X2

- X =X L 9

rodt r codg dt — dt (4.24)

e oauH criocid oTpUMaHHS SIBHOTO BUTIISAY MPOEKLIN U 1
Us y TIONApHIA cHCTeMi KOOpIMHAT TONATa€ B MPAMOMY

nu(epeHLitoBaHHI  pafiyc-BeKTopa, r=re, 32 4acom:
17 =% =% =%ér +rﬂ. [Toxinna opra € 3a uacom, y
CBOIO Yepry, JOPIBHIOE:!
B
d_tr = —(cos¢eX +S|n¢ey)
_ 5 dlcosp) , (sn¢) o (aing)9B
=€y =ey\—SIing)— +e, cosp— =
it Y a «(-sing) at &Py
o . de
d—¢( singeé, +cos¢ey)= d—? % - (4.25)

__dr dg . . .
Orxe, U —aer + rae¢ . Koediuientn B 1IbOMy BHpasi npu oprax
i € MpoeKlissMH BeKTOpa WUIBUIAKOCTI HA BIJIMOBIHI HAMPSAMKH:
U=dr/dt, us=rd g/dt. Lleii crioci6 € HaifkopoTIINM, aie B HbOMY, SK i
B MOTepeJHbOMY, (DI3UUHUI 3MICT NPOEKLiH U; i Us € TPUXOBAHUM.
OTmke, MM OTPUMAJIM SIBHUH BHIJISAI UL MOJYJIS MOMEHTY
IMITYJIbCY B MOJISIPHUX KOOPJMHATAX:

L =mru, = mr?dg / dt . (4.26)

[lpoananizyemo, 10 oO3Hauae 30EpEeKEHHS MOMIYJIs MOMEHTY
IMITyJIbCY MaTepiallbHOi TOYKM TpU i pyci B LEHTpaJbHOMY MO,
TOOTO He3MiHHiCTh y 4aci Bupasy (4.26). Ilas uporo moaiiumo
TPAEKTOPi0 PyXy Ha Majli AUISHKH, 10 iX MPOXOAWUTH MarepiajbHa
TOYKAa 3a OJHAKOBiI Maji mpomixku dvacy (puc. 4.8). O6umucianmo
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wionty TpukyTHHka OAB, 1m0 yTBOpPIOETBCS pajiyc-BEKTOPOM

r=0A Ta eneMeHTapHUM mnepemimieHHsmM dr = AB. s uporo
3pYYHO CKOPHCTATHUCh T€OMETPHUYHHUM 3MICTOM BEKTOPHOTO JI00YTKY.
[Mopaxyemo tutonty dS tpukytHuka OAB sk HamiBAOOYTOK TOBKHH
ctopid OA i AB na cunyc kyra JOAB=a wmix HuMU:

dS=0.50AABSINa= Q5|f|dr|sin(7-a). (4.27)

3a3HauuMoO, WO KYT /- — 1l € KyT MDK pajiyc-BeKTopoMm I Ta
BeKTOpoM immynbcy P=md =mdr/dt. Toai Bupasz mns mmomi
LbOTO TPUKYTHUKA MaTUME BHUIJISIL

L dte
S—ﬁ|r|[]]pdt|sm( F.p)= |[ ]|——L (4.28)

[Tnomwmy, AKY OMNUCye€ N
(«3amiTae»)  pamiyc-BeKTOp ]
3a omuuuio vacy, dS/dt,
HA3UBAIOTh CEKTOPianbHO
LUBWAKICTHIO. 3a pO3MipHICTIO

[d/dt] =m?c. 3aBIsKH
30epexKeHHIO MOMEHTY
IMITyJIbCY MaTepiaibHO1
TOYKH, KA PYXa€eTbCs y MO
LEHTPAIbHUX cul,
dS=const dt Takum 4uHOM,
TEOPETUHHO JOBEIIEHO Puc. 4.8.]l0 n0BeieHHS IPYTOrO

o 1
apyrmi 3akoH Kennepa™ 3akoHy Kerepa
«Paniyc-Bektop, mo moeaHye CoHie 3 Oynb-SKOIO TUTAHETOo, 3a
PiBHI MPOMI>KKHM Yacy OIMUCYE PiBHI MIOLLI».

! Kemnep (Kepler) Morannec (1571-1630) — mimeuskuii izocod,
MaTeMaTHK, aCTPOHOM, acTPOJIOT i onTHK. B o0uucioBabHil MaTeMaTHII
Ha 0oro yecTh Ha3BaHO METOHA HAOJIKEHOro OOYMCIIEHHS iHTerpaiiB. BiH
BIOCKOHAJIMB TEJIECKOM-pepakTop Ta IOMOMIl [OBECTH BiTKPHTTH,
3pobneni 3 mormomoroto Teneckoma [amineem. Im'sim Kemepa HasBaHO
BiIKDUTY HUM HaIHOBY.
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Xoua CoHLE TaKOX pyXaeTbCsd dYepe3 B3AEMOLII0 3
TUIaHeTaMH, ajle Horo maca € qy)Ke BEJIMKOIO MOPIBHSAHO 3 MacaMu

nnaner CoOHAYHOT cHMCTeMM:  ng /my = 2010°%2/ 61074k = 3320103,

me/my, =10, TYT Me — 1ie Maca CoHis, My — Maca 3emuti, My, — Maca
HaiiBaxkuoi cepen miaHet CoHsuHoi cuctemu FOmitepa. A po3mipu
paniyciB opOiT pyxy ruiaHeT HaBkoJio COHIS ICTOTHO MEPEBUIIYIOTh
paniyc CoHug. HaBenemo TyT aeski 3 UMX MapaMeTpiB pyxy: paiaiyc
3eMHO1 opOiTH R(;3=1,5><108 kM, pajiyc CoHus R(;=7><105 KM, pajiyc
opbitn IOmitepa R40=7,8x10° «km, pagiyc mmanern IOmitep
R0=6,3x10° kM. ToMy B 3ajauax npo pyX riaHeT HaBkosno COHLE
OCTaHHE MO)KHAa BBa)KaTH HEPYXOMHM, i PO3IIIAATH PyX IUIaHET Y
noni TskinHA COHUYM SK pyX MarepiajlbHUX TOYOK Yy Todi
LIEHTPAJIBHOL CUJIH.

4.8. Mepwui 3akoH Kennepa

Mepwwnin 3akoH Kennepa creepmkye: «Bci rmuaHeTH
pyXaloThcsl 3a eminTUYHUMH  opOiTamu  HaBkojio CoHug, ske
3HaXOJ/IUThCS B OJTHOMY 3 (DOKYCIB eminca».

Bcei cBoi 3akonn Kemsiep BCTaHOBHMB eKCIIEPUMEHTAIbHO,
CHCTEMATH3yBaBIIM Ta YCBIIOMHUBIUM pe3yJbTaTh OaraTopiuHHUX
criocTepe)keHb (fK BIaCHMX, Tak 1 CBOIX momnepenHukis). Came
cnuparoynch Ha 3akoHu Kemepa, HbloTOH BHBIB CBili 3aKoH
BCECBITHBOTO TSDKIHHS. AJie TEOPETUUHO MOXKHA, BUXO/SYH 3 3aKOHIB
HetoToHa, pospaxyBaTu TpaekTopito pyxiB TtuaHer B CoHsUHIHN
cucteMi. [ bOro CKOPUCTAEMOCS 3aKOHOM 30€peKeHHSI MOMEHTY

iMITyJbCy:
L =mryy = mr2d¢/dt = const (4.29)
Ta 3aKOHOM 30epeKeHHsI MOBHOT MEXaHiYHOT eHeprii:

mv’ mM  m{ . mM
Ep =K+U = —y—==\’ 40U |- y——=
0 2 4 r 2(’ ¢) 4 r
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2 2 2
= E(Ej +r_(%j —yM = const. (4.30)
2\ dt 2\ dt r

3 uux aBox 3akoHiB (4.29)ta (4.30)Maemo nBa piBHSHHS JUTS JABOX
HeBimoMux QyHkii r(t) Ta ¢(t). [{boro mocuth, mod MaTeMaTHYHO
onucatu pyx rnaHetT B CoHsuHiii cuctemi. PiBHSHHS TpaekTopii
r=r( #) He MiCTUTP 4Yacy — Ile TMigKa3ye, fAK CJia pO3B’A3yBaTH
cucremy piBHsiHb (4.29) ta (4.30): nepenoBciM, CIIil BUKIIOYUTH
3 MX piBHAHB 4ac. J[iis uporo 3Haiaemo 3 (4.29)Bupas s nmoximHoi

dg/dt:
dg /dt=r /(mr?), (4.31)
i migctaBumo #oro a0 piBHsHHs (4.29):

. 2
By L7, MM (4.32)
2 2r’m r

3 (4.32)3HaiinemMo MoxigHy Bif BiZcTaHi I' 32 4acoMm:

.2 2 2
AL L +ymM L p2= 2Bg L7 | ZymM;
2 2r’m r m  2r2m? r
2
dr_ |2Bg _ L7 ,2M (4.33)
dt m  r?m? r

3ayBakumo, 110 mia paaukaioM B (4.33) MOKHA BHIIUTUTH MOBHHIA
KBaJ[paT:

L8 DM (LY L () (G g

r°m2 r mr mr L L

3 ypaxyBanHsim dpopmyau (4.34)noxinHa dr/dt HaGyBae Burisay:
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or @(W_MJ L _yom )’ (4.35)
dt m L mr L ) '

BusHaunmo enemeHTapHUii mpomikok vacy dt 3 (4.31)ta (4.35)Ta
MPUPIBHAEMO Lii BUPa3H:

dr _ d¢mr2
26y (ymM )’ _(£ _ymm)? ©
m L mr L
B Takuii crioci6 MU 3100ynu piBHSHHS, B skoMy He dirypye vac. Lle
PIBHSHHS PO3B’S3yIOTh METOJIOM MOALTY 3MiHHMX, ToOTO (4.36)
MOKHa TOTOJKHO TIEPETBOPUTH TakK, aOM OJHA YacTHHA PIBHSIHHS

MiCTHJIA JIMIIEe OAHY KOOpPAMHATY Ta 11 AndepeHLian, a apyra — iHury
3MiHHY:

dt=

(4.36)

Ldr

dg= = (4.37)
2E M2 M )
S R
m L L mr
(-t
3 L mr

2By (M2 _(ymM _ £ Y2
m L L mr
I[J'[ﬂ CKOPOYCHHA i COPOIICHHS 3amyuCy BBEACMO MMO3HAYCHHSI:

2
2= 2Eo +(ymMj = ymM
m L L

L .
———, TOA1 OTPUMYEMO:
mr

d¢:L
laZ_XZ

CkopucTtaeMocs napHicTiO GYHKLIT KOCUHYC!

= @-@o= —arcosg . (4.38)
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ynM _i 1_ [é 1 B
L mr _ ym~Mr r
CoS(@—¢@o)= 5= > . (4.39)
\/ZEOJ’(WM) 1. 2EoL e
m P 2mm 2

TyT BBe/IeHO 3arajibHOBKHBaHI MO3Ha4YeHHs: NapameTp opbiTh (abo
dokanbHUN NapameTp) P i EKCLEHTPUCUTET €:

=0 (4.40)
y2m3M 2

3 ypaxyBaHHSM IHMX TO3HAa4YeHb TPAEKTOPisS MaTepiadbHOI TOUYKH

Ha0yBa€e HACTYMHOTO BHUIIIALY: I = ) . Le € piBHsIHHA

B L S
1-ecod¢ - ¢
eninca, To0TO, MU JIoBenu niepiuii 3akoH Kernepa. [Ipoananizyemo
3100y THIA pe3ysIbTar.

3a pO3MIpHICTIO MapaMeTp OpOiTH — 1e JOBXKHHA, [P]=M.
Moro dizvunmii 3MicT Haifkpalue 3po3yMiTH 3 TOro, mo y pasi
HYJIBOBOTO eKCLeHTpHrcuTeTy, €=0, MaTepiaibHa TOUKA pyXaeThcs MO
okpyxHocTi, r=p. 3 ymoBu €=0 3 ypaxyBanusm dopmynu (4.40)
JIICTAEMO, 10 BiJMOBiJIHE 3HAYCHHS MOBHOI MEXaHIYHOI eHeprii npu
LIOMY € BiJl EMHUM,

E=—y2mM 2/2.2 . (4.41)

Lleit pe3ynbTaT criiBnagace 3 TUM, sikuii Oyno 3100yTo B naparpadi 4.5
JUis (DiHITHOTO PyXy B TpaBiTallifHOMY TIOJI.

Excuenrpucurer € 0e3po3MipHUM mapaMeTpoM. SKIIo BiH
€ MeHIMM 3a oauHuLio, 0<e<l, TpaekTopielo MarepianbHOI TOUYKH
€ eminc. [lpu upbomMy nMoBHa MexaHi4Ha €HEprisl TAKOXK € BiJ EMHOIO,
- y2m3M 2 / 212 <Ex<0, mjo Takox criBmajmae 3 pe3yJibTaTamH,
3n00ytumu B maparpadi 4.5. HaliMmeHury BigcTtanb BiJ MiiaHeTH J0
CoHug, [Imin= p/(1+ e), HA3WBAIOTh NepureniemM, mis 3emiti BiH
craHoBUTh 147 MiaH kM. HailiOinbiry BificTaHb Bij MJIaHETH 10

135



CoHUS, Imae p/(l—e) Ha3WBAIOTh

adpeniem, miasa 3emii — e 152 miH
kM. Sk BUAHO, op6GiTa 3emii majo
BiPI3HAETbCA Bil OKPY)KHOCTI, il
EKCLEHTPHUCUTET 3 MaJIiM.
3azHauMMo 0e3 JIOBeJeHHS, IO
B eyinci cyma BifctaHed Bim Oyib-
SIKOI TOYKHM Ha HbOMY [0 JABOX HOroO
dokyciB € crana BeiuunHa (puc. 4.9).

SBHi Bupaszu ans adenio Ta
nepuresio,

Puc. 4.9.]]o Bu3HaUeHHS
MOHSTTS <«EJTIiIc>»

1F¥e —2E0

-_b M, >0, (4.42)

rmax,min

y2m3M 2

— MOXKHa oTpumatu 0e3 Toro, abu po3B’sA3yBaTH JuUdepeHIiaTbHe
piBHsHHS 1 3100yBaTH TpaekTopito, npsamo 3 piBHsaHHA (4.32). Jlns
ObOr0  JOCTaTHBO  CKOPUCTATUCh  HACTYNHUM  (i3UYHHM
MipkyBaHHAM. B adenii (mepurenii) ruiaHeta mnepectae BiIJalsTHCh
(nabmmwkaTrce) Bim (mo) Conis. B mpx Toukax BigcTaHb Bifl IJIaHETH
no CoHus csarae Makcumymy (MiHIMyMy), TOOTO IIBHIKICTh 3MiHH

BizcTaui nopisnioe Hymo, dr/ dt|r =0. I1pu upOMy piBHSHHS

minmax
(4.32)HabyBae BUIIIsAAY KBAAPATHOTO PiBHAHHS BIIHOCHO I'max min

2
2
L |, ™ _g. (4.43)
2m \ I'min,max "min,max

PO3B’ I3KH SKOTO CIiBNAAAI0Th i3 BUpasamu (4.43).

HynboBe 3HavyeHHs moBHOT MexaHiuHoi eHeprii, E,=0,
BianoBigae (auB. gopmyny (4.40)) OqMHUYHOMY EKCLEHTPUCHUTETY,
e=1. Ilpu uboMy MaTepiajibHa TOUKa PyXaeTbcs Mo mapadoni, To0To
BUKOHYE Bxke iHQIHITHUN pyX.

Pyx mo rinepboni  peamidyeTbcs A 3HAYCHb
EKCIICHTPHUCUTETY, SIKi € OUThIIMMH 332 OAMHUIN0, €>1, mpu 1bOMY
noBHa MeXaHiuHa enepris € mogatHoro (muB. (1.4.33)),Ex>0. Lleii
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pe3yabTaT TaKoXK MOBHICTIO 30iraeTeCs 3 TUM, KU Oyio 3100yTO B
naparpadi 4.5., Koy po3riisaan MOXIMBICT peatizaiii GiHITHOro
Ta iHQIHITHOTrO PyXiB Yy rpaBiTaliiHOMY MOJIi.

VYV rpaBitauiifHoMy TMOJi cuia 3aBXKOW COpPSMOBaHa [0
cuIioBoro 1eHTpy. OnHak, micis HabIKeHHS J0 TIepUrellito TiaHeTa
nounHae BimgaaaTuch Bix CoHI. 3HANWIEMO BIAMOBIIL HA MTATAHHS,
YoMy TIOTIPH IO CHJIW TsOKiHHS TutaHeTa He najae Ha Conue. J[is
LbOr0 CKOpUCTaEMOCh piBHSHHAM (4.32). BOHO Mae BHIJIS[ 3aKOHY
30epeskeHHs TIOBHOT MEXaHIYHOT eHeprii, B SKOMY KiHETHYHA SHepris
00epTabHOrO PyXY, O.EmU¢2, 3aMacKoBaHa MiJl BUMIAAOM (YHKIT
panmiagbHOi  KOOPAWHATH, LZ/ (2r zm), SKUA ~ IpUTaMaHHUI
NMoTeHLiabHil eHepril. Bnache, piBasHHs (4.32) MoXKHA TpaKTyBaTh
TaK, HIOMTO B HHLOMY CyMa KiHETMYHOI €Heprii padiajJbHOTro pyXxy,
0.5mu?, Ta e(eKTUBHOT MOTEHIIATBHOT eHeprii,
U'= (LZ/(Zr Zm)— ymM/r), € HE3MIHHOIO.

[poananizyemo 3anexuicts U (r). TIpn Mamux 3HaueHHAX
BigcraHi g0 CoHug, I — 0, mepeBakae NepiInii TOAaHOK, LZ/ (2r2m),
e(eKTHUBHA TMOTEHIliaJIbHAa EHepris € JOJaTHOK 1 Mae 0coOJMBICTh
1/r2. [Ipu 3HauHomy BigmaneHHto Bim CoHIM, I — 00, TepeBaXKae
Apyrui JIOIaHOK,

(-ymM/r), edektnBHa ‘

MoTeHLiajbHa eHepris U
€ BiJl' EMHOIO 1 MIpSIMY€E

IO HyJISl IPOTIOPIIHHO

(-1/r)  (puc. 4.10). E
Ve 3 UuUX MpoCTHX
MipKyBaHb BUILUTUBAE,

mo sanexuicts U (r)

MICTHUTB MIHIMYM.

AOu 3HaliTH Horo,

CHiJT Y3ATH TMOXiJHY

BilI UN()] 3a
paniaabHOIO Puc. 4.10.3anexHicTb eeKTUBHOT
KOOPMHATOO Ta MOTeHLiaIbHOT eHeprii Bij paaiycy

MPUPIBHATH 11 HYJIO:
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* 2
v __L° My (4.44)
dr r3m r?

3 piBusiHHg (4.44) nictaeMo KOOPAMHATY MiHIMyMYy, I1= Lz/ }sz .
Ile B TouHocTi chiBmagae 3 mapamerpoMm opbith (4.40), wio
BiJMOBiZae (i3MUHOMY 3HAYEHHIO Mapamerpa opOiTH sSK pajiyca
OKPY)KHOCTI, TO SIKili pyXaeTbcs MarepialbHa TOUYKA 32 YMOBH
HyJbOBOro ekcieHTpucurety, €=0. 3mo0yTte 3HaueHHs I; Ja€
MOXJIMBICTh 3aMiHUTH MaTeMaTHYHe BU3HAUEHHS MaJlol BiJICTaHi JI0
CoHIlg, BUKOpUCTaHe BHINE, « — 0», Ha (izuuHe BHU3HAYCHHS:
«<<r ;». AHaJOriYyHO MareMaTH4yHEe BWU3HAYEHHSA 3HAYHOIO
BinnaneHHs Big COHI, « — 00», Terep MO>KHA 3aMiHUTH Ha (pi3udHe
BU3HAQUEHHS. «I>>T 1%,

[lopaxyemo 3HaueHHs e(eKTUBHOI MOTEHLIAIbHOI eHeprii
Tpu =T 4

U*(r )= ? ymM L2y2m4M2 ymMysz _
)= - = - =
2r12m n 20%m r?
25 3n12
:—%. (4.45)
2L

3BepHeMo yBary, mo ne 3HauenHs, U (ry), B TouHoOCTi criBnazae 3
THUM MiHIMaJbHUM 3HAYEHHSAM MOBHOT MeXaHiuHOT eHeprii (4.41),sxe
BiJIMOBIZIae pyxy MO OKpyxkHOocTi. Takuit 30ir Mae mpocrte QizuuHe
TiiyMadeHHs. Konu noBHa MexaHiyHa eHepris Mae 3HaueHHs (4.41),
BIZIMOBiTHa TOPU30HTAJIbHA NPSIMA Ma€ JIMILE OJIHY TOUKY MEPETHUHY 3
rpadikoM edeKTHBHOI MOTEHIiabHOI  eHeprii, [=r;, TOOTO
TPAEKTOPIs PyXy MaTepiaibHOT TOUKH € OKPY>KHICTh. Konu *k moBHa
MeXaHiYHa eHepris € BiI eMHO, ajie OuIbIIo 3a 3HaueHHs (4.41),
TO BIAMOBIAHA TOPU3OHTAJbHA TMpsSMa Ma€ B TOYKH TEPETHHY 3
rpadikom eheKTHBHOI MoTeHIianbHoi eHepril (mus. puc. 4.10). ITi
TOUKH 1 € TIepUrestieM i adesniem.
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4.9. Tpemit 3akoH Kennepa

3mict wporo 3akoHy Kemnepa mnonsrae B ToMy, WIO:
«KBangpatu mepiomy uacy oOepraHHs T1UiaHeT HaBkosio CoHId
BiTHOCATBCS OJIMH JI0 OJIHOTO TakK, K KyOW BEJMKUX MiBOocel TXHiX
eNINTUYHUX OPOIT».

Jns cnpouieHHs MaTeMaTHYHUX 3alMciB JAOBEAEMO L€ Ha
MPUKJIANi pyXy TO OKpyXHocTi 3 paaiycom R. Ilmanera, mio
piBHOMIipHO 0OepTaeThess HaBKOJIO COHII N0 OKPYIKHOCTI, PyXa€eThCs
3 JIOLEHTPOBMM MPHUCKOPEHHsM a=w’R mij mielo cunm rpasitamii

F=ynM/ R?.3a JIpyruM 3akoHOM HpIOTOHA MaeMO PiBHSHHSIM:
wR=yMIR. (4.46)

bepyun 10 yBaru 3B'a30K KyTOBOi HIBHAKOCTI OOpTaHHS IUJIAHETH 3
nepiogom, w= 271 /T, nepenuiemo (4.46)y HACTYITHOMY BUIJISII:

2
T2 _ 47
— =, (4.47)
R® yM

ne 4% /()M )= const— me ozHa if Ta cama BeJIMYMHA T BCIiX TUIAHET
onniei CoHAYHOI crcTeMu, 60 BOHA He 3aJIe)KHUTh BiJI XapaKTepUCTHK
mnanety. o 6mmkya mranera 1o CoHIIsl, TO KOPOTIIHMA TaM piK, aje

3QNICKHICTh 15 HE € TPIMO MPOMOPLIHHO, a BHU3HAYAETHCS
dbopmyioro (4.47).

4.10. KocMiyHi weudkocmi

[lepminmM KpoKOM y MIKIUTAaHETHHX TMeEpenboTax € 3aImycK
LITYYHOTO CYMyTHHKA 3eMili, SIKHi pyXaTUMeThbCs MOOJIU3Y MOBEPXHi
3emii. [leplwiod  KOCMIYHOK  LUBUAKICTIO, U;, Ha3UBaIOTh
MiHiMaJbHy LUBUIKICTB, SIKY CNiJ HaAaTH Ty Ha MOBEpPXHi 3emii,
abu BOHO MOIJIO Ha3aBXKAM TMOJIMIIUTH 3eMJIIO, CTaBIIM 11 IITYYHUM
CYMYTHHUKOM. 3a IpyruM 3akoHoM HbloTOHaA 171 MaTepiaabHOT TOUKH
Macku M, mo obepTaeTbcsi HaBKOJIO 3emuti (Maca M;) B momi ii

TOKIHHA 1O  KpyroBiii opOiti  pamiycom R, Maemo Take
CITIBBIJHOIIIEHHS
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ma=mu? /R=F,,,. = ymM; /R?. (4.48)

Jl1s HaBKOJIO3eMHUX OpOIT BiJICTaHb MiXK MaTepiajibHOIO TOYKOIO Ta
LEHTPOM 3eMJIi MOXKHA BBaKaTW MPHUOIM3HO PIBHOKO pajiycy 3emii
R;, ToAi 11 nepinoi KOCMiYHOT IIBUAKOCTI 3100yAeMO BUPa3:

U =\[M3 IR =,[gRs = 8110° wilc. (4.49)

TyT MM CKOpPHUCTAJUCh BW3HAUEHHSAM TMPUCKOPEHHS BUIBHOTO
nazinns, g= M3/R;%. Binzuaunmo, 1o 3106yTe 3HauenHns (4.49)cmin
pO3rNIAAaTH SK OLiHKY, 00 mpu ii oTpuMaHHI OynO 3HEXTYBaHO
OaraTbMa peaJbHUMHM yMOBaMH, 30KpeMa, OIMOpOM  TOBITpA,
obepraHHSIM 3emili, TOIIO.

JpyruMm KpOKOM Yy MDKIUIAHETHUX TepefaboTax —Ciil
po3risigaTM  Taki TMONBOTH, KOJMM KOCMiYHA pakeTa TOJIMIIAE
HABKOJIO3eMHUI MpocTip. MiHIMallbHY HIBHJKICTh, SIKY CIiJI HAJAaTH
TiJly Ha moBepxHi 3emJii, a1 BOHO MOTJIO MOAOJIATH TSHKIHHS 3emiti
i BimmanuTucs Bi Hei Ha CKiJIbBKM 3aBroJIHO BEJIMKY BiJICTaHb,
Ha3WBalOTh APYrO KOCMIYHOK LUBUAKICTIO. BusHauumo apyry
KOCMIUHY HIBHJKICTH 13 HACTYMHHMX MIpKyBaHb. 3Ha4YeHHS
HalMEHINOT MOBHOI MEeXaHIYHOT eHeprii, sika noTpidHa i Toro, abu
pyX MarepiajbHOT TOYKM B TOJMI CWIM TSOKIHHA cTaB iH(QiHITHHUM,
nopisatoe: E =0. INpu upomy Tisio pyxatumeTbest 3a mapabostiaHO0
opbGitoro (mapabosti BianoBifgae excueHTpucurer €=1). 3anuiinemMo
3aKOH 30epexeHHs eHepril:

mu?/2-ymM3 /1 =0. (4.50)

3Biacu 3HalAeMo Opyry KOCMiYHY IUBUIKICTh:
Uy =J2yM IRy =42 U=11.2kmlc. (4.51)

[Ipy BUBOHI aHANITUYHOrO BUpPA3y Ui JAPYroi KOCMIYHOT
IIBUIKOCTI MU 3HEXTYBaJIM JIUCUIIALIEIO eHeprii, o0epTaHHAM 3eMJli
sk HaBkosio COHIIA, TaK 1 HABKOJIO BJIAcHOI oci, Tomo. BigzHaunmo,
110 BIUTMB iHIIMX MJIAHET TAKOXK MOXKE CIPUYMHUTH 3HAUHUH eeKT y
Hu3Li 3amad. Hanpuknan, skimo Jerith Ha YpaH 3a YMOBH
CIIPUATIAMBOrO postanryBaHHs lOmiTepa Ha ioro opOiTi, TO TOJIT
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MOJXKEe 3alHATH I ATh POKIB 3aMicTh IIICTHAALSATH, fAKi MOTpPiOHI
y 3arajibHOMy Bumaaky. Kpim Toro, Mu BBaxanu opbity 3emii 3a
OKPYKHICTb.

TperiM KpoOKOM y MDKIUIAHETHUX MEpesiboTax  Ciij
PO3IIIAAaTH Taki MONBOTH, KOJIK pakeTra nonuinae COHIYHY CHCTEMY,
cTapTyBaBiind 3 opOiTh 3emni. MiHIMalibHY MIBUIKICT, SKY CIiJ
HaJaTH TUTy Ha TIOBEpXHi 3emJli, abW BOHO MOTJIO MEepe0opOTH CUITY
TOKIHHA He e 3emiti, a it CoHUs | BUATH B MIDK3OPSHUIA MPOCTIp,
HA3UBAIOTh TPETbOK KOCMIYHOK LIBWMAKICTHO. BusHaummo i
3 MipKyBaHb, QHAJOTIYHHMX 1O THX, IO OYJI0 BHUKOPUCTAHO TMPH
3M00yTTI Apyroi KOCMIYHOI MIBUAKOCTi. A came, HaliMeHIIa MOBHA
MeXaHI4YHa eHepris, sKka € MOTPIOHO s iHDIHITHOrO pyXy B MOi
TskiHHA 3emuti Ta COHIIS, IOPIBHIOE HYJTIO!

mu?/2-ymM; /Ry = ymM /Ry =0. (4.52)

Tyr M¢c — ne maca Conng i Ry — me pamiyc 3emHOi opOiTw.
[NoTeHuianbpHa eHepris rpaBiTallifiHOT B3a€MOJIIT pakeTH Ha MOBEPXHi
Haloi ruiaHeTH 3 3emsiero 3a abCOIOTHOK BEJIMUYMHOK Habarato
MEHIIIa BiJi MOTEHIIaJIbHOI eHeprii rpaBiTaliifHOT B3aEMOJIT paKkeTH
(na opGiti 3emui) 3 ConueMm. Lle He € OYEBHUAHUM, TOMY MOKAKEMO
e MUISXOM MPSAMOro po3paxyHky. YacTka moTeHUialibHOI eHeprii
rpasiTauiiiHoi B3aeMofil MEeBHOro Tina 3 3emyelo 10 HOro eHeprii
B3aemozii 3 CoHlleM 3a MoayJieM JOPiBHIOE MaJliii BeJIMUHHI:

ymMs . [ ymMc | _ ymMsRsc _
R; Rsc ymMeRs
MRy _ (611074 o)l 500t )
B McRs3 B (ZIJOSOKZ)EQG4ELO6 M)

=0.07<<1.

Tomy ans mpocToi OUIHKM TPeTbOoi KOCMIUHOI HIBMAKOCTI MOXKHA
ckopuctarucs (opmysoro (4.51),3aminuBIIM B Hili Macy 3emii Ta ii
paniyc, BinnoigHo, Ha Macy CoHusg M¢ Ta pajiyc op6it pyxy 3emii

HaBkoso CoHus Ryl Uy = /2y M | Rye =42 kmlc. Hacnipaeni, s

BEJIMYMHA HIBUKOCTI € JTy)Ke 3aBUIIEHOI0. SIKIIO CKOPUCTATHCS THM,
0 pakeTa Ha TOBEpPXHiI 3eMjli BKE€ Ma€ MOYaTKOBY IIBUIKICTh
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BiqHOocHO COHIIM BHACIHIZIOK piuHOrO oOepTaHHs 3emMii HaBKOJIO
CoHIii, a TakoXX BHACHIIOK J0OOBOro obepTaHHS 3emili HaBKOJIO
BJIACHOI OCi, TO/I MiHIMaJibHEe 3HAYEHHS IBUIKOCTI, SIKY CJIiJ| HAlaTH
pakeTi Ayis TOro, o0 BoHa Morjia MojguiuTd COHSYHY CUCTEMY,
MO>KHA 3HAYHO 3MEHIINUTH: Unir=d2—25=17 xulc .

4.11. lMpobnema deox min

Cepen kocMmiuHMX 00’ekTiB  Hamoi [anakTuku Macy
posmozineno mnomik npuommsHo 10 sipok, miamerp Hamroi
[anakTuky cTaHoBUTH 61u3bko 10° CBITOBHX POKiB, uac 1i obepTaHHs
HABKOJIO BJIACHOT OCi ckiiaiae BenuunHy nputinzHo 200 MiTH. pokiB.
Cepenl KOCMIYHUX 00’ €KTIB 3YyCTpi4aloThCs pi3HI 32 po3MipaMu
i Macoro. | He 3aBKaAM IS BUBUCHHS B3a€MOJIT ABOX i3 HUX MOXKHA
BBaKaTH Macy OJHOro 3 TiJ HabaraTo OiNbLIOIO 3a Macy iHIIOrO,
M>>M,, i He 3aBXKAM € 3aCTOCOBHOIO TEopis pyXy MaTepialbHOT
TOYKH B MOJIi HEHTpabHOT cuin. Hanpuknaz, ue He MoxHa 3po0UTH
y BUNAJKy BHUBYCHHs B3a€MHOTro pyxy Micsus Ta 3emii abo Takoro
00’ekTa, K MOABIHHI 3ipKH, i Take iHIme. JIOCHiAMMO B3aEMOZIIO
caMe TaKMX JBOX 00 €KTiB, MacH SKHMX € BeJIMYMHAMH OJIHOTO
MOPSAKY, My~M.

o 3amauy MoxkHA

pO3B’sA3yBaTM  Ha  OCHOBI r m,
3akoHIB HbIOTOHA Ta Ha OCHOBI r, T,
3aKOHIB 30epeKeHHS. o)

CriouaTky  JMHaMiKy
pyXy LMX MaTepialbHHX TOYOK
MiJ] JIi€F0 CHUJI IpaBiTallii 3 00Ky Puc. 4.11.]To npoGaemu JBOX Til
iHIIOT MaTrepialbHOI TOYKU 32
YMOBH, IO JO ILi€i 3aMKHYTOi CHCTeMH BXOIATH JIMLIE Li JBa
00’ €KTH, ONMLIEMO Ha OCHOBI Apyroro 3akoHy HetotoHa (puc. 4.11):

dzrl_ mm, .. dzfz __,/mmy .
—-y—E7  m = r. 4.53

o cuctemu piBHsHb (4.53) BXOJSATH TpW 3MiHHI: pajiyc-BeKTOp
nepuioro Tina fp, paaiyc-BeKTOp Apyroro Tima fp i iXHS pi3HULS
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I'=fp,—T, B ToMy uucai ii moayip r. Cucremy piBHsiHb (4.53)
MPUPOJHO Ta HECKJIAJHO TpaHC(HOPMYBAaTH B OIHE PIBHSAHHS Ui
onHiel 3minHOl T . Jlns uporo moxinumo nepie piBHsHHA (4.53) Ha
My, a Apyre — Ha M, Ta BixHiMeMo niepiue piBHAHHs cuctemu (1.4.50)
BiJl Ipyroro piBHSIHHS:

d2(fy - (1 1
—(diz 1)=—y—m:g12|’ H-i_m_ . (454)
2

3 ypaxyBaHHsM BBeieHoi B Po3mimi 3  3BemeHoi  Macu
L=mymy/ (myg+my) 3 (4.54)maemo:

d°r +my)
o =—y”(mlrsr“2)r. (4.55)

Ille piBHAHHS He
BUMarae OcoOJMBHUX 3YCHJIb
IUIsl oro po3e’szaHHA. bo
oro po3B’s30k € Jo0pe
BiJOMHUM i3 TeOpil pyxy
Tina 3BegeHoi Macu U
y  UeHTpalmbHOMY MO,
YTBOPEHOMY Macoio My+m. Puc. 4.12.P}/x Tina_%Bene'qu' MacH 1o
Omxe, mpobnemy ABOX Tij eninTIrHii opbiTi
3BEJIEHO A0 ByKe BiAOMOI Teopii, Ky mpencTaeieHo y naparpadi 4.8.
INokaxkemo, sk 3100yTi TaMm pe3yJibTaTH JAlOTh MOXJIMBICTh
JOCIIANTH PyX IBOX T 3 MacaMH OJHOTO TOPSAKY Ha TPHUKIAi
BUMAJKY Bil'€éMHOI MOBHOI MeXaHI4YHOi eHeprii. Y LbOMY BHUMaIKy
3BeJieHa Maca L/ pyXaTUMEThCS MO eJlifcy, B OAHOMY 3 (OKYCIB SKOTrO
MICTUTUMETbC Maca My+Mmy. Ha puc. 4.12 noka3zaHo MOJIOKEHHS
paziyc-BeKTopa 3BElEHOI MacH, SKWH, PyXaluuch 3a CTPIJIKOIO
TOAMHHUKA, 32 OJHAKOBI MPOMDKKHM 4acy 3aMajibOBYE OJIHAKOBi
ioli, siK TOro Bumarae Apyruid 3akoH Kemnepa. B gilicHocTi uei
paziyc-BeKTOp MOKa3ye BEKTOp, IO MOENHYE MepIle Tilo 3 IPyTHM.
Jlns BU3HA4YEHOCTI TpU MOOYIOBI i€l TpaeKTOpii BBaXkanocs, IO
Maca Jpyroro Tija BIABiui Oifblia 3a Macy meploro, Mp,=2m.
[TonoskeHHsT LEHTPY Mac y IbOMY BHMAJAKY MOKazaHO Ha puc. 4.12
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IpiOHUMHU Kpykeukamu. Sk Binomo 3 maparpady 3.1,y naificHocTi
LHEHTP Mac 3aMKHYTOT MEXaHI4YHOi CHCTEMH, SIKOK € JOCIiIKyBaHa
TYT CHCTeMa, L0 CKJIAAAeTbes 3 ABOX MaTepiallbHUX TOYOK, MOXKE
pyxaThcs piBHOMIpHO Ta mpsAMOJiHiiHO. BBaxarumemo ans
BU3HAYEHOCTI, 110 LEHTP Mac y HAIIOMY BHMAOKy € HEPyXOMHM,
TOOTO BBAXKATUMEMO, 1110 MU CIIOCTEPIraEMO 3a PyXOM IMX JIBOX
MaTepiaibHUX  TOYOK 3

CHUCTeMH BiIJIiKy, TOB’ s;3aHOT

3 ixHiM meHTpom Mmac. Tomi

IUIS BU3HAYEHHS TPaeKTOpiil

PyXy Tl My i M, HaJEXKHUTb

TNPOBECTH  TaKy MOOYAOBY. Puc. 4.13.BigHOCHMIA pyX JABOX TiJll
Criz 3HATH pajiyc-BEKTOPH 3

puc. 4.12 ta HakjnacTH iX OJAMH Ha OJHOTO TaK, abW MOJIOKEHHS
HeHTpy mac y Hux criBnanu (puc. 4.13).KiHii BeKTOpiB MOKa3yOTh
pyX Opyroro Tina, a iXHi MOYAaTKW — pyX MEpLIOro Tija HaBKOJO
HEPYXOMOT'0 LIEHTPY Mac, SIKMi Tenep MiCTUThCS B TOYL MEPETHHY
BEKTOPIB.

Po3p’sbkemMo Tenep mpobieMy ABOX T HA OCHOBI 3aKOHY
30epekeHHs] TIOBHOI MeXxaHiyHOi eHeprii. Ile TuM Oinbln BaXKIHBO,
o 3BejieHa Maca M BuHHMKIa B mepexoni Big (4.54) no (4.55)
HEOCTaTHbO OOIPYHTOBAHO — 3 TaKUM CaAMHUM YCIiIXOM pPiBHSHHS
(4.54) moxna Oyn0 MOMHOXKHTH Ha Oyab-sKy iHIIy Macy. B
HaBEJCHOMY HIDKUYe €HepreTHYHOMY ITiIXO/i 3BeJeHa Maca BUHUKA€E
CaMOY3roJIKEHO.

[TorHa mexaHiuHa eHeprist Eg cuctemu qBOX TiT TOPiBHIOE:

2 2
_ MYy | mMyus mmy

Ey = + - . 4.56

0= > TV (4.56)

TyT U1 1 U; — IBUAKOCTI NEpLIOro Ta APYroro TiJl BITHOCHO MOYATKY
koopauHar O (puc. 4.11), 0p=di/dt i 0y =dry/dt.
Ckopucraemocsi CTaHJApTHUM MpPUIOMOM: MepeiieMo 10 CUCTEMU

. . - Oy +myU
LEHTpa Mac, sIKa PyXaeTbes 31 WIBUAKICTIO V), =M. B

M mpm

i cHUCTeMi BIATIKY IIBHUAKICTH |-rO Tijla BH3HAYA€ThCS Tak:
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Ugj =Uj =V, - OTike, a1 WBMAKOCTEH MepIOro Ta APYroro Tis

y CHCTEMI [IEeHTpa Mac MaEMO TaKi BUpa3H:
Ogg =0y =V, = pl0y = 0) Iy,

Uep =0p =V, = (0o —0y) Iy (4.57)

BukopucTaHHs LMX 3HAa4YeHb IIBUIKOCTEH J03BOJISE MEpenucaTu
piBHsiHHS (4.56)B HacTynHMIA crociO:

- _ )2 - _ )2
- My Vyu + Va1 + Mo \Vyu +Uc2 _mmy _
2 2 r

2 2
—y2 M +My Mg +Molco
Vi + +
2

Eo

R (4.58)
Tenep ckopucTaeMocss THUM, IO CyYMapHHU IMITyJIbC
MeXaHiYHOI CUCTeMH, TTOPaxOBaHUil BITHOCHO LICHTPY Mac, AOPiBHIOE
Hymo (ue Oyno mnokasano y maparpadi 3.1), My + MU, =0,
a Takox (opmynamu (4.57).1le nae MOXKIMBICTh CIIPOCTUTH BUpa3
JU1s IOBHOT MeXaHI4HOT eHeprii:

2 2 4 r ’

2
Eo=v2 Mt (AU Hmy +my) (4.59)
Tyr 0=0,-0;=dr /dt - pe wBMAKICTb APYroro Tila BiAHOCHO
nepuioro. Sk 6yso 3a3HaueHo B nmaparpadi 3.1, ueHTp Mac 3aMKHYTO1
MEXaHIYHOI CHCTEeMH pYXaeTbCsl 3i CTalOl UIBHAKICTIO, TOMY
nepinuii [oaaHok B mpaeiii yactuni (4.59) € koHcTanTa. BoHa He
BIUIMBAE Ha PO3B’sA3aHHA 3a7ayi, 0O TMOBHA MeXaHIYHA EHepris
€ CyMOI KIHeTMYHOT Ta NOTEeHLiaJbHOI, SKy, B CBOI 4epry,
BU3HAYAIOTh 3 TOYHICTIO 10 KOHCTaHTH.
3 ypaxyBaHHSIM 3a3Ha4deHoro piBHsHHS (4.59) HaOyBae
BUTIJISIY 3aKOHY 30€peKeHHS MOBHOT MEXaHIUYHOI eHeprii MexaHiuyHOi
CUCTEMHU, sIKa CKIIQJIA€ThCS 3 MaTepiaibHOT TOUKW 3BEACHOT Macu L,
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KA pyXaeThes 3i mBMKicTIO U (if kKineTHuHa enepris 0.540°%) B noni
TSDKIHHS, SIKe CTBOPIOE Maca My+m;, (Horo moTeHLialbHa EHepris
€ B eMHOt0: —jl(my+my)/r).

TakuM YMHOM, TYT MOKa3aHo, 110 3a/a4ya JBOX TiJl 3BOJUTHCS
JIO 3a/iavi Mpo pyXx Tija 3BeJICHOT Macu L/ B TOJIi HEHTPAILHOT CHJIH,
CTBOPEHOI Macoro My+Mmo.

3a3HaunMo, IO 3a/Javy TPhOX Till, TOOTO 3amady Mpo
B3aEMOJII0 TPbOX MaTepialbHUX TOYOK, SIKi CKJIAJalOTh 3aMKHYTY
MeXaHiYHy CHCTEeMY, He B/IA€ThCS PO3B’A3aTH TaK MPOCTO, 5K Lie Mae
MiCIle y BUMAJIKY JIBOX TiJl. 3 OJTHOr0 OOKY, BUMAJA0K 3ITKHEHHS TPhOX
Tij € HabaraTo piAKiCHILIMM 3a 3iTKHEHHS TPbOX Tisl. 3 iHWOro OOoKy,
icHy10Tb (pi3uuHi 3agaui, Ae posib MOTPIHHUX 3ITKHEHb € BaXKIMBOIO.
VY upoMy BUMaJKy BIAIOTHCS 0 CHELiaIbHUX YUCIIOBUX METOJIIB.

4.12. KoHmakmmHi cunu (cunu peakuii i mepmsi)

SIKIO CTBOPHUTH KOHTAKT MiXK JBOMA TiJlaMH, HarpuKIa,
NPUTHUCHYBIIM OPYCOK 10 cToiy abo 10 CTiHHM, TO BUHUKAIOTh CHIIH
B3aemonii. Ilpu 1pOMy He Tibku Opycok Jie Ha CTiI, ane
W y BIAMOBIZHOCTI 10 TpeThoro 3akoHy HbroToHa BUHMKaE cuia, 10
nie Ha Opycok i3 6oky crona. KiHelp KiHLeM L0 cuily 00yMOBIEHO
BiJIIITOBXYBAHHSAM aTOMIB. SIKIIIO eJEKTPOHHI 0OOJIOHKH JIBOX aTOMIB
MOYHHAIOTh NepeKpHBaTHCh, MiK aToOMaMH BUHHKAE
BIIIITOBXYBaHHS, 1 YWUM OJik4e HaOIMKAIOThCS aTOMH, THUM
OinpIUM € 1ie BiAmToBXyBaHHsA. CHila BiIIITOBXYBaHHS aTOMIB Ma€
€JIEKTPOMArHiTHy TPUPOLY 1 MOXKE BHUSBHTHCH MIy’K€ BEIMKOIO
MOPIBHSIHO 3 CWJIOIO rpaBiTaliiiHOl B3aeMonii. SIKIIO MpPUTHCKATH
Opycok 10 cToJTy, TO aTOMH Ha MOBEPXHi cToy OyayTh HAOIMKATHUCE
JI0 aTOMIB Ha MOBEPXHi OpycKa 0 TUX Tip, JOKU pe3ysibTyloua cuiia
BiJIIITOBXYBaHHS, SIKA MAa€ HaNpsIMOK Ha3ycTpid MpHUKIAAEHIN cuii,
He Oyze TOpiBHIOBATH Tif 3a a0COIIOTHO BeJIMYMHOK. [1oi0HI crmn
BIAIITOBXYBaHHS MDK TOBEpPXHIMH MM OyIdeMo  Ha3WBaTu
KOHTaKTHUMH.

Ha puc. 4.14306paxkeHo OpycOK Macoro M, 10 NPUTHCHY THIA

0 TOPU3OHTAIBHOI TMOBepXHi 3 cwiol Fy, SKy HampasieHo
BEPTUKAJIBHO BHM3. JSIKIO y 1bOMY BHMAAKy aBTOMAaTU4HO
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i TTOMUJTKOBO

3aCTOCYBAaTH  PIBHSAHHS

ma= |EN , TO P‘; & w
MPUCKOPEHHS N

JIOPiBHIOBaTHME 7/

a= IEN /m, (4.60) Puc. 4.14.CxeMa 10CIily 3 BUSHAYEHHS
CTaTHYHOTO Ta TMHAMIYHOTO KoedillieHTiB
T00TO  OyuimMTOo  He TepTs
JOpiBHIOBaTUME  HYJIIO.
AJe 30BCIM O4YEBWIHO, O OpPycOK He HabyBae MPUCKOPEHHS i

aieto cunu Fy . binbun perenbHuil aHani3 nokasye, 1110 aTOMH CTiHKU

BiJIITOBXYIOTE OpYyCOK 13 CHJIOIO Ifl = IEN. Pesynbryroua cuna
JIOPIBHIOE HYITIO,

Fpes = Fy +Fy= By +(-Fy )=0. (4.61)
Cunoto, 3 KO OpyCOK THCHE Ha MOBEPXHIO, y HANMPOCTIIOMY
BUMAJKY € CHJIA TSKIHHS.

B ycix Bumagkax, KOMM 3acTOCOBYETbCA IpPYTHMil 3aKOH
HeloToHa, crnouaTky HEOOXiZHO OOYMCIMTH pPE3YNbTYIOUy CHITY.
IHoai mpaBubHE 3acTOCYBaHHS 3aKOHIB HbIOTOHIB MOKe BUSIBUTHCD
nyxe XutpoMmyapuM. CBOro pomy <«1epecToporor» MOXe CIyXKUTH
HACTYITHUM napamokc.

Posrnsinemo 1Ba 6pycku 3 MacaM My Ta Mg, po3TallOBaHi Ha

aBCOMOTHO raKuii nosepxHi. Cuny F npukmazaiots 10 Gpycka A,
i BiH niepepae 1i Opycky B. BianosigHo 1o TpeTboro 3akoHy HptoToHa
Opycok B, OywiMTo, MOBHHEH AisTH Ha Opycok 4 3 Takow X 3a
BEJTMUMHOIO | POTHIIEIKHOKO 33 HATIPIMOM CHITOI —F . Pesynbryroua
cuIia, 110 AiF0Th Ha OpYcoK A, TIOPiBHIOE CyMi CUITH F icwm peaxiii
-F Opycka B, TOOTO, OyLIMTO, JOpIBHIOE  HYJIIO,

Fpes = F +(— If)=0. BinnoeinHo nmo apyroro 3akoHy HeroToHa 1e
o3Havae, MmO Opycok A4, OyliMTOo, He TNPUCKOPIOETHCH,

a=F,,, /m=0!
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[MoMU/IKa Tosirae B MPUITYLIEHH], W0 cuia F  MoBHICTIO
nepeaaeTbcs Opyckom A Opycky B i, TakuM YHHOM, TOBHICTIO
npukiagaerbes 1o Opycka B. 3akonnm HproToHa 30BciM  He
CTBEpIKYIOTh, 110 1€ MOBMHHO OyTWM came Tak. Big uporo
MpUIyLIeHHs] TpeOa BiIMOBUTHCH i MPUIYCTUTH, IO CHUa peakuii,

uio aie Ha B 3 Goky A npuiiMae sikich iHIII 3HaYeHHs: F' . 3aranbHuit
MiAXIJA 10 PO3B’sA3aHHSA 3aja4 AWHAMIKW TIOJiArae B 3aCTOCYBaHHI
3akoHy HproToHa 1m0 K0kHOT Macu okpemo. Ha Macy Ma, okpiM cuimu

F, nmistime cuma peakuii 3 00Ky Mach Mg, HampapieHa B
MPOTHJICIKHUI OiK, fiKka 3a TpeTiM 3akoHOM HbroToHa nopieHioe — F' .

Toni pe3ynbTyroua cuia, o i€ Ha A NTOPiBHIOE F-F',i Ipyruit
3akoH HeloToHa HaOyBae BUTTISA LY

ma =F -F". (4.62)

Jnst macu Mg apyruii 3akoH HetoToHa nae

F'=mgd. (4.63)
Honatoun  piBusHas  (4.62) Tta (4.63), omepxxyemo
F =(ma+mg) &, aGo

a=F /(ma+mg). (4.64)

3a3HaurMo, 10 TAKWH caMHUil pe3ynbTaT MOXKHa 37100yTH, SKIIO
po3risaaTi o0uIBa Opycka K OfHe TiJIo 3 Macor Mat+Mg.

Jo wiel mopu MM pO3MIAAANM KOHTAaKTHI CHJIM, LIO
HarpasjieHi MeprneHauKyIspHo (M0 HOpMaJli) 10 MOBepXHi KOHTAKTY
Mixk aBoma Timamu. L{i cumu mMu HasBaiu CUNamu peakuii, IEN.
Kpim TOro, KOHTaKTHa CUJIa MOXKE MATH CKJIAZIOBY B3JIOBXK MOBEPXHI.

Cuna B3aemonii F,, , mapanenbHa moBepxHi, 3BeTbCsl CUMOKO TEPTS,
Fn OF, .
Brnawtyemo Takmii excniepument. [lpuenHaemo mnpy:KuHY

OHUM KiHLleM 10 Opycka, iHmMM — 1o auHamometpa (puc. 4.14).
JluHaMOMeTp 3a IOTOMOTOO MOTY3KH 3’ €IHAEMO 3 JIBUT'YHOM TaK,
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1o KOJTH JBUTYH
YBIMKHYTHH, MOTY3Ka
PIBHOMIpDHO HaMOTYETbCS Ha
Baj JBUTYHa. Y MOYaTKOBHUI

-

'
MOMEHT  4Yacy  MpYy>KUHY |
BBaXXa€MO '

'
Hee(OopMOBaHOLO. 0 . =l

VYBIMKHEMO JBUTYH. f l

Morty3ka moune piBHomipuo  Puc. 4.15.Jlo BU3HaYCHHS CTATHYHOTO
HAMOTYBATHCh Ha Bal, Ta JMHAMi4HOTO Koe(illieHTiB TepTs
MpyKUHA MOYHE

postsryBatich. Ha Gpycok 3 GOKy MpyXWHH MO4He RisTH cuia F
napajiejbHO 10 MoBepxHi. BemwuwmHy wiei cunm F mokasyBatume
nuHamometp (puc. 4.15).Criouatky (0<t<t;) 1s cumna 3a aGCOMFOTHOIO
BEJIMYMHOO 3pocTaTuMe JTiHiiHHO. [Ipu 1boMy GPYCOK JIMIIATHMEThCS

HepyxoMuM. Lle o3Hauae, mo cuna F  ypiBHOBa)KyBaTUMETHCS
SAKOIOCH iHIIOK cwiow. Ll iHma cuna gie Ha Opycok 3 GOKy

nopepxHi. [i HasuBaloTh CWMOK TepTs crmokolo F, =-F .

Ilinkpecnumo, WO cuiia TepTS CHNOKOK HE MAaE MEBHOIO 3HAYEHHS —
BOHA 3aJIeXKHTh Bijl TOrO, Ky 30BHILIHIO CHUJIy BOHA BPiBHOBAXKYE.

3 uiMHOM yacy cuna F 3poctaTume, i HacTaHe MOMEHT yacy
t=t;, xomum Opycok A mo4He pyxaTtuch. YuM OLIBLI TJIAJKOKO
€ TMOBEepXHsA, TUM paHilme Opycok npuiine y pyx. [lo3Haunmo e
rpaHMYHe 3HaYeHHs cuid Tepts sk F,. (iHgekc «c» o3Havae
«cratiuHa»). Yactka F,. 10 cuium HopManbHOI peakmii  Fy
XapakTepu3ye CTaTUYHUIA KOeiLieHT TepTa L.

M= Fmc/Fn. (4.65)

Ilapne OrrocteH KyJ10H2 €KCMEepUMEHTaIbHO BCTAHOBMB, IO IS
OiMBIIOCTI CyXMX MOBEPXOHb [/ Maibke He 3aylexkuTh Big Fy Ta Bif
TUIONTI KOHTAKTY.

UYepez kopoTkuit mpomikok uacy (t>t)) pyx Opycka

2 Kynon (Coulomb)Illaps Oriocten (1736-1806) —hpaniy3bknit hi3uk,
BilicekoBUit imxkerHep. Unen [lapuspkoi akamemii Hayk. [IpaioBaB y ramysi
CJIEKTPHUKH, MarHETU3MY, TIPUKJIaTHOT MEXaHiKH.
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cTabimi3yeTbes: BiH cTae piBHOMipHUM. [Ipu UbOMY B HampsMKy,
MPOTHIIIKHOMY JI0 OTO IBUJIKOCTI, HA HBOTO, SK i paHillle, Jli€ cuia,
MpoTe Tenep Le — CUNna TepTa KoB3aHHA F,, (iHmekc «0» o3Havae
«aMHamivHa»). BianopimHuii AUHaMIYHWA  KoeddiLieHT TepTA
BHU3HAYAETHCS TaK:

Ly = Fry [P (4.66)

Jns GinpliocTi pevoBUH [f, € TPOXM MeHIWUM 3a [f. Ls
pi3HMIIE  MOXKe  BimirpaBath  3HauyHy  pojb.  Hampuknan,
y TIOBCSIKJEHHOMY MMTTI B3MMKY 4YacTO MO)KHA CIIOCTepirat, sk
BOJi-HOBAYKM HAMAararoThCsi BHIXaTH TO CIU3bKii 10po3i Bropy,
HaJIMIPHO HATHCKAIOUM Ha «ra3», 1 OyKCyloTh Ha Micii abo HaBiTh
TUIMBYTh YHU3. BoHM mommistoTecs, 60 HaMararoTbCsi BAKOPUCTATH
CUJTy TepTs KOB3aHHS, TOJi SIK JOCBiMYeHI BOJNIi HAa TOBUIbHIHN
MIBUAKOCTI TOTPOLIKY IOJIAIOTh LUIAX Yropy, He 3pUBalOYHMCh Ha
MpoOYKCOBKY. YMHcHe abo TMiJICBIIOMO BOHHU TMPH  IOMY
BHUKOPUCTOBYIOTh Ty OOCTaBHMHY, LIO CTaTWYHUN Koe(illieHT TepTs
€ OipIIMM 32 TUHAMiuHKH (Tabmus 1).

Tabnuusg 1. CratuuHi Ta AUHAMIYHI KOedillieHTH TepTs

IloBepxHi He | Ho

Cranb no crani 0.74/0.57
CKkJ10 10 CKITY 0.94/0.40
Meran no metainy (3i 3mMa3skoro) |0.15/0.0€
Kpwura no kpusi 0.10/0.03
Tednon no Tedaony 0.04/0.04
INokpwuiuka no 6eToHy 1.00/0.8C

[Nokpwuiuka no mokpiii goposzi  |0.60/0.40

[Nokpwuiuka no cHiry 0.30/0.20

Ax ycraHoBuB KynoH, ais CyxWx NMOBEPXOHb JMHAMIUHMIA
koe(illieHT TepTs Maiike He 3aJIeKUTh BiJ PUTUCKatouoi cuiau Fy,
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TUTOIII KOHTaKTY MiXK TiJJaMU Ta UIBUJIKOCTI BiJIHOCHOTO PYXY.

VY Garathox 3ajauyax i3 TepTAM KoedillleHT TepTs 3aJar0Th.
[lpu upomy cuiay TepTs KOB3aHHA OOYMCIIIOIOTH, SK JOOYTOK
KoeillieHTa TepTs L/ Ha IPUTUCKato1y cuiy Fy.

Tepts € nocuth ckiagHuM siBuieM. J[iis ioro nmpaBUIIbHOTO
MOSICHEHHS IOTPiOHO 3HAHHS (Pi3UKH TBEPOTO Tija Ta XiMil.

3a3HaunMo, IO Ha BIMIHY BiJI CHIIM TEPTS KOB3aHHS, SKY
3aB)KJM HATPaBJICHO MPOTUIIKHO 0 IIBUIKOCTI PyXy Tijia BITHOCHO
MOBEPXHi, HAMPSAMOK CHJIM TEPTsI CIIOKOKO HE 3aBXKIH TaK CaMo JIETKO
BHU3HAYMTH. 30KpeMa, KOJIM aBTOMOOINb PO3raHsieTbCA MO Tpaci,
NPUYMHOIO WOTO MPHUCKOPEHHS € came cuia TepTs crokor. ToOTo
CHJIy TepTs CIOKOI B LbOMY BHIIQJKy HAMpaBICHO B3JIOBXK
wBuaKocTi. [Ipu 1boOMy BUHMKAE TaKoX i CUMA TEPTS KOUYEHHS. 11
MeXaHi3M TOJISTa€e B TOMY, L0 KOJIM KOJIeCO KOTUThHCS 1O MOBEPXHi 31
HIBUIKICTIO Uy, BOHO ciabko nedopmye moeepxHio (puc. 4.16).
[ToBepxns, B cBolo uepry, nedopmye koaeco. Pyxy koieca
MepetikoKae cuiia mpyxHoi aedopmartii Ifnpl 3 OOKy Ti€l 4acTHHU
MOBEepPXHi, Ha fAKYy B’ DKMKae koneco. Pa3om i3 TuMm, Ta vacTuHa
MOBEPXHi, 3 SIKOI Kojeco 3 DKIKAae, MiJIITOBXYE KOJIECO 3 CHIIOKO
npyxHoi aedopmaii Ifnpz. SAxOu matepianu, 3 SKMX BUTOTOBJICHO
KOJIecO Ta TOKPUTTA, OyaM imeadbHO TMpPY>KHUMH, TO CcyMa

i Fop2

napajieNbHuX 70 wWBMAKOCTI U cknapoeux cun Fp

nopieHioBania 6 Hymro. [Ticns
TOro, SIK Kojeco 3’ DKIKae
3 MEBHOT JiITHKUA JOPOTH, 15

TiNsHKa Maibke
MOBEPTa€ETbCS 10  CBOTO
MEePBiCHOTO,

HeleOpMOBAaHOTO  CTaHy.
Uepes HETPYKHICTh

nedopmarlii  komeca  Ta
MOBEpXHi JIOPOTM YacTUHA

eHeprii PO3CIOEThCS.
Kaxytp, mo BigOyBaeTbes 7.
JUCHMALLiS eHepril. Puc. 4.16./1o nosicHeHHs TPUPOAN

. CHJIU TEPTA KOYCHHA
3 MOBCAKACHHOI'0 OOCBIAY
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BiJIOMO, 1[0 BEJIOCHIEIOM JIerIle iXaTh Mo IPYHTOBiM J0po3i, KOJIU
BOHAa € CyXOI0, HDK TicCis J0mly, KOJIM JOBOAWTHCS BHUTpaydaTu
EHeprilo Ha PO3CyBaHHS IPYHTY Ta CTBOpPEHHs KoJil. Brpara eneprii
KoJleca Ha OJMHHILI JOBXKHHM LUIIXY 3a aOCONIOTHOK BEIMYHUHOIO
JIOPIBHIOE CUJTI TEPTS KOUCHHS.

L. Kynon 1781 poky eKCHepuMEHTalIbHO BCTAaHOBHB, IO
CHJIa TePTs KOUCHHS € TPSIMO MPOMOPLIIHOIO 10 MPUTHUCKAIOYOT CHITH
N Ta 3BOpOTHO TIpomopIiiiHa 0 pajiyca KoTKa I':

Fup =N/ T, (4.67)

TYT O — 1e Koe]illieHT TepTs KOueHHsA. 3a po3MipHicTIO [J=M.
Hanpuknan, y BUmagky KOUYeHHs TyMOBOrO Kojieca MO OeTOHY
0 =15+35 mm. TobTo, cuaa TepTs KOYeHHs € HabaraTo MEHIIO 3a
CHJIy TepTsi KOB3aHHs, TOMY BHHAXi[{ JFOJCTBOM KOJIeCa BBAXKAETHCS
3a O/IMH i3 HAWBAIIIMBILIKX, | TOMY CHJIOIO TEpPTsl KOYEHHS B 3a7a4ax
MeXaHiKH, SK TIPaBUJIO, HEXTYIOTb.

4.13. lNpuknadu po3e’sizaHHA 3a0ady,
Y SIKUX ypaxoeyromb mepmsi

3adayva l

Jlano: Tino Macor M KOB3a€e MO MOXWIIiN MOBEPXHi, KA PO3TalllOBaHa
i1 KyTOM #7 10 TOPU3OHTAIBHOT TUIOIHMHH.

3uaiimu: NTpUCKOpEHHS Tina.
Pos3é’ azanns.

Ha puc. 4.17
300paxkeHi TpWU CWIH, WIO
NIIIOTH Ha Macy M. cuily
HOpPMaJIbHOT peakilii onopu

N, cury Tepta Fp,

HampaBJIeHO TPOTH PyXy, i

70\% TSOKIHHS mg

Harpasj€eHO BHU3. BekTopHa

cyma 117):¢ CHII nac Puc. 4.17.10 3apaui 1
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pesyabryrouy cuny Fp.., Fp,=mg+ N + Ifm, Ky CIPSIMOBaHO

B3/IOBX MOBEPXHi, ., =MgSingd—F,, :
ma=mgsir?-,. (4.68)

3a BiICYTHOCTI TepTs MPUCKOPEHHsS NOpiBHIOE a=gSing. 3a
HasBHOCTI TepTs koB3aHHs F,=/4N. Cuna peakuii N HaOyBae Takoro
3Ha4YeHHs, 100 HampsM pesyibTytouoi cunu Fp, cmiBmagas i3
HampsMoM  pyxy. Jlns Bu3HaueHHs npuTHcKarouoi cuim N
CKOPHUCTAEMOCS MPOEKLI€0 Ipyroro 3akoHy HeroToHa Ha HampsMOoK,
MepHeHANKYISIPHAN 10 TIOXMIIOT TUTOIIMHH:

0=N -mgcos. (4.69)
OT)KC, MPUCKOPEHHA Tija Mae BUI'JIAO,
a=gsind—4gcosd. (4.70)

3Bigcmk MM GaymMMo, IO TOXWIY TUIOHMIMHY MOXHA
BUKOPUCTATH [ 3MEHIUEHHS NPUCKOPEHHs Tila, L0 BUHUKAE
3aBISKM CWIII TSOKIHHS. 30Kpema, abu Opycok KOB3aB MO MOXHMIiH
wonHi 6e3 mpuckopeHHs, =0, KyT HaXwily Mae 3aJ0BOJIbHATH
YMOBI gSind= 144gCc0sd, To6T0, tg9= Liy.
Bionosiov: a=gsind—14gcoss.

3adaya 2

Jlano: CaHvara B' TKIKAIOTh 3 JIbOJLy Ha acdasbT, Marouu HMIBUAKICTD
Uo=6 m/c. KoediuieHnt Tepts canuar no abony 4,=0, mo acdanbty —
M,~=1. JloBxxrHa KOB3aHiB caHuat |=2 m.
3uaiimu. BiNCTaHb, AKy caH4aTa MpoiayTh MO acasbTy.
Po36’ azanus:

CriouaTKy BBa)KaTMMEMO caH4aTa 3a MarepiajbHy TOUKY.
Toni BincTanp S Ky caHuaTa MpoiayTh Mo acdaibTy, BUSHAYUMO 3
YMOBHM, IO BTPAaTH KIiHETMYHOI eHeprii Big MoyaTtky pyxy ™o
achanety 10 3ymuHkn (—0.5Muy?) 06ymMoBNeH] Bix €eMHOKO poOBGOTOIO
cuin Ttepts koe3aHHs F,=4N=mg Ockinbky NpuTHCKaOya cuia
B [IbOMY BUIMAJIKy € HE3MIHHOIO, TO L poOOTa TOPIBHIOE
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A,= - 1LmgS. (4.71)

[TpupiBHABIIM BTpaTH KiHETUYHOI eHeprii 10 poOdOTH cuin
2_ . N
tepts, (—0.5Muy’)=— LMQgS nicraemo, mo caHyara npoiXajid 10
acdanbTy BiacTaHb

S=u(214,0). (4.72)

Ha umpomy 3amauy Oyno O 3aBepiieHo, skOM He BHUSIBHIOCH, IO
BificTaHh S = 1.8 M He € BeJIMKOIO MOPIBHSIHO 3 PO3MipaMy CaHYar.
Uepes uie caHuaTa He MOXKHa BBayKaTH B Wil 3a1adi 3a MaTepiajibHy
TOUKY, a CJIiJl BpaXOBYBaTH 1XHi CKiHYEHH] pO3MipH.
Tenep po3rasHeMo /

JOKJajHile, sK caH4ara
B’ DKDKAIOTE HAa  KPUTY
(puc. 4.18). Ockinbku

IHIIOTO He 3a3HAYCHO B ' t"&' Pe) .
Tninmar e R
BBAKATUMEMO TS 20702 76% 6% % %% 2% % %% %
CNpOIUEHHs, IO  Bary 0 X, achanst
caH4ar PiBHOMipHO Puc. 4.18110 3anaui 2

po3moAiieHo o IXHIX

KOB3aHaX. Y MOMEHT, KOJIM caH4aTa B’ iXaJid Ha acaibT Ha BicTaHb
x1<l, Ha kpury npunagae cuna TMcky 3 6oky candat mg(l-xy)/l. Tyt
KOOpJMHATY X; BIIpaXOBaHO BiJ TMEPEAHbOrO Kpalo KOB3aHIB.
3aBAsKH HYJIbOBOMY KOS(ILIEHTY TEpTs CaH4aT O KPHUTY L YacTHHA
MIPUTHCKAIOYOi CHUIIM HE CTBOPIOE CHMIM TepTs. Pemrty Tucky caHuara
YuHATH Ha acdanbT i3 cwioro MQx/l. BinnosigHa cunma Tepts
koB3aHHs jpopiBHioe  F,=N=gmgx/I=mgx,/l. Koau caHuara
B DKDKaOTh Ha acdanbT Ha BiacTaHb X;sl, cuia TepTs BHKOHYE
poboty

X
A,==(mg/l) [ xdx=-mgx?/(2l). (4.73)
0
To6To, KONMM BCi KOB3aHM caH4aT 3’igyTh Ha acanbT, cuna TepTs

BUKOHae pobotry -mgl2=—10m JIx, sxoi HemocTaTHbo, abu
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00YMOBUTH 3yNMHKY CaHYaT, YMsl MOYaTKOBa KiHETUYHA eHepris Oyna
18m JIx. ToMmy mie sKkychb JOJAaTKOBY BijJCTaHb caH4YaTa
NPODKIDKAIOTH TaK, IO BOHU TMOBHICTIO TUCHYTH JIMIIE Ha acQajbT.
ITpu npoMy BOHM BHKOHYIOTBH poboTy —mMgS=—8m J[x. Tobrto, us
JnojatkoBa  Biactanb gopiBHioe, $=08 M. Omxe, caHuara
3yMUHSIOTHCS, KOJIM Mepe/iHii Kpail KOB3aHiB caH4yaT B’ DKIDKAIOTh Ha
acdanbt Ha Biactanp 1+5=2+08=2.8 m.

Bionosiov: 2.8 m.

MumaHHs Onsi camoKkoHmMpoJito 0o po3diny
4. Cunoee nose

1o Take cunose nose?

SIKi cuii Ha3MBaKOTh MOTEHLIAIbBHUMU ?

SKi CHITM HA3UBAIOTh LCHTPATBHUMU?

SIKi cunM Ha3UBaKOTh TiPOCKOMIYHUMU ?

JaiiTe BU3HaYeHHS MOTEHLiAIbHOT €HEepril.

JlaiiTe BU3HaueHHs MOBHOI MeXaHIYHOI eHeprii.

Cdopmynroiite  3akoH 30epekeHHs TMOBHOT MeEXaHiYyHOT

eHeprii.

Sk 3a BIJOMUM MPOCTOPOBUM PO3MOMAIIOM MOTEHIIATBHOT

eHeprii 3HalTH PO3MOAIN MOTEHIIATbHOT CUITH?

9.  Slkuii pyx MaTepialibHOI TOUKH Ha3UBalOTh iHITHUM?

10. Skwii pyx MatepiaibHOT TOUYKH Ha3UBAKOTh iHQIHITHIM?

11. IIlo Take MOMEHT iMITyJbCY?

12. Illo Take MOMEHT CHJITU?

13. CdopmyntoiiTe 3ak0H 30epeKeHHS] MOMEHTY iIMITyJIbCY.

14. Yomy MOMEHT IMIyJIbCcy 30epiraeTbcs B LIEHTPATLHOMY
nosmi?

15. 1o Take cekTopiajiibHa LIBUAKICTH?

16. CdopmymroiiTe nepuimii 3akon Kernepa.

17. Cdopmyntoiite apyruii 3akon Kerepa.

18. Cdopmyntoiite TpeTiii 3akoH Kernepa.

19. o Take nepia KOCMiuHa LIBUAKICTH?

20. o Take Apyra KOCMi4Ha IIBUAKICTb?

21. Illo Take TpeTs KOCMiyHa MIBUAKICTH?

22. lllo Take 3BeeHa Maca?

Noghs~MwNE

o
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23. 1o Take cuna TepTs CIOKO0?

24. 1llo Take cuna TepTs KOB3aHHS?

25. Illo Take cuna TepTs KOYEHHS?

26. YwuM Biapi3HAIOTbCA CTATMYHUK Ta OTUHAMIYHWE KoedilieHT
TEpTS KOB3aHHS?

27. Sk cuna TepTs KOYESHHS 3aJIeKUTh BiJl pajiiycy KOTKa?

5. MexaHiyHUlU pyx MamepiasibHOI moO4KuU y
HeiHepyianbHUX cucmemax gioniky

Joci My BUBYaNIM pyX B iHePUialbHUX CHUCTeMax BiJUliKy, A€
OCHOBHHUM 3aKOHOM JWHaMiku OyB japyruii 3akoH HeroToHa!

ﬁ’ﬁ,:zl:gogh,. TyT iHOekc i o3Hauae, 11O MPUCKOPEHHS BUMIPSHO

BiTHOCHO iHepLiaJIbHOT CHCTeMH BiIUTIKY. 3HaliieMo Terep piBHAHHS
PYXy BIIHOCHO HeiHepUialbHUX CHCTEM BiIUIKY, SKi PyXaloTbCs
3  MPUCKOPEHHSM  BiiHOCHO  iHepuianbHuX. [lpu  upomy
3alMIIaTUMEMOCS B MEKaX HEepeNsSTUBICTCHKOrO HAaOJMKEHHS:
U<<c. CkopucTaeMocs MpH LbOMY 3BUYaHHUM AJ1s1 Pi3UKH METOJOM:
CTMOYaTKy PO3IJITHEMO TPOCTHH BHUMAAOK, TOMI TMOOYAYyeEMO TOUHY
Teopito, Mics Yoro mepeBipuMo il Ha MPOCTOMY BUMANKY, 3 SIKOTO
MOYMHAIH.

PosrnssHeMo HacTymHuMiI mpocTHf BUMAIOK: HeiHePLialbHY
cUCTeMY BiAJliKy TIOB'SDKEMO 3 JHMCKOM, SKHHA PiBHOMIPHO
o0epTaeThCcsl BiTHOCHO HEPYXOMOI iHePI[ialIbHOT CUCTEMH BiJUTIKY 31

CTaJlOl0 KYTOBOIO LIBHIKICTIO (2 =CONSt, MepneHAuKyIIpHOIO A0
TUIOUIMHMA TMCKy. Hexali maTepianbHa TOYKa PiBHOMIPHO PYyXa€ThCs
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Mo Kpar 1ucka. BiHOCHO AWcKa IIBHAKICTE MaTepialibHOT TOYKH
€ CTaJIOI0 332 MOJIYJIeM: |DH| =const Tyt iHgekc # BKazye Ha Te, LIO
HIBUJKICTh BUMIPSHO BIJHOCHO HEIHEpIiabHOT CHUCTEMH BIJUTIKY.
BigHocHo iHepUiabHOT CUCTEMH BiZUTIKY LIBUIKICTD
U, MartepialbHOI TOUKH JOPIBHIOE CyMi IIBUAKOCTI U, MaTepiaibHOT
TOUKM BIIHOCHO TOYKM A Ha JHWCKY, B sKiii 3apa3 nepeOysae
MaTepianbHa TOuKa, Ta MWIBHAKOCTI (2XF, Toukd A BiIHOCHO
ineprianbHOi cuctem Bimiky, J; =0, + @xF,. Tyt F, —ue paxiyc-
BEKTOp MaTepiajbHOI TOYKHM; MPU LOMY LEHTPU iHEpLiaibHOI Ta
HeiHepIiaJbHOI CHUCTeM BiUTiIKYy B Wil 3ajadvi CHIiBMAAAlOTh, TOMY
r, =l . 3a HampsIMKOM MIBUJKICTb @XFH TOYKH A BIJHOCHO
iHepIiaJIbHOT CUCTEM BiJJIIKy € MepreHAuKYJIIPHOI 10 pajiyc-
BeKTOpa [, ; [UIs BASHAYEHOCTI BBAXKATUMEMO BeKTOpH U, Ta QXFH

TAaKWMHU, IO CMIBMAJA0Th 332 HAMPIMKOM. OCKIJIbKA BEKTOP KYTOBOT
MIBUAKOCTI € TEepHNeHAUKYSIPHUM 10 IUIONIMH  JIMCKY, TO

|[Oxr|=0r,.

Ockinbkl MaTepialbHa TOYKA PIBHOMIPHO pyXaeThcs IO

KOJIy pajiyca |FH|=r, TO B iHePLiaJbHIA cHCTeMi BiJUTIKY Ll pyX

XapakKTepU3y€EThCA JOLUECHTPOBUM IPUCKOPEHHAM:

a =v2)r=(u, + @ P[r=v2[r+20,0+ Q% =3 Fj Im. (5.1)
j

B HeiHepuianbHUI cHcTeMi BiITiKy MaTepialibHa TOYKa
TAKOXK PYyXaeTbCsl MO KONy, aje 3 IHIIOK UIBHAKICTIO, TOMY
JOLCHTPOBE TMPHUCKOPEHHSI MaTepialibHOT TOYKM B HeiHePLiaTbHH
CUCTeMI BiJIJTIKY IOPiBHIOE

a, =U3/ r. (5.2)
Ckopucrapmuch piBHsHHsMu (5.1) Ta (5.2), 3anumemo 100yTOoK

Macl MaTepiaibHOI TOYKM Ha ii MNPUCKOPEHHS  BiAHOCHO
HelHepIiaJbHOI CUCTeMH BiUTIKY:
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ma, = muf/r =mg —2mUHQ—mQZr =
=Y Fj -2mu, 2 -mQ°r . (5.3)
i

Bucnoeok: B HeiHePUialbHUX CUCTEMaX BiUTIKY Ha JIOJIATOK [0
CIIPaBXKHBOT CHITU ZFj , I SKOI 3yMOBJIeHa B3aEMOJIEI0 Tija
i

3 ¢i3uuHUMH 00’ €KTaMH, 3'SIBIISIOTBCS JIBI «IOJIATKOBI CHIIH».
(2mu,2) ta (-MQ7). Tlepwia 3 HUX HA3BMBAETHCA CHIIOKO
Kopionica™, ngpyra — 1e BigueHtpoBa cwia iHepuii. OOuaBi
y HAIIOMy BHUMNAJKy OpIEHTOBaHI BiJ oOci o00epTaHHS JHCKA.
Bimuentpoa cuna  iHepuii  3aBkKIWM  HampaBlieHa  B3JIOBXK
HaWKOpOTIIOT JIiHii, 1O 3 €QHYye BiCh OOEpTaHHS Ta TMOJIOKEHHS
MmatepianibHOi Touku. Cuna Kopionmica B 3aranbHOMY BHMaIKy
3aJIOKUTh HE JIMIIEe BiJ IIBUAKOCTI pyXy MaTepiaibHOI TOYKH
BiTHOCHO HeiHepLiajJbHOT CMCTEMH BiAJiKy Ta KyTOBOI LIBUAKOCTI
oOepTaHHs HeiHeplialbHOI CUCTEMHU BiUTiKy, ajie ¥ BiJg B3a€EMHOI
Opi€eHTAIT LIWX BEKTOPIB.

5.1. Teopema Kopionica

V 3arajibHOMY BHIAQJIKy pyX HeiHepLiaJlbHOT CUCTEMH MOYKHA
onucaTM B HacTynHud cmoci6. LleHTp HeiHepuiaabHOT cuUcTeMHU
BiJUTIKY pYyXa€eTbcs JOBUIBHO BiJHOCHO iHEPLialbHOT CHUCTEMH
BiJUTIKy, HOTO TOJIOKEHHS BIJHOCHO LIEHTPY iHEPLialbHOT CUCTEMH

BiJUTIKY 3a71aBaTUMEMO pajiiyc-BEKTOPOM R(t). Toni momokeHHs
MaTepiajibHOi TOYKM BIJHOCHO iHePUiaibHOI CHUCTEeMi BiJJliKy
r=R+r,.

Kpim Toro, HeiHepuianbHa cucTemMa BiUliKy oOepTaeTbes
3 JIOBUIBHOIO KYTOBOIO ILIBUAKICTIO Q(t), dKa B 3arajlbHOMY

BUMAAKYy 3MIHIOETBCS K 3a aOCONIOTHOIO BENIWYMHOIO, Tak
1 HAMPSIMKOM.

Kopionic (Coriolis) Tacmap-T'toctap (1792-1843) — ¢paniy3bkuii
MaTeMaTuK, ilKeHep i BUYSHHH.
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ObepeMo B HeiHepUiabHIM  cHUCTeMi  BiJUIiKy OpTH

gl d

JeKapToBOi cucTeMu KoopauHat |, I,K nns OIUCY TOJOXKEHHS
MaTepiajibHOI TOUKH, TOJ i1 paAiyc-BeKTOp BiIHOCHO HeiHepLialbHOT
CHCTeMM BiIUIIKY 3afaeTbcs B Takuii crmocib: T, =X +Yy] + &K .

3BepHEMO yBary Ha Te, 1o xoua optu I, |, K # numarotses 3rigmo
3 BU3HAUCHHSM HE3MIHHUMH 3a JIOBXKUHOIO, OJIHAK uepe3 0O0epTaHHS
HeiHepIiaJbHOI CHUCTEeMM BiIJIIKy I1Ii BEKTOPH 3MIHIOIOTHCS 3a

HampsMKOM BiJIHOCHO iHepiiadbHOI cucTteMHu Bimiiky. lIBuakicTh

- -

3minu optis 1, |, K 3 yacom Oyno BU3HaveHo B naparpagi 1.5:

|

di _ =~ - d _~_ - d = =

D ooxi, B-6x], E=oxk. (5.4)

dt t dt
Tomy mnoxigna Bin paaiyc-BekTopa [, 3a uYacoM He IOPIBHIOE
HIBUJIKOCTI MaTepiaibHOT TOYKM BIJHOCHO HEiHepIliajbHOT CUCTEMH
BiUTiKy U, , @ BU3HAYAEThCS TaK:

ﬂ:d(xf+yj?+212)
dt dt
dx.. di) (dy- dj) (dz- _dk
— i X || =ty |+ —K+z—
dt dt dt dt dt dt
=(dx.—-+dy—.~+%lzj+ Xﬂ_l_ ﬂ_{_zdk
dt dt dt

— 5.5
dt dt dt (5-3)

CriocTepirad y HeiHepuianbHiil cuctemi Bianiky Baskae optu |, |, K
HE3MIHHMMHU B 4Yaci 3a JIOBKHHOIO 1 HaIpsIMKOM, BiH crioctepirae
aumie  3miny  koopauHat  X(f), y(t) i z(t) 3 wwacom, TOMmYy

(%F+QI+EE):D’

dt dt dt "
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d(:;’ =0, +x [_éf] +y [@,TJH[@,EJ:
=5,+|0.Ki+yvi+&)=0,+|0F,]. (56

[lo3HaunMo IWBMIAKICTE pyxXy LEHTpY HeiHepuialbHOT
CUCTeMH BiAJIiKy BiIHOCHO iHePUiaJIbHOI CHUCTeMH  BIAJIIKY:
dR/dt=V . Toxi weuakicTs PYXy MaTepiaibHOi TOYKHM BiIHOCHO
iHepuianbHOT cucteMu Bimmiky U; =df /dt Bu3HauaeTbca Takum
CHiBBiAHOIIECHHSM:

b, = R/dt+dr, /dt=V +3, +|@,F,]. (5.7)

[MepeHOoCHO LWBWMAKICTIO aBTOPHU JESIKHX MiAPYYHUKB i3 (i3UKH
Ha3UBaIOTh CyMY:

=V +|@F,]. (5.8)

[i pomb monsrac B TOMy, IO BOHA HEMOBOM <TIEPEHOCHTH»
criocTepiraya 3 HeiHepLiabHOI CHCTeMH BIIUTIKY JIO iHEepIlialbHOT:
Ka)XXyTh, 110 abCOJIIOTHA IWIBUAKICTb 0 AOPIBHIOE CyMi BiZHOCHOI
IIBUJKOCTI 0, Ta MepeHOCHOT Opep s Ui =0, F Oy -

BukopucroBytoun pesyabrat (5.7), mnopaxyemo Ternep
MPUCKOPEHHsS &; MarepialbHOi TOYKM BIIHOCHO iHEPLialbHOI

CUCTEMH BiJUTIKY:
& =dg; /dt = V/dt+do, / dt+|dd/dt,F, |+]@ dF, /dt|. (5.9)

[Mepumii togaHok y mpasiit yactuHi piBHsHHA (5.9) dV / dt=A —ue
MPUCKOPEHHS, 3 SKUM LIEHTP HEIHepUialbHOT CHUCTEMH BIJJTIKY
pyXaeTbcs BITHOCHO iHepuianbHOi. Jlpyruii nomaHok y mpasiit
yactuHi (5.9) MmoxkHa mopaxyBatu aHajoriyHo 1o Bukiaiaku (5.6):
do,

dt
SKUM Horo 0a4uTh crocTepiray i3 HeiHepIiaabHOT CUCTEMH BIJLTIKY.
VY TperboMy aonmaHky B mpaBiii yactuHi (5.9) noxigHa Bin KyTOBOI

=a,+ [Q,DH]; TYT &8, — Lie TPUCKOPEHHs MaTepiabHOT TOUKH,
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HIBUAKOCTI df)/ dt=& — 1e KyToBe MPUCKOPEHHS, 3 SKUM
obepraeThcs HeiHepliaibHa cucTeMa Biliky. Jlo ueTBepToro
JOAaHKy B mpaBiii yacTudi (5.9) Mu migcTaBUMO BUpa3 A/l OXiAHOT
dr, /dt 3 Buxknanku (5.6): [@,dFH/dt]= l!},UHJ+ @X[@,FHJ. IMicas
3Be/ICHHS MOIIOHUX OTPUMYEMO OCTATOYHO:

4 =A+a, +20.0,|+[&7,]+ %o, . (5.10)

Takum uuHOM, MH JoBenun Teopemy Kopionica.
Cdopmymoemo ii: «lIpu mnepexoni Big HeiHePUialbHOI CHUCTEMH
BiJUTIKY 70 1HEpLialbHOI CHCTEeMHM BIIJIIKY MaTepialbHa TOYKa

HabyBae n07aTKoBO e MNpuckopeHHs Kopionica &, Ta

nepeHocHe MNPUCKOPEHHS énep ». AG0 y dopMi MaTeMaTHYHOTO

Bupa3zy teopema Kopiomica Mae BUrIsia:

8 =8, + 8y T (5.11)
3HalOuM TMPUCKOPEHHS Tijla BIiIHOCHO HEIHepIialbHOT CUCTEMH
BiMTIKy &,, MOXHa 3000yTH #Oro MpPUCKOPEHHS BiJIHOCHO
iHepLialbHOT CHCTeMM BiTKy &;, SKIUO A0JaTH 10 &, wie

EPEHOCHe MPHUCKOPEeHHs  &,,, (BOHO HIOMTO «IepeHOCHTH

criocTepiraya 3 HeiHepIiaJIbHOT CHCTEMH BiUTIKY 110 iHEpLiaIbHOT):

By = AtlET, ]+ 2x|207, | (5.12)
Ta npuckopens Kopionica 8, :
deop =22.0, . (5.13)

IMpuckopenns Kopiomica BuaiieHo okpeMo, 060 BOHO BUHUKAE JIUIIE
B pa3i, KOJM TiJIO PYXA€ThCA BiJHOCHO HEIHEPUATBLHOI CHCTEMH

Bi[UTiKy, L0 obOepTaeTbe, Q 20, U, 720. 3a3HauMMO TaKOXK, LIO

MEePEeHOCHEe TPUCKOPEHHSI He JOPIBHIOE MOXIJHIA BiJ] MEpeHOCHOT

WBH/IKOCTI 32 HacoM: 8y, Z00,,, /dt.
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Jlo mepeHOCHOro TpPHUCKOpPEHHS BXOOUTHh MOJBIWHWHN
BEKTOpHMI NOOYTOK, SIKMH MOKHA MepenucaTy B MPOCTiluii crocil.
Lle¥t mogaHOK Ha3WBarOTh OOLEHTPOBUM MPUCKOPEHHAM, 60 ioro
OpIEHTOBAHO MEPINEHAMKYJSIPHO A0 OCi, HABKOJO SIKOi 00epTaeThCs
MaTepiajibHa TOUKa:

o =007z 0(07)-Te =02 (514

Tyr Fp — ue BekTOp, SKMH TPOBENEHO Big oci OOepTaHHA M0
MaTepiajJbHOI TOUKH.

3n00yneMo  piBHSHHS, SKE€ ONUCYE JOUHAMIKY PpyXy
MaTepialibHOi TOYKM y HEIHepIialbHUX CHCcTeMax  BIJUTIKY,
noMHokuBIK piBHsHHS (5.11) Ha Macy i BpaxyBaBid, MO 3a

apyrum 3akonom Hetotona mg; =Y F, . :

ma,=>F, .. + Frep + Fiop - (5.15)
OTrxe, JTUHAMIKY PYXy MaTepiaTbHOL TOYKH
B HEiHePIiaJIbHUX CHCTEMaX BiJIiKy BU3HAYAIOTh HE JIMINE peajbHi
(bismuni) cwmm, ame # monatkoBi, TOOTO Taki, IO MOB’ sA3aHi
3 HelHePUiabHICTIO CHUCTEMHU BIIKY. A caMe, BUHHMKAIOTh CHIIa

Kopionica

Fop =~y =200, ), (5.16)
Ta TepeHOCHa cuia iHepuii, Ifnep, OI0 CKJIANAeTbes 3 TPHhOX
JOJAHKIB!
Frep = —MA-ME 7, | +Fome?. (5.17)

Jlo ckiajay mepeHOCHOT CUITW iHepIil BXOMATh JIBi CHIIM IHepUil, sIKi
HaluacTilie 3ycTpivaroTbes B Hamomy noOyTi. BoHu mMaroTh okpemi
Ha3BU: MOCTyNaibHa CUJla iHepLii

Froem = —MA, (5.18)
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Ta BIILIEHTPOBA CHJIA IHEPIT

Foioy =Fom2%. (5.19)
3okpema,

B HeiHepuialbHIll  cucTeMmi
Bi[UTlIKy, sKa o0epTaeTbcs i3

KYTOBOIO LIBUIKICTIO Q
BiJTHOCHO iHepLianbHOI CUCTEMHU
BiJUTIKY, Ha MaTepiajibHy TOYKY,
sgKa MiICTUTBCI B Touli I ,
BiJLIEHTPOBa cuia

Feioy = FDmQZ i€ B HANPSIMKY

Bil oci o0epraHHs, TOOTO
B HampsMKy BekTopa I (puc.
5.1).

Pozrnsuemo
HeiHepLiaJbHy CUCTEMY BiJUIIKY,
sgKa TIOB's3aHa 3 3emJero, ToOTo
ska o0epTaeTbcsl i3 KyTOBOIO

HIBU/IKICTIO Q BiZIHOCHO
iHepLiaJIbHOI CHUCTEMH  BiAJIIKY
(puc. 5.2).B wiii HeiHepiianbHii
cUcTeMi BiUTIKY Ha marepiajibHy
Touky 1, sdka  pyxaerbes
y MiBHIYHI T MiBKYJTi 3i
HIBU/IKICTIO ‘1;1,1 B3JIOBXK

MepujiaHa Ha TiBAEHb, CHIa
Kopiomnica Ifk.,,p1 Ji€  B3J0BXK
mapaneni  Ha  3axil, TOOTO
NEeprNeHAMKYIIPHO 10 TUIOLIMHU
PUCYHKa y HanpsIMKy 1O YdTaya.
Skmo ok MarepianbHa TOYKa

2 pyxaeTbcs 3i LWIBMAKICTIO ¥,

IS
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B3ZIOBXK MapaJeni Ha 3axif, To cuna Kopiomica F,

wop2 € HA IO TOUKY

y HanpsIMKy 710 0ci o0epTaHHS.

3actocyemo Ternep Teopemy Kopionica (5.11) nns omumcy
TOTO TPOCTOrO BUMAJKY, IO HOTO po3risjaiy Ha modatky Posmimy
5. Ockifbku UeHTp AUCKY (TOOTO LIEHTP HeiHepiiadbHOT CHCTEMU

BIIUTIKY) € HEepyXoMHM, A=0, i awck obepTaeTbcsl 31 CTAOO
KyTOBOK wWBUAKICTIO, & =0, TO &,,,=8y,, =2 2. Omxe,

PiBHSAHHS (5.11) HaOyBae HACTYITHOTO BUIJISY:

a =48, +2[.(:7,UHJ—FD.Q 2 axuil moBHicTIO y3romkyetbest 3 (5.1).

B upomy it momsrae ceHc MeTomy 3aranbHOi (i3MKH: CIOYATKY MU
PO3IJISIHYJIM TIPOCTY 3aaady, Toli — ckiaaHy (moBHy). Po3B’s3aHHs
MpoCToi 3a1ai JoroMarae 3po3yMiTH Pi3MuHy KapTHHY, a TAKOXK Ja€
MOXJTHBICTh TMEPEBIPUTH CKJIAJAHUM pPO3B’ 30K CKiIaaHOl (MOBHON)
3ajadi.

5.2. lposieu cun iHepyii Ha 3emni

Konmu aBro mumth i3 XapkoBa (y mMiBHiYHii miBKyJi) Ha
nisaens (10 Kpumy), to cuny Kopiomica F,,;, fika Jie Ha HbOro,
Opi€EHTOBAaHO Ha 3aXiJl, BOHA THCHE aBTO B mpaBuii Oik. Komn aBTO
MunTh 3 XapkoBa Ha 3axij (10 Kuesa), To F,,,, NPUTHCKAE aBTO 10

oci obepranHs 3emii, TOOTO AoJae 1O CWIM TSDKIHHSA (BHH3 1O
3emti), a TakoX THCHe aBTO B mpaBuii Oik. Kymum 6 Ta 3 skoro
LIBUAKICTIO HE iXajo aBTo, aje Ifg,ou 3aBK/IM 3MEHILye Horo Bary,

FaoylI T (mio cuity iHepuii HarpaeieHo Bif oci obepraHHs 3emui);

a TaKkoK THCHe Ha aBTO B Oik miBAHsA (MiBHOYI) y MiBHIYHIN
(miBmeHHIN) MiBKYTI.

[Hmmit npuknan: y J[Hinpa, mo Teue B MmiBHIUHIN MiBKYJi Ha
niBJeHb, NpaBuil (3axigHuii) Geper € kpyTuMm. Lle oOymoBieHo mieto
cuim  Kopionica, ska mnpuTHCKae Tedilo 0 TpaBoro Oepera,
BHACIIZIOK YOro Lei Oeper BusBisgeTbes migMutuM. Lleit npukian e
nobpe BimomMuMm 3 ictopii [pyroi cBiToBOi BiliHM: uyepe3 KpPYTH3HY
ripaBoro Gepera J/[Hinpa pagsHChKUM BilickkaM Oysi0o HabaraTo Baxcue
¢dopcysatu JIninpo 1943 poky, Hixk HanuctcbkuM — 1941poky. 1y
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Paiina, o Teue Takox y MiBHIYHIN MBKYJI, ajle HA MIBHIY, KPYTHUM €
TaKoX NpaBuid (BiIHOCHO Teuii) Oeper, ajie Temep e BKe — CXiTHHIA
Oeper.

HikaBumu mposiBamu nii cunu Kopiosnica € BiaxuneHHs
Majaryoro Tijla BiJi HAMPSIMKY BUCKa Ta MasTHUK (DyKo4. Ob6epraHHs
IUIOUIMHKA, B SKi BimOyBaloThcs KOJMBaHHA MasTHUKA Dyko,
HABKOJIO BEPTHKAILHOI OCi € TMPSAMHUM TMiATBEpKEHHIM J1000BOTO
obepranHs 3emuti. PosrnsHemMo 1i JBa sBHMINA HWXKYe OUIBII
JIETAJIBHO.

5.3. BioxuneHHs1 min, w0 nadaromes,
8i0 HanpsiIMKy eucka

JocniguMo, [k HeiHepUiaJibHICTH CHCTEMH BiJUIIKY, SKY
MoB’ fi3aHO 3 3emJieto, MO oOyMoBieHa ii TOOOBUM 0OepTaHHSM,
BIUTMBAE Ha TPAEKTOPIIO TiJ, IO BUTLHO MAJaf0Th Y TMOJI TSDKIHHS
nobnuzy mnoBepxHi 3emii. llopiBHSEMO piBHSHHS, WO OMNHUCYIOTh
BHCOK:

0=mj+T - MA+iome?, (5.20)
Ta Majaroue TiIO:
ma, = mg - mA+iome2+2ng, 3| (5.21)

JliBa wactuna piBHsHHs (5.20) mopiBHIOE HyJHO, 6O BHCOK €
HEPYXOMHUM BiJTHOCHO 3eMJIi. 30BHILIHI CHITH, SIKi JIIFOTh HA BUCOK, —

e cwia TKiHHA MJ Ta cuiaa T  HATATy MOTY3KM, Ha SKid
nigBimieHo BUcOK. Ockibku 3emiis  00epTaeThcsl MPAKTUYHO

* ®yko (Foucault)Xau Bepuap Jleon (1819-1868) —unen Ilapu3bkoi,
Bepnincekoi, IletepOyp3pkoi  AH, JIOHOZOHCBKOTO  KOpOJIBCHKOTO
TOBAapHCTBA; BHW3HAYMB IMIBHIKICTH CBiTJIA 3 BHCOKOIO TOYHICTIO
¢=(29800@500) km/c; eKkcCriepuMEHTAIbHO NOBiB MasSTHHUKOM OOepTaHHS
3emuti HaBKoJIO oci. BiH BMHAMIIOB TipocKom, BIIKPWB €JIEKTPUIHI CTPYMH
DykKo.
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piBHOMIpHO, ii KyTOBe MPUCKOPEHHS 1 BIAMOBiIHA cWia iHEepIii
NOpPiBHIOIOTh HyJI0 B 000X piBHsaHHAX: (5.20) ta (5.21), £=0 i
- m[?,FH] =0. OckinbKM BUCOK He pyXaeTbcs BigHocHo 3emii, U, =0,
To B mpaBiii yactuHi piBHsaHHS (5.20) BincytHs cuna Kopiomica,
2m(g, ,3|=0.

Ipaea yactuna pisHsHHs (5.21)He MicTHTB cii T HATATY
MOTY3KH, 00 BOHO OIHKCY€ TiJIo, 1O majgae. Hatomicth, OCKiTbKH B
Najayoro Tijla MBUIKICTh BiJHOCHO 3eMili € HeHyJboBot, U, 70, B
npagiit yactuni piBasuHs (5.21)Bpaxosano cuity Kopiosica.

OTxxe, HanpsAMOK BHCKa -T= mg — mA + FDmQZ, AKUU
Bu3Hauae piBHsHHA (5.20), BimpisHseTbcs Big HampsmMky Ma,, B
SKOMY TIaJIa€ TUIO B TOJII TSXKIHHS | KU BU3HAYAETHCS PIBHAHHAM
(5.21), nonankom 2m|_17H ,QJ, To0TO0 mieto cunu  Kopiomica.
HanpsiMok BHcKa, SK BiJOMO 3 MOBCSKIEGHHOIO IOCBiAy, MOXHA
BB@KATH BEPTUKAIbHUM. Lle MOB’s3aHO 3 THM, LIO MPUCKOPEHHS
LHEeHTpPY 3eMJli Ta JOLUCHTPOBE MPUCKOPEHHS € MAJIMMH MOPIiBHSIHO 3
MPUCKOPEHHSM BiUIbHOTO mMaziHHA. Tomy Hajami mMo3HaYyaTUMEMO
CyMy mg - mA+ FDmQZ =mG, BBaKalouM i1 Maibke
BEPTUKAIBHOIO, alle TAKO0, 0 TPOXH BiApi3HAETbCA Bl § !

ma, = mG +2nmp, 3|, (5.22)

Ockinbky B Hallii 3aaa4i He QIrypyroTh NPUCKOPEHHS & Ta
HWIBUIKICTh 0§ Tila BIiJIHOCHO iHEpILiajbHOT CHUCTEMH BIJJIIKY, TO

iHnekcu «u» B piBHaHHI (5.22)Hanani omyctiMo. CKOPOTUMO TaKOK
piBHsHHS (5.22)Ha macy Tima m:

a=G+25,0|. (5.23)

3actocyeMo ans  po3B’s3aHHs  piBHsHHA  (5.23) meTopf
NMOCNIAOBHUX HabnMXKeHb, OCKIIbKM O4YiKyBaHHW BIUIMB CHJIH
Kopiosica Ha TpaekTopito Tila € HE3HAYHMM 1 MOro MoKHa

BpaxyBaTH K Maly IOMPaBKYy 10 CHJIM TSDKIHHSA, ‘2[17.(:7”<<‘é‘
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OuiHMMO, HACKIIbKM € CIPaBe[JIUBOIO 1 CHJIbHA HEpiBHICTS.
CkaxiMo, 3a JiecsiTb CEeKyHJ TUIO, sKe Tmajae 0e3 MOo4YaTKOBOI
HIBUJIKOCTI, POJIETUTH Y TOMI TSXKIHHS 0.5G£=500 METpIB, JOCSITUIN
meuakocti ¥=100meTpiB 3a cekyHay. bepyuu 1o yBaru, njo KyToea

. . 27T
MBUKICTh J000BOr0 obOepTaHHs 3emui (2 = =7.3x10°

24x60x 60
paziaHiB 3a CeKyHy, i CHHYC KyTa MK BEKTOpaMH & Ta Q majs
XapkoBa (50° miBHiuHOI wmmpoTH) craHoBuTh 0.64, mopaxyemo
npuckopeHHs Kopiomica 3a Mogynem a,,,~ 2x100%7.3x10%0.64 ~
~10%<<1.
Tomy y HyNbOBOMY HABMMXXEHHI MU 3HEXTYEMO i€r0 CHITH
Kopiomnica B piBusuHi (5.23):

t
40 =G, 50 =5((0)+ [Gat=Gt,
0

L. Gt?
0

Tyt BepxHiii iHgeke «(0)» Bka3zye Ha Te, LIO BiAMOBIIHI BEJTUYHUHH
BU3HA4YEHO B HyJbOBOMY HabmwkenHi. TyT i Hamami, BBayKaemMo, 10
MOYaTOK KOOPAMHAT PO3TAlIOBAHO B TOYL, 3 SKOT KHHYJIM TiJO.
Pesynbrar (5.24) 1o6pe y3romKyeTbes 3 TUM, IO € A00pe BiTOMHUM 3
pO3B’A3aHHA 3a/avi MpPO pyX Tija, SIKE KWHYJIMU TMiJ KyTOM JIO
ropuzoHty, y maparpagpi 1.7. V HynboBoMy HaOIMKeHHi
MPUCKOPEHHs, LIBMAKICT Ta MepeMillleHHs Tina, ske mnagae Oe3
MOYaTKOBOT MIBM/KOCTI, CHIBMAJAIOTh 3a HANPSIMKOM i3 BHCKOM,
a6,

YV nepwomy HabnuxeHHi Bpaxyemo ciaabKy —CHIy
Kopionica y Burisiii Majoi nmomnpaBku A0 BkKe 3100yTOro HyJIbOBOTO
HaOJMkeHHA. Y [bOMY HaOJMKEHHI [IyKaeMo TMPUCKOPEHHH,
IIBUJKICTh 1 TEPEeMIllleHHs y BWIJIAI JBOX JIOJAHKIB. HYJIBOBOTO
HaOJVKEHHS Ta MEepIIoT MOMPaBKU:

a=a9+a® 5=+ 7=r 4+ (525
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Ky  BB@KAaEMO  MaJIOI, ‘é(l)‘ << ‘é(o)‘ : ‘D(l)‘ << ‘D(O)‘ :

‘F(l)‘<<‘F(O)‘. IMTinctaBumo mnpuckopenns y surmaai (5.25) mo

po3e’ s3yBaHoro pisHsHHs (5.23):
a(® +aM =G +2p(? 3. (5.26)

Tyt Mu miacTaBUIM IBUAKICTh Y BUIJIAAI JIUIIE OAHOTO JOAAHKY,

5=5("), 60 6inbwe 3 pO3B’ 3Ky, 110 3100yTO Yy HYJIbOBOMY
HaOJIVDKeHHI, HaM HIYoro He BifioMo. BpaxoByrouu mepine 3 piBHSHb
(5.24),31axoaumo 3 (5.26)nepiny nonpaeky 10 NPUCKOPEHHS:

a® =2|Gt,3]. (5.27)

3100yneMo WBUAKICTh IHTErpyBaHHAM MPUCKOPEHHS:

t
g =0(% +5() :0(0)(o)+j(a(°) +a(1))dt=
0

—6t+[(ena)a. (.28
0

BpaxoBytoun, mo 3 HyJboBoro HabmwkeHHs (dhopmyna
(5.24)) Ham BizoMa WIBHMAKICTH y LboMy Habamkenni, (%) =Gt, 3
(5.28) nicTaemo mepiry NonpaBKy 10 MIBUAKOCTI, 00YMOBJICHY Ji€O
cunn Kopiomica:

oW=t2[G,3|. (5.29)

Tenep MOXeMO  BU3HAUUTH MeEpIIy  MOMPaBKy  JIO
nepeMiieHHs, 00ymMoBieHy aieto cunu Kopiosmica:

F=r(0) (D)=

(D(O) +U(1))dt :%i}(ﬂé,é] )dt . (5.30)
0

= *(0)(0)+

O —
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bepyun 1o yBarm BigomMe 3 HyJBOBOTO HaOJIMKEHHS

(popmynu (5.24)) snauenns nepemimenns, F(%) =05Gt?, ocTaTouHo
maemo 3 (5.30):

F1)= [é,@]§ . (5.31)

OTxe, BpaxyBaHHS HEIHEpPIIALHOCTI CHUCTEMHM BITIKY, fKY
MOB’ f13aHO 3 1000BUM OOepTaHHAM 3emili, y MeploMy HaOIMKeHHi
NPU3BOAMTH JI0 MaJOro BiIXWJICHHS MaJalodyoro Tija BiJ HanpsMKY

BUCKa B OiK BEKTOPHOTO TOOYTKY [é,.@], TOOTO Ha CXI.

Po3p’s13aHHA 3a7aui B IpyromMy HaOJIMKEHHI Haraaye TpeTtii
Butok cripani. lllykarumMemo po3e’si30k piBHsHHA (5.23)y Burisai
CYMH, 10 SIKOi MOpSJ i3 HYJIbOBUM i MEpLIMM MOPSAKOM, siki Oynu
BpaxoBaHi B (5.25), BXOOAMTHMYTb TOMpPABKH JAPYroro MOPSAKY
MaJIoCTi:

a=a"+a® +a(® 5= +50 +52)
F=r W r2) . (530

[MincranoBka BupasiB (5.32) 1o ocHoBHoro piBHsiHHA (5.23)
Jla€ pe3ynbTaT, KWK JIMIIe Ha TepIIdi TMOrJIsA MOXKe BHIATHCA
TPOMI3JIKHM:

a=a® +a® +a2=G+2p(9 0]+ 2pM 5| (5.39)

[Minkpecnumo, uio po piBHsaHuasa (5.33) BxomuTh BHpa3 uis
HIBUKOCTI, BiJOMUM i3 momepeaHboro (nepiioro) HaOaMKeHHS. 3
ypaxyBaHHSM BiJOMUX i3 monepeanboro posrisny (popmynu (5.24)i

(5.26)) 3B’ s13kiB: a(9=G i é(l)=2|_17(0),_é], — piBusiaHs (5.33)
MOMITHO CIPOLILYETHCS:

a(= oM, 6|=2?[6,4].4). (5.34)

Tyt ypaxoBaHo siBHuii Bupa3 (5.29) mis nepiioi momnpaBKu 0

LIBUIKOCTI g [IpoinTerpyBaBuiy 3a 4acoM Ipyry MOMPaBKY a(2)
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no mnpuckopenss (5.34), 3mobyaemo apyry mnomnpaeky 72 o
HIBUJIKOCTI, IKY 00YMOBJIEHO Jieto cunu Kopiomica:

0(2)=}é(z)dtzz[[é,é],ﬁ]}tzdtz%s[[é,ﬁ],.@]. (5.35)
0 0

Hactynne iHTerpyBaHHs — IUBMIKOCTI 3a 4YacoM — JAa€ JpYyry
MOMpaBKy [0  MepeMillleHHs,  OOYMOBJIEHy  BpaxXyBaHHIM
HEIHepIiaTbHOCTI CUCTEMH BiJUTIKY:

(@)= [52a=2[[6.0] afca="][6.0].4]. s30)
0 0

VYpaxyBaHHs HEIHEpI[iaJIbHOCTI CHCTEM BiJIiKy, OOYMOBJICHOT
n000BUM o0epTaHHsAM 3emili, y ApPYroMy MOpPsAKY MajlocTi Aajio
MOMpPaBKK 710 TIPUCKOPEHHS, NIBHJKOCTI Ta TepeMillleHHs, sKi
CIIPSIMOBAHO Bijl oci o0epTaHHs. Y MiBHIYHIN MiBKYJIi 1Ie O3HAYae, 110
TII0O Tamae TPOXH TMOBUIBbHINE, HiK Tepeadayae HyJIbOBE
HaOJIVDKEHHS; KPIM TOTO, TIJIO TPOXH BIIXUIISETHCS HA TIBICHb.

O6’ eqnaemo 3100yTi pesyibrat mis nepemimenns (5.24),
(5.31), (5.36) onHiit popmyati:

F(2) Gt
2

0 1 < 218 s 4] 5
O +[G,g]§+€[[e,g],g]. (5.37)
[Mpoananizyemo 3m00yTuii po3s’szok. [lepiie, BiH Mae

BUIIIAL pady 3a creneHsMu 2. Jlpyre, ueit psa cXoauThes, SKIIO
HACTYITHHI TOJIAaHOK € MEHIIIMM 32 TIOTIepeIHi !

3 &2
[Gf)]% << % abo Qt<<1. (5.38)

CunibHa HepiBHicTh (5.38) € yMOBOH 3acTOCOBHOCTI 37400yTOr0O
po3B’ a3ky (5.37)mocnimkyBaHol 3a1aui. BoHa o3Havae, 1o MeToa0M
MOCJIIOBHUX HAOJIMKEHb MOXKHA KOPHCTYBAaTHCh JJIs BM3HAYCHHS
BIZIXWJICHHS MAJal0uoro Tijia BiJ| HAMpsIMKY BUCKa, SKIIO TiO Majgae
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Ha0arato MeHIIe 3a YOTHUPW TOAWHHW, TOOTO 3 BHUCOTH, Habararo
MeHIol Bii ciMaecaT JBOX KinomerpiB. Lle — mocuth umpokuit
Jliana3oH 3acTocyBaHHs 3100yTOr0 po3B’ A3KY.

Tpete, YoMy MU yBipBaJM TYT MPOLEAYPY PO3B’s3aHHS Ha
JIpyroMy TopsAAKy ManocTi? 3 ogHOro OOKY, OCKUIBKH psil
30iraeTecs, MpoLEAypy MOXKHA TPOJOBXKYBATH 3a HaBEACHOIO
CXeMOI0, JOKM He Oyae AOCATHYTO 3ajaHy HEOOXigHY TOUHICTb
po3paxyHKiB. 3 iHIIOrO OOKy, TYT TPEACTaBIEHO pPO3B’ A3aHHS
3 ypaxyBaHHAM HOBUX (pi3nuHMX pe3ynbTariB. Haragaemo kopoTtko:
HyJIbOBe HAOJIMDKEHHS OMUCYE MAJiHHS Tijla, Tiepiie HaOJIVbKeHHS
onKcy€e Majle 3MIlIeHHs Ha CXiJl, Apyre — Ille MEHIIIe BiIXWIeHHS Tijia
Ha miBIeHb. Lle — Tpu B3aeMHO MeprNeHAMKYJSPHI HaNMpsMKH, SKi
€ He3aJeKHUMH, OT)KE, BOHM HE 3BOIATLCS OIWH [0 OJHOTO.
HeBaxxko mokaszatu, WO HACTymHe, TpeTe, HaOMMKEHHS JAacThb
MOTNpPaBKy [0 MepeMIllleHHs, HalpaBJieHy Ha 3axij, fKa 3a MopsIKoM
Besmunny B (2t)° pasis MeHIna 3a BiaXuneHHs Tina Ha cxia. JIo Toro
K BIAXWJICHHS Ha CXiZ 1 Ha 3axii — Le BIAXWICHHS B3IOBXK OJHIel
koopauHati  (mapanenmi). Omke,  BpaXyBaHHS  HACTYIHOTO
HaOMWKeHHsl JIMLLIe Jell0 MiANpaBuiio OW pe3ynbTar, BiIOMMIA i3
nepuioro HaOnwxkeHHs. Takuil Kpok He Mae (i3MYHOTO ceHcy; BiH
MOXXe OOTpYHTOBAaHMM, SIKIIO TOYHICTH PO3PAaXyHKY BiIXWJICHHS
B3JIOBK Mapanesi, JOCATHyTa B MepIIOMY HaOMWKEHHi, 3 SKHXOCh
TIPUYWH € He3aA0BUTEHOIO.

[Mopaxyemo BiIXWieHHs BiJ HAmMpsIMKY BHCKa JUIsd Tina, sKe
nagae 3 Bucotn h=100 merpiB. [Iis OUIHKM TPUBAJIOCTI MaaiHHA

t 3HEXTYEMO BHECKOM TMONpPAaBKM APYroro mopsaky, t=.2h/g =

=4.5 cekyna. BenmnuwHy BigxwiieHHS X Ha CXiJ TMOpaxyemMo 3a
dopmyioro (5.31):

3 2 42
X= L2 g cosd = 2t—iz—”cos& _Amt hcosd. (5.39)
3 3 2T 3T

Tyr T — nepion mo6oBoro obepranHs 3emii, 7 — e reorpadivyna
mupoTta micus, x=14 mm. [1pu 1boMy TiJIO BigXUNS€ThCS HA MiBICHb
(muB. hopmyay (5.36))Ha y=1.8 MikpoH. SKIIO Tio Magae 3 BUCOTH
' ITCOT METPiB, TO BIAXWIEHHS Ha CXiJ] CTAHOBUTh HA IIUPOTI
Xapxkosa 15.7cm.

171



TobTo, sIKIIO THOMH 3 Ka3ku ToJKieHa CUSTh Ha JepeBi CTO
METpIB 3aBBUILIKH Ta KUJAIOTh KaMiHIli y BOBKA, IO YaTy€e HA HUX i
JIepeBOM, TO THOMaM MOJKHa HareBHe 3HexTyBaTH cuity Kopioica,
sgKa BIAXWISE «cHapsaa» Ha cxia. [Ipu mpoMy MM BBakaemo, IO
Ka3KOBHH BOBK OUTBINNI 32 po3MipaMu, Hixk x=14 MM.
o peui, ymoBy (5.38)3acTOCOBHOCTI METOMY MOCIiTIOBHUX
HaOmkeHb MoxkHa otpumatd 1 3 (5.39), sKkmo nNOpPiBHATH
. . . X_4mt
BIZIXMJICHHS X 13 BUCOTOO majiiHHsg h: — = — — cosI<<1.
h 3T
[Tonpu HeBeNMKy BeTMYMHY BiJIXUJICHHS MaJarouoro Tija Bill
HanpsMKy BHCKa, L€ BiXWJICHHS BJAJIOCh CIIOCTepiratv y jaociizax
i3 maiHHs Tin y rmuOoKMX waxTax yxe B cepenuti XIX cTopivus.

5.4. MasmHuk ®yko

Posrnsgaemo crnovatky aBa rpaHuyHi Bumaaku. CrpoGyemo
CIIOCTEperTH KOJIMBAaHHA MasTHUKAa Ha TMiBHIYHOMY MOJOCI,
BBKAIOUH, 10 Mi/IBIC € HEe3aJIe)KHUM BiJ moBepxHi 3emiti. 3 TOUYKH
30py crioctepiraya, skuii nepeOyBae B iHepLiaibHill CUCTEMI BiJTIKY
IIONMHA @, B SKid BigOyBalOThCs  KOJIMBAaHHS  MAasTHHKA,
€ Hepyxomoto. Ilpu upoMy 3emns moBepTaeTbes MiA MasTHUKOM
3 KYTOBOIO WWIBHAKICTIO (=1 omun obepT 3a 100y MPOTH CTPIJIKK
FOAVHHUKA, KOJM JWMBUTHUCH 3ropu. BimHocHo mnoBepxHi 3emii
TUIOLIMHA @ TIOBEPTaTHUMETHCS B TPOTHIICKHOMY HAmNpsIMKY — 3a
cTpinikoto ronuHHMKA. lle oOepraHHs OOYMOBIEHO Ji€l0 CHITU

Kopionica 2m|0, ,£2|. Ha nomoci KyTOBY WIBHUIKICT OOepTaHHs
3emsti (2 crnpsAMOBaHO BepTHKaJIbHO Bropy. LlIBHakicTe mMasTHHKa
U, (opu Benukili [OOBKMHI  mMiABiCY) MOXKHA  BBaXkaTH
rOPH30HTAJIBHOIO, TOOTO MepreHIUKYISIPHOIO 10 3eMHoi oci: U, [1.02
i Fup=2mu,Q, — HezanexHO Bi TOro, y3IOBX SKOTO MepHIiaHy
KOJIUBAETHCS MASITHUK.

Ha exBatopi mBHAKICTh MasTHUKA MOXKE MaTH CKJIQJIOBI SK
Y3/I0BK MepMJliaHy &, TaK i B3J0BXK €KBaTOpY 0g, UH=L7||+UD.
PosrnsiHemo BiZIMOBI/IHI CKJIaJIOBI CUITH Kopiouica,
ZmIDH,Q]= 2mlt7||,_QJ+ 2m|_UD,_QJ. Iepia ckianoBa, 2m[L7||,QJ,
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JIOPIBHIOE HYJIO, 00 Ha eKBaTopi KyTOBa WUIBHIKICTb OOEpTaHHS
3emili € mMapajielIbHOK JI0 MepHliaHy, L7||||.Q. Hpyra cknanoea,

Zm[UD,@], Ma€ BEePTUKATbHHWHA HAMpPSIMOK: BOHA TPOXH ITiJCHITIOE
(mocnabioe) cuily TSDKIHHS, KOJMM MasTHHK PYXaeTbes Ha 3axXij
(cxim). Ane s CKJIazioBa Hi B IKOMY pasi He THCHE Ha MasTHHUK YOiK,
HE Mae€ >KOIHOI TOpPU3OHTANBHOI ckjagoBoi. Tomy Ha ekBartopi
TUIOIIMHA a BUSBISETBCS HEPYXOMOIO, TOOTO i KyTOBa LIBHIKICTb
JIOPIBHIOE HYJTIO.

Lli nBa rpaHWYHI BUMAAKH MilKa3ylOTh, IO Y 3arajJbHOMY
BUMAJIKY, KOJIM MasSTHHUK PO3TAILOBAHWI LIMPOTI &J, CNifl PO3IJISHYTH

okpemMo BHecok jgo cuiau Kopiomica Bijg ropusoHTanbHOL _Q” Ta
BEPTHKAIBHOI (21 CKIAZIOBUX KyTOBOI WIBMAKOCTI, 2= Qi+ Qn.
Brnue cknanoBoi cunm Kopiorica, Zm[U,.q|], Ky OOYMOBIIEHO

HasSBHICTIO TOPWU30HTAJILHOI CKJIAJIOBOI KYTOBOI HIBHJKOCTI, _q|,

€ aHAJOriYHUM [I0 BIUIMBY IOBHOI KyTOBOI IIBHAKOCTI (2 Ha
exkBatopi. Tobto us ckmamoBa cunu Kopiomica He Jae BHeCKy
B oOepraHHs miommHUd a. Brmme cknamooi cunu  Kopiodmica,

Zm[U,_QD], Ky OOYMOBJIEHO HASBHICTIO BEpPTHKAIBHOI CKJIaI0BOL
KyTOBOT IIBUIKOCTI, 2], € aHAJIOTIYHUM JI0 BIUTUBY MOBHOI KyTOBOT

mBHAKoCTi 2 Ha TOMIOCE: came 3aBJISKH iif TUIOIIMHA a obepTraeTbcs
HAaBKOJIO BEPTHUKAIBHOT OCi 3 KyTOBOK MIBHAKICTIO (5= (2Sing.
ToOTo y noBiNbHIN TOYLI HA MOBEPXHi 3eMJi BepTUKalIbHA MUIOLUHA,
B sIKiil BiIOyBatOThCS KOJIMBAHHS MasTHUKA, BUKOHYE MMOBHUI 000pOT
3a yac

t= 20 = 2000 (5.40)

Ileit pesynpTaT mMOBHiCTIO 30iraeTbcs 13 3700yTHM  paHiiie
y rpaHM4YHHMX Bumnagkax: Ha mofroci J=90° i mepion obepraHHs
TUTOLIIMHU KOJMBaHHs  JopiBHIOE OnHiK 1006i; Ha exBaropi J=0°
i BeMIM4YKMHA Tiepioxy t mpsiMye 10 HECKiHYEHHOCTi, TOOTO IJIoMHA
KOJIUBaHHS HE 00epPTAETHCS.
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Peanbuuit nocnmin, mo nposiB BiracHe ®Pyko 1850 poky,
BinOyBcs y [lapusbkuii obcepBaropii, MOBKWHA TiABICY CKjajaia
=67 metpiB, maca Kyii ctaHoBwia NMF28 kr, nepioa oOepTaHHS
TUTOLMHY KOJIMBaHb MasiTHUKA ckiiaB t =32roaunu (mwmpota [Naprky
J =4851"). 3a romuHy MUIOILIMHA KOJIMBaHb MOBEPHYJach Oijblie,
Hixk Ha 11°.

Masrauk @yko y mrab-kBaptupi Opranizauii O6’ eaHaHMX
Hauiit y Heto-Mopky mae macy kyni m=91 kr i oGepraeThes 3a
t =32roaunu 45 XBUJIUH.

5.5. EkeieanneHmHicmb 2pasimayitiHor
ma iHepmHoi mac

Tepmin maca Oyn0 BBeI€HO 10 YHCIIa XapaKTEPUCTHK PyXy
MEXaHIYHUX 00’ €KTiB, CIIUPAIOYHUCH HA 3aKOH 30epeKeHHS IMIyJIbCY.
B ocHOBi 1bOro TepMmiHa JiekaTh iHEPTHI BJIACTUBOCTI MEXaHIYHHMX
00’ €KTiB, TOMY TaKy Macy Ha3WBalOTh iIHEPTHOIO, M. AJie MeXaHiuHi
00’ €KTH 37aTHI TaKOX 30yPKyBaTH HaBKOJIO ceOe rpaBiTalliiiHi MoJIs.
Cuna rpaBitTauiifHOro TsKiHHS MpoNopuiliHa rpaBiTaliiiHii Maci Tis,
M. Big camoro mowaTky mOCHiIKEHHS LBOrO THUTaHHS HEMae
Mi/ICTaB BBAKATH MAacH, 10 (GirypyroTh y LUX 3aKOHAX, OJJHAKOBUMH.

3aKOH BCECBITHBOTO TSDKiHHS, IO HOro BctaHoBUB HbIOTOH,
BKa3ye Ha Te, L0 CUJIa TpaBiTaliiHOT B3aEMOIIT TiJI € IPONOPUiHHOIO
m. ToMy iHepTHa Maca € MPOMOPLIWHOK JO TpaBiTaliiHOI MacH,
mUmy. Oauanni mux mMac (a0o KOHCTaHTy rpaBiTauiifHOT B3aeMonil
)) MOkHa BHOpaTH Tak, 1100 BOHHM OyJIM He JIMIIe MPONOPLiHHUMH,
ane ¥ JOpPIBHIOBAIM OJIHA OJIHIA 3a YMCJIOBUM 3HaueHHAM. Lleit
(GyHIaMeHTaIbHUI  3aKOH MEXaHIKM  3BeTbCS  3aKOHOM
€KBIBaJICHTHOCTI iHEPTHOI Ta rpaBiTaLiiHOI Mac.

Jlnsg noBeneHHS LbOTO 3aKOHY PO3IVISHEMO BiNbHE MaliHHA
TiJ pi3HOT mpupoad y moni TsxkiHHA 3emni. 3 oaHoro OOKy, 3a

3akoHOM HbtoToHa, mya = Fg, 3 iHIOro OOKY, IEg :mgg, OTXKe,

a=dry /M. Ockinbku 3 excriepumenTie Bizomo, Wwo Bei Tina (3a

YMOB BiJIHOTO MajiHHs) MafaloTh 3 OJHAKOBUM MPUCKOPEHHSIM, TO
BUXOAUTb, IO M=Mgy [lepmmM wLe [OBIB EKCNEPUMEHTAIBHO
Tastineit (3 HEBHCOKOIO TOYHICTIO).
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Jlani BUCHOBOK TMpO eKBiBAJICHTHICTh TrpaBiTalliiiHOT Ta

iHeptHoi Mac  migTBepawium  HelotoH Ta  beccenms, ki
EKCTMIePUMEHTANIbHO BCTAHOBWJIM ISl  KOJIMBaHb MaTeMaTHYHOTO
MasTHUKA, 10 TIepiojl WOro BiJIBHUX KOJIMBaHb HE 3aJIeKUTh Bif
MaTepiaiy, 3 IKOr0 BUTOTOBJICHO MasTHHUK.

PexopmHO TouHMMU Oyiu BUMiprOBaHHs (BiIHOCHA moxuOKa

5x10°®%) yropcekoro dizuka JI. ETBema6. Taky Tounicte ETBelry Ta
HOro KoyeraM yaanocs JOCSITH 3aBIIIKHA 3aCTOCYBAHHIO KPYTHIIbHUX
Tepe3iB Ta TpaBiTaliliHUX BapioMeTpiB. ONUILIEMO CXeMaTHUYHO
nociin Ersema (puc. 5.3). Ha moBriii TOHKiM HHUTII mMifBileHO
TOPU30HTAJIBHO JIOBTHI CTPHXKEHb NOBXHMHOIO |, 0 KiHIB SKOrO
MOKHa OYJIO MPHKPIIUIFOBATH TArapii 1 Ta 2, BArOTOBJEHI 3 Pi3HHUX
MaTepiais, HarpuKiai, IUIATUHA  Ta  Mifl. CtpukeHb
YCTaHOBJTIOBAJIH MEPHSHANKYJ/ISIPHO 10 MepHaiany micus (puc. 5.3a).
ETBemn y3sB 70 yBaru, 110 Bara Tijla Ha IOBEpXHi 3eMJIi CKIIaIaeThes,
rOJIOBHE, 3 JIBOX PI3HMX AOAAHKIB. CHJIM TPaBiTALliHHOTO TSKiHHA,
Mg , AKa € MPONOPLiAHOIO 10 rpaBiTauifHOi MacH, Ta BiLEHTPOBOT

CHWJIW THep1ii, mi.QZFD , SIKa € MPOTIOPLIIMHOIO 10 IHEPTHOT MacH (puc.
5.36). BinmeHTpoBa ciita Mae BepTHKAIbHY CKIanoBy M Q2%r cosd

Beccens  (Bessel) ®pinpix Binsrensm (1784-1846) — HiMeubkwuii
acTpOHOM, MaTeMaTHK i reoje3uct, uieH bepmincekoi AH (1812),
iHo3eMHMit modyecHuit uieH I[letepOyp3pkoi AH (1814). 1810poky ioro
Oyno 3ampouieHo 10 KenircOepra mis opraHizanii HoBoi oOcepBaropil,
IMPEKTOPOM SIKOT BiH MpPALOBaB 10 OCTaHHIX POKIiB CBOTO XHUTTS. beccenb €
OJHUM 3 OCHOBOIIOJIOXKHUKIB acTpomeTpil. BiH po3po6uB Teopito moxubok
iHCTpyMEHTY i TIOCII/IOBHO MpOBAaIWB B JKUTTA iel0 MPO HEOOXiAHICTh
BHOCUTH BIiANOBiOHI TMOMPaBKM 10 pe3ylbTaTiB CIOCTepekeHb. Y
maremarulli iM'sm beccens Ha3BaHO ciMeHCTBO (yHKIIi, 10 BUHUKAE MM
yac po3B's3aHHs piBHAHb Jlamiaca Ta [enbMmrosbia (y muiiHApUIHUX abo
cepUIHNX KOOPANHATAX), @ TAKOXK HEPIBHICTb Yy Teopii psaniB Oyp'e.
® Etsemr ( EOtVES) Jlopamn (1848-1919) —yropcekmii ¢izuk. CTBOpPHB
rpaBiTaniifHuii BapiomeTp. BcTaHOBMB piBHICTH rpaBiTauiitHol # iHEepTHOT
mac. JlocinuB 3aneKHicTh TOBEPXHEBOTO HATATY Bi Temmeparypu. ['onosa
MaremMatndHoro i ¢ismanoro TtoBapucTB. Hmska yuniB ETBema cramm
nmaypearamun HoOexmiBcbkoi mpemii. Im's ETBema HOCUTh OOWHUIA
BUMIPIOBaHHS TPafli€HTy TpaBiTaLliifHOTO MO,
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(& — reorpadiuna mmpota). OCKUIbKM CTPHKEHb Ma€ OJHaKOBi
Tiedi, TO OJHa 3 yMOB piBHOBaru (y BepTHKaJbHIi IUIOIIMHI)
nonArae B Tomy, o Foepmi= Feepma:

My1g— My 2°rHC0SF =Myg —M,Q°rCOSI. (5.41)

BBenemo a; Ta Q> — 4acTKW rpaBiTalliiHUX Mac 0 IHEPTHHX IS
Trapuis 1ta 2: a=mg/m:

ma(ag -Q%ry cosd)=miy( a9 -Q%rg cos), (5.42)

Skmo pisHoBary (5.42) nocsrHyTo AAs Pi3HUX Q1 Ta Gy, hZQ>,
TOOTO, AKIIO TpaBiTaliiiHa Ta
iHepTHa MacHu He
€ eKBIBaJICHTHUMH, TO 3BiJICH
Malmi O Hacmigok MyZ Mms.
Toni BiALIGHTPOBI CHIIH, IO
NIOTh Ha TATApIl, a 3 HUMHU
i IXHI TOPU3OHTAIBHI
CKJIaJI0BI, Luop MaroTh L 4 F oo
HanpsMOK Ha TMiBIEHb, HE /S

Oynu 6 oaHakoBi, F.o# Faopo.
Toni 6 3’ siBUBCS 00epTaIbHUIA
MOMEHT cHIT
M;=0.85(my - m,) 27 sing,

i BepTHKaJIbHA HUTKA, HA SKIA
MiABIIIEHO KPYTHIBHI TepesH, m Q2
3akpytiiiacs O Ha  KyT Lo
$=M /K. Tyt k — ue momynb

Puc. 5.3a. Cxema nocnigy ETenia

kpyTiHHs. Kyt ¢@; Bmaerbcs .8
BUMIPATH 3 BHCOKOIO

TOYHICTIO, 60 Ha

BEPTUKANbHIN HUTII

3aKpIiIJIeHO MaJleHbKe 9

JereHbke n3epkansle /[. Ha
L€ [3€pKajblie IyCKarOTh
NpOoMiHb CBITJIa 1 CAKYIOTb Puc. 5.36. HanpsiMku cui, siki Oit0Th
3a ¢ aoM BigOuTOro Ha BaXKU B gociini ETeema

176

npoMeHst Ha ekpadi. Ll{o nasni ekpaH po3ramoBaHui Bifi KPYTUIBHHX
Tepes3iB, TO MEHIIOMY KyTy BIiANOBiJae MepecyBaHHS 3aldyMka Ha
eKpaHi Ha OJIHy U Ty caMy BiJCTaHb, TO TOYHIIllE MOXXHa BUMipsATH
KyT ¢ Skuio tarapui 1 i 2 NOMIHATH MICISIMH, TO 00epTaibHHI
MOMEHT CHJI 1 KYT 3aKpy4yBaHHS 3MIHIOIOTb 3HaK, Mo= —Mi, @,= —¢@.
EtBemr mokazaB, mo @=@,—@$=-2My/k =0 mns Oyap-sakux
MaTtepiajiiB, 3 SKMX BUTOTOBJIEHO Tarapiy 1i 2.

Tak MmaiicTepHe BOJOAIHHS MPUHOMAaMHU €KCIICPUMEHTAIBHOT
(i3vkH, MOMHOXKEHE Ha TIMOOKe po3yMiHHS (i3UUHOI Teopii, Jano
ETBemry MOXJIMBICTH OOTPYHTYBAaTH OIMH 13 HaWBayJIMBIIIMX
(i3MYHUX MPUHLMITIB.

. 7 . . .
PoGept [ikke (CIHA) i3 cniBpo6itHrkamu B 1961-64pokax
MiJBUIIMIN TOYHICTh nochifie ETeema B moHan cro pasis. Jociming

Hikke OyB noBTopeHuil pansHcbkumu ¢izukamu B. b. Bparincbkum
i B. I. [lanoBum y 1971p., BoHM MigBUIIUIK TOUHICTS e B 30 pazis,
JIOCATLIM TOYHOCT eKcriepumeHTy B 102,

3a3HayMMoO, 10 TPUHIMIN EKBIBAJCHTHOCTI IHEpTHOI Ta
rpaBiTauiiHOi Mac MpPUCITY>KMBCS TMpH 3aKjiafaHHi 3acal Teopii
rpaBiTtauii (3arajJbHOT Teopii BiTHOCHOCTI).

" Nlikke (Dicke) PoGept enpu (1916-1997) -amepukanchkuii (isuk, wien
Hamionansnoi akagemii Hayk CILIA, Bimomwuit cBoiMEH poboTamMu B Tamy3i
actpo¢izuky, aTomHol (izuku, kocMoorii Ta rpasitauii. OauH i3 mepmux
PO3pOOHMKIB  Teopii  eNeKTPUYHUX JIaHIOTiB i3  pO3MOIiIEHUMH
napamerpamu. Haropomkenunit HanionansHoro HaykoBoto menamnio CILLA,
IMpemieto Komcroka HanionanbHoi akanemii Hayk CILA, [pemieto Beatpic
Tincneit AMepUKaHCBKOTO aCTPOHOMIYHOTO TOBApUCTBA.

Bparincekuit Bomomgumup BopucoBuu (1931) — pociiicekuit  dizuk-
TEOpeTHK 1  ekcrepuMeHtatop. Umen-kopecronneHT PAH, wnen
€Bponelicbkoi Axanemii, iHozemHunit wieH HamioHanbHoi akamemil Hayk
CLIA. Tlpodecop xadenpn «@izukn KonuBaHb» (i3MYHOTO (haKyIbTeTy
MJY. Haropomxenuit 3onmotoro Menammo iM. JleGemepa (ITpesunii AH
CPCP), Menaumo @. Ulunnepa, Ilpemicto Deiipuanbaa, [Ipemieto
I'ymbomnbra.
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9.
10.

MumaHHs Onsi caMoKOHMpPoso Ao po30iny
5. MexaHi4yHul pyx mamepiasbHOI MoYKu y
HeiHepyianbHUX cucmemax 8iosliKy

Jaiite BusHaveHHs cunu Kopiodica.

JaiiTe BU3HaueHHS BiILEHTPOBOI CHIIH.

B sxuii 6ik cnipsmoBano cuity Kopiosica, o nie Ha aBTIiBKY, sKa
e Ha MiBHIY Yy MiBHIYHIH MBKYJi?

B sikuii Oik cripsMOBaHO BifILIGHTPOBY CHIIY, IO Jii€ HA aBTIBKY,
sKa ige Ha MiBHIY y MiBHIYHIN MiBKyi?

B sxuii 6ik cnipsmoBano cuity Kopiosmica, o nie Ha aBTiBKY, sKa
ine Ha cXija y MiBHIYHIN MiBKYJi?

B sikuii Oik cnpsMOBaHO BifJLIEHTPOBY CHIIY, LLIO JAi€ Ha aBTIBKY,
dKa ige Ha cXill y MiBHIYHIHM miBKYJi?

Uu 3anexuts HanpsiMok cuiu Kopiosica BiJ HampsMKy BeKTopa
KyTOBOI IIBHUAKOCTI 0OEpTaHHA HEIHepIiabHOI  CHUCTeMH
BiJUTIKY?

Un 3anexuTh HampsMOK BIILEHTPOBOI CWJIM BiJ HampsIMKy
BEKTOpa KyTOBOI HIBUAKOCTI 00epTaHHS HEeiHEepILiaTbHOI CHCTEMHU
BiJUTIKY?

o Take iHepTHa Maca?

1o Take rpasiTaiiiina Maca?
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6. O6epmanbHul pyx
abcosnromHo meepdo20 mina

PosrnsHemo cnouatky oOepTasibHHME  pyx aOCOJIFOTHO
TBEp/OTO Tijla HaBKOJIO Hepyxomoi oci obepranHs. Lle moxe Oytn
(ikcoBaHa MaTepiaibHa BiCh, HABKOJIO SIKOT 00epTaeThes abCOTIOTHO
TBepJe TiJio, a0 Takuil HOoro pyx, MpH IKOMY BICh € PyXOMOI0, ajie ii
opieHTaLisl B POCTOPi 3ajMLIA€ThCs HE3MiHHOO. ISl omucy Takoro
PYXY 3aCTOCOBYIOTH PiBHSIHHS MOMEHTIB.

Skmo HaBkONO OCi o0epTaeTbcs 3 KYTOBOKO IIBHAKICTIO
(W onHa MaTepiajibHa TOUYKA, TO TPAEKTOPIs i1 pyXy — Lie OKPYKHICTb,
cKaxiMo, paziyca I'g. [TopaxyemMo MOMEHT iMITyJibey L = [T ,mD] i€t
MarepiallbHOI TOUKM BiIHOCHO oci oOepraHHs, L,. Ilpu pyci
MaTepiaabHOT TOYKH 1o OKPYXHOCTI paniyc-BeKTop
€ TEepHeHAMKYIIPHUM 10 BeKTopy wBHakocTi, [ JU, ToMy
L,= romu. Sk BigoMO, HIBHJKICTH MaTepiaibHOI TOYKHU

—_ 2
B [ILOMY BUIIAJIKy U= I, OTXKE, L,= g M

SKuio HaBKONO HEPYXOMOi oci  o0epTraeTbcsi cucTeMa
MaTepiaJibHUX TOUOK 3 OJHAKOBOIO KYTOBOIO LIBHIKICTIO (J 1O Mae
Miclie, 30Kpema, Ui abCONIIOTHO TBEPAOTO Tijla, TO TPOEKIIis

MOMEHTY IMITyJIbCY TaKOI CHCTEMH MaTepiajlbHHX TOYOK Ha BicCh
o0epTaHHA € MPOEKLiii MOMEHTIB iMITYJIbCiB OKPEMHUX TOUOK:

N 2 N 2
L=y Mo =wy mrg=ad. (6.1)
i=1 i=1

Tyr m — 1e enemeHTapHa Maca i-i CKJIa0BOi YaCTHHH aOCOJFOTHO
TBEPIOro TiNa, I'm — 1€ HAKOpOTIa BiicTaHb Bix i-1 enemMeHTapHOT
YaCTUHKH a0COJIIOTHO TBEPJIOrO TiJia JI0 oci oOepTaHHs,

N 2
=2 mrj (6.2)
=1
— 11e MOMEHT iHepLjii abcoMoTHO TBEPIOTO Tijia BIIHOCHO JaHOI OCi
obepranHs. Y BHNAAKy HEMEPEpPBHOrO MPOCTOPOBOTO PO3MOMALTY
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MacH Tijla MOMEHT iHepllii BU3HAYAIOTh HEe CYMOIO, a iHTerpaiom,

I=J Bdm, e iHTerpyBaHHSl BelIeTbcs IO BChOMY 00'€eMy Tija
Vv

V. MomMeHT iHepuii XapakTepu3ye iHEpPTHI BJIACTHBOCTiI abCOJIOTHO
TBEPJIOTO Tija BIIHOCHO 00epTalbHOrO pyxy. 3a pO3MIpHICTIO
momeHT inepuii [IJ=xkr’ Maca camo 1o cobi He € OJHO3HAYHOIO
XapaKTepPUCTUKOIO IHEPTHUX BIIACTUBOCTEH aOCOIOTHO TBEPAOTO
TiJla BiJIHOCHO O0EpTAJLHOrO pPyXy: 3 ABOX MarepiallbHUX TOYOK
OJIHAKOBOT MacH OUIbIIMH MOMEHT iMMyJIbCy Ta Oifiblly KiHETHUYHY
EHeprilo Mae Ta, fka 00epTaeThes 3 3a/IaHOK0 KYTOBOKO HIBHIKICTIO
MO OKPY>KHOCTI OiNblIOro pajaiycy. Y3arajabHIOIOUM Ha abCOJIOTHO
TBEpJe TiJI0, CJIiJI CKa3aTH: IO OUTBIIMI MOMEHT iHepIlil TaKoro Tina,
TO OUTBIIMKA MOMEHT CHJ MOTpiOeH ajis HWOro po3Kpy4dyBaHHS JO
3aJ1aHOT KYTOBOI HIBHIKOCTI.

OTke, PIBHAHHA MOMEHTIB i1 aOCOIFOTHO TBEPOrO TiJa,
110 00epTaeTbes HABKOJIO 3aKPiMIeHol oci, Ma€ BUIIIS!

_dw

My=1— (6.3)

dt ’

ne M, — npoekiiis pe3y/ibTYIOUOr0o MOMEHTY 30BHIIIHIX CHJI Ha
maHy  Bice  obepraHHs, 1mo 1i TIO3HaYeHO SAK  BICh

7,Mm;,=¢ @[F’ﬁamﬂl]'

Pobota, sIKy BUKOHYIOTH 30BHILIHI CHJIM TIPU 00epTaTbHOMY
pYcCi HAaBKOJIO HEPYXOMOT OCi, IOPIBHIOE:!

A =FdS=Frdy=M, dy, (6.4)

ne y— ue Kyt obepranns, w=d y/dt.
Kinernuna enepris obeprampHOro pyxy abconmoTHO
TBEPJIOTO TiJIa HABKOJIO 3aKPIiTUIEHOI OCi IOPIBHIOE:

1 1 (,4_)2 (U2| LZ
Ex =Ei2mui2 =§i2mw2r§i =7izmif§i = =5 (69

[Npoananizysasinu (6.5), MOkHa AiTH BUCHOBKY, 1110 (JopMa 3amucy
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JUTst pOOOTH Ta KIHETHYHOT €Heprii B IAHOMY BUTIAJIKY € aHATIOTIYHOIO
JI0 BHIMAJKY TNPAMOJIHIHHOTO pyXy: MOMEHT iHeplii | € aHamorom
Macu M, MOMEHT IMIYJIbCy L, — aHaJIoOroM IMIyJbCy P, i MOMEHT

cunu M, —ananorom cum F.

Binemie  ToTO, IMIIyJIbC ~ HE  MOXe  CIYryBaTH
XapaKTepUCTHUKOIO KITbKOCTI obepTampHoro pyxy. I[lokaxkemo me nHa
MPOCTOMY NpHUKJIaAi 00epTabHOrO pyXy ABOX MarepiajbHUX TOYOK
OJIHAKOBOT Macu M, siKi 00epTarOThCs MO OKPYXKHOCTI JTOBLIBHOTO
paniycy a 3 KyTOBOIO IIBUAKICTIO (V1 PO3TalllOBaHI Ha KiHIIX OJIHOTO
niametrpy i€l  okpyxHocti. IlIBuakocTi 1TMX JBOX  TOYOK
€ O/IHAKOBMMH 32 MOJYJIeM, U= X1, ajie MPOTUJIEKHI 3a HampsIMKOM,
TOMY CYMapHHU# IMIyJbC Takol CHUCTEMH MaTepiaibHUX TOYOK
JNOPIBHIOE HYJIIO. A OT MOMEHT IMITyJbCy Takoi CHCTEMU He
€ HyJbOBMM, HOro HampaBlieHO B3JOBX Oci o0epTaHHs, i oro
MO/IYJTb LZ=2m612w € TPONOPLIHHUM 10 KYyTOBOI IIBHUIKOCTI

w CaMe BiH XapakTepu3ye KiJbKiCTb 00epTanbHOro pyxy Tak, sK
IMITyJIbC ~ XapaKTepu3ye KUIBKICTb TMOCTyMajbHOrO pyxy. Takmit
caMuil pe3yJbTaT MOXKHa OTPUMATH, SKIIO 3aMiCTh pyXy MABOX
CUMETPUYHHUX MaTepiajlbHUX TOUOK pO3MMsAaTH pyX OyAb-SKOro
aKciaJbHO CHUMETPUYHOro abCONIIOTHO TBepAOro Tina, abo sk Lie
KaXyTb, (irypu o0epTaHHs, —y [bOMY BHUMAAKY CyMapHHUH iMITyJIbC
TaK caMo JIOPiBHIOE HYJIIO, @ MOMEHT iMIyJsibcy L, =[wBiairpae posb
XapaKTEePUCTUKU KITBKOCTI 00€PTaJIbHOTO PYyXY.

y 9 y 10
6.1. Teopema lNouzeHca -llimeliHepa

Benvunna MoMmeHTy iHepuii oOJHOro W TOro camoro
a0COJIFOTHO TBEPJAOro Tija 3aJieKWUTh Bill TOTO, BiJHOCHO SIKOI OCi

® Tioiirenc (Huygens)Xpuctusu (1629-1695) —ninepnanachknii iz,
MeXaHiK, MaTeMaTHK i acTpOHOM, BMHAXiJHUK MasTHUKOBOTO TOJMHHUKA
3 aHKepHUM 00MeKyBaueM, aBTOp XBUIILOBOI TEOPil CBiTIa, Mpamb 3 ONTHKH
i Teopii iMoBipHOCTI, BimkpuBau kijbusg CaTypHa i fioro cymyTtHuka. Unen
OpaHniy3bkoi AkaneMii HayK, 11 epInii Mpe3naeHT.

9 1teitnep (Steiner) ko6 (1796-1863) —mBeinapchKiii MaTeMaTHK,
3aCHOBHHMK CHHTETHYHOT TreoMeTpii KpWBHX JIiHiI i TOBEPXOHb OPYroro
i BUImux nopsakie. Yien bepniHcbkoi akagemii.
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obepraetbes e Tino. I{lum MoMeHT iHepuii nmoctynaeTbes maci — ii
BeJIMUMHA HE 3aJeKHUTh Bl pyXy, B SKOMYy Tio Oepe ydacTs.
[NokaxeMo, sK MOXXHa BHM3HAUUTH MOMEHT IHEpIil Tijla BiJIHOCHO
JIOBUIBHOT OCi, SKINO BiIOMHII MOMEHT iHEpIlil I[bOrO Tijla BiTHOCHO
napajnenbHOl oci, AKa MPOXOIUTh KpPi3b LIEHTp Mac 1poro Tina. Llei
3B'SI30K YCTaHOBIIOETHCS Teopemoto [ tolirenca-1Iretinepa.
[Topaxyemo MoMmeHTH iHepuil
abCOJIIOTHO TBEPJAOro Tijla BIJHOCHO
JIBOX pI3HMX MapajenbHuX oceid. Hexai
Ui oci mpoxonasaTs Kpizb Touku O Ta A
(puc. 6.1), Tozi 32 TEOPEMOIO KOCHUHYCIB
KBaJ[paT BIJICTAHI MiX TOYKOIO A Ta i-10
CKJIaJOBOIO a0CONIIOTHO TBEpPAOro Tina
(ma puc. 6.1 i nmo3naueHo sk MT)) O = A

MT;

—

I

o0

. 2 2 2 5 a
nopiBaoe:  If” =ry +a“-2(al,). L Puc. 6.1

HajJa€ MOMXJIMBICTh OOYMCIUTH MOMEHT iHEpIil JaHOTO abCOJIFOTHO

TBEPJOTO Tila BiTHOCHO OCi, IO TMPOXOAUTh Kpi3b TOUKY A
MEePNEeHINKYISPHO A0 MJIOUIMHU PUCYHKY:

ZmrE:Zm(rzzﬁaz—ZéDTzi). (6.6)
| |

[Tepenuuemo e Tak:
| o=lg +ma’-2mé R, (6.7)
ne Ii’c =Y fm/m — ue pauiyc-BeKTOp LEHTPY Mac BiJHOCHO

Toukn O. Skumo Bick «O» MPOXOJIUTH KpPi3b LEHTP Mac, TO I?\’C =0,
i monepenHs popmyna (6.7)cnpouryerbes:

|A=|O+m3.2. (6.8)

Lle CITiBBIHOIIEHHS CTaHOBHUTH 3MicT Teopemu
MNownreHca—-LUTenHepa: «Momenm inepyii oanoco abconomuo
meepoo2o mina GIOHOCHO OO0BINLHOI OCi a OOpIGHIOE CYMI 11020
MomeHmy iHepyii IOHOCHO THWLOT OCi, WO € napaneavHol 00 a ma
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nPOX0OUMb Kpi3b YeHmp mMac ybo2o abCcoNOmMHO meepoo2o miid, ma
000ymKy macu 0aHo2o adCconOmMHO MEepo020 Mmild HA Keaopam
BIOCANT MIJIC 3A3HAYEHUMU OCAMU .

6.2. Po3paxyHOK MOMeHmie iHepyii cumempu4yHUX
abcosmromHo meepdoux min

V 3arajgbHOMY BHMNAJKy MOMEHT iHEpLii MOXHa MmopaxyBaTu
YHUCIIOBUMHM METOJaMM Ha OCHOBi Bu3HaueHHs (6.2). ko
abCOJIIOTHO TBEpJe TIIO € HEBEJIMKUM, TO HOTr0 MOMEHT iHepIii
MOKHa BUMIpSITH B JJabopaTopii eKcriepruMeHTalIbHO, HaIlpHKIIal, 3a

JIOTIOMOTOI0 KPYTHIILHOTO MasgTHHKA ab0 MasTHHKa Mackeena

Slkio abconmoTHO TBepAe TIO Mae MEeBHY CUMETPit0, HOTo
MOMEHT iHepLil MOXKHa MopaxyBaTH i3 3aCTOCYBAHHIM HECKJIaJHUX
MaTeMaTUYHUX MpuiioMiB. Hukue HaBelleHO NeKilbKa TPUKIAIIB
pO3paxyHKy MOMEHTIB iHepIii CUMETPUUYHHUX a0COJIOTHO TBEPAMX
Til. B KOXHOMY BHWIAQJKy TMOpaXOBaHO TPHU MOMEHTH iHEpILii
BiTHOCHO TPbOX B3aEMHO MEPHEHIUKYISAPHUX OcCei, IO MPOXOJA[Th
Kpi3b LeHTp Mac Tina. [Ipy oMy po3paxyHkH 0OMeKEHO BHIAJKOM
OJTHOPITHOT TYCTHHH.

1). IokaxkeMo, SIK TOpaxyBaTH MOMEHTH iHEpLii CTPH:KHS
noBxuHOO | Ta mMacoro M (puc. 6.2) 3 ypaxyBaHHSM aTUTHBHOCTI
MOMEHTY iHepuii — SK CyMH MOMEHTIB iHepuii OKpemMHX
MarepiaJlbHUX TOYOK, SIKi CKJIQIal0Th CTPKEHb. PealbHuii CTpHKeHb
Ma€ HEHYJbOBI TMOMepuUeHi po3Mmipu, sKi, OJHAK, € Hadarato
MEHIIMMH BiJI IOBKHHU.

Vci eneMeHTapHi MacH, 110 CKJIaJaloTh CTPKEHb, JIeXKaTh Ha
oci z, TOOTO BijJanieHi BiJi Hel Ha HYJIbOBY BiJICTaHb, TOMY MOMEHT
iHepLiT CTPXKHS BIHOCHO OCi Z AOPiBHIOE HYJO, |,=0.

1 Makcgen (Maxwell) IDxeiime Knepx (1831-1879) —morianachkuit
BUEHWH, KU CTBOPHME TEOPIIO €NEKTPOMATHITHOTO MoJis. [ pyHTyrouncs Ha
3B'A3KY €JIEKTPUYHMX, MarHiTHUX Ta CBITJIOBHUX SBHIL, MaKcBes po3poOuB
Teopito cBiTa i TMM 00'€MHaB B OAHE Ilijie paHille po3pi3HeHi ramysi
€JIEKTPUKHM, MarHeTmsMy i ontuku. Kpim mporo, MakcBeiny Haiexars,
30KpeMa, BiIKPUTTS B TaTy3i MOJIEKYJIIPHO-KiHETUUHOI Teopil rasis.
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Macy CTPHKHS X
B OJTHAKOBHI croci6
PO3TalIOBAHO BiTHOCHO oceit dz
X 1Y, TOMy MOMEHTH iHepLil Z
CTPWXKHS BITHOCHO IMX Ocei —
JOPIBHIOKOTh OIUH OXHOMY, -[/2 /2
Ix=1y. Tlopaxyemo MoMeHT
iHepii CTPWXHS BiHOCHO Y
oci X Ha OCHOBI BM3HAUeHHS
(6.2). Y HbOMY Uil CTPHIKHS Puc. 6.2.J10 0G9nCIeHHS MOMEHTY
KBagpar BigcTaHi BIJ iHepLii CTPHKHA

e/leMeHTapHOi Macu 10 oci I’Dzi =7, wmaca OKPEMOTro eJIeMEHTY
€ noOytkom ryctunu crpwkas =m/(Sl) (ryr S — une mioma
nonepeyHoro rmepepizy crTpwkHs) Ta 00'emy dV=Sdz wuporo
enementy, Mm=pdV=(m/l)dz IuTerpyBaHHs BedeTbCS MO BCHOMY
00’ eMy CTpmKHs Bil Kparo 3 koopauHaroto (—1/2) no iHmoro kpato
3 koopauHaroto (I/2):

112 3|l/2

= | zzl—mdz—lm% =
-172 -1/2
m{(1_(=1*]_mi?

"3 (Ej (7) T 12 (6:9)

Ileit pe3ysabTaT BignoBizae Bumoram posmiprocTi, [I]=krmi.

2). Tlopaxyemo Tenep MOMEHTH iHepLii OTHOPIAHOT
NPSMOKYTHOT MJIACTHHH Macor M, JOBKHHOI @, LIMPUHOK D Ta
MaJioK0 TOBUIMHOKO C, C<<@a,b, Ik CyMH MOMEHTIB iHepIil OKpeMHUX
CTPHIKHIB, 3 IKUX CKJIafaeThest miactuHa (puc. 6.3).

MoMmeHT iHepLii OKpeMoro i-ro cTpwxHs |y BiIHOCHO oci
X JIOPiBHIOE, SIK OYJIO MOKAa3aHO BUIIIE, Ixi=mb2/12. MomeHT iHeplil
TIaCTUHMU |y BITHOCHO OCi X JOPIBHIOE
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mb? b2 mb?
=Y =y = 6.10
iZ 12 129 (6.10)

MowmeHT iHepuii i-ro Y
cTpwxkHs |y BigHOCHO oci Y
JIOPIBHIOE ~ JOOYTKY  Macu
CTPWXKHS I} Ha KBajapar
BiJICTaHi BiJ CTPWXHS A0 OCi
Y, yi=miX2. Maca m i-ro
CTPW)KHS JIOPIBHIOE JOOYTKY
ryctuHu 1actuan g=m/(abc)
ta 00'emy dV=bcdx i-ro

b/2

a/2

CTPHOKHS, m= m/(a)dx
AlonaBaHs MOMEHTIB iHepLii Puc. 6.3./]o oGuucIeHHSI MOMEHTY
OKPEMHMX CTPWXKHIB BIJHOCHO iHepLLii MPAMOKYTHOT MIACTHHMU

oci Y moJjsirac B iHTerpyBaHHi
3a KOOPIMHATOK X Bil JIBOrO Kpaw 3 KOOpAMHATOI X=-al2 no
MPaBoro Kparo 3 KOOPAUHATOIO X=a/2:

al2
al2 om mx3
|y= -[ X-—dx=—— =
-aj2 2 a 3—a/2
_m((ay_(zay|_md ‘11
“3all\2 2 12 (6.11)

3BepHeMO yBary Ha 3arajbHy BJIaCTHBICTb MOMEHTIB iHEpIIi].
A came, MOMeHTH iHeplii, 30kpeMa, (6.10)i (6.11),He 3anexaTh Bix
MO3JIOBKHBOTO po3Mipy. Hampukman, sSKmo B3STH IBi TUIACTUHU
OJIHAKOBOI Macu Mi wupuHM b, ane pizHOT TOBXKUHY & (LIbOro MOXKHA
JOCSITHYTH, SKUIO B3ATH TUIACTHHU 3 PI3HOTO Marepiaiy), TO iXHi
MOMEHTHU iHeplii BiTHOCHO OCi X € OJHAKOBUMH. 30Kpema, SIKIIO
NOBXKHWHA & € JIOCTAaTHhO Mayioro, a<<b, To Taka ruiacTUHA
MEPETBOPIOETHCS HA CTPHKEHb. Y LIbOMY BUMAJKy JAOPEYHO 3rajaTy,
mo Bupazu (6.9) nns momenty iHepuii ctpwkHs i (6.10) mus
MOMEHTY iHepuii IVIACTHHM € aHAJIOTiYHUMH. BOHHU SBJISIOTH COOOIO
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JNOOYTOK Macy Ta KBajpary MONepevyHOro po3Mipy, a TaKoxkK MaroTh
OJIHAKOBHI YHCITOBHIT MHOKHUK (1/12).

MowmeHT iHepuii |, okpemoro i-ro CTpW)KHS BiZHOCHO oOCi
Z nopaxyemo 3a Teopemoto ['toiirenca-lllteiinepa (muB. maparpad
6.1): Izi=(mib2/12)+miX2. Toni MOMEHT iHepIii MJIaCTUHH BiJHOCHO
oci Z IOPiBHIOE:

al2 2
1= | x2+b— M dx=
-al2 a
al 2 al2 .2 2 2
m b m
= [ x®=dx+ | ——dx:dﬂ). (6.12)
_a/2 @ _a/212a 12

Skwo mMpuHa b abo NOBKMHA @ MUIACTHHU € JOCTaTHbO MAJIOKo,
b<<a ab6o a<<b, To mIacTHHAa MEPETBOPIOETHCS HA CTPUIKEHD
JNOBXKHHOIO @ abo b. ¥V upomy Bunanky Bupas (6.12) acumnToTudHO
nepexoauth y Bupaz (6.9) mns MoMeHTy iHepuii CTPHXKHS
(3 ypaxyBaHHSIM MO3HAYCHB JTOBKHHH).

3). Tlopaxyemo  MOMeHTHM  iHepuii  OJHOPITHOTO
NPSMOKYTHOI0 mapaJie/ieninega Macow M JI0BKHHOIO 8, HIUPUHOO
b ta Bucororo C (puc. 6.4) sk CyMH MOMEHTIB iHEpIil OKpeMHX
TUIACTHH, 3 SKUX CKJIQJa€ThCs Mapasesernines.

MowmeHT iHepiii |y JOBUTBHOT i-i MIACTUHU BIOHOCHO OCi
X IOPIiBHIOE, SIK 1ie OyJI0 MOKa3aHO BHIIE, Ixi=m(b2+c2)/12. MomeHT
iHepiT |y BchOro mapasienerineia 3HaiIeMo K CyMy:

b2 re”] ety bigcz. (6.13)

Lleii pe3yabTaT € NpaBUIBLHUM 3a po3MipHicTio, [l,]=krl’, BiH He
3aJIe)KUTh BiJl MO30BXKHBOIO PO3MIpy Ta y TPaHUYHOMY BUIMAAKY
masoi nosxunu, a<<b,c, mepexonuts y Bimomuii Bupas (6.12) mis
MOMEHTY iHepLii IIacTHHU (3 ypaxyBaHHSAM MO3HAUYeHb MOMEPEYHHX
JiHIHHUX PO3MIpIB).

MoMeHT iHeplii i-1 TIAaCTHHU BiTHOCHO OCl Y Mopaxyemo 3a
teopemoto [toiireHca-1llTeiinepa, Iyi=(miC2/12)+miX2. Maca m i-1
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TUIACTHHHM JIOPiBHIOE NOOYTKY I'yCTHHHM Napajeneninena o~m/(abc)
ta o00'emy dV=bcdx i-i z
mractian, M= m/(a)dx Tomi
MOMEHT iHepuii
napa’esierimne/ia BiJHOCHO Oci S
Yy OTpPUMYEMO IHTErpyBaHHSIM
32  KOOpAMHATOI X  BiO v
KpaWHbOT IJIACTUHU 3

KoopAuHaTol0 X=-al2 g0 o
X/

iHIIOT TpaHi 3 KOOPAMHATOIO
x=a/2 tak camo, sk 1e OyJ0
3pobieno B (6.12):

b

Puc. 6.4.]]o oGuucIeHHSI MOMEHTY

ar2 02 m iHepLii NpsAMOKYTHOTO
ly= .[ X"+ de: napaesenineay
-al2
mi” +c” (6.14)
12 '

HocBin po3paxyHKy MoMeHTIB iHepuii |y i |, mpsmokyTHOTrO
napasesiernine/ia BiJIHOCHO oceil X i Y moka3ye, 10 MOMEHT iHepIlii
napaJesierine/ia OpiBHIOE AOOYTKY MacH Tijla Ha CyMy KBaJparip
MOMEPEYHUX PO3MIpiB, a TakoK Ha uuciaoBUi MHOXHHUK (1/12).
BpaxoByroun cuMeTpit0 MPSIMOKYTHOTO mMapalielienine/a, HeBaKKO
repe0avnTH, I0 HOro MOMEHT iHeplii |, BiTHOCHO OCi Z TOpiBHIOE

m!a2 +b? ,
l= . (6.15)

12

4). MoMmeHTH iHepiii nonepeaHix Tpbox Giryp: CTpHKHS,
TUIACTMHM Ta TPSMOKYTHOrO Mapaienerninega — Oyjo mopaxoBaHO
LIISIXOM MPSMOTO iHTerpyBaHHs Bu3HaueHHs (6.2). IcHyrOTh iHIIi
npuiioMH Ui OOYMCIICHHS MOMEHTIB iHepLii CHMeTpUYHHUX
abCOJIIOTHO TBEPAUX TilJl.

[lokaxkeMO MOKIMBOCTI OJHOTO 3 TakMX MPUHOMIB Ha
MPUKIIAJII 3HAXO/KEHHS MOMEHTY iHeplii |, oIHOpiAHOT TPHKYTHOT
IMJIACTHHH Macolo M, YCi CTOPOHM SIKOT MAIOTh OJJHAKOBY JJOBXKHUHY
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a BIAHOCHO oOcCi Z WO
€  TePNeHIUKYISIPHOIO 10
IUIOIIMHA  TPUKYTHHKa  Ta
MPOXOIUTb Kpi3b HOro LEHTP
mac C (nuB. puc. 6.5). Bucora
PiIBHOCTOPOHHBOTO
TPUKYTHHKA:
OE=asir6’=+3a/2. Llentp
Mac TpuKyTHHKa C JeuTh Ha
MepeTUHaHHI TPBOX MeMiaH,
AKi y BUMAaAKy pPiBHOOIYHOrO
TPUKYTHHUKA CHIBMAAalOTh i3
BUCOTaMHM Ta OiceKTpHucaMH.
Lentp mac ginuth Bucoty OE
y BimHomenHi 2:1,0C=2CE.

ToBmuHy miactiad h BBakaeMo HeXTOBHO Masioro, h<<a.
Po3B’skemMo 110 3a7ady, YHMKaiOud MPOLEAypH IHTErpyBaHHs, 3a
noriomororo Teopemu [rolirenca—llIteiinepa.

[lepmie kOYOBE MOJIOKEHHST MPOMOHOBAHOTO TMPHIiOMY
nonirae B TOMY, IO 3TiJHO 3 BU3HAYEHHSIM MOMEHT iHepuil
€ TPOMOPLIMHUM 0 Macu Ta € KBaApaTMYHOI (OPMOIO JNiHIHHHUX
po3MipiB TBepmoro Tija. ToMy MOMEHT iHepLii piBHOCTOPOHHBLOTO
TPUKYTHHMKA MOYHA 3alMCATH y HACTYMHOMY BUradi: |=amd, ne
@ — 11e IeBHA KOHCTAHTA, SIKY MOTPiOHO BU3HAYMTH.

Jpyre kito4oBe [MOJIOKEHHS LBOrO TIPUOMY MoJisrae
y TOMY, 1[I0 TPUKYTHUK MOXXHA YMOBHO pO30UTH Ha 4oTHUpU (Dirypu
3 TIEKD CaMOI0 CUMETpi€to, TOOTO HAa YOTUPH OJTHAKOBI TPUKYTHUKH:
ADFO, AADE, ABEF, ADEF. MowmenTt iHepuii |, KOXHOTo 3 1UX
MaJiX TPUKYTHHUKIB BITHOCHO OCi, MEPNEHAMUKYJISIPHOT 10 TUIOLMHUA
¢irypu Ta Takoi, 110 NPOXOAMUTH KPi3b LIEHTP Mac LIbOTO TPUKYTHHKA,
TaK caMo € MPOMOPLIHHUM /10 Horo Macu M, =NV4 i € TaKOK caMoro
KBaJIpaTUYHOIO  (OPMOIO  CTOPOHH &, =&/2 1BOr0  MaJoro
TPUKyTHHKA, |,=@M,a,%, Ie @ — Ta cama KOHCTAHTA.

OCKiUTbKM MOMEHT iHepllii € aJUTHBHOIO BEIUYHMHOK, TO
MOMEHT iHepLii BEJTUKOro TPUKYTHHKA AOPIBHIOE CyMi MOMEHTIB
iHepuii 4OTUPBOX MalMX TPUKYTHHUKIB. [Ipy mpomy cming y3atu no
yBard, L0 LEHTP Mac OJHOro 3 MajuxX TpuKyTHUKiB, ADEF,

Puc. 6.5.]]o oGuuCIeHHSI MOMEHTY
iHepii TpUKyTHHKa
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CHiBMajgae 3 LIEHTPOM Mac BEJIMKOrO TPUKYTHHKA; a LEHTPH Mac
pelITH TPhOX MaJMX TPUKYTHHUKIB BiJJalieHl BiJ OCi Z Ha BiJCTaHb
CM=CK=CL (nuB. puc. 6.5),1110 yTpr4i MeHIIa 32 BUCOTY BEIUKOTO
TpukyTHuKa: CM= =a/(2\/§). Tomy MOMEHTH iHepIii KOXHOTO
3 1mux Tpbox Manux TpukytHukiB: ADFO, AADE, 4BEF, -
pospaxoBytoTh 3a Teopemoro ['toiirenca—Illreitnepa: |,; = I, +
+m,CM?. OTke, MOMEHT iHepLLii BEJMKOrO TPHUKYTHHKA JOPIBHIOE
cymi MOMEHTIB iHepuii MaJTuX: l=am,a,’+3l 2=
=ama/16+ 3(ama/16+mCM?/4). BpaxoByioun CIiBBiJHOLICHHS
Mk CM Ta @, mo 3700yTo BUIlle, MOXKHA TEpernvcaTy BUpa3 s
MOMEHTY iHepuii |, B Takwuii criocio:

| =ama’= amd/4+ m/16. (6.16)

3BiACH 3HAXOIUMO 3HA4YeHHs KOHCTaHTH: & =1/12. OTxe, MOMEHT
iHepUiT TIacTHHU y (opMi PiBHOOIYHOTO TPUKYTHHKA, BITHOCHO OCI,
IO € MePNeHIUKYJISPHOIO N0 IUIOIMHU TPUKYTHHUKA Ta MPOXOIUTh
Kpi3b MOTO LIEHTP Mac, IOPIiBHIOE:

| =ma/12. (6.17)

3acTocyeMo Lieil MpuiioM A po3paxyHKy MOMEHTY iHepLii
I« WiET K TPUKYTHOT MJIACTUHHU BIHOCHO OCI X, fIKa MPOXOANTH Kpi3b
HeHTp Mac TpukyTHUKa C, JIeKATb y TUIOMIMHI TUIAaCTMHH Ta
criBMajgac 3 BUCOTOIO TPUKYTHHMKA. bynemo wykatu Leil MOMEHT
iHepUil sk AOOYTOK Macu M, KBaJpaTy CTOPOHU a Ta 0e3p03MipHOro
MHOXKHMKAa [3, BeJIMYMHA SIKOTO BU3HAYAETHCS MPOCTOPOBHM
PO3MOMITOM MacH BiHOCHO oci X, L, =Ama.

P03i0’ eMO TPUKYTHUK Ha Ti cami YOTHPU Majli TPUKYTHHKH.
Lentpu mac M ta C manux tpukyTtaukis ADFO ta ADEF nexatb Ha
oci X, 1l TPUKYTHUKH MaloTh Ty caMmy OpPi€HTALli0 BIHOCHO OCi X, 110
i Benukuii TpuKyTHUK AOAB, ToMy MOMEHT iHepIii KOXKHOTO 3 [UX
TPUKYTHUKIB 3HAWAEMO Yy BUTJSNAI, AHAJIOTIYHOMY A0 BUTJISAY
MOMEHTY 1HEepIIii BEJIMKOTO TPUKYTHHUKA, Ix‘,=,[>’mwa1,,2.

Hentpn mac K Ta L manux tpukyrthukie AADE, ABEF
BiajasieHi BiJ oci X Ha BIJCTaHb KL/2=CKSin60°=CK\/§/2=a/4,
TOMY MOMEHTHM iHepLil UMX TPUKYTHHUKIB BIOJHOCHO oOci X 3a
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Teopemoto ['folirenca-11Itelinepa HOPIiBHIOIOTS, |y;j=ly,+ m‘,(a/4)2.

MoMeHT iHepllii BETMKOr0 TPUKYTHHKA K LIJIOr0, 3 OJTHOTO
OoKy, Ta ik HabOpy YOTHPbOX MAJIMX TPUKYTHHKIB, 3 iHIIOTO, — e
OZIHE 1 Te came:!

L =fma= 26m,a.> +2(Bm,a,> + m,(a/4)?). (6.18)

3 (6.18) nicraemo, mo koediuieHt F=1/24. O1xe, MOMEHT iHEpIii
TUIaCTUHU Yy (opMi piBHOOIYHOTO TPUKYTHHKA, BiTHOCHO OCi X, WIO
MICTUTb OJIHY 3 BUCOT TPHKYTHHKA, JTOPIBHIOE:

l,=m&/24. (6.19)

[TponoHoBanmii mnpuiioM npumaTHUH 1 U1 PO3paxyHKY
MOMEHTY iHepuii |y 1i€T 5k TPUKYTHOT MJIACTHHU BIJJHOCHO OCi Y, siKa
MPOXOANTH Kpi3b LEHTp Mac TpUKyTHHKA C, JEXKWTb y TUIOLIMHI
MJIACTMHHU Ta € TapajiefibHOI0 10 CTOPOHHM TPUKyTHHKa (puc. 6.5).
Bynemo 1mykatd ued MOMEHT iHepUii 3TigHO TMOJOXKEHb LbOTro
MpuAOMy, BHKJIQJEHUX BHIIE, K OOOYTOK Mach M, KBaapary
CTOPOHM @ Ta LIYKaHOro Oe3po3MipHOro MHOXKHMKA ), BeJIWYMHA
SKOTO BU3HAYAETHCS MPOCTOPOBMM PO3IOIIIOM MacH BiTHOCHO oOci
\2 Iy=yma2 . Po3i6’emo tpukytHuk AOAB Ha Taki cami yoTHpH Mai
TPUKYTHUKH, SK 1 B TIONEpPEeOHIX J[BOX BHMAAKaX. 3aBISKU
aJMUTUBHOCTI MOMEHTY iHepLil 3HaiileMO MOMEHT iHepLii BEeIMKOro
TPUKYTHHKA SIK CyMY MOMEHTIB iHepLii MajIuXx.

Lentp mac masnoro tpukythuka ADEF cniBnagae 3 uentpom
Mmac Benukoro. Opienrattist ADEF BigHocHO oci Y € aHanoriyHow0 10
opienranii AOAB: onHa 3i cropin ADEF, a came DF, € napanenbHoro
1o oci y. Tomy momenr inepuii ADEF, |y, mrykatumemo y Burisai
J00yTKy Horo macu m,, KBaapary CTOPOHHU &, Majoro TPUKyTHHKa
Ta TOrO CaMOT0 MHOXHHUKA J |y, 1= ym\,,a‘,z.

Tpukythuk ADFO mae Taky camy Opi€HTAIif0 BiJIHOCHO OCi
Y, SK i BeJIMKUH TPUKYTHHK. HOro cTOpoHa € mapajieibHOI 10 oci
y, ajle WOro LEHTp Mac BiJiaJeHWii Big oci Y Ha BiAcTaHb

CM=a/(2\/§). Tomy mowment inepuii ADFO, ly,,, BigHOCHO oci
Yy 3Haiinemo 3a Teopemoro I'toitrenca-1lreitnepa, ly,o= Iy, +m,CM 2

Tpukytnuku AADE i ABEF B opgnakoBuii  crocib
OpiEHTOBaHI BIAHOCHO oci Y. B HUX 000x crtopoHun AE i BE
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€ mapanelbHUMHU J0 oci Y, TOOTO BOHM MalOTh PO3MOJMIT MAacH,
AQHAJIOTIYHUI 10 TOTO, KW Mae BEJIMKHUH TPUKYTHUK. LleHTpm mac
tpukyTHukiB AADE i ABEF Binnaneni Big oci Y Ha BijcTaHb, BABIYi
meniny 3a CM. MoMeHT iHepLii KOXKHOTo 3 LIMX TPUKYTHHKIB, ly,g,
BIJIHOCHO Oci Y 3HaiiieMo 3a Teopemoto I'toiirenca-IlIreiinepa, ly,5=
=ly,1+m,CM?/4,

[IpupiBHSeMO BWpa3W A MOMEHTY iHEpIil BEJTHUKOTO
TPUKYTHHKA SIK LILJIOTO Ta SIK HA0OPY YOTUPHOX MAJIMX TPUKYTHHKIB:

ly=ymd =(ym,a,)+( ym,a,>+m,CM?)+
+2(ym,a,+m,CM?/4). (6.20)

Po3p’s3anns piBHsHHs (6.20) BimHocHO ) mae: y=1/24. Orxe,
MOMEHT iHeplii OJHOpiAHOT TacTUHM Yy (opMi pPiBHOOIYHOTO
TPUKYTHHUKA BiJIHOCHO OCi, IO MPOXOJAUTH KPi3b LEHTp Mac ¢irypu
napanenbHO JI0 OJHI€T 31 CTOPiH, TOPIBHIOE:

l,=m&/24. (6.21)

TyT o04KcieHO MOMEHT iHepllii piBHOOIYHOrO TPUKYTHHKA.
Lle oOmexxeHHs1 (PIBHICTH CTOpPiH) HE € MPHUHLMIIOBUM, Horo Oysio
3aJy4eHO [UIsl CHPOLUEHHS PO3PaxyHKiB. 3ampomOHOBaHUH TYT
npuiioM Moke OyTH YCHIIIHO 3aCTOCOBAaHMM [UI BHU3HAYCHHS
MOMEHTY iHepLil Oyab-ikoi Qirypu, sKy MOXKHa MOIIIUTH Ha i
MoAiOHI: TPUKYTHHKA, CTPIKHS, Mapajienaorpama, MPSIMOKYTHOTO
napasesernimnesa. ..

5). TlepeiinemMo 10 BW3HAYEHHS MOMEHTIB iHEpIl HHU3KH
MPOCTUX CUMETPUYHUX aOCOJIOTHO TBEPAMX Tifd LUIiHAPUYHOI
reometpii. [lepenoBciM mopaxyeMo MOMEHT iHepIlii KiJlblsi Macoro
m, ToOTO ¢irypu, BCi eleMeHTapHi CKIaIoBi SKOi Jie)kaTh Ha
okpyskHocTi paaiycy R (puc. 6.6).Kinblie Mae HeHy1bOBI MomnepeyHi
PO3MIpH, SIKi MM BBXKAEMO MaJIMMHU MOPIiBHSHO 3 PafiyCcoM KiJbLis.

Macy Kifblis B OJHAKOBHI CIOCiO PO3MOAINEHO B MPOCTOPI
BiTHOCHO Oylb-IKOi OcCl, sKa JIeKUTh Yy TUIOIIMHI KilbIs Ta
MPOXOIUTb Kpi3b HOro LIEHTP Mac, 30Kpema, BiIHOCHO oceil X Ta
y. Tomy momenTn iHepuii kimbus |y Ta |, BimHOCHO oceil X Ta
Y € ogHakoBUMH, |,=ly.

EnemenrtapHi Macu, siki yTBOPIOIOTB Kijblie, pO3TallIOBaHi Ha
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do

e

Puc. 6.6.J]o oGuucIeHHsI MOMEHTY iHepLil KijbLs

Bizctani R|Sing| Bin oci X. Maca okpemoro ejemenrta dm gopiBHIOE
NoOyTKy ryctuHH Kinbis 0=m/(27R0) Ha 06’ em enemenrta dV=0Rdg,
dm=pdV. Tyt 0 — ue nonepe4nuii nepepis Kinbit. Toai mopaxyemo
MOMEHT iHepLii KilbLA SIK iHTerpaj no Beix kyTax Bin 0 no 27T

274 _
[ CO;(2¢)d¢= mf . (6.22)
0

2
L= [ R2(sing)? - dg = R2-M
= relongP s

BimHocHO oci Z Bci eneMeHTapHi Macu BijJlaJieHi Ha
OJTHaKOBY BiicTaHb R, ToMy 3rimHO 3 BH3HaueHHsM (6.2) MOMEHT
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iHepuiT Kbl |, BITHOCHO OCi Z TOpIBHIOE
N 2 2
=2 M5 =2MR =R > M =mR. (6.23)

6). Bu3HaunMO MOMEHTH iHepIlii OJJHOPIAHOrO JMCKY MacH
MTa pazaiycy R sk cymy MOMeHTIB iHepiii Kisieib (Ha OcHOBI hopMyT
(6.22)Ta (6.23)),3 sikux BiH ckianaerbes (puc. 6.7). ToBuuHy aucky
a BBaxaeMo Maiioro, a<<R.

Enementn Macu
JIUCKY B OJHAKOBWIA croci0
pO3MOJiNeH0 B  MPOCTOpi
BiTHOCHO oceil X Ta Y, ToMy
MOMEHTH iHeplii Jucka |y Ta
ly BimHOCHO wmMX —ocei

€ OJIHAKOBUMH, [=ly.
3aBaaku AIUTUBHOCTI
MOMEHTY iHepuwiT,

nopaxyemo |y gk cymy
MOMEHTIB 1HEpIil OKpeMHuX

K1JIe1b: IX()llCK :Z IXKI.'lbue -

=0.5 mR?. Maca Puc. 6.7.J10 0GUHCIIEHHS MOMEHTY
OKpPEeMOro KUTbLIS iHepuii gucKy

M  jgopiBHIOE  A0OYTKY

ryctuan  gucka o=mV(7Ra) Ta o6'emy kimbus V; =27mradr,
m=2mrdr/ R, TYT I — MOTOYHMI pajiyc MOBUIBHOTO KuTbld. MOMEHT
iHepuil Jucky 3100yBaeMO IHTErpyBaHHSIM 3a  pajlialbHOIO
KOOpJMHATOK I Big HaliMeHIIOro Kilblsg paaiycom 0 1o
HaiOinbLIoro KinbLs paaiycom R:

R
1.“2 2mrdr _ mR? . (6.24)

R
l,=05[ rPdm= =
2
0 20 R 4

MomeHT iHeplii aucka |, BiTHOCHO Oci Z MopaxyeMo ULISIXOM
JOZIaBaHHs MOMEHTIB iHepLil OKpeMHX Kijelb (Ha OCHOBI (opmynu

(6.23)):
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|2 ouex =22 IXKI',%z;e =2 m RZ = g . (6.25)

Mu He HABOAMMO TYT TaKWX JETAJbHUX BHUKIAAOK, SK TPH
oTpuMaHHi Bupasy (6.24), 60 1i BHUKIaJKH € aHAJOTIUHHUMH.
Pesynbratn (6.24) ta (6.25) € mnpaBWILHUMH 3a PO3MIpPHICTIO.
MomeHT iHepii TUCKY |, 4., BIIHOCHO OcCi Z € BIBIYI OiMbIIMM 3a
HOro MOMEHT 1HePIT |y gy BITHOCHO 0Ci X, |7 00cc = 2y oy — TAK CAMO,
SK 1€ OYyJI0 AJIS KiJIbII.

7.1). [MTopaxyemo
MOMEHT iHepIil [uIiHapa .

Macu M, pagiycy R Ta Z

Bucorm H y  Bumagky

OJIHOPIAHOT IyCTHHU \_/
Matepiany (nuB. puc. 6.8) sk - Yy
CyMy  MOMEHTIB  iHepuil - — | X

TOHKMX JHMCKiB, 3 SKHX
CKJIaJa€ThCS UMTIHAP.

CrioyaTky ><
MOpaxyeEMO MOMEHT iHepIil ]
uwtiHapa |, BimHOCHO WHoro ;Y v

oci cumeTpii Z

Izuu.wm)p =Z IZ()llCK =
R Puc. 6.8./]o o6umcieHHS MOMEHTY
=0.55mR?== — (6.26) iHepuii wuninapa

3ayBakMMO, 110 MOMEHT iHepuii uuiinapa |, BiTHOCHO oci Z He
3aJeKUTh  Bil Mo300BkHbOro po3mipy H. Tobro, iHepTHi
BJIACTUBOCTI IBOX LWJIiHAPIB OAHAKOBUX MacH Ta paiiycy, ajie pi3Hoi
BUCOTH (L6 MOXJIMBO 3a YMOBHM pi3HOI T'YCTHHM MaTepiaiy JABOX
LUTIHPIB) 11010 00epPTaHHS BiTHOCHO OCi Z € OJIHAKOBUMH.
Enementapni Macu, 3 SKHUX CKIQJaeTbcs UWIIHIP, B
OJIHAKOBHIA CTOCIO pO3TAIlOBaHI B MPOCTOPI BIIHOCHO Oceil X Ta Y,
TOMy MOMeHTH iHepuii |y Ta |, umniagpa BigHOCHO ocel X Ta Y €
oaHakoBumu, |,=l,. MoMeHT iHepuLii OKpeMoro aucKa, 3 SKHMX
CKJIaJAeThCsl LMIIHAP, BIAHOCHO OCi X MOpaxyeMo 3a TEOpPeMOI0
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Ioiirenca-1lreiinepa (popmyna (6.8)): lxpue=l conecFMopeZ. Tyt
BiCh C — IIe BiCh, SIKa € MapajelbHOI JI0 0Ci X Ta MPOXOAHUTH KPi3b
LHEeHTp Mac IMCKa, 10 € BiJJaJeHUM Bill MOYaTKy KOOpAMHAT Ha
BificTaHb [z]. Maca okpeMoro aucka My, € O00YTKOM T'yCTUHHU
wuningpa p=m/(7R°H) Ta ioro 06’ emy dV= 7Rdz, m,,. = mdzH.
Toni MoMeHT iHepuil HuiHApa 3100yBaEMO IHTErPYBaHHSIM MO BCIiX
JMcKax Bia HaiiHwk4voro (3 koopauHarow z=—0.5H) no naiiBuiioro
(3 koopaunaroto z=0.5H):

I X uuwm)pz ZI X ()ucxzzl c ()ucx+ Zrn()uwzz:

0.5H 2
=025 m, R+ | 2M9- mR , mH® (6.27)
~osH H 4 12

BingzHaunmo, 1o pesynstat (6.27)e npaBuibHUM 3a po3mipHicTio. Y
IpPaHUYHOMY BMIAAKy TOHKHMX LIiHApiB, R<<H, pesynbrar (6.27)
nepexoAauTh y MoMeHT iHepiii (6.9) ¢ ypaxyBaHHSIM MO3Ha4YeHb),
KW Oyno 3100yTO IS CTPYKHS. Y TPaHUYHOMY BHIAJKy HU3bKHX
wninapie, H<<R, pesynbrar (6.27) nepexoauth Y MOMEHT iHepLii
(6.24) nucka. 1 paniyc umininapa R, i ioro Bucora H € nmonepeynum
pO3MipaMH BiJIHOCHO Ocei X i Y, ToMy oOuziBa 1ii po3Mipu yBIHILITH
1o pe3ynbrary (6.27).

Binznaunmo, o
pesyabrat (6.26) Ta (6.27)
MOkHa ~ Oymo  3700yTH
BHACJIIIOK IoJaBaHHs
MOMEHTIB iHepiii (BiAHOCHO
BiJMOBITHHX oceit)
OpPSIMOKYTHHX IUIACTHH, Ha X
SKi TaKOX MOJYKHa YMOBHO
po36uTH waniHap (puc. 6.9).
I[lpuy  Takomy  po30OuTTI
JNOBKMHA BHKIAQIKU  CTa€

nabarato  gpopwmowo.  Lle / \\//
CBIIYMTH HAa KOPHCTb TOTO, Y

0 JOpeYHHM €  TakKe
po30UTTS, fKE BpaXOBYE
CUMETpIil0 3aj1aui, CKOpOYye

yd N

N

Puc. 6.9.Po36utTs mitinapy Ha
MPSMOKYTHI TTACTHHU
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Mpoleypy pPO3paxyHKiB, 30KkpemMa, MOMEHTIB iHepuii. B Hammomy
BUMAAKy BHKOPHCTAaHO pPO3OWTTS LWIIHApPAa caMe Ha AWUCKH, SKUM
BjacTMBa LWIIHAPUYHA CHUMETpis, a He Ha IUIACTUHU — Girypu
J€KapTOBOT reoMeTpii.

7.2).Po3risHeMO BHIMAI0K MOPOKHUCTOTO HMIIHIpa MacH M,
KW Mae BHYTpilIHINM paaiyc Ry Ta 3oBHimHIN pagiyc R,. Toxi ioro
rycruia  p=MV[7H(R?-R,%). MomeHT iHepmii MOPOXKHHUCTOrO
LWIIiHApa MOXKHA TMOpPaxyBaTH sK PI3HUIIO MOMEHTY iHepuii
CyLinpHOro WTiHaApa pamiycy Re i Mack mp=p7R,°H Ta MomenTy
iHepuii cyuinbHOro MIiHApa paxiycy Ry i macn my= 0 7R °H

30kpeMa, MOMEHT iHepuUii MOpOXKHUCTOro uMJiHApa |,
BiJTHOCHO OCi Z IOPiBHIOE:

|, = 15— l,1 = 0.5mR,*-0.5mR,*=0.50 7R,*"H R,*-0.50 7R, *H R*=
=0.507H (R~ R") =0.57H (R~ R*) m[7H(R R =
=0.5m (R*+ RY). (6.28)

3ayBakumo, 1o pesyabrar (6.28) € nmpaBWIIbHUM 3a PO3MIpPHICTIO.
Haronocumo, 1o 1ieii MOMEHT iHepliii € MponopLiiHiUM 10 cyMu (a
He pi3HMLI!) KBajpaTiB BHYTPIIIHHOTO Ta 30BHIIIHBOTO paiiyciB. ¥
rpannuHomy Bunanky Ry=0 Bupas (6.28) nepexomuts B (6.26) mis
MOMEHTY IHeplii CYUIIBHOTO HWTIHAPY. Y TIPaHUYHOMY TOHKOTO
MOPOXKHKUCTOrO LMIiHapa, Ri= Ry, 3 (6.28) nicraemo Bupas (6.23) s
MOMEHTY iHepLii TOHKOTO KiJIbLId.

MoMeHT iHeplii TOPOXKHUCTOro LMIiHApa |y BIAHOCHO oci X
JIOPIBHIOE:

2 2 2 2
MRy, MeHZ | _ [ mRy | mH
4 12 4 12

=0.25m(R*+ R) +mH7/12. (6.29)

Ix: |x2_ le=

8.1). Ilopaxyemo Temep MOMeHTH iHepuii IBOX ¢iryp
chepruyHoi cumeTpii: cdepu Ta Kyii. 3aBusku chepuuHiii cumeTpii
eJleMeHTapHi MacH, sKi CKJIafaloTh 1i (irypu B OJIHAKOBUH crociO
pO3TalllOBaHi B MPOCTOPi BIIHOCHO YCiX oceld, SiKi MPOXOIATh Kpi3b
ueHTpu Mac ¢iryp. 3okpema, aas cepu ta Ky Iy =1y = 1= 1.
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3HaliIeMO MOMEHT
iHepuil  CyWiNbHOI Ky
OJHOPIHOT TYCTHHH, Macu
M ta paniyca R BigHOCHO
oci, U0 MPOXOJUTh Kpi3b ii
LHeHTp  Mac,  LUIIXOM
NpsSIMOTO iHTerpyBaHHs
BusHavends (1.6.2). s
BOro  po3id’eMo  KyJItO
B ChepUYHMX KOOpAMHATAX
YMOBHO Ha eJIeMEHTapHi
MPSIMOKYTHI
napaseserninean 00’ eMoM

dV =r?singdr d¢ d6
(puc. 6.10). Macu 1mx

eJIeMeHTapHUX 00’ emiB

dm=pdV. Tyr ¢ - we Puc. 6.10.JTo po3paxyHKy MOMEHTY
iHepuii KyJi

€ a3uMyTajbHUIl KyT, 6 —
MOJIIPHUE KyT, g=rSiN@ — BificTaHb Bij eleMEHTApHOI MacH 110 Oci
obepTaHHs.

Toni MoMeHT iHepIii Kyi1i HaOyBae HACTYITHOTO BUIJISLY:

2m T

I—jr (sin@)? pdr r2sing dg do = ,ojd¢jd6?sm er“dr—
v 0 0 0
3mR

=_3m 3271jsm &(- cosH)jr“dr
4T R 0

—3mR2 T cos36?| _-3mR? -1 1)|_
cost| g \0 10 { (? 5)}_

=<mR. (6.30)

J(l cos 6 cosf =

L1 3amaua e UmOCTpaLi€lo TOro, SK 3HaHHA, ki HaOyTo B
Kypci MaTeMaTH4HOIrO aHallizy, CTOCOBHO skoOiaHa J mepexoay Bif
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OJIHIET CHUCTEMHM KOOPJMHAT IO IHIIOT MOXKHA 3aCTOCOBYBAaTH Y
¢i3MYHMX 3aja4ax: 3anMcatd 00'€M Kyl Yy JIeKapToBil cHcTeMmi
koopauHat Oyno 6 cknaguime: dV=dx dy dz Pasom i3 TuM,
3a3HaYMMO, W0 HaBiTh Yy chepuyHili cUCTeMi KOOpAMHAT, fKa €
BJIACTHBOIO 11iii 3a/aui, B3ATTs Takoro iHrerpany (6.30)BuxoauTh 3a
MEXi MporpaMy MepIIoro ceMecTpy 3 BHUINOI MaTeMaTHKH (i3uKo-
MaTeMaTHUYHHUX (aKyJbTETiB YHIBepcUTeTiB. ToMy Ui po3paxyHKiB
MOMEHTIB iHepIlii abCOMIOTHO TBEpAUX Tin chepuuHoi cumeTpii, a
TAKOXK TUIOCKUX (iryp 3acTOCOBYIOTh HACTYNHWUM mpuiioM. BiH
6a3yeThcs Ha MOHATTI MPO MOMEHT iHepLjii & abcoItoTHO TBEpPIOro
Tina BIAHOCHO TOYKM O — 1e € cyma J00yTKiB Mac MaTepiajbHUX
TOYOK M, 3 AKUX CKIAAAa€Thcsi aOCOMIOTHO TBEp/IE TiJIO, HA KBaapaTH
ixHix Bigctaneil R 1o Touku O:.

g=3m R? = [R?dm. (6.31)

MowmeHT iHepuii 6 B mpoctuit cnoci® TmOB’ s3aHuil i3
MOMEHTaMH iHepIlil TOro camoro Tijla BilIHOCHO JeKapTOBUX ocel |y,
ly i |, Jlna toro, abu 3700yTH Lei 3B'A30K, PO3IJISHEMO OJHY
MaTepiajJbHy TOYKY 3 Macor M Ta koopauHaramu X, Y, 4y
JIEKapTOBil cucTeMi KoopArHAT. MOMEHTH iHeplil 11i€l MaTepialibHOT
TOYKHM BIiIHOCHO OCei IeKapTOBOi CHMCTEeMH KOOPAMHAT (IMB. pHC.
6.11) nopiBHIOKOTh, BIAMOBIAHO:

L=M(Y*Z), L=mX*+Z0), 1=m6*+Y?).  (6.32)

Skmo X ckmactv, To orpumaemo: Il = 2m(Xi2+Yi2+Zi2).
Bpaxyemo, 1110 KBajapat BiJICTaHi BiJ MaTepiaibHOT TOYKH 10 TOYKH
O R%= X+Y 472

2&=| Xi+| yi+| 2z (633)

OCKIUIbKH MOMEHT
iHepuit € aJIMNTUBHOIO
BEJIMYMHOIO, TO HaBeJeHl

MIipKyBaHHS € BIpHMMHM 1 1JIs
abCOJIIOTHO TBEPJOTO TiNa, IO

Puc. 6.11.1To popmysu (6.31) CKIIaIa€TbCA 3 Oy mp-siKoi

198

KUTBKOCTI MaTepialbHUX TOYOK,
2651+ i+, (6.34)

Jlns abcoymoTHO TBEpAOro Tina, ske Mae GopMy Tockoi dirypw,
OJTHa 3 KOOP/IMHAT, IO € MePHeHAUKYJISPHOIO 10 (irypH, HaNpUKIIa,
Z, nopisHioe Hymo, Z=0. OTxke, y IbOMY BUNAJIKY:

Hnﬂocrczzm(Yiz"'xiz):Iz : (6.35)
i

Omxke, s IUIOCKOro  abCOMIOTHO — TBEpPAOro  Tila
3 OJIHOPIZIHOIO TYCTHHOIO MAEMO BaXKJIMBE CIiBBITHONICHHS MiX
MOMEHTaMH iHepilii, OOUUCIICHUMH BIIHOCHO Ocel, 10 30iratoThest
3 KOOPAMHATHUMH OCSIMHU:

I +1y =1, (6.36)

Lls oOcTaBMHA MOKE MOJETLIMTH PO3paxyHOK, HalpHKIa,
MomeHTy inepuii |, =m(a*+b’)/12 (6.12) npaMOKyTHOI MIACTHHHU
BIZIHOCHO OCi Z, sIKa € MEeprNeHJUKYJIIPHOI 10 L€l MJIACTHHH, SK
cyMy MoMeHTiB inepmii L,=mbf/12 (6.10)Ta |y=m612/12 (6.11) riei
caMoT TJTACTHHU BiJIHOCHO JBOX iHIIMX OCEH, IO JIe)KaTh B IUIOLIHMHI
TUIACTHUHH.

IlikaBo mnepeBiputu dopmyny (6.36) Ha Bupazax (6.17),
(6.19)Ta (6.21) 15 MOMEHTIB iHEpIIiT TPUKYTHHKA.

MoskHa Tako MopaxyBaTH MOMEHTH iHepuii aucka Iy = Iy =
= 0.25mR (6.24) BigHOCHO Oceii X i Y, SKi JieKaTh B IUIOLMHI JUCKa
i MPOXOAATh Kpi3b LEHTP Mac, SIK MOJIOBUHY MOMEHTY iHepuii |, =
=0.5mR (6.25) Toro camoro JMcKka BiJHOCHO oci, fKa
€ MIePIeHANKYJISIPHOIO JI0 AUCKA.

8.2).3acrocyemo 3100yTy dopmyiny (6.34) mis po3paxyHKy
MOMEHTY iHepuii KyJi. MHO>KHMHa eleMeHTapHUX Mac, sKi Jiexarb Ha
onHakoBii BifcTtani O<T<R Bij eHTpy Mac, yTBOPIOIOThL chepuIHni

miap ToBumHOK dr i macoro dm=,0dV=L34m2dr. Omxe,
(43)R

MOMEHT iHepLii KyJIi BiTHOCHO 11 LIEHTPY Mac MOXHA MOPaxyBaTH K
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