 YPaBHEHHS IBHXKe-
Busa aupexTopa (40,3). [Tockonbky mose n (r) (B HyJieBoM O CKOPOCTH
BPHOGAMXKEHHH) HENOABHXKHO, On/df = 0, a NOCKOAbKY MOTOK KHJIKO-
CTH NpeanoJaraercs OAHOPORHEIM (v, = v = const), u vy = Q; =
= 0. B peayabrare ypaBHeHHe CBOAHTCH K PpaBEHCTBY

"dn h

. (VV) n==v iz = -_'Y- .
C ¢yHkuueir n (z) us (43,3) maxozuM otcioia P
h = yv[gn}, {43,6)

rlie BeKTOp q (c aGCo/IOTHOH BeJMHYHHOH ¢) HampaB/ieH BIOJb OCH 2,
B paccMarpuBaeMEIX YC/IOBHAX BHIpayKeHHe JHCCHIATHBHOH (YHK-
nun (40,21) cBomurca K 2R = h%*y u ¢ h us (43,6);
2R = yu’gR. (43,7
STHM faeTcsT SHepPTHs, AUCCHNHPYeMasi B eJHHHIY BPeMeHH B eXHHHLE
obbeMa XHuIKOCTH. IIpH cramHOHapHOM ABHMKEHHH 3Ta SHEPTHA KOM-
neHcupyercss paboTofl BHEIHHX HCTOYHHKOB, MOALEPKHBAIOIMHX Jeft-
cTByIOmMA BJOAb OCH Z IPajHeHT AaBienus p’ = dp/dz. IlnotHocTs
JeficTByIOmHX B cpefle OGBEMHHIX CHJA Kak pas nae'rca rpannenToM
—Vp; pa60'ra atux cunx (B IHHHIly BPEMEHH B eIHHHLE o6bema)
ects —p'v 4 OpHpaBHAB ee 2R HafiileM CKOPOCTb «NPOCAYHBaHUAR
v=|p' Vv (43,8)
ITo OTHOIWEHHIO K YacCTHIE XHAKOCTH, NPOTEKAlOlieH ¢«CKBO3b» TeJiH-
KOMAANBHYIO CTPYKTYPY, AHPEKTOP 1 BpauiaeTcs ¢ yriosoft CKOPOCTLIO
vg. D10 BpamleHHe CONpPOBOXKIAETCA CTPEHHEM», XapaKTepH3YeMEIM
KO3(pHLIHEHTOM y; HM H ONpefessercs CKOPOCTb TEYeHHS.

B peanbHHIX ycJIOBHAX CKOPOCTH He MOXKET OHITh MOCTOSIHHOH No
Bcedl NIHPHHE FOTOKA — OHA JIONKHA 06palaThCs B Hy/Ib HA CTeHKaX
orpanHIHBaiomeli notok Tpy6kH. Ilazenwe cropocTH NpOHCXOAHD
B cA0e HeKOTopoR Tommunk 6. Ho eqUHCTBEHHEIM HapaMerpoM AJIHHE,
XapaKTepDHLIM IJIsi pacCMaTpHBaeMOrc ABHKEHHS, ABSETC Be/THIHHA
1/g. Ecau npHAATL, YTO BCe KO3(PRIHEHTH BAIKOCTH XoNecTepHKa
HMEIOT OJMHAROBEH IIOPSAOK BEeJIRUHHEE, TO OTCYTCTBYIOT TAKXKE H Ka<
KHe-AA00 Oe3pa3MepHhblie napaMeTpH, KoTopble He ObHIH OH -~1,
OueBHAHO, YTO B 3THX YCAOBHAX BOSMOXHO JHIb & ~ 1/g. Tarum
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o

o6pa3oM, npH TedeHHH 1o TPyGKe GOJLLIOrO MO cpaBHeHHIO ¢ 1/¢ pa-
auyca gopmyna (43,8) Gymer cnpaBensHBa Be3je, 3a HCKJOUEHHEM
JUIb O4YeHb TOHKOrO (ToJlMHA TNOpsiAKa Iara’ renuxomxa.nbnou
CTPYKTYPBI) NPHCTEHOYHOT'O CJIOS,

§ 44. Yupyrue cBoHcTBa CMEKTHKOB

ITo npuHATON TepMHHOJOTHH K KaTErOPHH CMEKMUYECKUX YKUJKHX
KPHCTa/JIOB (MJIH CMEKMUKO0E) OTHOCSTCS AHH3OTPONHBIE KXHUAKOCTH
pasHoo6pasHol ciaoucToit CTpyKTyphl. [lo KpaiiHedi Mepe HeKOTOpLIe
M3 HHX NpEeACTaBJsAIOT co00H. TeJla ¢ MHKPOCKONHYECKOH (pyHKIHeH
NJIOTHOCTH MOJEKYJl, 3aBHCsLUeH TOJBKO OT OZHOH KOOpJAHHATHI (cKa-
¥eM, z) M NepHORHYECKOH mNo Hel, p = p (z). Hanomuum (cm. V,
§ 128), uro ¢yHKuHeH NJOTHOCTH oOnNpelensieTcsi pacnpefeieHHe
BepOSTHOCTEHR Pa3/MMUHBIX MOJIOKEHUI YacTHI[ B TeJe; B JaHHOM CJy-
yae MOXHO TOBOPHTb O Da3/IHYHBIX MOJNOXKEHHSX MOJIEKYJ Kak Iie-
Joro, T. €. pdV ecTb BEPOATHOCTL UEHTPY HHEPUHH OTAETBHOH MoJIe-
KYyJbl HaXO[UTbCSl B 3JieMeHTe ob6beMa dV. Temo ¢ ¢yHKuue#dt nior-
HOCTH p (z) MOXKHO NpeJCTaBNATh cefe KaK cocrosiiee U3 cBOGOAHO
CMelllaloIIHXCA APYT OTHOCHTEJNBHO ApYTra INIOCKHX CJI0eB, pacloJio-
JKEeHHBIX Ha OJUHAKOBEIX PacCTOSIHHAX JPYTr oT Apyra. B kaxkjom us
C/I0eB DACTIOJIOXKEHHE UEHTPOB HHEPUHH MOJeKyJ GecropsiiouHo,
H B 3TOM CMBIC/IE KaXKIbli H3 HHUX NpEICTaBJsieT COGOH «IBYMEPHYIO
JHJKOCTb», XKHJKHE CJOH, OJHAKO, MOTYT OhITb KaK H3OTPONHLIMH,
TaK U aHU30TPONIHEIMH, 310 pasJinuie MoxeT GRITh CBSI3aHO C XapaKTe-
POM YHOPSIIOUEHHOH OpHMEHTaUHH MOJeKYyJ B closiX. B npocrefimem
cJyuyae aHH30TPONHS pacnpejieieHuss OpPHeHTAalMH 3aJaeTcsi BCero
OJHHM HampaBieHHeM n (CKa)keM, HanpaBjieHHeM «IJHHHOH OCH»
MoJiekyJbl), Ecau 3To HanpaBJjieHHe NEepHEHIHKYJASPHO IIOCKOCTH
CJI0eB, CJIOH H30TPONHEI, TaK YTO OChb Z SIBJSIETCA OChIO aKCHaJAbHOMH
CHUMMETPHH TeJsla; TaKoBa, NO-BUIUMOMY, CTPYKTypa TaK Ha3hiBaeMbIX
cmexmuxog A. Ecan e HamnpapJieHHe N HaKJOHHO K IIOCKOCTH X, Y,
TO B 3TOH IJIOCKOCTH MOSIBAsieTCs] M36paHHOe HaNpaBJeHHe U OCeBast
CHMMETpPHS HCUe3aeT; TaKOBa, IO-BHJUMOMY, CTPYKTypa TaK HasbiBae-
MbIx cmexmukoe C,

Mu1 Gyzem paccMaTpHBaTh HUXKE TOJBKO GoJiee MPOCThIE CMeKTHKH
A (4 roBOpPHTb O HHX HPOCTO KaK O CMeKTHKax). Bo BceX H3BeCTHBIX
CMEKTHKax A, MoMUMO aKCHaJbHOH CHMMETPHH BOKDYT OCH 2, UMeeT
MeCTO TaKXe M 3KBHBaJIeHTHOCTb 0GOMX HampaBseHMH ocH z. Eciu
CMeKTHK 0oGJsajlaeT ellle H LIEHTPOM HHBEPCHH, TO €ro MaKpOCKOMNHYe-
CKasi CHMMeTpHs (T. €. ToueyHasi IpPyNna CHMMETPHH) TaKas e, Kak
Y HEMaTHKOB; MHKPOCKOIHYECKAs Ke CUMMETPHs, a C Helo U MeXaHH-
Yyeckue cnoﬁcma, KOHEUHO, COBEpIUeHHO pasHKIe.,

[lo noBogy cKa3aHHOro X0 CHX INOp HafO cHAeJaTh CJAEAYIOLULYIO
OYeHb BaxKHYIO OroBopKy. CymecTBOBaHHE CTPYKTYPHI ¢ HENOCTOSHHON
BROJIb o6beMa Tesla GyHKIHeH NMJIOTHOCTH NpelnoJaraer JOCTaTOYHYIO
MaJIoCTh CMeUjeHH , HCIBITHIBAEMBIX MaJbIMH YYaCTKAMU TeJla B pesy/ib-
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TaTe TENJOBHX PIyKTyauni. Mexay TeM IJs CTPYKTYPH.C P == p (2),3TH
GIyKTyauHOHHEE CMEIMEeHHs] HEOrPAHHYEHHO PACTYT NPH. yBeJHYEHUH
pasmepoB Tesa (cMm. V, § 137). Crporo rosops, 310 03HayaeT HEBO3-
MOKHOCTb CYIIECTBOBAaHHS ONHOMEDHOH nepHOAHYECKOH CTPYKTYDH
B HEOTpaHHYEHHOH N0 CBOMM pa3MepaM cpefie. PaKTHUECKH, OAHAKO,
CMHKIC]I 9TOTO YTBEPXKACHHS OKa3hlBa€TCSl BecbMa YCJOBHLIM BBHZIY
MeJJIEHHOCTH (Bcero JiorapH¢MHYecKOH) BospacTarHusi ¢JIyKTyalui
OpH yBeJHYeHHH pa3MepoB TeJa. OeHKH (HCNOJbL3YIOWHE THMHYHLIE
8HAYEHHS MAaTepHaJbHEIX KOHCTAHT H3BECTHHIX CMEKTHKOB) TMOKas3khl-
BAIOT, YTO paspylueHue OJHOMEPHON NePHOAHYECKOH CTPYKTYPHI MOTJIO
6bl MPOU30HTH JHIUL NPH NPAKTHYECKH HepeasJbHHIX OrPOMHBIX pas-
Mepax M, TakuM o6pasoM, B Jio0OH peaibHOH NOCTaHOBKEe BONpOCA
CTPyKTypa p (z) OKa3blBaeTcsi OCYIEeCTBHMOH.

TloguepkneM B TO e Bpems, 4TO € PaspyILEHHOH QIYyKTyanHsIMH
CTPYKTYPOH P (2) (T. €. B KOTOpOH cTaso yxe p = const) cpesa oTHIOZD
HE CTaHOBHUTCS OObLIYHOH HAKOCTbIO. IlpuHHIMNHanbHOE OTJIHYHE
COCTOHT B CBOHCTBaX KOpPpPeNANHOHHOH (YHKUHH (PJIyKTyauu# nior-
HOCTH B Pas/IUYHBIX TOYKax mpoctpadcrba: (6p (ry) 6p (ry)). B 06wy~
HOW KUAKOCTH 3Ta QYHKIHA H30TPONHA H YOLIBACT NPU 5 = |Ty—Ty | —>
—> 00 10 3KCNOHeHuHanbHOMy 3akoHy (cM. V, § 116). B cucreme xe
c p = p (2) KoppeasiiMOHHaA ¢yHKUUS ocTaeTcl (NPH YBEJHYEHHH
pa3MepoB TeJla) aHH30TPONHOH H YORIBAET NPH r —> 0O JIHIUb [0 MeJ-
JICHHOMY, CTeN€HHOMY B3aKOHYy, NpHYeM TeM MeLJeHHee, 4eM HHiKe
tTemneparypa (cM. V, § 138). ,

IIpuctynasg K IOCTPOGHHIO MeXaHHKY CMEKTHUECKHX Cpel, Hajo
HAuaThb C OTBICKAHHS BHPAXKEHHA ANA IVIOTHOCTH CBOOOAHON 3HEPrHH
ux pepopmanuud., BBHAYy MHKPOCKONHYECKOH OJIHOPOIHOCTH CPEAbI
B TJIOCKOCTH X, Y CMEINEHHA ee TOYeK B 3TOH NIJIOCKOCTH CBA3aHbI
C H3MEHEHMEM SHEPTHH JIHIIL HOCTOJBKY, NOCKOJBKY OHH NPHBOASAT
K H3MEHEHHIO TJIOTHOCTH BelecTBa. KMes 510 B Bujly, BHbGepeM B Ka-
YeCTBE OCHOBHHIX THAPOJHHAMHUYECKHX INepeMEHHBIX (HOMHMO TeMIle-
paTypwl, mpeinojaraiomeics MOCTOSHHOH BAOJb CPEAR) IVIOTHOCTb P
M CMelieHMe 4, = # TOYeK CPeAbl BJOJb OCH 2. DHeprus AedopManuu
3aBHCHT OT H3MEHEHHS HAOTHOCTH P—Qp (P — IJIOTHOCTH Hejedop-
MHDOBaHHOH CpeAnl) M OT POU3BOAHHIX CMEIUEHHS & 10 KOOPAHHATAM.
Tlpu 3TOM nepBHie NPou3BORHEE Ju/dx, du/dy BooCIle He MOTYT BXORHTD
B KBaZpaTHYHYIO 4aCTh CBOGOAHON SHEPTUH: eCJIH NOBEPHYThL TeJIO KAK
1e10€e BOKPYT ocefl X HIH Y, TO STH NPOU3BOAHHE M3MEHATCHA, MEXKLY
TeM KaK SHePrHsl NOJKHA OCTAaThCH HEU3MeHHOH '),

Kaxk Bcerlia B TeOpHH yNPYTOCTH, H3MeHeHHs BCEX BeJNHYHH B IPO-
CcTpaHCTBe. OYAYT MNpPEANOJAaraTeCf AOCTATOYHO MeAJIeHHHMH, TaK
YTO 3HeprHf AedopMaluH OnpefleifeTcsl NEepBHIMH HeHCue3alomuMH
YJeHAMH Pa3jiOXeHUs [0 CTeNeHsM NPOCTPAHCTBEHHEIX NPOH3BOJHBIX,

-

%) B ynpyryo sHepruio TBEpAHX Te STH NPOHIBOAMHE BXOAST B KOMOHHA-
WHAX Uyy M Gyz C NPOHSBOLHEIMH OT iy M 4y} STH KOMOHHAIHH NIPH yKa3aHHOM
10BOPOTeE  HE . HSMEHATCH, I ‘ e e
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Kpome Toro, opnaxko, Gyier npexmonaratbCs emme u Gosxee Xajieko
HAyIee YCJaOBWe: CaMH CMelleHHs & TNPEANONaraioTcas HACTOMbLKO
MajHMH, 9TO CJIOH OCTAloTCA Be3je NOYTH NapalieNbHRIMA OAaHOH
H TOX IKe INIOCKOCTH X, 4 %).

B 3TuX npeanonokeHKsX H C YUITOM CHMMETPUH CPeAH cpobonnas
sHeprus JedopMampM CMeKTHKa JAaercsl CJAEAYIOMHM BHIDAMEHHEM:

Fd=F"Fo(T)=

(p—po)‘*—I—C(p—-po) % 4 B0 ( )2+

o i
+I Ay, A =gt (44))

Unen Bupa ®) (Gu/02) A, u sanpemaercs mpeanosaraeMofi 3nech SKBH-
BaJICHTHOCTBIO 000MX HampaBjaeHHH oCH 2, T. €, CHMMeTpHefl 1o OTHO-
LUCHHIO K Ope00pPasOBaHAN & — —U, 2 —> —2, X, Y == X, Yy (oTpaxe-
HHe B INIOCKOCTH X, ¥) HAH U — —U, 2 —» —2, Y = —Yf, X =» X (1I0OBO-
POT BOKPYr' TOPH30OHTAJBHON OCH BTOPOro MOPsiika — OCH X); 0O
STOH Xe NpUYHHE OTCYTCTBYET ujeH Buia (0 — po) Aiu. VYder nep-
BOTO 4jieHa pas/IOXKEHHS MO BTOPHIM MPOM3BOAHLIM (OTCYTCTBYIOIM &
B TEOPHUH YIPYrOCTH TBEPALIX TeJ) HEODXOIUM BBHIY OTCYTCTBUSA
B F; nepBHX MPOMSBOAHHIX MO X M Y. YCJOBHA YCTOHUMBOCTH Hele-
(POPMHPOBaHHOI'O COCTOSIHHSA, T. €, YCJOBHS IOJMOXHTeJBHOCTH SHEp-
run (44,1), rnacar

A>0, B>0, AB>C:. (44,2)

OGo3nauenne kospdbunuenta K, 8 (44,1), copnanaromee ¢ 0603Ha-
uenueM B (36,1), BriGpano He cayvafino. JefictButenpHo, fedopmansio
CJIOHCTO CTPYKTYpPH CMEKTHKOB MOXHO ONHCHIBATL pacnpeieneHHeM
IupexkTopa n (r), moHmMas ero Kak HOpMaib K JAe(opMHPOBaHHBIM
C10sM, SajiaBaeMbiM ypasHeHusAMH u (r) = const, Ilpn ManoM HcKa-
XEHHH CJ10eB

Ou o
nx _ ax » ny ~ W—, nz o 1’ (44,3)

u toria (A u)? = (divn)® r. e. kak pa3 Ta BeruUHHA, KOTOpas
durypupyer B coorBercTayomem uaene B (36,1). KospduunenTH *ke

1) B 9roM cMucle 00/1aCTb NPUMEHUMOCTH padBUBagMofi SJeCh MEXaHUKH CMeK-
THKOB GoJlee ysKa, WeM AJIs PacCMOTpeHHON BHile MeXaHHKH HEMaTHKOB, B KOTODOR
FONYCEA/InCh NOAR ARPRKTOPA A (r), CKOA® yro:mo CHALHO OTAHYAOWIHECH OT Hefe-

M¥DOBAHECIO OZNOPORHOrO P
Sop %) Takof wien Qurypnposas B % § 137
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B u C B (44,1) xapakrepuH A1 cnenuuIecKOd KPHCTaAAHYECKO
NPHPOAH CMEKTHKOB, OTIMYAIOIWMX HX OT HEMAaTHKOB }).

OGpaTHM BHHMaHue Ha TO, 4TO B npubauxenuu (44,3) nrot n ~
~ rot, n = 0. ITosromy uien Buia nrot n B CBOGOIAHON 3HEPrHu
(a TeM caMBIM M XOJNECTePHUECKOE HCKaXKEHHE CTPYKTYpH — § 43)
B CMEKTHKAaX OTCYTCTBYET BHe 3aBHCHMOCTH OT HaJHUHA WJIH OTCYT-
CTBUSI CPeJM €ro 3JeMEHTOB CHMMETDHH LEHTPAa HWHBEPCHH.

YpaBHEHHsi DABHOBECHSI CMEKTHKa IIOJNYYaloTCs MHHHMH3aluel
TNIOJIHOH CBOGONHON 3HEPTHH IO NEPEMEHHBIM P M 4 NPH JONOJHHTE/b-

HOM YCJIOBHH jpdV=const, BHIpaxalollleM COXpaHeHHe MOJHOM
MaccHl Tesa. MHHHMU3HPYS PasHOCTB \

[Faav =2 [pav

(roie A — nocToSHHHIA MHOXMTeNb JlarpaHika) 1o p, NOJyuHM paBeH-
CTBO

A 3]
- W—(o—po)+6-£—=7~,

CBSI3BIBAIOIIEE H3MEHEHHE MJIOTHOCTH ¢ aedopManueii caoes, [lonaras,
YTO Pp €CTh MJIOTHOCTL Npu Jufdz = 0, umeeMm A = 0, H Torna

o C
P—po=—pomzm, m=—gt. (44,9)

BespasMepnuiii KosdduuuenT m cBsazan ¢ koapdumuenrom Ilyac-
COHa O JJIsl «CTepIKHN», BHIPE3aHHOT'O M3 CMEKTHKA B HalpaBJEHHH
ocH 2. JelcreuTennpHo,

P—Po __ V—Vy __
o - v, - _(uxx +uyy +uzz)1
(cm. (1,6)), rae u,, = Ou/dz, a U, U, — KOMIOOHEHTH TEH30pa
nebopMauun B miockoctu X, y. Ilonaras u,, = wuy, umeem

1—m
Ugy = — 5 Uz

1) TMopuepkHeM, 4TO LHPEKTOP n (mOHHMaeMHf kKak H36paHHOe HalpaB/eHHe
OpHEHTaIH¥X MOJIEKY/ B CJIOSIX) He SBJAETCS B CMeKTHKax (CMeKTHKax A) He3aBHCH-
Mol FUAPOXHHaMAdecKOl nepemenHof. I NepeMeHHOH N B IBJAPOAHHAMHKE HeMa-
THKOB XapaKTepHO, YTO OJZHOPOAHH MOBOPOT MOJA n (r) BO BCEM Tesle He CBS3aH
¢ H3MeHeHHeM SHePTHH. MIMeHHO nMoaTOMy MeJeHHOe H3MeHEHHe N BAOJL Tesia CBi-
8aHO JIEMIb C MANHM M3MeHEeHHEM 9HEPTHH, MOCHeNHAS SABHCHUT TOJLKO OT NPOHIBOA-
HHX OT 1 ¥ MOXKeT GHITh paIoKeHa OO HAM. B cMeKTHKaX 3Ke Bcakal Takofi nOBOpOT
MeHAET OPHEHTAIHIO OTHOCHTEIBHO CIOHCTOH CTPYKTYPH B Giin GH cBH3aH €O 3HAYH-
TeAbHEIM HOMeHeHHeM SHepruA. OTMETHM, 4TO B CMeKTHEax C, rje AHDEKTOp Ha-:
KJOHeH K HODMaJIH [OA HEKOTOPHM OHpefeJeHHHM YIJIOM, OAHODOXHHR MOBOPOT
HanpasJeHHd n BOKPYr HOpMajell ¢ COXpaHeHHEM BeJHYHHH YIJIa HAaK/IOHa CHOBZ
He 6uin Ol CBA32H C H3MeseHHeM sHepriH, IlosTomy sfiech cHOBa NoOsIBNAETCS HOBast
rHAPOAHHAMHUUECKas NepeMeHHad — NPCeKUHA N H3 MIOCKOCTh CJ/I0eB,
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H, CpaBHUB C ompefeneHuem (5,4):
= (l—m)/2. (44,5

Ilpu m = 0 Ko3(puUHEHT O NPUHUMAET XapaKTepHOE NI KHUAKOCTH
3HaueHne o = 1/2,

Hekmouns u3 (44,1) u3MeHeHHe [IOTHOCTH ¢ moMoimpio (44,4),
nonyuuM CBOGOAHYIO SHEPTHIO, BBHIPAXKEHHYIO TOJbKO Hepes u:

F;= poB (

B' = B—C¥A. (44,7)

Bapbupys HONHYI0 CBOGOAHYIO SHEPTHIO MO #, HakieM Tenepb [oc/e
HECKOJbKHX HHTETPHPOBAHHH MO wacCTsM:

K aLup, (44,6)

rae

8 [ Fadv = — [ Fauav, (44,8)
rae
F.=poB 24 — K\0%u. (44,9)

QOueBngHo, uto F, ecThb (OTHECeHHAs K elHHHUE 06beMa) cHja, jaedl-
CTBYIOI|asl B HaNmpaBJeHWH OCH 2 B Ae(OPMHPOBAHHOM CMEKTHKE 1pH
YC/OBHH, 4TO H3MEHEHHE MIOTHOCTH Y¥e ¢HOACTPOHJIOCHY 1107 aedop-
ManHio.

B paBuoBecun F, = 0, Tak 4ro cMmelleHHe U YAOBJETBOpseD
JHHEAHOMY MudpepeHIHaIbHOMY YPaBHEHHIO

poB’ L — K\A2u =0, | (44,10)

022

Eciu Ha Teo AEHCTBYIOT elle H MPHJOXKEHHble K HeMY OGBbeMHbLIe
BHEIUHHE CHJIbl, TO OHH JAOJKHHEI GBITh A06aBl€Hbl K JIeBOH CTOpOHe
ypasHenus (cp. (2,8)).

Ornowenue (K;/B’py)/? uMeeT pasMepHOCTh IJIHHHEL H rpybas
ero ouenka ecth: (K,/B’py)l?2 ~a, rae a — nepuol oAHOMepHOH
CTPYKTYPH (pacCTosiHue MexAy cnoaMu). Ec/ii CMEKTHK MOABEPrHYT
Iedopmanuu, CYyIeCTBEHHO MeHsAWUIeAca B MJIOCKOCTH X, Y Ha pac-
croaHuax ~I, > a, to u3 (44,10) caenyer, uT0 B HampaBJIeHHH
ocu 2z jedopMauusi HCOLITHIBAeT CYLIECTBEHHOE W3MEHEHHEe JIHIUb
Ha paccrosHusix Iy ~ Bi/a > 1.

B kauectBe npuMepa HafiieM rpHHOBCKYIO QYHKLUUIO ypaBHEHHS
(44,10), 1. e. cMemenue 4 = G,, (r) = G (r) B nepeMeHHOH TOYKe T,
BBI3BAHHOE €IMHUIHOMA COCPEJOTOYSHHOM CUJIOM, NPHAOKEHHOA B TOYKE
r = 0 u jeficTByiollleli B HanpaBJieHHH OCH 2 (CD. sanaqy K § 8). Ora
bynKIHA ynoane'raopae'r ypaBHeHHlO

poB’ W@=K;A_LG,‘6(f).=0. T @4,1)
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CoBepuias Hajl 3TUM YypaBHeHueM npeoGpasoBanue Dypbe (T. e.
YMHOXHB €ro Ha e~k y npounrterpupoBaB no d°x), Haxomum ans
¢ypbe-KoMnoHeHT GyHkuun G (r) BuIpaxkeHHe

Gy = [PoB 'kg + Ktk‘i]arr

rae k% = kL - k2. OGpatHoe ¢ypbe-npeobpasoBaHue ZAeT HCKOMYIO
byukIMIO B BUAE HHTErpala

o'kr a3k
G() _J poB L+ K&, @n)°

(44,12)

drot unTerpan norapudMuuecku pacxoaurcs npu k = 0. Ias npuna-
HHSl eMy OINpeAeJeHHOrO CMBIC/]A HAJN0 HCKIIOUMTh MepeMelieHHe Teaa
KaK LeJoro, NpeinoioXUB 3aKPemieHHOH HEKOTOPYIO YCJIOBHO BHI-
GpaHHYIO €ro TOUKY, [ == fp; TOIJa B UHCJHTEJE MOALIHTETPaJbHOTO
BBIpAXKEHHsI HANO MucaTh e’kr — e’k™s Yy pacXOAUMOCTh YCTpaHseTCA.

BepueMcs elte pas K BONpoOCY O BAUSIHUH TeIVIOBHIX (uyKTyauui
Ha CBOMCTBA CMEKTHKOB — Ha 3TOT pa3 Ha HX YNpyrue CBOHACTBA.
Hau6onee onpenenedHsiM 06pa3oM BONPOC MOXKET OLITb IIOCTaBJeH
clefyiomnM 06pa3oM: Kak MeHsercs MOA BAHAHHEM (QuyKryauu# Ae-
tdopmanus, cosfiaBaeMasi NPUJIGKEHHOH K Telly COCPENOTOYEHHOH Cu-
JI0#, T. e. KaK MeHsiercsi rpuHoBckas ¢yHkuus G (r)? OkaseiBaercs,
YTO 3TO H3MeHEeHHE CBOJAHTCH K 3ameHe B BhpaxkeHuu (44,12) k] u
% COOTBETCTBEHHO Ha

&2 (In e (ln -‘1;—)2’5,
2 L

Tle a — BeJluMHa MOPSAKa Mepuoja CTpYKTypH '), B cBowo ouepenb
TAaKO€ H3MEeHeHHEe MOXHO HAIVILHO HHTepIPeTHPOBATh KaK H3MeHeHHe
9¢pdeKTHBHBIX 3HAaYeHHH yNPYTHX MoAyJelt B’ u Ky npu yMeHblIeHHH
XapaKTepPHHX 3HAUeHWH BOJHOBOTO BekTopa Jedopmaunu (T. e. yBe-
JHYEHHH €e XapaKTePHOH NpPOTHXKEHHOCTH ~1/k). MH Buaum, 41O
sddexTuBHOE 3HaYeHHe Bjgy yOHBaeT npu k, — 0 kak [In (1/ak,) 1-4/5,
a Kypp pacrer npu ky — 0 kak {In (1/aky)]%5. ®axtauecku, of-
HAKO, 3TH 3(deKTs! MOrJH GH CTaTh CYLICCTBCHHBIMH JHIUL IIPH Npa-
.KTHUECKH HepeaJbHHX OTPOMHBIX pasMepax.

Ykaxem B 3aKJ04eHHE 3TOro maparpada, uro suipaxkenue (44,6)
JJIsl YOPYTroit SHEPTHH CMEKTHKAa MOMKHO HEeCKOJbKO OGOOUTEL BKJIIO-
yeHHEM B HEro HEKOTOPHIX WiIeHOB (0Jiee BHICOKOro -NOpsiAKa, HO Ge3
BBEJEHHA MNPH 3TOM JONOJHHTEAbHBLIX KO3(hPHIHEHTOB.

Jlns STOrO 3aMeTuM, YTO BKJAAX B SHEPTHIO, ONHCHIBaeMBIfi nep-
BHIM 4/eHOM B (44,6), du3nYeCKH CBfA3aH ¢ H3MEHECHHEM PAaCCTOAHUA 4

g

Y) Grinsteln G., Pelcovits R. A, — Phys. Rev. Lett., 1981, v, 47, p. 856;
Phys. Rev, 1982, v. A26, p. 915; E, H. Kay. — K3T®, 1982, 1. 83, ¢. 1376,
Tipr HcceflOBAHHA HEOGXONHMO YIHTHIBATL TAKKE M WIEHH TPeTbero H YeTBepTOro
NOPAAKOB [0 ¥ B PAIOKEHHH CBOGOAHORA sHepruu,
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MEXAY CJOSMH; NPOH3BOAHAA Ou/dz COBNAfaeT ¢ OTHOCHTENbHLIM H3Me-
HEHHEM STOTO PACCTOAHHA IPH CMEEHHH X, = &, U NOTOMY 3TOT
wieH MOXHO 3amucath B BHIAe Y/, poB’ (8a/a)®. Ho paccrosnue mMexny
CJIOSIMH MOXKET H3MEHHTHCS He TONbKO H3-3a 8aBHCHMOCTH CMeEIeHHs U
OT KOOPAHHATH Z, HO M OT €r0 3aBHCHMOCTH OT X H Y. DTO Jerko mo-
HATb, NPEACTaBHB ceGe BCE CJIOM OAHOBPEMEHHO MOBEPHYTHIMH, CKa-
3KeM, BOKPYT OcH ¥ Ha yroa 0 Takum o6pasom, YTO BEeJHYHHA NEpHOAA
CTPYKTYpHI BIOJMb OCH 2 OCTA€TCSl PABHOH 4; PacCTOSIHHE XKe MeXAy
C/I05IMH (H3MepEHHOe N0 HANpPaBJIEHHIO HOPMAJeH K HAM) OKashiBaeTcs
NpH 3TOM paBHHIM a cos 0. Ilpn mannx yrnax 6 usMeHenue paccrosi-
HHSL MEXIY C/OSIMH

8a = a (cos 0 — 1) ~ —ab?/2.

ITockonbky B TO Xe BpeMs CMellleHHEe ¥ NPH paccMaTpHBaeMOM IOBO-
pore ectb u = const -+ x {g 6 =~ const + x8, 0

ba 1 ou )2

a 2 \ax/ °
B Takom Buje 3TO BHIpaxKeHHE CIPaBEeJJIHBO NPH JIOG0H 3aBHCUMOCTH
I OT X; eClH e U 3aBHCHT TaKXKe H OT Y, TOo Bmecto (0u/0x)? mano
nucath (Vu).

Takum ofpasom, ¢ yuerom omucanHOrO s¢pdexra CBOGORHYIO

sHepruio (44,6) mafo mucath B BHIE

__ DB [ 8w 1 f Bu\? 17 0ouN\2}?, Ki a
= [ () —o(g) |+ 0w @)
310 BhpaxeHHe HCIOAB3YeTCS B 3ajaue K aToMy mnaparpady.

3agaua

Cnoit cMeKkTHEa (TOJNIMHHH A) € NJIOCKHMH TPaHHNAMH, NapajJNe/JLHHMH MJ0-
CKOCTHM CJHOMCTOH CTPYKTYPH, MOABEPTREYT ORHOPOAHOMY PACTIKEHWIO BIOJAL 1epe
neHpuxyasapHol eMy ocH z. HaiTH KpHTHUECKYIO BeJIHIHHY DACTSXKeHHH, 38 KOTOPHM
CJIONCTass CTPYKTYpa CMeKTHKA CTAHOBHTCSl HeyCTONUHBOR 1O OTHOINEHHIO K nomeped-
BuM Boamymenuam (W. Helfrich, 1971) ). '

Pemenue. OpHOPORHOS. pacTskeHHe O3HAuaeT AedopmanHio & = yz, rie
nocTosinmas ¥ > 0. A HccaelOBaHHS YCTORYHBOCTH NoJaraem & == yz -} Su (x, 2),
rie Ou — Manoe BOSMyIeHHe, YAOBNETBOPSIOMee TPAHHIHHM YcaAoBHAM Ou =0
NpH z = =-h/2 (n1OCKOCTD X, y BHOGpaHa mocepenute cos). C TOTHOCTHIO AO UJIEHOB
BTOPOTO INIOpSJiKA, NMOJHAfA YNpyras SHepTHA BO3MYIIEHHR (OTHeCEHHas K eIHHHIE
JAAHHH BJOJb OCH Y):

1 , o8u \2 , 08u \2 %8u \ 2
_"apddxdz._ H _"{Bpu( b ) Bpov( ax) + K (5 ) }dxdz )

(anen ¢ v 88u/0z prnagaer NpH HETErpUPOBEHHK N0 d2 B CHIY FPAHHIHHEX YCIOBHMA).
ByaeM paccMaTpHBaTh BO3MYIIEHHS BHJA

8u = const-cos k,z-cos kyx, ky=mn/h, n=1,2,

1) 3ta HeycTORUMBOCTbL 2HANOrMIHA paccMoTpenuodl B § 21 -neycToH94BOCTH
* CHEMAgMOro MPAMOrO CTEDKHA, . : e
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(nonepeqnas MOXYNRIHA COHCTOR CTPYKTYpH), YC/IOBHe yCTORIHBOCTH CTPYRTYpH
COCTOHMT B NOMOKHTEIBHOCTH SHeprrH (1), 3aMeHHB BCe HHTErPHpYeMEe MHOMKHTEN!
sin?, cos® HX CpefHHMMH SHageHusmH 1/2, monyuHM B5TO yCJIOBME B BHJE

B'Pb (k3 —vk3) + K kL >0,
Ipannua yerofiumsocTh (N0 Mepe ypeddueHHS Y) OnpedesAeTcCA NOABJIEHHeM Beile-

CTBEHHOrO KOpHA k% Tpexwiena B JieBoll CTOPOHe BTOrO HEPABEHCTBA (KOMIJIEKCHHE

8HAYEHHA R, He YNOBJETBOPHIOT YCHOBHIO KOHEYHOCTH BOSMYMEHAR BO Bceft mio-
CKOCTH X, y). IlepBoe Tagoe nofBAeHHe NPOHCXOXHT NJA BOSMYWEHHA ¢ A = 1, Jlas
HEr0 HaXOJHM KDHTHUECKOE DaCTAXKEHHe H COOTBETCTBYIOINEE SHatenHe Ay = kyp 1);

2n { Ky \1/2 n /p,B’ \1/2
o= (587) » =g (%)

§ 45. Jduciroxauun B CMeKTHKAX

[NonsiTHe AMCIOKAUHH B CMEKTHKE HMEET TOT Xe CMHCA, 9TO H
B 06nIuHOM KpuCTanne. Pa3HUIA COCTOHT JHWb B TOM, YTO BBHALY OMHO-
MepHO#H (BAOJIb OCH 2) NEPHOJHYHOCTH MHKPOCKONHYECKOH CTPYKTYPHI
CMEKTHKOB BekTOp Dioprepca AHCJAOKauuM B HHX BCeria HanmpaBJieH
fl0 OCH 2, & [0 BEJHUHHE paBeH LEJIOMY KparTHOMY OT IepuoAa g
CTPYKTYDH,

C yueroM 37T0ro 3ameyauus Ajas AepopMalku BOKPYT AHCHOKALUH
B CMEKTHKE OCTaercsl cnpapefjuBoll noidydeHHas B § 27 cdopmyaa
(27,10) — npu HageKaMIEM ONIpEieJieHHH TEH30pa MOAYJ/ICH YIIPYTOCTH
Ainim. [N 5TOrO BBEJIEM TEH30p HANpPAKEHHH B CMEKTHKE 0, B COOT-
BeTCTBHH ¢ OORIYHLIM OIpElesieHHeM, T. €, [0 gopMmyne

F, =00 (45,1)
rie F, — ofbeMHas «cuiia BHYTPeHHMX Hanpsxenuii» (44,9). Bse-

IeM Taxxe TeH30p Aedopmanyil, OTBeMAIOWMH CMEIIEHHIO U, == U,
OT/IHYHEIE OT HYJsl €r0 KOMIIOHEHTHII ;

ou 1 0u 1 du (45,2)

P -l wwand T e m———

U =331 =3 351 Yr=g9 3,

Cuna (44,9) mMoxer GHITo MpeicTaBieHa B Buje (45,1), ecnn BHpasuth
TeH30p HanpsXKeHHH depe3 TeH30p AedopManuH GOPMYNaMu O, =
= AipimOlm C ¥)
Mgz = PoB’y  hpgrx = ;-\'zyzy = — KjA,, A'z:czz,l =
= Mgy = Mgy, = 0; (45,3)

HCKOTOPHIE H3 3THX KOMIIOHEH? -— OICPATOPHL.

1) 3naunenne kg onpegender Jub aGCOMIOTHEYIO BEIHIHHY RBOJHOBOTO BEK-
TOpa» BOSMYIIEHHA B ILIOCKOCTH X, ff, HO He NOJHYIO CHMMETPHIO BO3HHKaomeR Ae«
¢opmanun, Onpefesienne mociegredl TpeGyer BHXORA 8a I'PaHHOW MpHGIKEHHS,
orBevaiomero jJudefiHuM (no §u) ypasHenmsAM paBHOBecHa (CHTyalus Sfech aHajo-
ruYHO TOB, KOTOpad HMeeT MeCTO LIS KOHBEKTHBHOR HeyCTORYHBOCTH IIOCKONApan-
Jlxg.r;zuoro scgosi xﬁuéclocm ~ M, V1, § 57). Cu. Delrieu J. M. — Journ. Chem. Phys.,

, V. 60, p. . . - .

%) OcTanbWEe KOMNOHGRTH Ajatm MOKHO BHOpaTh TAK, YT00H Onia0 Fy =
= Fy =2 0; B Gopuyany (45,4) 3TH EOMDOHEHTH HE BXOAAT,
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®opmyna (27,10) ana cMemieHHS W, = u NPHHUMAET BHA

()= —had [ MG —r)df,  (45,4)
4 Sp
rae G = G,, — dyukuus (44,12).

PaccMoTpuM JiBa YacTHHIX cayyas AHCJAOKALH#A — NpsAMOJHHE-
HBIe BUHTOBYIO ¥ KpaeBylo. B nepBoM ciiyuae oCh AUCJAOKALKH COBMa-
JlaeT ¢ HanpaBsleHHeM BekTopa bioprepca, T. €. € ocpio 2. ITOT Cay-
yaii Boofule He TpefyeT KaKHX-JMGO HOBHIX BRHCJAeHHH. 3apaHee
ICHO, uTO JedopManusi u GyAeT 3aBHCETh TOJLKO OT KOOPAMHAT X, Y.
Ho B mnockoctn x, y cpena usorponsa. Ilostomy moxkHO cpasy Boc-.
NOJNb30BATbCH Pe3yJabTaToM 3ajaud 2, § 27, cOIJIacHO KOTOPOMY

u = bo/2n, (45,5)

rje ¢ — NoJsApHHN YyroJ pajHyc-BeKTOpa B IVIOCKOCTH Xy.

O6patumcs Kk GoJiee CJAOKHOMY CJydarld KpaeBOH JHCAOKAIHH
(P. G. de Gennes, 1972). B stoM ciayyae OCb AHCJIOKAIKHH MNepneH-
JUKynspHa BeKkTopy Dioprepca; nycTe OHa COBIAJAeT G OChIO Y.
Torna B xauecTBe MOBEPXHOCTH Sp B uHTerpase (45,4) MOXKHO B3fATh
TIPaBYI0 MOJYMJIOCKOCTD X, i/, @ BEKTOP N HOPMAJH K Helt 6yaeT JexaTh
BJIOJb OTPHIlATENbHOrO HanpaBieHus OCH 2. K3 BCEX KOMMOHEHT
BHAQ Ay, OTJIHYHA OT HYJASl TONLKO A, = B’py, Tak uto ¢op-
Myna (45,4) npHHHMaeT BHL

u(e)="bB"po | | LC=D gy
—o0 @ .
INoncraBnsem cropa ¢yukmuio G u3 (44,12). Huddepenunpopanue
N0 2 1aeT MHOXKHTeNb [k,, UHTerpupoBaHHe mno dy paer 2nd (k,),
8-dynkuusa ycrpansercs sateM uHTerpupoBanneM no dk,. B unTe-
rpane

o0 -
j e~thgx’ dx!
[}

Mg ofecrneuendss CXOAHMOCTH HaAO MOHUMATb R, kak k., — iQ. Ta-
KHM o6pasoM, Mocje BbINONHEHHA MHTETpHpoBanuii no dx'dy'dk,
noJsyyaem

dhoy

on !

.u(r)=—-b jf‘gxﬂg_f%tll(kx’ Z)

rae
(o kexp (i) dby .y K
”(kf" 2) = I mAaE o M= e

=00

- TMocnepnut MHTErpan BHUKC/ISEICS NYTeM SaMBIKaHHA KOHTypa
HHTErPHPOBAHKS GECKOHEYHO YAA/ICHHOMN MOJNYOKPYHHOCTHIO B BEp X~
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Helt (npu-z > 0) uau Huxuelt (npu 2<< 0) NOAYMIGCKOCTH KOM[IJIEKC-
HOH nepeMeHHON k, U B3ATHA BbiYeTa B mojioce k, = ihk; HAH k&,
= —ihki:

I= i-—z—exp(—xkilzl),

IJie BepXHHH HJIM HHXKHHE SHAK OTHOCATCA COOTBETCTBEHHO K 2 > 0
H 2 <30, Takum obpasom, cMelneHue

[ expi—e}z| - ikex) 75_5_%0— (45,6)

00

Bosnee nuntepecHo, oHaKO, HE CaMO CMEIIEHHE, a ero NPOH3BOJHbE O
KoopAuHaTaM. Jlisl npou3BOAHOH MO X HMeeM

u(x, 2=+

4

9 b ¢ :

7 b x?
=% rmmme Ak (87

Cornacro (45,6) mpousBofnasi Mo z CBsi3aHa C NPOU3BOAHEIMU MO X
opmynoh

ou 0%
oz Ao 9’
OTKYJa
ou bx x?
%z = T g@nZ |22 P {— Azl } (45.8)

HedopManust OHICTPO (IKCHOHEHUIHANbHO) CTPEMHTCS K HYJAI0 IIPH
| x| - oo u ropasao memenHee (HO CTeNEHHOMY 3aKoHy) nmpu |2z| —
—> 00, '

§ 46. YpapneHHs JBHKEHHS CMEKTHKOB

MexaHnKa CMEKTHKOB HMeeT TO oflliee ¢ MeXaHHKOH HEMATHKOB,
yTO B OGOMX CJAy4asX peub HJET O THAPOJHHAMHKE C JOTIOJHHTENb-
HBIMH (N0 CPAaBHEHHIO ¢ OOBIYHOH KUAKOCTHIO) NepeMeHHLIMH, B cay-
yae HEMaTHKOB 3TOH NepeMeHHOH fBJAETCS AHpPeKTOp n, a B clyuae
CMEKTHKOB — cMelneHue u cyoes (P. C. Martin, O. Parodi, P. S. Pe-
rshan, 1972). Ilocnepnee Ttpebyer nosicHeHus. CKOpOCTb omnpe-
Jiensierca B THAPOAMHAMHKE KAaK HMOYJbC €IHHHII MacChl Belle-
cTBa. Le KOMMNOHeHTa v, OTHIOAb He 06f3aHa COBNAJaTh B JAHHOM
cayuae ¢ nmpou3sBofuolt du/0t. Ilepenoc mMacchl (B HanpaBJeHHH OCH 2)
MOXKET OCYLIECTBJATBCS B CMEKTHKe He TOJbKO 3a cueT AedopMupo-
BaHHA CJI0eB, HO H NyTeM «IPOCAYHBAHHA» BeleCcTBa CKBO3b OCTalo-
Iy10Cs HEMOJBHXHON OJ(HOMEDHYIO CTPYKTYDPY (OAOGHO ONMHCaHHOMY
B § 43 ananoruuHoMy >5¢xpeKTy B XOJecTepHK2ax). D10 ABJIEHHE He
cneuduyHO AJAA KUJKHX - KPHCTAJIOB, AHAJOTHYHOE sBJE€HHE BO3-
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MOXKHO W B TBePAHX EKPHCTAJINaX, Te OHO cBAsaHo ¢ auddysued
BebekToB (cM. mpHMedanne Ha ¢. 124). Ho B cMekTHKax OHO B NpHH-
nuIe HEYCTPAaHAMO BBHAY O6OJblueH «pasMEITOCTH» NEPHOXNYECKOH
CTPYKTYPH (Kak Obl cojepikaled 3HAaYHTEJbHOE YHCIO AedeKTOB —
BaKaHCHH) u GOJbLIEH MOJBHIKHOCTH MOJIEKYJI.

Ilpu aanabaTHuecKOM JABHXKEHHH KaXKIbIH S/IeMEHT XHJKOCTH
NepeHOCHT CBOE NOCTOSIHHOE 3HAY€HHE SHTPONHH S (OTHeCEHHOH K enu-
HHIle MacCCHI); ec/I B KaKOH-TH60 HayaJbHEIH MOMEHT BPEMEHH SHTPO-
s s ObiJIa MOCTOSIHHA 110 BceMY OGBbEeMY Cpelibl, OHa OCTaHeTCs Io-
CTOSIHHOH W B JanbHeiimeM. IIoCKOJMbKYy ycinoBhe s == comst cmpa-
BeJUIHBO MMEHHO JJ1i SHTPONHHM €IHHHIH MaccH, 6ylaer YAOGHBIM
OTHOCHThL CHauajla K eJJHHHIIe MacCHl TaKXe€ M BHYTPEHHIOK SHEPTHIO
cpenpl; o6o3HaunM ee uepes e. Jna aedOpPMHPOBAHHOTO CMEKTHKaE
5Ta BeJIHYMHA BHpaxaercsa ¢QopmyJsoi, aHajgoruuHo#t (44,1):

Ba = € — 8 (5) = 5 (0 — P0)* + (0 —p0) -+
+ 2 (L) i aLup, (46,1)

Flie Py — NMAOTHOCTh HeflehOPpMHUPOBaHHOH cpefbl; Ko3agduunueHTH A,
B, C 3pech He COBNaJalOT C TakOBHIMH B (44,1) — OHH mpenCTaBsIOT
co6oit Tenepp anuabaTHueCKHE 3HAYEHHS MOAYJell ynpyroctH (M mnpea-
f10;1araloTCsl BHIPAXEHHEIMH B ()YHKLHM OT S), 2 HE M30TEPMHYECKHE, .
Kak B (44,1); uto Kacaercs Koaunuenrta K;, TO €ro H30TepMHYeCKoe
H afuabaTHYeCKOe SHAyeHHs COBNAJAIOT MO TEM K€ IPHYHHAM, UTO
¥ 171 HeMaTHKOB (cM. KoHer § 36) %).

Ennanna maccel BellleCTBa 3aHHMaeT o0beM l/p. Tlostomy Tepmo-
JMHaMHYeCKoe COOTHOIIEeHHe AMd AuddepeHnHaNa SHEPruH:

de = Tds——pdV=Tds—]—-bp,—dp.

JlaBaenue B cpelle MOXKHO, CleloBare/ibHO, HaliTH AndxpepeHIHpoBa-
‘HueM BHIpaxeHus (46,1)

p=p*(3),~ A0 —p)+0 - (46,2)

JlanbpHefiee nocTpoeHue ypaBHeHuﬁ JBHXKEHHA CMEKTHKOB OUEHb
61H3KO IO HCIIONIb3YEeMOH IOC/IEI0BATENLHOCTH ONEPaLUA NPOH3Be-
JIEHHOMy B § 40 BeIBofly ypaBHeHHH ABHKeHUS HeMaTHKOB. [Ina ycu-
JIeHHs 9To#l aHanOrHu cHoBa (Kak u B § 40) 6y)1eM MOJIb30BaThC S

~ 5

g”Crporo rosopn, B (46,1) Hago Guao Gbr mucats 0u/dz — 8y (8) Bmecto duldz,
rae (s) — sEauenRe duldz B OTCYICTBHE BHGIDHMX CEJ IPH SHTponkm s. PaccMa-
TpEBas APHMKEHHE NPH 9aAAHHOM 8, MB MOXKewm BHGDATh B KauecTBe HeRedopMAPOBaH-
HOro HMEHHO BTO cocTofHHEe B moMoXuTh Og (s) = 0. [loguepkneM, olHako, 41O
NI0CJIE 9TOFO yXKe Hembas, Hanpuuep, KHdbdepenirpoBaTh Brpamenne (46, l) no s
C ‘HeALIO. OMpeNeAcHRA TeMNEPATYPH Mo popmyne T = (de/ds)p! s
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pueprueli E = pe H SHTponMell S = ps, OTHECEHHLIMH K eIMHHLE .
o6bema.
YpaBHeHHE HENPEPHBHOCTH HMeeT OORYHBLIA BHA !)

%+ div(pv) = 0. (46,3)
ﬂHHaMH‘leCKOB ypasHeHue Jns -CKOPOCTH JOJXKHO HMETb BH]
d;
P 7~ = On0in (46,4)

(cp. (40,7)); Bum Tenzopa HampsixkeHu#t OyAeT YCTAHOB/NEH HHIKE.
Eime opmHO ypaBHEHHe CBfI3aHO .C HaJHYHeM JOMOJHHUTENLHOR
nepeMeHHofl W Bolpaxkaer cofoil oTIMUHE U, OT oulot:
ou
T v,=N. (46,5)
Bennunra N npenctasnsier coGofi CKOPOCTH «NPOCAYMBAHUAD —
CKOPOCTb JKHAKOCTH OTHOCHTEJBHO ONHOMEDHOH DeleTKH; OHAa MMeeT
KMHETHUECKYIO NPUPOLY, B ee BHpaxeHue GyAeT YCTAHOBJEHO HHIKE.
Hakownen, ypaBuenHe 17is SHTPONHH, YUHTHIBaiollee AHCCHIIATHB-
HBIE NpOUECCH B cpexe, umeer BHA (40,8)

95 diy (sv+ 4)= 2. (46,6)

Kak u B § 40, BriuncasieM Npou3BOXHYIO [0 BpEeMEHH OT NOJHOHA 5HED-
FMH efMHYUIH ofbeMa CpefH, QUTYPHPYIOILYI0 B ypaBHEHHH 3aKOHA
coxpanenusi sHepruu (40,11). Ornnume BO3HHKAeT TOJNBKO B BHJAE
nocaeAanero wiena B (40, 12) HmeeM Teneps 2)

oOF oF
o )p, ""(a(a;a) 0.8 az at + Ki(Aww) (Ai 5=
=——h——-—+div{---}' (46,7)

(kak u B § 40, uNeHH C HOAHBIMH ;mneprenuuﬂmu He BHIHCHBaeM),
rae BBE}leHO 0Go3HaueRHe

. 0 (i)
"he=—- az a(‘g‘i) oS — KA u—poB ~ 42 —P) (p p") ~ KA u
(46,8)

Ecan paccmarpuBaTh /4 KaK 2-KOMIOHEHTY BEKTODHOH BeJIHUHHE
h = nh (n — eauHuYHBIE BEKTOP BROJbL OCH Z), TO JIETKO yGenuthcs,
4TO 5TOT BEKTOP MOMeT GBITb NPeNCTaBJeH B BuIe AWBEPreHIMH .

h; = 8x0%), (46,9)

—

) Xora MR AHTEpecyeMes B KOMEIHOM CyeTe JIMIIb AMHEAPHIOBAMHHME ypaAR-
HeHHAMU ABHKEUNA, MH He NPOHSBOAHMM JABHeapH3ANMA HA KAKAOM STane BHBOAOR,
T4K. KAK 5T0 YCAOKHUJO OH 3amHCh PopMyA.

%) 3pech B HHIKe ASMEHEHHEM MOAY/ER YUPYToGTH BAGAL cpqgu npeﬂeﬁpa'““'
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Tle CHMMETPHYHBIH TeH30p ofy

o} =0l =KiA, —a—z-’ o) = 903 +C(9 — Po)s

HMeeT cne)iyloume KOMITOHEHTHI?

(46,10)

ou - ou
0§;)=—K1AJ. e 0'!(/;)=—K1AJ.Ty"’ iL’—O

Iloncrasus B (46,7) 0uldt w3 ypapuenust (46,5) H CHOBa BHIEJIHB
B OJHOM H3 YIEHOB IMOJHYIO AHBEPreHIHIO, NHIIEM

oE 0
(5L L= —hN — 000l 4 div{ee} =

= — hN 4 vl 4 div {.++}.

2ro BulpaxkenHe orapuaercd ot (40,17) auub cMeiciioM oGo3HaueHH i
h n N1). INocrynas nanee TakxKe, Kak 3To Gbl10 o6bAcHeHO B § 40,
NoJyuuM npexHee Bulpaxeunue (40,21) aas auccunatuBHOH (yHKIHH

2R = 0iyVs + Nh — -V T, (46,11)

e Oj; — BA3Kas# YaCTb TEH30Pa HaNpSKERHI:
‘ 8 )
0k = — pSir + 0¥ + oin. (46,12)

Junamydeckoe ypaBHenue (46,4) c 3THM TeH30pOM HanpsKeHu#
IPHHMMAET TOC/Ee JHHeapH3alWH (onyckaeM uleH (VV) V) BHA

o2 — — 6up 4 by~ Oy, (46,13)

rie BekTop h = nA omnpeflenen BuipaxeHuem (46,8).

BA3kui TeH30p HampsKEHHH G, TENJOBOH MOTOK q M CKOPOCTb
npocaunBanus N («TepMofHaMHYeCKHe MOTOKH») OOBIYHBIM 06pa3oM
IPEeLCTAB/SIOTCS BHIPAXKEHU AMH, JHHEHHBIMH 110 «(TePMOAHHAMHYECKHM
cunam» — v,/T, T-20,T, —h/T, npuueM Ko3bOOHUHMEHTH B 3THX
BHIpaXKEHHAX CBA3aHH APYT C APYTOM COOTHOLIEHHSIMH, CIENYIOMUMH
n3 npuuuuna Ouncarepa. He noBTOpssi 3aHOBO COOTBETCTBYIOMIMX
paccyxpuenuil (cp. §§ 41, 43), mamumem pesyabtaT. Ilpn aTOoM Gynem
CYHTaTh, YTO (KaK 3TO OGBIYHO HMeeT MeCTO) CMeKTHK 06J1aJlaeT IieH-
TPOM HHBEPCHH (0 CHX IIOp 3TO €llle He Npeanoaaranoch). Torna ps3kuii
TEH30p HampseHui Aaercs ToH ke dopmysol (41,4), uTo u A5 HeMa-
THKOB, IPHYEM IO N CJeJyeT TIOHUMATh HalpaBJeHHe ocH 2. TemnoBoi
IIOTOK H cxopocn: NPOCAYHBAHHA JAl0TCH BHIPAXKEHHAMHU

oT
= =g ik Q== VT, N=hh—t S, (46,19

v

1) A raxxe OTCYTCTBHeM WieHa v; (3;E). Taxot wien, OfiHaKo, ABANCH Ol
B NaHHOM CJyyae MaJloff BeJIHUHHOR TpeThero nopsaika, xo*ropon MOXKHO npeHeGpeun
N0 CPaBHEHHI0 C BeJHYAHaMH BTOPOTO IOPAAKa,

’
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MPHYEM NOJIOKHUTENbHOCTh AHCCHITATHBHOR GYHKIMH TpeGyeT BhINOJ-
HEHHA HEPaBeHCTB

%y K1y Ap >0, p.z < Thony. (46,15)

fIBjleHne TNpocaunBaHMA Je/aeT BO3MOXKHEIM CYIIeCTBOBaHUE
B cMekTHKaX 3dderTa, 110L0GHOTO ONHCAaHHOMY B KOHIe § 43 ansa xoJe-
cTepuxoB. Eciay nepuoiuyeckass CTPYKTyPa CMEKTHK2 KAaKHM-TO
CrnocoGoM 3aKperJieHa B IPOCTPAHCTBE, BO3MOXHO CYIIECTBOBaHHE
OJIHOPOJHOTO CTAaNHOHAPHOTO TEYCHHA BJOJb ocu z. U3 (46,13) cae-
Ayer, uTo AJs Takoro Teuenus dp/dz = h, a u3 (46,5) ¢ N us (46,14):

0, = —hph = — by, (46,16)

{

K cka3aHHOMY BHIlE O KHHETHIECKHX KO3(PuIHEHTaX CMEKTHKOB

HaJlo clleiaTh BaXKHYIO OTOBOPKY. Y:Ke ymoMHHaBiuascs B § 45 pac-

XOIAUMOCTb QIYKTYauUnit B CMEKTHKaX B OCOGEHHOCTH CHUJBHO NPO-

SIBJASIETC HMEHHO B KHHETHYECKHUX SIBJIEHHAX, 9TO MOXET CYUIECT-
BEHHO HM3MEHHTb HX XapaKTtep 1),

§ 47. 3ByK B cMeKTHKax

B OGLIYHBIX KHAKOCTAX (a TaKXKe B HEMATHYECKHX JKHAKHX KpH-
CTaJl1aXx) CYIIECTBYET JIHIIG OJHa BETBb CJ1a603aTyXalOmMHUX 3BYKOBHIX
KoJieGaHuiA — IPOJONbHEE 3BYKOBLIE BOJIHEL. B TBepAbIX KpHCTAMANAX
H aMOp®dHEIX TBEPABLIX TedaX CYLWECTBYIOT TPH 3BYKOBHE (aKyCTHYe-
CKHE) BETBH JIHHEHHOTrO 3aKOHa Aucnepcun KoneGauuil (§§ 22, 23).
OnHoMepHbIE KPHUCTAJIEL — CMEKTHKH — M 3JleChb 32HHMAlOT IpOMe-'
XYTOYHOE MOJOXKEHHE: B HHX HMEIOTCA JIB€ aKYCTHYECKHE BETBH
(P. G. de Gennes, 1969). He wunrepecysice 3mech K03bdUIHEHTAMH
3aTyXaHHs STHX BOJH, H HMeS B BHJY JIHIIb ONpeEJeNeHHe CKOPOCTeH
HX PacnpocTpaHeHHs, NpeHeOpeReM B YPABHEHHSX JBHKEHHS BCEMH
JMCCHMAaTHBHEIMU 4JeHaMH. [lonHad cucTeMa THHeapH3OBAHHEIX ypaB-
HEHH# IBHKEHHS CKJAAbIBAETCA U3 YDABHEHHS HENPEPHIBHOCTH

Bt pdive=0 (47,1)

(3lech M HHKE HHIEKC Y Py Oomyckaem; p’, p’ — MepeMeHHLIE 4acTH
ILIOTHOCTH M [JaBJeHusi), ypaBueHnus (46,5), xoropoe cpomurcs K

0 |

v, = -ati (47,2)

— IpocayHBaHHe OTCYTCTBYeT, H JAHHAMHYECKOFO YpPaBHEHHS (46,13):%
ov ’ A Al

p S =—Vp' +n4, (47,3)!

%) Cm, Kay E. H., Jlebedes B. B, — KIT®, 1983, 1, 85, ¢, 2019,
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npugeM, corsaacuo (46,2),
r y a .
p’=Ap"+pC -, (47,4)

B Buipaxennn (46,8) ana h cnenyer onycruth unen K A%u, copmep-
WKaiiuf NPOH3BOJHLIE BHICIUMX HOPSALKOB, — OH OKa3ajncf Ob Cauii-
KOM BRICOKOTO HODPSAKA IIO BOJIHOBOMY BEKTOPY X, KOTOPHIi AJ/is 3BY-
KOBLIX BOAH CJERyeT paCCManHBaTb KaK MaJIYlO BEJHUHHY

h=pB 2% 4 c o (47,5)

B peanbHBIX CMEKTHKAX BEJIHYHHEI B H C OGBLIYHO MaviHl 10 CpaB-
HeHuio ¢ A. B 3tux ycjaoBusx, KOTOpEIE MKl ¥ GyleM mpearnofiarar,
npupoja oGeHX aKyCTHHECKHX BeTBeH B CMEKTHKaX CTaHOBHTCH GoJsee
HAaIJs HOH.

Ecsiz npene6peun B ypaBHEHUSX ABUKEHHUS BCEMH WIEHAMH, COAEp-
MauyMe Majane Koddpuumentsl B u G, TO OHH CBEAYTCS K ypaBue-
HHAM ABHKEHHA OGHYHON KHUAKOCTH C YDaBHEHHEM COCTOSIHHS p’ ==
= Ap’, T. e. ¢ cxumaeMmocTbio (dp'/0p"), = A. CoorBercTByIomue
3TOMY C/Iy4ar KONeGaHHf NPeACTAB/SIOT Co60H OGHIMHEIE 3BYKOBhIE
BOJIHK — MPOJOJbHEIE BOJIHBI CXKATHSA M pacliHpeHHs cpexsl. CKo-
pOCTb HX pacnpoCTpaHeHHS

= A”2 (47,6)

# (B paccmatpuBaeMOM NpHOMMIKEHHH) He S3aBHCHT OT HalpapJe-
HHAA.

da3oBasi CKOPOCTb €, BOJIH BTOPOil aKYCTHUECKOH BETBH, KaK MEI
YBUAHM, MaJla 110 CPaBHEHHIO C ¢y ®/k = ¢y & ¢y. [ToaTomMy HO OTHO-
MIEHHIO K 3THM KoJeGanusM CPeAy MOXKHO CYHTATh HEeCXKHMaeMo# (cp.
fipumeqanne Ha crp. 220). YpaBHeHHE HENPEPHIBHOCTH CBOXHTCS
npH 3TOM K YCIOBHIO HeckumaeMoctd divv =0; B (47,5) omy-
CKaeM BTOPOfl wjeH, TaK 4YTO ypaBHeHHE (47 3) NpHHHMaeT BHJ ‘

p —a,— =—Vp'+ an - (47,7)

'-Ilpoumptbepenunposaa 2-KOMTOHEHTY 3TOrO YpaBHEHHS 10 2 M MOA-
¢raBuB B Hero v, == Ju/dt, no.nyth

925
O = 627’ -|-pB

rae § = 0u/0z. TlpuMeHuB e K ypaBHEHHIO (47,7) onmepanuio div,
B CHJY YCJOBHS HECKHMaeMOCTH no.uyun

Ap’ = pB —5- 02, .

Haxkosnen, acxmoth M3 3THX JABYX ypaBuenufi p y TIOMY9uM ORHO
YpaBHeHHE AAA Be.rmqnnu 6:

2 A6=3B {- ia SR AS}. , (47,8)

Bt“
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3aBHCHMOCTb CMELIEHHS 4% OT KOODAHHATH Z O3HAYAeT, YTO Me-
HSIIOTCS PACCTOSIHHA 4 MEXAY COCEAHHMH CJOsiMu: Oa = (0u/dz) a
caMa e BeJHUHHA O = Ou/0z paer OTHOCHTEJNLHOE M3MEHEHHE 3TOro
paccrosuns. Takum o6pasom, ypaBHeHHe (47,8) omuchmBaer pacnpo-
cTpanenye nonepeynoit (kv = 0) BoaHmI, B KOTOpOH HCIHITHBAIOT KoJle-
GaHHA pacCTOAHMS MEXLY CJHOSIMH IIPH TOCTOSIHHOR IVIOTHOCTH.
Ina naockoii Boauwe, B Kotopoit & oo exp {ikr — iwf}, u3s (47,8)
AMeeM :
_ 0*R* = BR% k},
OTKyJa HaXoJUM CKOPOCTb
¢y = B'/25sin 0 cos 6, 47,9)

rae 6 — yroa Mexay k u oCbIO 2. 212 CKOPOCTh AHH3OTPONHA, NIPHUEM
ofpamuiaercsa B HYJb JJ1f pacCOpOCTPaHEHHA KaK BAQJL oCH 2 (0 = 0),
TaK u B IVIOCKOCTH X, y (0 = m/2). Ilpu yraax, GIM3KHX K STHM
3HayeHMsIM, BO3pacTaer paJb AMccHmaTuBHHX SddektoB. (CM. 3a-
Jaud 2 u 3 K sroMy naparpady.)

3agaun

1. Haiitn ¢asoBue CKOpOCTR aKyCTHYECKHX BOJH B CMEGKTHEa® NPH IpOH3s
BOJILHOM COOTHOINEHHH MeXpy Moiyasamu A, B, C,

Pemwenue. IlpopuddepennuporaB ypapBHenHe (47,3) no { H HCKIIOYHB IO~
n3BofHue Op'/0f w Ou/df ¢ momomplo (47,1—2), NonyuHM ypaBHeHHE

62v — . avz 0 azvz
W—Alevv—-CV 5z +n[—C-5z—--divv+B-——aza ].

Jaa naockoft BoaHH, B Koropoli v o exp (ikr — i0f), 8T0 ypapHeHHe CBOZHTCH
K COOTHOIUEHHIO ;

~— 0% = — Ak (kv) 4 Ckk,v, 4- n [Ck, (kv) — BElv,], M)
ITycts BoaHOBO# BekTOp k pacnosnoxen B naockocTH X, 2, Toraa us (1) caenyer, qare
H CKODOCTb V HaXOAMTCH B TOA JKe MJOCKOCTH, 3 X- H 2-KOMIOHEHTH JAIOT CHCTEMY
JABYX ypaBHeHHit
v, [¢2— (A 4 B —2C) c0s? 0] + v (C — A) sinBcos 6 =0,
v, (C — A) sin 0 cos 0 -+ v, [c2 — Asin? 0] = 0,
rae ¢ = ok — cxopocﬁ: BOJHH, a O — yrox Mexzy k n ochio z, IIpHpaBHAB HY/IO
onpefe/iHTeNb STOH CHCTEMHI, NOJYYHM AHCHEDCHOHHOE ypaBHEHH®
A—c2[A - (B~—2C)cos®0) 4. (AB — C?) sin® 6 cos® 0 = 0,

BOabunii B MEHBIUMA KOPHH 9TOr0 KBaApaTHOro (IO 6%) ypaBHEHHS ONpENeJSIOT CKOx
POCTH ¢j H €y, B wactHocTh .

. __{ Al npu 0 = /2,
(A4 B—2C)2 npr 0 =0.
CKopocTs e €3 B 9THX HampaBJeNHAX OOpamaercd B HyJb, -

2, C yyeroM AucCEDanMH ONPeRe]HTL 3aKOH JHCIEpCHH BTODOR aKYCTHYeCKOR
BETBH NDH PAacHPOCTDAHEHHH 8 IVTOCKOCTH CJI0EB (Vv = 71/2), )



244 MEXAHHKA XHAKHUX KPHCTAJJIOB [ra. VI

Pemenue, B ycrosuax sajaid CKOPOCTb V HampasJesa MO OCH 2, a Bce
BeJIMYHHH 3aBHCAT OT x, [Ipoewnpys ypasuenue (46,13) Ba ochb 2, monyyaeM

— l@opy = — K k*u + ikoy,, @
C nomompio (41,7) HaxomuM
U;x = ‘k% v.

Jlerko mpoBepHTb, 4TO BBHAY ManocTH mapamerpa K;p/MmZ(cp. ¢ (42,7)) MOxHO mpe-
HeOpeub J1eBOH CTOPOHOH (2), a 3¢heKTH MPOCAUHBAHHSA NMPH MaJLIX £ HECYIIECTBEHHH,
TaK 4ro v = —i0u, OKOHUATeJbHO NOJyuUaeM 3aKOH JHCIEPCHH:
. 2K
fw= — k2
13
3. To ke ZnA pacmpoCTpaHeHHS NMepNeHAHKYNAPHO MJIOCKOCTH coes (& = 0).
PemeHHe YcioBHe HECKHMAEMOCTH INPHBOJUT B BTOM clydae K TOMY, 4TO
v =0 ¥ JBHKEHHe CMEKTHKA NPOHCXOAHT TOJNbKO NyTeM mnpocainBanHd, M3 (46,5)
H (46,14) uMeem TOrga

ou 0%u
oF T Kpp B 022
RIH

{0 = ApoB&2,

Mui nipeneGperdiu B (46,14) wieHoM ¢ rpajueHTOM TEMNEPATYPHl. JTO BOSMOKHO, ecin
TeMmepaTtypa peiakCHpyeT GHICTpee, UeM CMelleBHe U, T.ue. ecId ¥y 3> AppB, B atom
C/yyae, 0[HaKO, HY}KHO IOHHMaTh moJ B usoTepMuyeckuit Mogysb ynpyrocTH,
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