Jlexkus Ne8

AKycTH4yeckune GOHOHBI.

Jlyanmu3m BOJIH M YacTHUIl, KaK HAMHU YXe OBIJIO OTMEYEHO B MPEABIIYIINX
JEKIHSIX, OTHOCUTCS K YHUCITY (PYHIAMEHTAIBHBIX KOHIICTIIIHA COBPEMEHHOU
busuku. B kpuctamiax umMeercs MHOrO MoJjel, KOTOpble MPOSBISIOT 00a 3THX
acreKTa — M BOJIHOBOW, M KOPHYCKYJSpHBIM. KBaHTBI 3HEpruM STUX mMOJIEH
NOJIy4rJid  cOOCTBEHHOEe Ha3BaHue. [log00HO TOMy, Kak TEepMUH <(OTOHBI»
ONUCBHIBAIOT KOPIYCKYJSIPHBIA AaCMEKT SJEKTPOMATHUTHOTO IOJNS B BaKyyMe,
TEpMUHbI «(OHOH, MATHOH, IUIA3MOH, NOJSIPOH, JKCUTOH M TMOJSAPUTOH»
ONMCBHIBAIOT HEKOTOPHIE KBAHTOBAHHBIE TOJISI B B KpUCTaiax. OHOHBI CBS3aHbI C
YOPYTUMHU BO30YKJIEHUSAMH, B YACTHOCTH, aKyCTUYeCKHe (DOHOHBI COOTBETCTBYIOT
OOBIYHBIM YIPYTUM BOJHaM. MAarHoHbl — 3TO 3JIEMEHTapHBIE BO30YXKICHUS B
CHUCTEME DJICKTPOHHBIX CIIMHOB, CBA3aHHBIX MEXAY COO0I0 OOMEHHBIMH CHJIAMHU.
Ilna3MoHBbI — KOJUIGKTUBHBIE KYJIOHOBCKHE BO30YXICHHUS SJICKTPOHHOTO Ta3a B
MeTa/IaX. JKCHTOHBI — HEUTpalbHbIE KBA3MACTHUIIbI, CBSA3aHHBIE C IMOJEM
JUADJICKTPUYECKON TMOJSAPU3aLNHY, a MOJSPOHbI — 3apSHKEHHBIE KBA3WYACTHUIHI,
CBS3aHHBIE C TOJIEeM ToJispu3aruu (0OOBIYHO B HMOHHBIX KpHCTaUiax). Bce
NEPEUHCIICHHBIE BBIIIE KBA3MYACTHUIIbI, KPOME MOJISIPOHOB, BEAyT ce0s Kak 0030HHI.
KynepoBckue >37I€KTpOHHBIE MApbl, BBOJWMBIE B TEOPUHM CBEPXIPOBOJIUMOCTH,
BeyT ceOs kak 0030HBI. KBa3uuacTuiibl, COOTBETCTBYIOIIME AJIEKTPOHAM IMPU HUX
B3aMMOJICUCTBUU C 3JIEKTPOHHBIM ra30M B MeTaJUIaX, BEAYT ce0sl KaK (hepMHUOHBI.

Haunbonee ynoOHBI crnoco0 MaTeMaTHYEeCKOrO OMUCAHUS CUCTEM TaKUX
KBa3M4acTUL[ OCHOBAaH, KaK YK€ HEOJHOKPaTHO OTMEYajoCh, Ha METOJIE
BTOPUYHOTO KBAaHTOBAaHUS, TO €CTh, HA KBAHTOBAHUHM KOPITYCKYJISIPHO-BOJIHOBBIX
MoJIel. ITOT METO/, KaK MBI y)K€ UMEIH BO3MOKHOCTh YOEIUTHCS, OYCHH MPOCT
KaK ISl W3Y4YeHHs, TaK M B KOHKPETHBIX MpUMEHEHUsX. OTMETUM, YTO
paccMaTpuBaeMble HaMH B OYIyIIMX JICKIUSAX TMPOOJIEMBbI HEPEISITUBUCTCKOU
TEOPHH TOJIS OYIYT CIYKUTh XOPOIIEH WLTIOCTpAllield OCHOB KBAaHTOBOW TEOPHUH
TOJISL.

KBanToBaHue moJisi akycTu4ecknx ()OHOHOB.

PaccmoTtpuMm nienouky jmHbel Na (ogHOMEpHBINH KpUCTasl), 00pa30BaHHYIO
aTOMaMH OJTHOTO COpTa C Maccoil M, CBSA3aHHBIMU MOMAPHO YIPYTUMU CUJIAMU C
KO3 (PUIIMEHTOM 5KECTKOCTH )/, PABHOBECHBIE MOJ0KEHUS KOTOPBIX ONpeieseTcs

BCKTOPOM PCUHICTKH n:
n=la, 1=1,2,...N. (1)

[Ipennonokum, 4To MONEPEUHBbIE U NPOJAOJIBHBIE CMEIIECHUS aTOMOB HE3aBUCHMBI.
Bennunny cmemiennss N -ro aToMa M3 MOJIOXKEHUS paBHOBecHs o0o3HaunM &, . B

MOTECHILIMAIbHOMU OHCPIruu U CMEIICHUH HCﬁTpaHLHLIX AaTOMOB H3 IIOJOXXCHHA



PaBHOBECHSI MOXXHO YUUTHIBATH TOJIBKO B3aUMOJICHCTBUS COCeTHIX aTOMOB (Ooiee
CIIOKHBIH ciTydait OyeT pacCMOTPEH HUXKeE):

1 2
U :EVZ(gnﬂ_gn) ’ (2)
KuneTnyeckas SHEPTUs BLIPAKAETCS YEPE3 CKOPOCTU CMELIEHUS &,
m .
K= E Z ¢ n2 - (3)

Beenem nukimmdeckue yciioBus (YCIOBHE MTEPHOTUIHOCTH):
Qtn = En+Na " (4)

OnnomepHoi pemetke (1) cooTBeTCTBYeT 30Ha bpuiutiosHa B K - IpOCTpaHCTBE €
rpaHULIAMH

-m<kasr. (5)

BnyTtpu 3101 30HBI pacnionaratorcs N HEOIKBUBAJIICHTHBIX BOJTHOBBIX BEKTOPOB

2mu N
k = a, =0,+1,..x—, 6
N U 5 (6)

a2

OT CMemeHHHl OTAENBHBIX AaTOMOB ¢, YIOOHO TIEPEeHTH K HOBBIM
0000IIIEHHBIM KOOpAMHATAM A, KOTOpbIE XapaKTePU3YIOT KOJIJIEKTUBHOE

JBUKEHUE aTOMOB, COOTBETCTBYIOUIUX OMNpeneieHHbIM 3HaueHusM k . g atoro
BBeJIeM MpeoOpa3oBaHue

_ 1 :
fn—mzk:A(exp(lkn)_ @)

[ockonbKy cMermeHus ¢, SBISIOTCSA JAEHCTBUTENBHBIMU BEIMYMHAMH, HOBBIC
IIEPEMEHHBIE A JIOJDKHBI YAOBJIETBOPATH YCIOBUIO

A=A (8)

CymmupoBanue B (7) BBIMOJHICTCS 1O BCEM 3HAYCHHSIM BOJIHOBOTO BEKTOpa K .
Hcnomnways (1) u (5), MokHO JT0Ka3aTh JABa BeChbMa BaXKHBIX PABCHCTBA:



%Zﬂ:exp{in(k -k} =8y, %Zk:exp{ik (n-n')} =3, 9)

C momoibio 3TUX GOpMyJ MOKHO HaTH 00OpaTHOE MpeoOpa3oBaHUeE!

_ 1 _:
Ak—\/ﬁzn:fnexp( ikn). (10)

B TEPMHHaX HOBBIX KOJUICKTUBHLIX IICPEMCHHBIX ITIOTCHIHUAJIBHAA W KMHCTHYCCKas
SHCPruM Kprucrajijia UMCIOT BUJI.

U =%m2wz(k)A<A_k , K =%mZAA_k , (11)

rac
(k) = (k) =4 sim K. (12)
m 2

Jlarpawxunan L Takoil CUCTEMBI, KaK Mbl 3HA€M U3 TEOPMEXAHUKH, CTPOUTCS
13 KHHETUYECKOU Y MOTEHIUAIBHON SHEPTUN:

L=K-U, (13)

otkyna ¢ yaerom (11) umeem:
L:%mz{AkA_k -~ (K)AA,}. (14)
k

OOG00111eHHbIE UMITYJIBCHI, CONPSKEHHBIE KOIJIEKTUBHBIM KOOpJAUHATaM A,
HAXOIITCA OOBIYHBIM CITOCOOOM:

P=—"r=mA,. (15)

Ecnu BBECTH UMITYJTbC
pn = rnfn ’

COTIPsDKEHHBIN cMeniennto ¢, To yuuthiBas (10), MmoxHO mpeobpaszoBath (15) k
BUJTY



_ 1
R = mz p, expikn). (16)

['amunpTOoHMAaH cucteMbl H =K+U B TepMHUHaX OOOOIIEHHBIX KOOPJAWHAT U
WUMITYJIbCOB IMEET BU]I;

H :%mZ{PkP_k + P ()AA,}, (16)

Ilepexon K KBAaHTOBOM MEXaHHMKE CBOJUTCA K 3aMEHE B MPEAbIIYIINX

A

dopMynax BenMuuHBl §, M p, omeparopamu ¢, U P,, YAOBIETBOPAIOIIUMU
KOMMYTAIlMOHHBIM COOTHOILIEHUAM

[fm ﬁn} =R, (17)

[Ipu Takoil 3aMeHe BENUYHMH ONEpaTOpaMHU OMEPaTOpbl OOOOIIEHHBIX KOOPAMHAT
A, u uMmnynscoB P ynoBIeTBOpAOT, Kak  HETPYAHO  YyOeIuThCH,
KOMMYTAllMOHHBIM COOTHOLIEHUSIM:

AR |=ing,,. (18)

CyMmmapsas sHeprusi H npeobpa3syeTcs Tenepb B oneparop ['amuiabToHa
A 1 A A a)2 A A
H=2mY{RP, +FKAA,}. (19)
k

Bunx 3TOro ramMmibTOHMAaHA JAJIEK OT JAHArOHAJLHOTO BHUJA, CBOHCTBEHHOTO
orepatopy ['aMWIbTOHA HI€aTBLHOTO rasza, K 4eMy, Kak y)kKe HaMH HEOJTHOKPATHO
obcyxmanoch, HeoOxogumMo  cTpemuThcs. C  [enpl0  AWaroHaIN3alud
raMUJIbTOHMAHA BBEJEM, KaK 3TO JeJIajJOCh HAMH B TEOPHU CIab0 HEHIEaIbHOTO
603e-ra3a, HOBBIE Onepatopsl b , b hopmynamu

~ hi ~ Ay 5 _ Ml K) (o

A= m(t&*‘b-k)’ A= T(bl{ b—k)' (20)
OTMeTuM, 4YTO B TE€PMHHAX BBEJACHHBIX TaKMM 00Opa30M OIEPAaTOPOB OMepaTop
cmertenns &, B coorBercTBuM ¢ popmyiaamu (7), (20) moxker ObITH 3amucaH B

BHUJIE.



¢, ) ﬁw(k)exp(ikn)(ﬁ( +65,). (20)

YroObl  BBIMOJHSAINCH  cooTHomieHus  (18), HeoOXoaumo,  YTOOBI
YIOBJICTBOPSUIMCH CACAYIOIINE KOMMYTAIMOHHBIC COOTHOIICHHUS JJIS OIEePaTOPOB

~

b, B

~ AT ~ A
BB |24, | BB |=0. (21)

[MoxcraBnss Beipakenus (20) B (19) u yuanuThiBass KOMMYTAIIHOHHBIC COOTHOIICHUS

(21), raMmuIbTOHUAH B TEPMUHAX BBEJICHHBIX HOBBIX OIEPATOPOB MOJIyYUM B BHJIC:

- an 1
=Yl {6 +3 (22)
k
Takum  oOpa3oMm, MBI CBEIM HWCXOJHBIH  KBAaHTOBOMEXaHUYECKHMA

raMUWJIbTOHHUAH K JUArOHAIIbHOMY BHUJY, BBE/ B PACCMOTPEHHE HOBBIE ONEPATOPHI
b, b’. DT onepaTopkl AEUCTBYIOT B THJILOEPTOBOM IIPOCTPAHCTBE BEKTOPOB

‘...,Vk ,> (Wi ree] ooV 9= Fper

3aBUCSALIMX OT YHMCENI 3allOJIHEHHUS COCTOSIHUM, XapaKTepU3yEeMbIX BOJHOBBIMU
BEKTOpaMU. XapakTep UX JEUCTBHS B 3TOM [IPOCTPAHCTBE ONPEAEIIAECTCA 3aKOHAMU
kommyTaruu (21). A UIMEHHO, 3TH ONEepPaTOPHI SIBIITFOTCS ONIEPATOPAMH POXKICHHS
U YHUYTOXECHHS KAaKUX-TO <«3JI€MEHTAPHBIX» 00BEKTOB.

OHeprusi OCHOBHOI'O COCTOSIHUS KpuUCTauia H, ompenensercs BEKTOPOM

cocTosmis Bakyyma |0)
H,=(0|H|0)= Y heok ) dB:h, Q+%;hwk )= %;hw« ) (23)
DHeprus KpUCTATIA B COCTOSHUH \vk> OTpe/IeNseTcs BHPAKEHHEM
Hk:<vk‘|:|‘|/k>:Ho+vkhw(k). (24)

PaccMOTpUM Temeph CpelHee 3HAueHHE BEIMYUHBl ¢, ONpEIENEHHON BBILIE
dopmyioit (20a). Tak kak

<Vk\a<+\"k>:01 <Vk\6k\'/k>:01



TO U <I/k ‘fn‘l/k> =0. Onnaxo, cpeqHee 3HaYEHHE KBAIPaTa ONEPaTopa CMELICHHS

OTJIMYHO OT HYJIA.

z hv h
1) LS 25
< k| Vi mN (k) ,;,Zme(k') (25)
Bropoe ciaraemoe B 3TOM (opMmysie XapaKTepus3yeT BKJIAJ HYJEBBIX KOJeOaHUit
(korma Bce V. paBHbl Hymo). 3Hauenne K =0 COOTBETCTBYET CMEIIEHUIO

kpuctaia kak menoro. Ilpum stom (k) =0. HMubimMu cnoBamu, npu K =0
KOJICOAHUsI KPUCTAIIIa OTCYTCTBYIOT U BTOpOE cliaraemoe B (25) MOKHO OIyCTHUTb.

Wtak, cranuoHapHble BO30YXICHUS KpHCTAIa PAClpeeiCHbl M0 BCEMY
KPUCTA/Ty W XapaKTepU3YIOTCS BOJIHOBBIM BEKTOpOM K (a ciemoBarenbHO,
kBazuumnyiabcoM #K u sHeprueir ha(K)). Dt BO30YKIECHHBIE COCTOSHHUS
Ha3bpIBatOTCs (oHoHaMm. COIJIaCHO BBIPAKCHHUIO ISl YaCTOThI, COCTOSIHHS C
BOJIHOBBIMH BekTOpamMu K 1 —K MMeroT 0IMHAKOBYIO SHEPTHIO.

Ha pucynke m300pakeHa 3aBUCHMOCTHh 9acTOThI ()OHOHOB OT BOJHOBOTO

BEKTOpa
(k) =a-k) = 2\/7

sm(k )‘ mr<ka<rr. (26)

3Has 4acToTy (POHOHOB, MOXKHO BBIYHCIHTH (hasoByro U, u rpymnosyio Uy

CKOPOCTH COOTBETCTBYIOILINX IEMEHTAPHBIX BO30YKICHUI:

upzﬁzz( u, =9tk) _ f
k k\m dk m

sin——- (ka)
2

(ka)

cos—|.
2




. 271a
B mpenene nivMHHOBOJHOBBIX B036Y)KI[CHI/II/I, ka=T<< 1, mig STUX BEJIUYUH

MIOJTYYUM:

_alr
m
B CBA3U C UCM BBIpa)KeHI/Ie JJIs1 4aCTOTHEI B OTOM XK€ npez[ene MOXECT 6BITB 3aIlIuCaHoO

B BHJIC:

p = Ug

(k) =ku, .

JITMHHOBOJIHOBBIE BO30YKJIEHUSI MOYKHO pacCMaTpHUBaTh Kak YHOpyrue KojeOaHus
B cpene. CKOpPOCTh YHPYruX BOJH (CKOPOCTh 3BYKa) ONPEACISACTCS B MEXaHUKE
BBIPAKEHUEM

u.-= [—,

ac

rae E - momynp IOHra u p - mmotHocts cperpl. B Hamem ciayuae p=m/a, u
Moayns FOHra, onpenensoumii otHowenne cuibl y(&, —&,,) K BBI3BaHHOM €10
otHOCHTeNbHON nedopmamn (&, - &, ,)/a, pasen

E=ya.
Taxum 06pazom,

u, =a,|~.
m
CrnenoBaTenbHO, pAacCMOTpPEHHbIE HamMH BO30YXIEHUS B JJIMHHOBOJIHOBOM
Ipezene COBIAJAT C aKyCTHYECKUMU BOJIHAMU B ynpyrou cpeae. Iloatomy takume
BO30YKICHHS Ha3bIBAIOTCA AKYCTHYeCKUMHU (pOHOHAMMU.
Korna BoiHOBOW BekTOp mpuOIMXKAeTCsl K TpaHULEe 30HBI bpuiirosHa,
ka -~ 77, mmu A - 2a, rpynmnoBas CKOpOCTb CTPEMHUTCS K HYJIO, a Qa3oBas

CKOpPOCTb CTPEMHUTCS K 3HAUEHUIO

2a |y
L2 L
Tym
Ecnmn HeoOxomumo OTOWTH OT NpUOMMKEHHS ONMKAWIMX cocened, To

MNOTCHOUAJIbHAA SHEPTUA JOJIDKHA OBITH 3amucaHa B BHUAC

U :%ZM(En_ErH)zy

nZl

p

B sTom cnydae, mepexons K 000OIIEHHBIM KOOpAMHATaM, Mbl CHOBa MPHUJIEM K
BBIPAKEHUIO

U =%m2wz(k)A<A_k,



TOJIBKO KBaJIpaT 4aCTOTHI OYJIET OMpeaeisaThCs (hOPMYIIOi

wz(k)=%2y,sin2%, | =la, | =1,2,...N .

B cymme 3TOM 10CTaTOYHO ydecTh HECKOJIBKO MEPBBIX ciaraeMbix. Hanpumep, npu
BaH-Jlep-BaallbCOBCKOM B3aUMOJEHCTBIN Mexkay aTomamu ) ~ y,a°/1°. Tlostomy

yxke npu | =2a Bkimag B cymmy cocraBiasier 0,016 yactu BkiIama IEepBOro
CJIaraeMoro.



