Lle Mmo>xHa 3pobuTH B IBa CITOCOOH: CKOPUCTABIIMCH 3aKOHOM
30epexkeHHs] MexaHiuHOi eHeprii (e HadmpocTtimmi crocib) abo
3acTocyBaBUIM Apyruid 3akoH HeiotoHa (ue mnotpeOyBaThMe
o0YMCIeHHS JBOX IHTErpaiiB, W0 KOPHUCHILIE [Jisl MNPaKTUKH
3 BAKOPUCTAHHS METO/[iB MATEMAaTHYHOTO aHali3y).

OCKiNIbKM MH HEXTYEMO B3aEMOJIIEID MaTepialibHOI TOUKU
3 MOBITPsSIM, €IMHA CWJIa, LI0 Ha Hel Ji€, — Le MOTeHLialbHa cuiia
TSOKIHHS, OT)Ke, BHUKOHYIOTBCS YMOBH  30€pEKEeHHS  TMOBHOI
MexaHi4yHOoi eHeprii. BimHOpMyeMo TMOTeHIIianbHy €HEeprilo B Takui
crnoci6, 1o BoHA JOPiBHIOBATUME HYJIIO B TOYL, 3 SIKOI TLJIO MOYano
najatu, To0TO, B TOYIII Je Horo KiHeTU4Ha eHepris OyJia HyJIbOBOIO,
TOJli IOBHA MeXaHIYHa eHepris jaopiBHIoBaTMe Eq=K+U= 0. B Toumi
TOpKaHHs MaTepiajJbHOI0 TOYKOIO TMOBEPXHI KiHETMYHAa eHepris
nopisrroative 0.5MUy?, a MOTeHI{ianbHA eHepris 3MEHIIMTBCS Ha
mgh Toai 3a 3akoHOM 30epekeHHS MEXaHi4HOi eHepril

E,=0.5muy’> — mgh =0. Omxke, Uy =+/2gh — me € aGcomoTHe

3HA4YeHHsS Ti€l LIBMIKOCTI, 3 SKOK MaTepiajbHa TOUYKa Braja Ha
MOXUITY TUTOIIUHY .

[MponeMoHcTpyeMO  eKBIBaJIGHTHICTb 000X  MiIXOJIB.
3anuinemMo MpoeKlIito Apyroro 3akoHy HeroToHa Ha Bichk OpAUHAT:

mdv / dt = —gm. (2.5)

[TomHO)KMMO 1€ piBHAHHS Ha Ot i PO iHTErpyeMo Bij MovyaTky pyxy
(t=0, v=0) 1o noBinbHOrO MOMeHTY uacy {< 7 (me T — e yac najiHHs
MaTepiajibHOI TOYKM), KOJIM INBHIKICTh Ma€ BiIMOBigHE 3HAYEHHS

u(t):

U t
[dv'=~[gdt'. (2.6)
0 0

BHacnigok iHTerpyBaHHs Maemo: U=-—(gt. 3okpema, Y MOMEHT
naaiHHs U= —Up= —QT.
3MiHA BEpPTUKANIbHOI KOOPAMHATH OIHUCYETHCS PIBHIHHAM:

0 T
dy/dt=vu=-gt. TIlicna oOuMcieHHs iHTerpasa: J'dy =- _[ gtdt
h 0
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orpumaemo:. —h=-gr 2/2. VYpaxoBytouH, 1O TPUBATICTb MagiHHA

I=Ug, mictaeMo: Ug =4/2gh. TobTo, He3anexxHO Bix oOpaHOro

MeToay, 3400yTO OAMH 1 TOW caMuil pe3ynbTaT: MOYaTKOBa
LIBUIKICTb MOJILOTY MaTepiaibHOi TOYKM Ticis i1 BiAOUTTS BiA
MPY>KHOT MOXWJIOT TUIOLIMHHU AOPIBHIOE 3a aOCOMIOTHUM 3HAYEHHSIM

Up =+/2gh.

[Micns BIiAOUTTA pyx MaTepiaibHOI TOYKH TaKk camo

onucyetbes Apyrum 3akoom Hbtotona: MA=F,,,, npu ubomy

—

pe3yibTyloua CHja € Tak CaMO CHJIOI0 TSDKIHHS: Fp

CrpoeKTyeMO piBHSHHS PyXy Ha oci 0OpaHOT CUCTEMH KOOP/MHAT:

e3 = —€yMg.

{6i6b X: ma, =0, 2.7)

gicb y: mMa, =-mg.

Ak BugHo 3 (2.7), pyX y TOpHU3OHTAJIBHOMY HAIpPIMKY
€ piBHOMipHUM. OTKe, TIPOEKIis MBUAKOCTI HA TOPU3OHTANILHY BiCh
KOOPJMHAT TOPiBHIOE MOYaTKOBOMY (ITiC/si BIAOWTTS Bix MOBEPXHI)
3HAYEHHIO TPOEKIT NIBUAKOCTI Ha Bich X @ (= U= UoCOSY.

InTerpyBanHs apyroro piBHAHHA (2.7) nmae U= Uy —Qt=
= Upsiny —gt.

[TpoinTerpyemo 3HalineHi BUpa3u Al MPOEKLid MBUAKOCTEH
Ta 3HAWIEMO 3aJeXKHICTh BIAMOBIAHMX KOOPAMHAT MaTepiaabHOI
TOUKH Bijl Hacy:

nydy/dt.; j'dy=.[uydt-; y:y0+u0yt—gt2/2; (2.8)
Uy =dx/dt; | [dx= [oedt; | x=xg + gyt

OO6upaeMoO MOYATOK KOOPAWMHAT Y TOYLI BIAOWTTS MaTepianbHOI
TOYKM BiJg HOBerHi: Xo = Yo =0 (XO'—Ia e ¥ He BIUIMBAcE

MPUHUMIIOBO Ha KiHLEBUH pe3ysbTaT, MPOTe CIPOLLye MaTeMaTHUHi
Bukuiaaku). Toni 3 apyroro piBHsHHS (2.7) BUpakaeMo yac MOJbOTY

micns Bigburta: t = x/(ygcosy)=x/(4/2ghcosy). IligcraBusim
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el Bupa3 10 nepmoro piBHsSHHSA (2.7), AicTaEMO pPiBHSHHSA
TPaEKTOPIT pyXy MaTepianbHOT TOUKH MiCHs BIAOUTTS:

y = xdgy - x? /(4hcos’ y). (2.9)

OTxe, BepTUKalbHA KOOpPAMHATA Y € MOJiHOMOM JIPYroro MopsiiKy
BiJl TOpU30OHTANBLHOI KoopauHaTH X. To6To, e € mapabona. i rimku
OpieHTOBaHO TOHM3Y, 60 KoedilieHT mepes X € Bix' eMHIM.

V rpanuunomy Bunaaky, koau a — 0, maemo X — O,
a piBHaHHA Y=Y(t) 30iraeTbcs 3 BIiZOMHM BHpa3oM Ui 3MiHU
BEPTUKANbHOI KOOpPAMHATH MaTepiajibHOT TOYKM, SIKa PyXaeThCs
BEPTHKAJIBHO y TOJI TOKIHHA. 3pOCTaHHS BEJIMYMHHM KyTa TMOXHIION
IJIOUMHU 10 3HaueHHs & =71/4 npusBoauTh 10 3MEHLIEHHS
BEJIMYMHA KyTa ) [0 HyJdsd, L0 O3HAa4Ya€ 3MEHIICHHS BUCOTH
migioMy MartepiajibHOI TOYKM NOpW BigOWUTTI Hajg piBHEM TOYKH
nanainug. Skmwo @ = 71/ 4, To noyaTkoBa LIBUAKICTH Micas BiIOUTTS
Ma€ TiJIbKM TOPU3OHTAIBHY CKJIAZOBY, IO O3HA4yae: KOOpAMHATa
X 3pocTae MpW LBbOMY HAWLIBHMAILIE, KOOpAMHATA Y OXpasy IMicis
BIAOUTTS 3MEHILYE CBOE 3HAUEHHSI.

Bignosige: y = x[ﬂgy—xz /(4hCOS2 y).
3adayva 3

Jlano: B3noexk MoTy3ku 6e3 TepTs nmagae mydpra Mmacu M. JlopxkuHa
MoTy3ku Oe3 aedopmariii |, koedirient sxopctrocti K. Mydra nanae
Ha HeBaromwuii (bikcatop, IKUi 3HAXOAUTHLCS HA KiHIlI MOTY3KH.
3uaiimu. MakcuManbHy TOBXKUHY JieopMallii MOTY3KH.
Pos36 si3anms:

Lle — omHoBMMipHa 3ajava, TOMy He OyaemMo MalioBaTH

pucyHOK. 30pieHTyeMO Bich X BEpPTHKAIBHO BHU3 y3[OBK MOTY3KH;
MOYaTOK CUCTEMH KOOPAMHAT PO3TALIYEMO B KiHL[I MOTY3KH, sIKa 1€
He nedopMoBaHa, e nepe nagiHuiaM Mmy¢pTu nepeOysas dikcaTop.

VY BekTopHOMY BWIJISAI pyX My(QTH, sKa, THCHyYd Ha
¢ikcatop, aedopMye MOTY3KY, ONHCYEThCS APYrUM 3aKOHOM
HbtoToHa, mpu 1UbOMY pe3ysbTyloua CHUIa CKJIAJAa€TbCs 3 CHIU
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TSOKIHHA Ta CHIM TpY)KHOI nedopmarii (sky omucyBaTHMEMO 3a
3akoHOM ['yka™). Y naHoMy BUMaJKy Lieil 3aKOH Ma€ BUTJISL

md®X/ dt® =F ,,, = mg—exkx. (2.10)

[Mepenwmiemo Horo y BUTJIs I npoekiii Ha Bich X :

d?x/dt?> =g-kx/m. (2.11)
Ockinbkyl 1ie € JaudepeHiianbHe PiBHAHHS JPYyroro MOPsAKY, B
akoMy Hemae nepinoi noxignoi dX/ dt, To mansa 3HaxomkeHHs Horo
PO3B’ 3Ky CKOPHCTAEMOCS OJHUM 3 HAWIMOLIMPEHIIINX METOMAIB —
METOAOM 3aMiHM 3MiHHOi. 3poOMMO HACTyMHY 3aMiHy 3MiHHOT
é=x-mg/Kk, Toni:

d2& /dt? =d?x/dt® =—k(x-mg /k)/m=-ké Im. (2.12)

3arajbHUM O3B A3KOM piBHAHb TUIy Z =—Q Z € Oyab-ska

rapMoHiyHa (DYHKI(isl, HATIPUKJIAA, CUHYC. 3HA4YUTh, Uit ¢ MOXKHA

sanucatd Takui poss msok: ¢ = Agsin(vk/mt+¢), no saxoro

BXOIATH JIBi KOHCTaHTH: Ag i @. lle KOHCTaHTH IHTErpyBaHHs
nudepeHLialbHOro piBHAHHSA Jpyroro mopsaky. [lepernumemo
3100y THit po3B’ 130K [yt 3mMiHHOT X =X(t):

x=mg/k+ Ay sin(Vk/mt+¢). (2.13)

Jns  BU3HAYEHHs KOHCTAHT IHTErPYBaHHSA 3aCTOCYEMO
MOYaTKOBI YMOBH: B IMOYAaTKOBUH MOMEHT dacy my(dra nepedysana B

! Tyk (Hooke)PoGepr (1635-1703) -anrmiiichkuii Bi3nk, uieH i cexperap
JIOHIOHCHKOTO  KOpOJIIBCBKOTO TOBapucTBa, mpodecop JIOHIOHCHKOTO
yHiBepcuTeTy. 3a ioro cimoBami, BixpuB 500 ®akoni» mpuponu! Jlnme
OJIMH — 3aKOH MPYXXHOCTI HOCHUTH Horo iM's1. 1678poky B nucti 1o HerotoHa
I'yk mucaB: «... CTBEPKYIO, IO CWJIA, 3 SKOIO MPUTATYIOTHCS IBI MacH,
38'A3aHA i3 BiACTAaHHIO MK Humu, sk 1//...». 1681 poky HbloTOH naB
PO3rOpHYTHI MaTeMaTUYHUI ONKC LBOTO 3aKOHY .
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novatky koopauHat: X(t=0)=0; npu 1pOMy WOro MMBHIKICTH
nopiertoBana U(t=0)= vp. LLBUIKICTh Uy BU3HAYAETBCS 3 3aKOHY
36epeskeHHs MexaHiuHoi eneprii: 0.5mu,” =mgl, oxe Uo=\/2_g| .
3anuuieMo BUpa3 [yl LWIBUAKOCTI PyXy B JOBUTbHUHA MOMEHT
yacy:  u(t)=dx/dt= AO\/ k/mcosW k/mt+@).  Ckopucraemoch

BKa3aHUMHM TOYAaTKOBUMHM YMOBAaMH Ul BHU3HAYCHHS KOHCTaHT
iHTerpyBaHHS:

(2.14)

X(t=0)=0=mg/k+ Aysin(¢);
{U(t =0)=yg = Agv k/mcos(@).

AOM BH3HAYMTH aMIUTITYAy KOJIMBaHb, 3PYYHO IiJHECTH
PIBHSHHS B KBa/IpaT:

202 102 = A2 cir
g°m°/ k= Aj sin® ¢;
{Ugm = Akcos’ ¢; (213)

i CKOPUCTATHCh OCHOBHOIO TPUTOHOMETPHUYHOIO TOTOXKHICTIO:
AZ =g%m? 1k2 +mud [k =g’m?k 2[1+2k /(mg)] . (2.16)

IToyatkoBy (asy mokHa Bu3Hauutu 3 (2.15), nominusiim
OJIHE PIBHSHHSA Ha iHIIIE, BHACIIIOK YOTO BUKJIFOYAETHCS aMILTITy !

mg
tgg=— | 9 2.17
g¢= K] (2.17)

Tenep BM3HAUMMO MOMEHT 4acy 7 , KOJM KIHYMK MOTY3KH
NPUITUHUTE PyX BHACTIZAOK ii PO3TAryBaHHA HAa MAaKCUMAIIbHY
BenuuvHy. @Di3u4HO 1€ O03HAayae, WI0 IIBWAKICTE My(dTH
nopiHioBatume Hymo: U(t=7)=0:

U(r)=0=Agvk/mcoswk/mr+¢). (2.18)

3HaunTh, apryMeHT  KOCHHyca  Mae  JopiBHIOBaTH  712:

vkimr+g=rml2 a6o r=ym/k(m/l2-¢). Tomy
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KOOpJIMHATA, 110 BU3HAYAE TIOJI0XKEHHS My()TH B MOMEHT 4acy I, Ma€
HACTYITHUI aHATITHYHUI BUpa3.

2kl

mg+%sin(§):% 1+ [1+— | (2.19)
mg

X(1)=—=

k

MakcumanbHa Aedopmallis HUTKM HacTae, Konu Mydra
3ynUHAETbCA. TakuM YUHOM, 3100yBaEMO BiJIMOBI B!

max(x)=x(r):£n 1+ 1+2—kI : (2.20)
k mg

o BiamoBiap MoxHa 3100yTH 1y OibII MPOCTHIA criocid —
CKOPUCTABUIMCh  3aKOHOM  30€pekeHHs  MEXaHIYHOT  eHeprii.
[TpupiBHABIIM MOTEHLiaNbHY €HEprilo My(pTH mepen MaaiHHAM A0
po0OTH, SIKy BOHAa BHUKOHYE MPOTH CWJ MPY>KHOCTi, PO3TATYIOYU
HHUTKY, MO)KHA OTPUMaTH KBaJIpaTHe PiBHSHHS /s BUAOBKeHHs X(7):
mg(| + X(T)) = kX(T)2 / 2. Po3B’ 13KOM LILOT'O PIBHAHHS €, PUPOJIHO,
Bulle3a3HayeHuii Bupa3 (2.20).Tomy s 3aa4a € 4yTIOBOKO HAroJ0k0

JUIS TIPAKTUKWA B Taly3i 3aCTOCYBaHHS 3HaHb, 1O iX 3100yTO Ha
JISKIIISX 3 MATEMaTUYHOTO aHAI3y.

2.4. [lepemeopeHHs anines

[lepetrBopenns ["anines mokasyrTh, B SKUil criocid Mo’ si3aHi
MiXK COOOI  KOOPJMHATH MEXaHIYHOro O0'€eKTa 'y  Pi3HHX
iHepuiabHUX cHcTeMax Biadiky. [luTaHHs npo mnepeTBOpeHHs
KOOpAMHAT, HampHKIaj, BiJ IeKapToBOi A0 LMIIHAPUYHOI UM 10
cepryHOi, KOJIM 16 TepeTBOPEHHS BiOyBaeTbcs B OJHIN
iHepUiaybHIK  cucTeMi  BiAJIIKY, € CyTO  MaTeMaTHYHUM
i pO3B A3yETHCSI METOIAMHU aHAJIITUYHOT F€OMETPIl Ta MATEMaTHYHOTO
aHaiizy. Ase THMTaHHS TpO TEPeTBOPEHHS KOOPAMHAT, IO
BiTHOCATBCS JI0 PI3HUX IHEPUIaATbHUX CUCTEM BiJUTIKY, € MUTAHHIM
¢izuku. BoHo mMoxe OyTH po3B si3aHe TITbKH eKCIIEPUMEHTAIbHUMHU
3acobamu.

HaiinpocTiimuM ~ BiJHOCHUM  pyXOM  CHUCTEM  BIJUTIKY
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€ TIOCTYNaJILHUK piBHOMIpHUH pyX. [lo TOro ik, SKIIO /BI cMCTeMHU
KOOPIMHAT PYXalOThCS O/HA BiJHOCHO IHIIOI 3 MPHUCKOPEHHSM, TO
BOHM HE MOXYTb OOMABI OyTM iHepLiaIbHUMH. 3 UWCIEHHHUX
JociiniB Bimomo: “B ycix cucTeMax KOOpAMHAT, SIKI pyXarOThCs
MOCTYMAJILHO Ta PIBHOMIPHO BiTHOCHO cepr HEpYyXOMHX 3ipOoK Ta
BiTHOCHO OJIHA OJHOI, Yyci MeXaHi4HI sBHIIA BiAOYBalOTLCS
onHakoBo”. lle TBepmkeHHs € MPUMHUMMOM BigHOCHOCTI [Manines.
VY nopanpmioMy Lei NpyHUMI OyB BU3HAHHMN CHPABEIUIMBUM 1 Uit
IHIOUX  SBMI, HamNpHKIan, eJeKTpoMarHiTHuxX. Lled mnpuHIMD
€ TIOCTYJIaTOM, OCKUIbKH, TMO-Tiepllie, BiH He € TMepeBipeHuM
3 JOCTAaTHBOIO TOYHICTIO; MO-ApYre, AOCi He BCi SBHIIA MPUPOIH
€ HaM BiZJOMHMHU.

Hexaii cucrema Bimiky K € HepyxoMoro, a cucteMa BiJUTiKY

Ki pyxaerbcs BigHocHo K 3i 1mBHAKicTIO U. Beaxaemo s
cripolieHHs, mo B MomeHT 4Yacy t=0 cucremu Bigmiky K Tta K;
criBnajgaiv, ToAl TPAEKTOPIs pyxXy MartepianbHol ToUukH B cucteMi K
onucyetbess ¢yHkiiero T =T7(t), a B cucremi Kj, BimnoriaHo,

= F —Ut. Hacrynui (opMyIn HasHBAloThCS MEPETBOPEHHAMM
anines:

t=t, fp=F-Ut, 0;=0-U. (2.21)

i

[leperBopenns [ aines mokasyioTb:

- 5K 3a BiIOMHUM yacoM i, 110 Teue B HEPYXOMil cUCTeMi BiAJIiKy
K, 3Haiitu wac t; B iHWiil cucremi Bimmiky K;, ska pyxaerbcs
BiTHOCHO TepIIOl 3 HEBETUKOIO HIBUIKICTIO U:;

- §K 3a BIJIOMHM MOJIOXKEHHSAM [ MarepiajibHOi TOYKH BIJHOCHO
cuctemu Biutiky K 3HaliTH nonoxkeHHs 7 i€l TOYkH BiqHOCHO Ky;

- [K 3a BiZIOMOIO IIBMAKICTIO U MarepialbHOI TOYKH BiJHOCHO
cuctemu Biutiky K 3HalTH mBHMAKicT U) wi€l TOUKHU BitHOCHO K.
IepeBipumo mneperBopeHHs [amines Ha mnpeaMeT BHYTPIIIHBOT
HECYMepeuIMBOCTi. 3acToCyeEMO Li TEepeTBOPEHHSIMU [0 OMHCYy
3BOPOTHOTO Tepexony: Bim cucremu Bimniky K; no cucremu K.
Buxonsguu 3 mpuHUMIY BiTHOCHOCTI pyXy, MOXKHa CKa3aTH, LIO
cuctema K pyxaerbcs BimHOcHO cuctemu K; 3i HIBUAKICTIO «=U ».
Tomy mepexin Bin cuctemu Bimniky K; go cuctemu K onmcyerbces
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dopmynamu (2.21),B akuX ciig 3aMiHMTH: ty o t, Mo §, U « U1,
U — _U .
t=ty, 7= +Ut;, 0=0,+U. (2.22)

Takuii cammii pe3ynbTaT MOXxHa 3100yTH 3  apupMETHIHHX
MipKyBaHb BHACJIIIOK PO3B’ si3aHHs CUCTeMH piBHsHB (2.21)BiIHOCHO
t, T i U, wo miarBepmkye, mo noOynoBaHa Iaineem Teopis
€ BHYTPIIIHBO HECYNEPEWINBOIO, CAMOY3IOPKEHOIO.

3BepHITh yBary Ha Te, UIO MPUHIMIT BiHOCHOCTI [amines
BUKOPUCTOBYE TMPUIYIICHHS MPO Te, IO Yac 3MIiHIOETHCSA OJHAKOBO
B pi3HUX cHcTeMax BiIiky. lle € cnpaBemivBuMm TinbkU IS
MOBUTBHUX PYXIB 3i mBHAKICTIO U << C, 1I0 € 3HAYHO MEHIIO0
IIBUJIKOCTI CBiTJa, SKi JOCTIJKYE KJIaCUYHA MexaHika. J[is cucrem
BiJUTIKY, fIKi PyXalOThcs 3 PENSATUBICTCHKUMH LIBUIKOCTAMH, IIe He
TaK: B HUX 4Yac 3MIHIOEThCS MOBIIbHIIIIE, HIK Y HEPYXOMHUX CHCTeMax
BiJUTIKY.

2.5. Ineapianmu nepemeopeHsb anines

Konu neBHa ¢i3nvHa BenuYrHA HE 3MIHIOE CBOTO YHCIIOBOTO
3HAUSHHS MPH TIEPETBOPEHHI KOOPAMHAT, TO Lie O3HaYae, IO BOHA
Mae 00 €KTUBHE 3HAYEHHs, sIKe He 3aJIeKUTh BiJ OOpaHOi CUCTEMH
Bi/uTiKy. Taki ¢i3WvHI BEJIMYMHHU BiIOOPaatoTh BIACTHBOCTI CaMHX
SBUIL, 10 BUBYAIOTHCS, a HE IXHE CIIBBIAHOLIEHHS 3 OOpaHOIO
CHCTeMOIO BiIJTIKY. BelnMuuHM, 4YHCIIOBI 3HA4YCHHS SKUX He
3MIHIOIOTBCSL TIPU TEPeXOJi 3 OJHi€l CUCTEMHU BiIJIiKy 10 iHIIOT
CUCTEMHU BIJUTIKY, HA3WBAIOThCS IHBapiaHTAMU MEPETBOPEHb.

o inBapianTiB meperBopeHb [ajines Hanexarth. JiHiiHI
po3Mipd MeXaHi4HOro 00 €KTa, iHTepBajl uYacy, MPUCKOPEHHS
MEXaHIYHOro 00 €KTa. Y BOMY JIETKO MEePEeCBITYMTHCS:

D10 =D XD 2+ () -y 2+ (AD -2V = @223)

=I(2):\/(x(22)+x§2))2+(y(22)—yiz))2+(z(22)—z£2))2,
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| (12) _ . iy K K
ne JOBKHMHH, 110 BUMIpsHI y cuctemax Bigniky Kq ta Ko,
BIJIMOBI/IHO, TieplIa 3 SKUX, HAMPHUKIAJ, € HEPYXOMOIO, a JApyra —

PyXaeThest pIBHOMIPHO Ta MPAMOJTiHIMHO 31 mBuaKicTio U .

2). 4@ =t{H) (1) = 42 =¢{2) {2), (2.24)
3). d%rM/dt? =d?r(?) /adt?, 23)

pe 752 - e paniycU-BEKTOpH MaTepialbHOT TOUYKH y CHUCTeMax
Bigmiky Kq Tta Ky, BimnosigHo. Hexait cucrema simniky Kiq

pyxaeTbcsi MOpSMOJiHIHHO Ta piBHOMIpHO BigHOcHO Ko o 3i

mBuakictio U . Toni, SKImo o6YMCIUTH NOXiAHI Bif F(lz) (nuB. s
nopiBHsHHS (opMyn cuctemu (2.21))3a yacoM, MOKHa OTpUMaTH
3B'A30K MDK IIBUJAKOCTSIMH MaTepiallbHOT TOYKH, SIKi OOYHCICHO

B pisnux (K41 ta Ko, BinnosigHo) cucremax Bimiky:

oM =5(2) -yJ. (2.26)

ExcniepumenTanbHa nepeBipka came dopmynu (2.26) i Bkasana Ha
MpUOIM3HUI  XapakTep TmepeTBopeHb [amines. 3a3HauMMo, IO
BiIXWUJIEHHS €KCIIEPUMEHTAIIbHUX Pe3yJIbTaTiB BiJ TEOPETUYHHUX, LIO
BU3HAYalOThcs 3a jgonomoroto (2.26), € TUM OUIBLIMMH, YUM
OITBIIMMH € HIBUAKOCTI PyXy MeXaHidHUX 00 €KTiB. Takum 4uHOM,
1le — IIe OJ{HE CBiTYCHHS ICHYBAaHHS PEISATHUBICTCHKUX OOMEXEHb Ha
KOJIO TUX MEXaHIUHUX SIBHII, AKi JOCII/PKY€E KITaCUYHA MEXaHiKa.

2.6. 3aKoH 36epexxeHHs imnynbcy

Buxopsiuu 3 apyroro Ta TpeTboro 3akoHiB HeloToHa, MoxHa
3100yTH 3aKOHHU 30epekeHHs IMITyJIbcy Ta eHepril. LlikaBo, o icHye
TAKOXK MOMJIMBICTh MPOWTH W 3BOPOTHIM NUISAXOM, TOOTO BUBECTH
3akoHU HelOoTOHA i3 3aKOHIB 30epexkeHHs. 3a BEJTMKUM PaxXyHKOM, 1€
clipaBa CMaKy: HI0 O0OpaTH 3a akcioMy, a sKi 3aKOHU MeEXaHiKH
BUBOIUTH. JlaHWii Kypc BHKIIQJaHHS MEXaHIKH € TpajuLiiHUM,
TOOTO BIAMOBIIAE ICTOPUUHIM MOCIIIOBHOCTI PO3BUTKY (hi3HKH.
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Hacnpasni, BHUKOPHCTOBYIOYH OimpII CKJIaIHAN
MaTeMaTHYHHI arnapaT, MO)KHa BUBECTH 1 3akoHM HbroTOHa, i 3akoHM
30epekeHHs, BUXOAAYM 3 OAHOPIAHOCTI TMPOCTOPY Ta yacy.
OOHOpPIAHICTE MPOCTOpPY O3HAYaE, IO 3aKOHU (HI3UKH OJHAKOBI
B YCbOMY MpOCTOpi. A OJHOPIAHICTE uacy O3Hauae, MO 3aKOHHU
¢i3MkMn  He  3MIHIOIOTbCS 3 4acoM. EkcriepuMeHTallbHUM
MiATBEPILKEHHSAM OAHOPIAHOCTI Yacy € ICHYBaHHS YHiBepcallbHUX
(i3UYHUIX KOHCTAHT.

3akoH 30epeXeHHs IMMynbCy CRimuwWTh, MO MOBHHIA
IMITyJIbC  3aMKHEHOT CHCTEMHM MaTepiajlbHUX TOYOK 3aJMLIAETHCS
He3MiHHMUM 3 4acoM. [loBHMH iMMy/nbc — L€ € BEKTOpHa cyMma
IMITYJIBCIB YCIX YACTUHOK Y 3aMKHEHil CHCTEeMi.

JoBenemo 3akoH 30epekeHHS IMITyJbCY CIIOYaTKy Ha
MpUKIaAl 3aMKHEHOI CHUCTeMHM 3 [IBOX MaTepiajibHUX TOYOK.
JluHaMika UMX JBOX TOYOK BH3HAYAETBhCS APYIMM 3aKOHOM
Hutotona: dpy /dt=F,q, d, /dt=Fy,. Ockinbku TOUOK y cHCTeMi
JMLIe JIBi, TO HA MepIIy TOYKY Ai€ cuia 3 00Ky JIMIIe pyroi TOYKH —

cuna Fyp, a HA Apyry TOUKy — nuime 3 GOKy Tepuioi TOYKH — CHIa
F1,. 3a Tpetim 3akoHOM HBIOTOHA MaEMO HACTYTIHE CITIBBiIHOIIEHHS
JUISL CWJI, 3 SIKUMU BigOyBaeTbcs B3aEMOMIS MK LMMHU JIBOMA
MarepialbHUMHU TOUKAMM: Iflz = —|321. Jlonamo ui piBHAHHS OZHE
JI0  OJIHOTO: d(ﬁl + f)z) /dt=F,;+Fj,. 3acTocyBaHHs TPETHOro
3akoHy Hetotona nae, mo d(p;+ po )/ dt=0. 3Bincu maemo 3akoH
30epe)KeHHs]  MOBHOTO  IMIYJICY 3aMKHEHOT CHUCTEMH JIBOX
MarepiaJlbHUX TO4OK : P, = P + P, =Const

Slkimo  3aMKHEHa — cUCcTeMa  CKJIaa€Thess 3 TPhOX
MaTepialbHUX TOYOK, TO Ha KOXKHY 3 HUX JifOTh [Bi iHIII:

doy /dt=Fy;+F3;,  dp/dt=Fp+F3,  dig/dt=F3+Fp3.
Honamo 1i  piBHSAHHS: d(f)1+ P+ f)3)/dt = (IE21+ |E31)+
+ (Iflz + |332)+(|313 + |323). 3a Tperim 3akoHoM  HbloToHa:
Fio=-Fp1, Fi3=-Fg1, Fay=-Fy3. BuKopHCcTaHHs TpeThOro
3akoHy Hetorona nae, mo d( P+ Py + Po )/ dt=0. 3Bincu maemo
3aKOH 30€epeKeHHs [MOBHOrO IMITyJIbCY 3aMKHEHOI CHCTEMHM, IO
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CKJIaIa€ThCs 3 TPBOX MarepiallbHUX TOYOK:
Pn =P+ P2+ ps=Const
Te came € cripaBeanuBumM A5 N MaTepialbHUX TOUOK:

Mz

pj =Const (2.27)
j=1

Orxe, npu Oyap-SIKMX 3MiHaX pyXy MarepiaJbHUX TOUOK B
3aMKHEHiil cMCcTeMi CyMapHHUH iMITyJIbC TaKOT CUCTEMH 3aJIMIIAEThCS
CTaJIOO BEJIMYHHOIO.

MumanHHs Onsi camoKkoHmMpoJito 0o po3diny
2. QuHnamika mamepianbHOI MoYKu

Konu marepianbHa Touka Ha3UBAETbCS BiIbHOIO?

1o Take Maca MaTepiabHOT TOUYKH?

Lo Take imMImyabC MaTepiabHOT TOUKH?

Axy MeXaHIuHy cucTeMy Ha3UBalOTh 3aMKHEHOIO
(i301pOBaHOIO) ?

CdopmymroiiTe 3aKoH 30eperkeHHS IMITYJIBCY .

Ski cucTeMu BiAJiKy Ha3MBalOTHCS IHEPLiATbHUMU?

CdopmymnroiiTe nepinuii 3akoH HerotoHa.

Cdopmymntoiite npyruii 3akoH HeroToHa.

1lo o3Havae ,,aqUTUBHICTD Macu™?

10. Chopmymntoiite TpeTiii 3akoH HeroToHa.

11. Hasgits iHBapiaHTH nepeTBopeHHs [ anises.

e N

©o~No O

78

3. fesiki Hacnidku ma 3acmocyeaHHs1 3aKOHie
HbromoHa

Joci My BUBYaIM pyx OKpeMoi MaTepialbHOI TOYKH abo
a0COJIIOTHO TBEPOTro TiJia MEBHOT MacH. Y LIbOMY PO3JIili BBOAUTHLCS
MOHATTS MPO LIEHTP Mac CUCTEMU MaTepiallbHUX TOUYOK 1 JIOBOAMTHLCS
TeopeMa Mpo PyX LBOTO UEHTPY; AOCTIIKYEThCS PyX T 3MiHHOL
MacH; BBOJSThCS TIOHATTS MEXaHIYHOT POOOTH Ta KIHETUYHOT €Hepril
Ta JOCHIPKYEThCS OCOOJIMBHI BHIAJIOK B3aEMOJIT MaTepialbHUX
TOYOK — 3ITKHEHHS.

3.1. Teopema npo pyx yeHmpy mac

Llentpom mac (abo 1eHTpOM iHepIlii) MeXaHIYHOT CUCTEMHU
(cucTemMn MaTepialbHUX TOUOK) HA3WBAIOTh TaKy YSIBHY TOUKY,
pajiiyc-BeKTOp SKOT BUBHAYAETHCA 32 HACTYITHOIO (hPOPMYJIIOH0:

B} P N N
R, =1t Mlo® o S /S m (3.1)
Mmt+my+.. iz i=1

VY pasi HenepepBHOro po3noaiay macu dopmyna (3.1) mae BT
Iiu =[Tfdm/[dm. Tyr interpyBanHs (i B  UMCENILHMKY,

i B 3HAMEHHUKY) MPOBO/ISATH MO BChOMY 00’ €My MEXaHI4YHOT CUCTEMH.
LlenTp Mac MexaHiYHOI CHCTeMH, INO CKJIAA€ETbecs 3 JIBOX
MarepialbHUX TOYOK OJHAKOBOI MacH, JIKWTb SK pa3 MOCepeauHi
MiK HUMH. SIKIIO Macu ABOX T My i My € pi3HUMU, TO LEHTP Mac
JISKUTb Ha BiAPi3KY, WO CMOIyYae Ui TOYKH; BiH JIEKUTb OnmxK4e 10
Ba)KKOTO TiJla 1 Jaii BiJl JIETKOTo; BiJICTaHi BiJI LIEHTpa Mac 0 IUX
To4ok |y i |, 3rimHo 3 Bu3HaveHHsMm (3.1) 3a10BOJILHAIOTH YMOBI:
Myl =myl,. LleHTp Mac OIHOPIOHOrO CTEpPIKHS JISKHUTH MOCEPEerHi
uporo crepkHs. LleHTpu iHepuii oqHOPIAHMX KiTbIIS, JUCKA, Kyl Ta
chepn nexkarb y IXHIX TeOMETpUYHMX LeHTpaXx. LleHTp wmac
OJIHOpiIHOrO Tapalneynorpama JeXWTb y TOULi MEepPeTHHAaHHS HOro
niaronaneid. LleHTp iHepuii OZHOPIAHOrO TPUKYTHHKA JIEKHTh
y TOYLli MepeTHHAHHS HOro MefiaH. ..

OO0uncnuMo TOXiJHY Bil paliyc-BeKTOpa LieHTpa Mac 3a
4acoM:
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-1

» N N N
® Zlm (mlDl+m202+...)=ernDi Zlm. (3.2)

dt

]_[IO BCJIMYUHY NPHUPOJHO Ha3BaTu H.IBI/I,Z[KiCTIO LEHTpPY Mac:

- _ N N
V, =R, /dt=Yms, /S m. (3.3)
i=1 i=1

V pasi HerepepBHOro PO3MO/IiIY MACH: \7,4 =[ddm/ [dm.

IMnynbc ueHTpy Mac BU3HAYAETbCS B TAKUI CMOCiO:

. - N -
Ry :Vu_zlm =M, (3.4)
1=
N
me M=) m - e noBHa Maca CHCTEMH.
i=1

Ipomudepentitoemo piBHsiHHA (3.3) 32 yacom i BU3HAYMMO
NPUCKOPEHHS, 3 IKUM PYyXa€eThCs LIGHTP Mac:

. dV, Ndp N _
A =—"= ﬂ/M:zFi/M. (3.5)
dt =1 dt i=1

OckiNbKM cymMa BHYTPIIIHIX CWJI, LIO JAiIOTh MK KOMIOHEHTaMH
MeXaHIYHOT CUCTEMH 3a TPETIM 3aKoHOM HbIOTOHA JOPIBHIOE HYITIO,
TO Yy 4MCeNbHUKY BHUpa3sy (3.5) nuinaerncs Jiniie cyMa 30BHIIIHIX
cui. TUM caMUM MU JTOBEJM HACTYIHY TEOpeMy Mpo pyX LEHTPY Mac
(3aKkOH pyXy LIEHTpY iHepIiT).

Teopema: lleHTp Mac cucTeMH MaTepiallbHUX TOUOK PyXaeTbes SIK
Taka MarepialbHa TOYKa, Maca sKOi JOpIBHIOE CyMi Mac Yycix
MarepialbHUX TOYOK, IO € CKJIaJOBUMH YaCTHMHAMH CHUCTEMH, Mil
JIEKO CHUIH, SIKA € TEOMETPUYHOIO CYMOKO YCiX 30BHIIIHIX CHII, IO
JiIOTh HA CUCTEMY, TOOTO!

A, =FL) M. (3.6)
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If(303) -

SJIkmo cucreMa € 3aMKHEHOK, TOOTO pes 0, Ttoni

,5,4 =0 i \7M =const Omke, HeHTp Mac 3aMKHEHOI CHUCTEeMH

MaTepialibHUX TOUYOK PYXa€ThCs PIBHOMIPHO Ta MPSAMOJIIHIHHO.
[loBHu# iMMy/bC 3aMKHEHOI CHUCTEMHM MaTepialbHUX TOYOK,
MOpaxoBaHWil BIAHOCHO CHCTEMHM BIIJIIKy, IO pyXaeTbcs 3i
MIBUAKICTIO LIEHTPY Mac, IOpiBHIOE Hymo. Lle TBepukeHHsS moBosi
npocto nepeBiputu. LlBuakicTh i-i MaTepialbHOT TOYKH BiHOCHO
nabopaTopHOi cucTeMM BiliKy U; 3rigHO mneperBopeHb [ aiines

NOB’ si3aHa 3 ii WBHIKICTIO BiJHOCHO LEHTPY Mac Ugj B HACTYMHHIA
croci6: U =V, + Ugj - ToMy cymapHHii iMITyJIbC MEXaHIYHOT CHCTEMH

BIZTHOCHO IIEHTPY Mac [ IOPIBHIOE:
P = Xm0 =X m (0 -V, =X mg - my, . (3.7)

B npyriit cymi MOXHA BUHECTH CIIUIbHUI MHOXHUK V, 1 MIACTABUTH

fioro sBHmii BUpas (3.3):
Pc=2mMd -2XmDmg /> m =3 md -3 ms =0, (3.8)
i=1 i=1

o ¥ citig 0yJs10 JOBECTH.
3.2. Pyx min 3MiHHOI Macu

Tepmin “3miHHa Maca” B KIACHUHIM MeXaHilli Mae iHIIe
3HA4YeHHs, HIXK Y Teopii BIIHOCHOCTI. Y paMKaX KJIaCUYHOT MEXaHiKH
JOCHIDKYETBCS TOBUIbBHUH pyX 00’€KTiB, 4Yusl Maca 3MiHIOETbCS
yepes BTpaTy abo HaOyTTs MeBHOI KUTbKOCTI pedoBuHH. Hampukian,
JIOLIOBa Kparuis 30iJbllye CBOIO MOYATKOBY Macy MiJa 4Yac MagiHHA
y TOBITpi, fKe € TIepeHacHuYeHUM BOASHOIO TMapolo, Maca
PEaKTHBHOTO JliTaKa 3MEHILYEThCS 32 PaXyHOK BUTIKaHHSA rasy, sIKHi
YTBOPIOETbCS y ABUIYHaX dYepe3 3ropsHHs mnamusa. llpu mpomy
MOBUTBHICTE pyXy O3HAaya€ TYT, LIO MAOCHIIKYIOTBCS BHUMAAKH
MIBUIKOCTEH, 1110 € 3HAaYHO MEHIIMMH 32 IIBUIKICTh CBITIA.
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PiBHSIHHS pyXy MeXaHIiYHHUX OO0 €KTiB, LIO MarTh 3MiHHY
Macy, He MICTATh y cO0i HIiYOro MPHUHILIMIIOBO HOBOTO MOPIBHSIHO
3 JpyrdM 3akoHOM HBIOTOHa — BOHM € HacliKaMd 3aKOHIiB
Heptorona. Lli piBHSHHS CTaHOBIATH MEBHUI iHTEpec, TOJOBHUM
YUHOM, y 3B 3Ky 3 PO3BUTKOM PaKeTHOT TEXHIKH.

EnemeHTapHy Teopito peakTMBHOTO pyXy pakeT moOyaoBaHO
Ha TOMY, IO Ta3, SIKMi YTBOPIOETHCS MPHU 3rOPsiHHI NajkBa, BUIITAE
3 paKkeTd 3 BEJIMKOK [IBUJKICTIO, TMepefaloud i iMIyJbe
y HampsMKy, IO € MPOTWJISKHUM /O HampsMKy BUTIKaHHS Tazy.
3100yaeMo piBHSHHS, IO OMHUCYE PyX TUT 3MiHHOT MacH. Y SKOCTI
HAOYHOTo MpHKiIany (IO B KOJHOMY pa3i He 0OMexXye 3arajibHOCTi
BHCHOBKIB, 1110 Oy/ie 3100yTO) BBaXKATUMEMO, 110 HAETHCS MPO MOJIT
paketd. Jlns 1LBOro CKOPUCTAEMOCS CTAaHOAPTHUM  METOJOM:
PO3IJISIHEMO IMITYJIbC MEXaHIYHOI CHCTeMH <«paKeTa IUIIOC Tra3u»
y JOBUIbHUI MOMEHT 4acy t i y HacTynmHuid, (izuuHOo Oe3KiHeuHO
OnM3bKHIA, MOMEHT yacy t+dt, i 3HaiimemMo 3MiHy iMIyJibCy 3a Ui
MPOMIXKOK yacy.

Hexaii y noBiTbHUIT MOMEHT 4Yacy pakeTa pa3oM i3 MajliBOM
mae macy M(t) i pyxaerbes 3i mBuakictio U (). Tlpu upomy i
immynbe gopisaioe P (t)=m(t) 0 (t). 3a enemeHTapHH MPOMIKOK
yacy Ot maca pakerw Ta ii IIBMAKICTb OTpMMAasHM, BiAMOBiAHO,
HPUPOCTH dm Ta av: m(t) - m(t+dt)=m(t)+dm,
O({)- O(t+dt)= 0(t)+d 0. Tomy immysnbC pakeTd pasom i3
MaJIMBOM, 10 B Hill 3aJMIIUTLCSA, HA Iield Yac JOpiBHIOBaTHME
p() - p(t+dt)= (m(t)+dm)(d(t)+do). Kpim Toro, Ha MOMEHT
yacy t+dt B cucTeMi BUHHMKHE 11ie OJJMH KOMIIOHEHT JIaHOT MeXaHi4yHOT
CHCTEeMH — IIe ra3, SKWil TONWIIAE pakeTy BHACTIJOK 3TOPSHHS

naiuBa. Maca HoBoyTBopeHoro rasy Omp, #oro wBuaKicTh
BIJIHOCHO iHepLiaJbHOI CUCTeMH BiUTiKY Uy . TakMM YMHOM, MOBHUIA

iMIyJIbC CHCTEMM «paKeTa ILIIOC MaauBo» B MoMeHT yacy t+dt
JTOPIBHIOE:

P(t+dt) = (m(t)+dm)(d(t)+dd) +dm . (3.9)

O6YHCIIMMO 3MiHY IMITYJIbCY 3a MPOMIXKOK 4acy dt:
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p(t+dt)-p(t)=(m(t)+dm)(o(t)+do)+dmpor -
- m()d (t). (3.10)

VYci BeMMUYMHM, IO BXOAATH [0 TMpaBOi YACTHHM, Temep MaroTh
OJIHAKOBMI apryMeHT, TOMY Hajaji He OynemMo HOro BKasyBaTH y
HallUX pO3paxyHKax:

p(t+dt)-p(t)=md+dmd +mdo + dmdd +dmp 0, —mo. (3.11)

BizpMeMO 10 yBark, LIO TMOBHA Maca CHUCTEMH «pakeTa [UTHC
najqMBo» 3 wvacoM 30epiraetbes: m(t)= m(t+dt)+ dmp. Tomy

dm[’ =—-dm:
dp=p(t+dt)-p(t)=dmd +mdd +dmdi -dmi;. (3.12)

JTobytkoM dmMAJ 3HEXTYEMO SK BEJIHYHHOIO JPYroro MOPSAKY
MaJlocCTi:

p(t+dt)- p(t)=dmd +mdi —dmd, =
=dm(0 -0y )+mdi. (3.13)

[To3HauMMO IIBHAKICTH BUTIKAHHS rasy BiJHOCHO pakeTH Up —U sk

C

sio Usio =Ur —U, Toni
&9 =mdo - dma,, . (3.14)
Pazom i3 THUM, 3 APYTOoro 3aKkOHy Hrerotona maemo:

dp=> Fdt, (3.15)

e Z F — me reoMmerpuyHa cyma yciX 30BHIIIIHIX CHJI, IO JIiFOTh Ha

pakety pasom i3 nanuom. [TopiBHioroun aBa Bupasu (3.14)Ta (3.15)
s dp, micraemo:

dp = mdi —dmi,;, =Y Fdt. (3.16)
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3sincu maemo: mdd =dmd,, + 3 Fdt, a6o y dopmi piBHSAHHS

2
MeLuepcbkoro™:

do = dm_
m—=>F+—0,, . 3.17

Benanunny 0Ug;,dm/ dt Ha3uMBarOTh peakTHBHOKO CHIIOI. Y BHMAIKY
MOJILOTY pakeTh ii mMaca 3 4YacOM 3MEHILYETbCS Yepe3 3rOpsHHS
nanuea: dm/dt<Q, Tomy BBOAATH 10JAaTHY BEJHUYMHY — BUTPATY rasy
M=— dm/dt 3 ii BukopucTaHHSM piBHAHHS Melepcbkoro HabyBae
BUIIISLY

do =
m-—-= SF = Ul . (3.18)

PeakTHBHa cuia ITOBXae pakeTy y HaIpsMKY, MPOTWIEKHOMY 10
TOTO, B IKOMY T'a3¥ BWJIITAlOTh i3 COTUIA IBUT'YHA PAKETH.

PosrnisitHeEMO Oinbll  AETAJIBHO BUMALOK, KOIU Fpe3 =0,

TOOTO KOJIM paKeTa JIETUTh Y KOCMOCI JaJieKO Bij 3emili, iHIIMX
TUTaHeT Ta 3ipoK. 3a IMX YMOB CHIIOIO TPaBITALlIHHOTO TSKIHHS
pakeTH 00 WX OO0 eKTiB MO)KHa 3HexTyBaTH. Lle Takok MokHa
3poOWTH, KOJIM peakTHBHA cujla € Habarato OuIbIIOD 3a
pe3yabrytouy pewtu cui. Toni piBasHHs (3.17)cnpouryeTbes:

madd / dt = §,;,dm/ dt. (3.19)

Hexaii pakera pyxaetbcsi IpsIMOJTiHIMHO, HAMPUKIIA, Y3IO0BXK OCi Z .
Toni Bexktopn U Ta U,, OpIEHTOBAHO Y B3aEMHO TPOTHIECKHUX
HampsMKax, a Maca paket 3meHmyerbes (dm/di<0. Cnpoektyemo
piBusiHHs (3.19)Ha Bich Z i aicTaHeMO CKaJIspHE PiBHSHHS:

2 Memepcokuit Isan Beesonogosuu (1859-1935) —pansHchbKuii yueHuit y
rajgy3i TeopeTWdHOi Ta MpUKIaAHOI MeXaHikd. 3aBimyBaB Kadeaporo
TeopeTHyHOT MexaHikn [leTepOyp3bKOTO  TMOJIITEXHIYHOTO  IHCTHTYTY.
OCHOBOTIOJIOKHI TIpalli MO0 MeXaHili Tija 3MIiHHOI MacW, IO CTajiu
TEOPETHIHOI0 OCHOBOIO PO3pO00K pi3HUX TpOoOJIeM, TOJOBHAM YHHOM
peaKkTUBHOT TeXHIKH, HeOeCHOT MeXaHiKH.
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mdv = -u,;,dm (3.20)

TyT U,;p>0. O6MexrMo noaasibiie AOCTiKEHHS MPOCTUM BUIMAJAKOM

cTasiol WBMAKOCTI BUTIKAHHA rasiB, konu U,,=Const BukoHaemo

npoleaypy nojiiny 3MmiHHuX y criBigHomeHHi (3.20), 110 B 1bOMy

BHUIAJKY MOJISITae y ToMy, 11100 noainntu pisHsHHS (3.20)Ha MU,;):
dvo _ dm

= . (3.21)
Usio m

[MpoinTterpyemo piBHsiHHA (3.21)Bia 1esIKOro MO4YaTKOBOrO MOMEHTY
vacy t=to, konu U(tg)= Uy i M(l)=Mp, 10 MOTOUHOrO MOMEHTY uacy t

u(t) m(t)
[dv=-v, am (3.22)
Yo Mo m
Ta 3700y/1eMO:
U(t) = Up = Uy, IN[ My /()] . (3.23)

Pigusinns (3.23)mokasye: ans Toro, o6 pakera HaOysa HaWOLIbIIOT
HIBUJIKOCTI, TO-Tiepine, Cclij o0najaHaTH 1 TapHUM JBHTYHOM 3
HaNOTBIIO MBUIKICTIO Uy, BUTIKAHHS ra3iB i3 cOIUIa pakeTH i, Mo-
Jpyre, BATOTOBUTH PaKkeTy 3 HAWMEHIIIOI KOPHUCHOK Macoro (Macoro,
IO 3aJMIIAETBCS TiCis 3ropsHHS nanuea), Me>>m(t). [lpu yomy
nepimuii muisx € Outhln e)eKTUBHUM, 0O JIiHilHA (YHKIIS 3pOCTaE
HIBH/IIIIE 32 JIOTApUPMIUHY.
Pigustans (1.3.17)MoskHA niepernucaTH Iie Tak:

m(t) = mpexg -2 "% | (3.24)

Usion

Konu u; =0, toxi 3 (3.24)3100yBaemo dopmyity HiOHKOBCBKOFOSI

% Ilionkoscwknit Kocrsutun Enyapmosuu (1857-1935) — 3acHOBHHK
Cy4acHOi KOCMOHABTHKH. BiH 0OTpyHTYBaB CyLiJbHO-METaNeBuUil aepocTaT
IUPMKa0Is, OOTIYHMIA aepoTUIaH, MOi3 Ha MOBITPAHII MOMYIII Ta paKeTy
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m(t) = mo exf-u(t)/ Uy, ) (3.25)

Buxonsun 3 HasBHOT IIBUAKOCTI U, BUTIKAHHS Ta3iB 3 JIBUT'YHA,
LliosikOBChKMIA MOKa3aB, M0 Maca NajiuBa, SKe € HEeOOXiAHUM IS
JIOCATHEHHSI MDKIUTAHETHUM KOpabJieM JIpyroi KOCMiYHOT INBUJIKOCTI,
Ha KUTbKa TMOPSAIKIB MepeBaykae KOpUCHY Macy pakeTu. Lle mpuserno
Horo, 30kpema, A0 ifiei Mpo pakerty 3 OaraTbMa CTYTECHSIMH.

3.3. Poboma ma KkiHemu4Ha eHepzis

KinbkicTh eHeprii, Ky JIOJICTBO OJepKye 3 Haap 3emii y
dopMax, sKi € 3pyYHMMH JUIS Cy4YacHOTO TPOMHCIIOBOTO
BUPOOHULTBA, Ma€ CBOIO MEXY, O SIKOI Bxke Hepaneko. Jlo6poOyT
JFOCTBAa OE3MOCepeIHbO  TMOB SI3aHO i3 CHOXKUBAHHAM  CHEpril.
O6'eMH  BAJOBMX HAL[IOHAJIBHUX TMPOAYKTIB €  MPHOIU3HO
NPONOPLIHHUMH O BEJTMYMHH CHIOKUBAHOT eHeprii. BupoGHHLTBO Ta
pO3MOin eHeprii 3a YMOB OOMEKEHHX PpecypciB Ta aKioTa)KHOTO
MOTMUTY CTAHOBUTH COLIIANbHY, EKOHOMIUHY Ta MONITUYHY MPodiemMy.
Ane ¢i3zuka omiKyeThCs iHINTUMU acCTieKTaMU MUTaHb €HEPTii.

Konu ¢iznuna cuna nie Ha pyxoMmy marepiajbHy TOYKY, TO

BOHAa BUKOHYE po0OTYy HaJ Hero. PoGora BumiproeTbes B Jlkoymsx

UL MDKIJIaHETHUX — mojoposkeif.  LlionkoBcbkoMy — HanexuTh  inmest
KOHCTPYKIii aeporiana 3 MeTaieBuM KapkacoM. Bin moOynysas 1897 poky
nepiry B Pocii aeponunamiuHy TpyOy 3 BiAKPUTOIO pOoOOYOI0 YACTHHOIO i
BU3HAYMB KoediwieHT oropy pi3zHMX Tin. LliodKkoBChKMit 00UMCINB ApYyTY
KOCMIYHY IIBHIKICTb, 3aMPOMOHYBaB 0araToCTYIiHYACTUil MiXKIUTaHETHUI
kopabenb. Hanepenoani 100piuust Big nHA Hapo/keHHs LlionkoBcbKOTO B
1954 AH CPCP 3acHyBasna 30J10Ty Meaaib #oro iMeHi «3a BUOaTHi podoTH
B 00J1aCTi MIXKIIJTAHETHUX CIIOJTy4YEHb».

* Ilxoyns (Joule) Jixeiimc TTpeckorr (1818-1889) —aurmiiicekuii di3uk.
JUKoyns BUBYaB NPHUPONY Temja i BU3HAYMB KiMbKICTh TEMJIOTH, IO
BUIJIAEThCSA TIPU MeXaHiuHii poOOTi, BiTKPUB 3aKOH 30epekeHHs eHepril i
chopMyirOBaB TIepIINii 3ak0H TepMomuHaMiku. Pa3om i3 KenbBiHOM BiH
npamoBaB  Hal pO3POOKOI0 abCOMOTHOI INKamM TeMmmepaTypu. Momy
HaJIe)KUTh  BU3HAYEHHS KIJBKOCTI TEIUIOTH, [0 BHAIISIETbCA TPH
NPOXOIDKEHHI  CTpyMy  Kpisb TnpoBimHuk (3akoH  J[koyns-JleHua).
HocmimkyBaB MarsitocTpukiito. J[koyns OyB wieHoM JIOHIOHCHKOTO
KOpOJIIBCBKOTO TOBAapHCTBA, MOYECHUM HOKTOpoM TpiHITI KonemkKy B
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[A] = [,Z]:)fc] B cuctemi CI abo B eprax: [A] = [epz] B cucremi CI'C.
KinbkicHo enemeHTapHa po0OoTa, MO ii BHKOHYE CHJIa F npu
nepeMillleHHI MaTepialbHOl TOYKH Ha -, JIOPIBHIOE CKaJIIPHOMY
106yTKy cvu Ta nepemitenns, OA= F Od5 = FdScos(O F;dS).
Konu wmarepianbHa Touka pyXaeTbcs B3JOBXK KPHUBOJIiHIHHOT

TpaekTopii MiJ Jdi€l0 3MIHHOT CHJIM, JOJAIOYM HUISX CKIHYEHHOI
BEJIMYMHHM, TOAI poboTa CKIAmaeTbcss 3 eJeMEeHTapHUX pooiT,

BUKOHAHMX Ha OKpeMuX JinsHkax, A= jF OS5 - uwe
L

€ KPUBOIHIMHUIA iHTerpa, skuit 6epyTh y3I0BXK TpaekTopii pyxy L.

Konu pyx BigOyBaeTbcs 3a yMOB il KUIBKOX CHII, HAaINpHKIA,

F=F +Fp, 1o FOB=(Fig+Fag JS= A + Py =dA,
TyT Fis — e mpoekuis cuinu Ifl Ha HaMpsAMOK MepeMillleHHS .

Otxe, eneMeHTapHa poOOTa KUIBKOX CHII  JIOPIBHIOE  CyMi
eJIeMEeHTapHUX poOiT uX cuil. Taka BIaCTUBICTh MeXaHIYHOT POOOTH
Ha3UBAETLCS AAUTUBHICTIO.

[MotyskHicTb P — 1ie poboTa, Ky BUKOHAHO 3a OJMHUIIIO Yacy

P=0A/dt. Posmipnicte moTy})HOCT: [P] =Bm=]Jlnclc =

Y
=1Bm= 10"epe /.
KineTnuHolo eHeprieto MaTepiaJibHOI TOUYKHM HA3WBAIOTh

pemumiy K =mii2/ 2= p?/ (2m). PoGora cumu F  mpu
nepeMillleHHi MaTepiajibHOI TOUKHM AOPIBHIOE MPUPOCTY KiHETHMUYHOT
eHeprii. JloBeeMo Lie LIUIIXOM IHTerpyBaHHs:

P2 P2
@Udtzjadpzijbdp. (3.26)
dt By mﬁl

L b
A= [FOB=|
n L’}

[TpoBeneMo TOTOXKHE MIEPETBOPEHHS CKaysipHOro n100yTky pdp. s

Hy6mini, Oxchopacekoro, EqmaOyp3pKoTo i JIelimeHChKOTO YHIBEPCHUTETIB.

Horo HaropojkeHo 30JI0TOI0 MeJammo JIOHZOHCBKOTO KOPOJIBCBKOTO
ToBapucTBa, Mepao Komi, menammo Ansoepra.
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pOro mpoaudepeHLitoeMo no0yTok PP = pp. B pesynbrati
3n00ymemo: 2 pdp =2pdp. Tobro, pdp=pdp Ha nepummwmii morss,
e — oueBMIHWH pe3ynbraT. OAHAK, Take MPOCTE <BiAKWUIAHHSI»
CUMBOJIIB BEKTOpa HE 3aBXKIU € CIpaBeIIMBUM. 3100yTHIT miepexi
B Pdp mo pdposHauae, 1m0 CKaMAPHHIA J00YTOK iIMITYJIbCY Ha HOTO
3MiHYy TOYHO JOPiBHIOE H00YTKY (anredbpaiuHoMy) MOIYJISl IMITYJIbCY
Ha 3MiHY MOIyJNs IMITyJIbCy. 3 ypaXyBaHHSM LIbOTO TEpexoay BUpa3
(3.26)MokHa MpOiHTErpyBaTH:

152_. 1p2 2_ 2
Ap=— [p=— [pdp= P2 PL-k,-k;.  (3.27)
mr)l mpl 2m

3aBAsSKM aqUTHUBHOCTI PoOOTH Ta KiHeTHUYHOT eHepril (KiHeTH4Ha
EHepris CUCTeMH MaTepiaJibHUX TOYOK JOPIBHIOE CyMi KiHETHUHHMX
eHepriii MaTepialibHUX TOYOK, 3 SIKMX L CUCTeMa CKJaJacTbes abo
Ha SIKi IO CUCTeMY MOYKHA YSBHO MOJITMTH) Liei pe3ysbTaT MOXKHA
y3arajJbHUTH Ha BUMAIOK JOBUIBHOI CUCTEMH MaTepialbHUX TOYOK.
B Takomy posyminHi piBHsHHS (3.27) € MareMaTHYHUM
dopmysroBaHHSIM 3aKOHY 36epeXeHHA KIHETWYHOI  eHeprii
MexaHiuHoi cuctemu. Chopmymroemo ioro: «Ipupict KiHETHYHOT
eHeprii CUCTEeMH MaTepiallbHUX TOYOK JIOPIBHIOE POOOTi yCixX cuil, IO
JIIOTh HA L0 CUCTEMY».

Slkimo mopiBHATH 1ei 3aKkoH i3 3aKOHOM 30epekeHHS
IMITyJIbCy CUCTEMH MaTepiabHUX TOUOK, SSIKU MOXKHA PO3IIISIATH SIK
(306)
pe3
CWJIBHO BiJpi3HSAIOThCS. BHyTpimiHi cwiu (BHACHiZOK BHUKOHAHHS
TpeThoro 3akoHy HbIOTOHA) He 34aTHI 3MIHMTH IMITYJIbC CHUCTEMHU
MaTepialibHUX TOYOK, TOOTO MPUPICT KIJIBKOCTI PyXy HE 3alIeKHTh
BiJl BHYTpILIHIX CHWJ, ajie i CWJIM MOXYTb 3MiHIOBATH KiHETHYHY
EHEPrilo CUCTEMH.

TEOpeMy Mpo 3B A30K Mik F dt ta dP, To BUAHO, WO BOHM

3.4. 3imKkHeHHs

TepmiHOM 3iTKHEHHs Yy MeXaHilli T[03HAYalTh MpOIeC
B3a€MOJIii MDK MEXaHiYHUMH 00 €KTaMU y HIMPOKOMY PO3YMiHHI,
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TOOTO e He € 0OOB SI3KOBO SIBUILE IXHBOTO TOPKAHHS OJIMH 3 OJTHHUM,
3a SKUM HACTa€ sBUINE BiMIITOBXyBaHHA. MexaHiuHi 00 €KTH, 10
3IIITOBXYIOThCS, TlepeOyBalOTh Ha HECKIHYEHHO BeJMKil BincTaHi
OIMH Bil OIHOrO Tepeln 3iTKHEHHSAM Ta pO3JITalOThCs Ticis
3ITKHEHHs Ha 3HA4HI BiJICTaHi, TOMy MU OyJeMO BBaXKaTH iX mepen i
micyis 3iTKHEHHs BiMbHUMHU. [IpomiTatoud oAMH TOB3 IHLIWH, Ui
00 €KTH B3aEMOJIIOTh y pi3HHUH croci6: 1) 0OMIHIOIOTECS Macoro ak
10 00 €HaHHS, YTBOPIOIOYM HOBI Tijia, 2) OOMIHIOIOTECS IMITYIbCOM
i eHepriero, BHACIIZOK YOro 1i 00’ €KTH 3MIHIOIOTh TPAEKTOPIIO PyXy
MOPIBHSHO 3 BWIAJKOM BiJCYTHOCTI B3aemomii. Jlins ommcaHHsS
pi3HUX THUIIB B3a€EMOJii BHUKOPUCTOBYIOTH Kinbka wmogeneit. o
iXHBOTO 4YHCa HaleKaTb MOJeNi MpPYKHOro Ta abCOIIOTHO
HETpPY>KHOTO 3ITKHEHb.

[Mpy>XHEe 3iTKHEHHA — Lie ixeaji3oBaHa MOZENb B3a€MOIII,
KOJIM MeXaHi4Hi 00 €KTH Ticias TeBHOro HaOIMKEHHS 3HOBY
po3xonsThesi 0e3 3MiHM CBOTO BHYTPILIHBOTO CTaHy. Takum 4MHOM,
KiHeTMUHA €Heprisi He MepexoAWTb [0 IHLWIMX THUIIB eHeprii,
BHACIIJOK YOro NOBHa KIHETUYHA eHepris MexaHiYHOT cucTeMmn npu
NPYXXHOMY 3iTKHEHHi 36epiraeTbca. [IpykHi 3iTKHEHHS BilirparoTh
Ba)KJTMBY POJib B aTOMHIH (i3uLi, Ae 30epekeHHs] KIHeTUYHOT eHeprii
peasizyerbes He Mpubu3HO (iaeanizoBaHo), a TOYHO.

[Mpu po3p’s3aHHI 3ama4 MpPo TpY)KHE 3ITKHEHHS JBOX
MaTepiallbHUX TOUOK Macolo My Ta M, BUKOPUCTOBYIOTH [1BA 3aKOHHU
30epeskeHHs — IMIYJIbCY Ta KIHETUYHOT eHeprii:

rnll_jl + mZUZ = rT'}.I.L_jl + m2l]2; (3 28)
Myt [ 2+ mpw3 [ 2=mud [ 2+myu3 / 2. '

Tyr U Ta Uj — ue WBAAKOCTI j-i MaTepiaNbHOi TOUKHM Mepe Ta

Micas 3ITKHEHHS, BiNMOBiAHO. 3aKkoH 30epekeHHS IMIYJbCY €
cnpaBeAauBUM, 00 HOETbCS TPO 3aMKHYTY MEXaHIYHY CHUCTEMY;
3aKOH 30epeKeHHs KIHEeTHYHOI €Heprii BUKOHYETLCS, OCKIIbKU 3a
YMOBOIO 33/1aui BiIOYBa€eTbCs caMe MpyxHe 3ITKHEHHS.

ABCOMITHO HEeMnpy)XHe 3iTKHEHHA Mae Miclie, KoK Ticst
B3a€EMO/Iii MexaHi4Hi 00 €KTH pyXaroThCs 3 OJHAKOBOIO LIBHMIKICTIO
(sx omue mine). [Ipyu LBOMY, 3BHUAMHO, iXHS KiHETHYHA €HEpris He
30epiraeTnes.
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Pemra 3iTkHEHb y MeXaHIlli € HEMPYXHUMH, AT HUX Mae
Miclle BTpaTa YaCTMHW KIiHETMYHOI €Heprii Ha Taki TpoLecH, SK
HarpiBaHHs, AedopMallisi B3aEMOAIIOUMX Tijl, FeHepallis 3ByKYy 1 Take
iHILe.

OGuncnumo 3miny kinernunoi eweprii AK =K, — K,

JIBOX MaTepiajbHUX TOUOK 3 MacaMu My Ta My, L0 YTBOPIOIOTH
3aMKHEHY MEXaHIYHy CHCTeMy, MpU aOCONIOTHO HENpPyKHOMY
3iTkHeHHi. [lo3HauMMo MBMAKICTh, MO ii HAOyJIM Tijla BHACIIiJOK

3ITKHEHHS, 4epe3 V. Toxi 3akoH 30epekeHHs IMMyJibcy HalyBae
TaKoOro BHIIAAY: Mydy + Moy = (M +Mmp W . 3Bincu 3106yBaemo
BHpa3 s IIBUAKOCTI MaTepialbHUX TOYOK Ticis abCoNOTHO
HEMPY)XHOTO  3iTKHeHHs: V = (mlljl +myU, )/ (rrh + m2) . Tenep
MoxkHa oGuncauTH 3MmiHy kinetuuHoi eneprii AK =K, — K, s

Takol B3aEMOJIT:

4K :(rrll+mz)\/2/2—m1012/2—m205/2:

- (rnl[jl+ m202)2 - Irnfl.Ulz + m2U§ — (3.29)
2(my +my) 2
2,2 - 2,2
_mpyp +2mymy (04 Wy )+ m5 05 ~
2(my +my)
_ ot + mympuf + mympu3 + mbus =
2(my +my)
_ 2mymy( &y By ) - mymouf —mymuu3 _
2(my +my)
_ (2_ ~ 2) S \2
_ —mmpluf ~ 26, W)+ 05 =_’u(Ul 52)" _p
2(my +my) 2
_ MMy

ne e 3BeAeHa Maca cucrtemMud [ABOX

m +mp
MaTepiabHUX TOYOK.
I3 cnieBignomenns (3.30)Buano, mo AK =0 Tinbku konu
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Uy = Uy, TOOTO HiKOMH. 3pO3yMijo, L0 piBHICTE U =Uy O3HAuae
pyX JIaHUX MeXaHIYHUX 00’ €KTIB B OJMH OiK Ta 3 OJHAKOBOIO 3a
MOJyJIeM UWIBMAKICTIO, IO CBiJYHUTh MPO HEMOIIMBICTb IXHBOTO
3iTKHEHHs. 3MEHLICHHS BeJMYMHM KiHETHMYHOI eHeprii mpu
a0COJIIOTHO HeNPyKHOMY 3ITKHEHHI MIATBEPIDKYE Te3y Mpo Mepexis
YaCTMHW KIHETUYHOI eHeprii JO HeMEeXaHiuHOi, IO CYMPOBOIKYE
TaKuil TUI B3aEMOJII.

JloboBUM  3iTKHEHHAM (a0 UEHTpaJIbHUM  YAapoM)
Ha3WBaIOTh TaKe 3iTKHEHHS MEXaHiYHHUX 00 €KTiB, SIKi pyXarTbCs
nepeA Ta Micas B3a€EMOAil B3JOBXK OJHIE] MpPsMOI, fKa MOETHYE
LEHTPH Mac [IUX 00 €KTIB.

PosrnssHemo mpykHe 11000Be 3ITKHEHHS IBOX KYJIBOK
OJIHAKOBOI MacH: My =My . BBaxaeMo, 110 KyJIbKH HE 00epTarOThCS

HaBKOJIO JKOAHOI oci, TOOTO iX MO)KHa PO3MIAAATH K MaTepialbHi
Touku. OGepeMo cUcTeMy BiJUTIKY Tak, 1100 y Hill Ipyra Kynbka Oyiia
HEpYyXOMOIO Tepen 3iTKHeHHsAM: U,=0, a ogHa 3 i1 KOOpAMHATHHUX
oceii Oyna mapajefnbHOI BEKTOPY LIBUAKOCTI MEpIIOi YaCTUHKH
nepes 3iTKHEHHsM, ToOTo BekTopy U;. Toai B mepuioMy 3 cucTeMH
piBHsHB (3.28)MOKHa MepeiiTh 10 MpoeKLiii BEKTOPIB IIBHIKOCTI Ha
obOpaHy Bichb koopauHar. Jlpyre piBHsHHA B cuctemi (3.28)
JOMHOKMMO U1l 3pYYHOCTI 3amMcy Ha [BiiKy. 3a LMX yMOB 3
cucremu (3.28)3100yneMo:

U1=U1+U2;
3.30
it 820

[Tinnecemo nepiue pisHsHHs cuctemu (3.30)B kBagpar:

U12 = u12 + u% +2WU, . (3.31)
Sxmo nopisusty pieHsHHA (3.31) 3 apyrum pisasaHsM (3.30), TO
nicraemo, 1mo 1o0yTok WUy, =0. Lle Moxke OyTH y IBOX BHMajgKax:
abo U;=0, abo u;=0. [Nepumii Bapiant (U,=0) € HediznuHUM, 60 BiH
O3HAYa€ HE3MIHHICTh IMITYJIbCY (@ TAKOXK KiHETHYHOI eHeprii) apyroi
KyJIbKM BHACJIJIOK 3ITKHEHHs, TOOTO BiJCyTHicTh B3aemonuii. OTxe,
3anuiIaeTbes Apyruii Bapiant: U;=0, TOOTO BHACTIIOK 3iTKHEHHS
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nepiia KyJibka MOBHICTIO Tiepeiana CBill IMIyNbe ApYTidl KyJbli i
synuHunacs. Ockinbku W=0, To 3 mnepmoro piHsHHa (3.30)
nictaemMo. U,=0;. Tomy apyra Kyllbka movaja pyxaTHcs Ticls
3ITKHEHHS 31 IIBWJAKICTIO, SKy Majia mepiia Kylbka mnepeq
3ITKHEHHSIM.

Po3p’spkeMo Tenep iHIIY 3amady — BHIAJOK TMPYKHOTO
HEJOOOBOro 3ITKHEHHA KyJlbOK 3a yMmMoB My # My. OGepemo

cUCTeMy BIIJIIKYy Tak, abu Jpyra KyJibka repej 3iTKHeHHsIM Oyia
Hepyxomoto, Up=0. lle mnpunylieHHs He HaKiagae HKOAHMX
(izuHuMX OOMekeHb Ha JaHe [OCIi/PKeHHS, MPOTe CIPOIILYE
MaTeMaTHYHi BUKJIAIKH, 30KpeMa cuctemy piBHSHB (3.28), 1m0 Oyo
MOKa3aHo 1S onepeaHboro Bunaaky (aus. cucremy (3.30)).Omxe,
CHCTEMA BHMXIiTHHUX PiBHSHb Ma€ BUTJISL

Moy = Myl + mglio; (3.32)
05mw? = 05mu? + 05mou3. '

Cuctema (3.32)He BU3HAYa€e OJJHO3HAYHO LIBHUIKOCTI KYJbOK
micis 3iTkHeHHs U Ta Up 3a BiIOMUMM MacaMu My Ta M, a TaKoXK
LIBUJIKICTIO HajliTato4ol Kyibku Oy . JlilicHO, y 3arajJbHOMY BUMAIKy
OJTHEe BEKTOpHE i OfiHe cKaisipHe piBHAHHA 3 (3.32)€ ekBiBaleHTHUMHU
YOTUPHOM CKAJIIPHUM  PiBHSHHSAM, TONi SK HEBIIOMi WIiCTh
KOMITOHEHTIB [1BOX BekTopiB Uy Ta Uy. UlompaBma, Tyt cnin
CKOpUCTAaTHCS CHMETpI€I0 3ajadi i 3ayBaykWMTH, WO 3aJadya € He
TPUBUMIPHOIO, a JIBOBUMIPHOIO: SIKIIO 3HEXTYBAaTH MOXJIMBICTIO
o0epTaHHS KyJbOK Tepel 3iTKHEHHSM, TO MO)KHAa BBa)KaTH, IIO
BekTopu Uy, Uy Ta Uy nexarh B OJHIH IUIOIMHI. ToMy BeKTOpHE
piBHsHHS B (3.32) —3akoH 30epekeHHs IMITyJIbCYy — € €KBIBAJICHTHUM
JIBOM CKaJIsipHUM, i cuctema piBHsHb (3.32) 3amae Tpu yMOBHM Ha
YOTHPU KOMITOHEHTH BEKTOpPiB Uj Ta Uy . AJle HaBiTh 3 ypaXyBaHHAM
3ayBa)keHHs TPO JBOBHMIpPHMI XapakTep 3ajadi BOHa He
pO3B’ A3y€eThcs OHO3HAYHO. TOMY CITiZi BBECTH I1Ie OZJHE OOMEKEHHS:
MOPaxyeMO, Ha SKUU MAKCUMAIbHUL KYT MaXa MOXe BiAXWIMTHCS
KyJIbKa BHACITIJOK TMPY)KHOTO 3ITKHEHHS 3 HEPYXOMOIO KYJBKOIO
iHILIOT MacH.
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Jns  3HaxomKeHHs Maxd CKOPUCTAEMOCH HACTYMHHUM
MPUHOMOM, SKHH € JOCUTb MOLIMPEHUM Yepe3 CBOIO e(heKTUBHICTh —
nepeieMo 10 CUCTeMH BiJTIKY, SKa OB’ si3aHa 3 [EHTPOM Mac, Tak
3BaHOI «CUCTEMW LIEHTPY Mac». Haramaemo, 1mo mBHAKICTH HEHTpa
Mac BiIHOCHO Ja0OpaTOpHOi CHUCTEMM BiIIiKy BHU3HAYAETHCS TaK:

\71! =my0 /(M +my ).  Tlo3Haunmo  iMMyJbCH  KyJIBOK — MHepen

3ITKHEHHSIM BIJJHOCHO CHUCTEMHM LEHTpa Mac Py Ta Pep. Tomi

iMITyJIbC MepIloi KyJbKM Mepel 3iTKHEHHSIM BiTHOCHO JlabopaTopHOi
CUCTEMH BIiJUTIKY:

P =mydy = m(V,, +0g ) =MV, + Peg. (3.33)

Tyr Uy - ue WBHAKICT Hepwol KyJbKH MNeped 3iTKHeHHSIM
BiTHOCHO cucTeMH LeHTpy Mac. Toni ii iMmynbc mepes 3iTKHEHHSM
BiJTHOCHO CUCTEMH LICHTPY Mac:

S - my _ mlmzljl -
Po1 = Moy —MyV,, =myoy| 1- = =uoy, (3.34)
! M+ )y
ne M — ue 3BeneHa maca (nuB. popmyay (3.29)).

IMnynec npyroi Kyjibku B 1abopaTopHiii cuctemi Bimmiky 3a
YMOBOIO 3a[avi [OpPIBHIOE HYNIO: P = Moly = m2(\7u +00)=
= m2\7% + Peo =0. Omxke, iMITyJIbC IPYrol KyJIBKH Mepejl 3iTKHEHHIM
BIZTHOCHO CHCTEMH LIEHTpa Mac:

o - mlﬁl _ -
Pe2 = —MpV, =—Mp———=—Ulh =—Pg.  (3.39)
! my +1mp
To6T10: Pep =—P¢1- Ha nepumit mornsn, ne Moxke BHAATHUCH

JMBHHMM, ajle HaragaeMo, LIO il Yac aHali3y TeopeMu Mpo pyx
LHeHTpa mac Oyno, 30Kpema, Bi[3HAYEHO, IO CYMapHHWM iMITyJbC
3aMKHEHOI MEXaHIYHOi CHCTEeMH, MOpaxOBaHHWWl BITHOCHO LEHTpa
Mac, JOpiBHIOE HYmMO. Pgp+ Pep =0. 3 Toukm 30py disuku 1e

O3HaYae, 110 LIEHTP Mac € HEPYXOMHM BiTHOCHO cebe camoro. [Jo
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TOro X, Yy Takuau
crnocio MU
MepeBipuiv, o Aoci
HE TOMWIWIHCh Y

BUKJIA/IL. OT1xe,
micJis 3ITKHEHHS
CyMapHUil  iMIyJibC
TaKoXK Oyne

JIOPIBHIOBATH HYJIIO:

B+ p(0) =0

Puc. 3.1.30epexeHHs MOBHOTO iMITYJIbCY B
TyT BepxHiil iHIEKc CHCTEMI LIEHTPY Mac
(n) mo3Havae, 1110 HAETHCA MPO IMITYJILCH MICIIS 3ITKHEHHS.

3BepHITh yBary Ha Te, 1110 JA0CI 3aKOH 30epeeHHs eHeprii He
OyB BUKOPUCTaHHIA, TOMY IJISl BUMAAKY 008i16bHO20 3imKHenHs (Komu
3aKOH 30epeKeHHs1 KiHeTHYHOI eHeprii Moke i He BHUKOHYBATHCS)
MaEeMO TaKe pO3TallyBaHHS IMITyJIbCiB, LIO TPEJICTABIEHO Ha pHC.
3.1

SIKmo 3ITKHEHHS € TPY)KHUM, TOJI BHUKOHYETHCS 3aKOH
30epeskeHHs] KIHETMYHOI eHeprii, ToMy Xapaktep B3aeMolii Oyne
JIello iHIIWM, MOPIBHIHO 3 TUM, IO HaBelaeHo Ha pwuc. 3.1.
3acTOCOBYIOUM 3aKOH 30€peKeHHs KIiHETHMYHOI eHeprii, Maemo
HACTYITHE piBHSHHS!

pé/my + /My = p? fmy + (3% Jmy . (3.36)
Ockinbku |pc1|—|p02| Ta p(n) p(n), To 3 piBHsAHHA (3.36)
MOJKHa 3HAWTH HACTYIHEe CMiBBiHOLICHHS:

=(n)2

pcl(ml +m2) Pa (m1_1+m£1), [0 O3HAa4ya€  PiBHICTH

MOZYJIiB IMITYJIbCIB TMEpLIOT i APYTOT KyJIbOK Mepe i Micis 3iTKHEeHH,
AKILIO X PO3MIIAAATH BiTHOCHO LIEHTpa Mac:

pio)l. (3.37)

|pcl|_‘pcl ‘—|p02|_

TakuMm YMHOM, TIpY>KHE 3ITKHEHHS B CUCTEMI LIEHTpa Mac MaTUMe
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BUTJIS, IO TMPEJICTABICHO Ha
puc. 3.2, AKMH € 4YaCTUHHUM LT T
BUTAJIKOM MONepeHbOTr0 7 E)(n) N
pUCYHKA. JocmimkeHHs / \
MPY>KHOTO  3ITKHEHHS  KYJIbOK
NOBIJIBHOT Macu B CHUCTEMI
LIEHTpa Mac Ma€ CcaMOCTiliHe \ /
3HaueHHs. Sk Oymo mokaszaHo, B N =(n) J
CHUCTeMi IIeHTpa Mac Tpy>KHE N
3ITKHEHHS JIBOX KYJIbOK BUTJISIa€
Tak, MO JiaMeTp KoJia, SKUN
CKJIAJIA€TLCS 3 IMIYJIBCIB KYJIBOK
repe]l 3iTKHEHHSIM, TIOBEPTAEThCS
BHACJIIIOK 3ITKHEHHS HaBKOJIO
LEHTpa KoJa, Ta IMIYJbCH KYJBOK IICJsS 3ITKHEHHS YTBOPIOIOTh
IHIIWE JiaMeTp UbOro XK KoJa.

[loBepHemocs 1o mabopaTOpHOi CHCTEMM BiIJliKy Ta
BHU3HAYMMO MaKCUMAaJbHUH KYT, Ha KWW 37aTHa Jieruia Hepyxoma
KyJIbKa BIIXWJIWTH BHACIIJIOK 3ITKHEHHS Ba)KKy HaJiTAlOuy KYJIbKY,

Puc. 3.2. 36epexxeHHs1 TOBHOTO
iMITyJTbCYy B CHCTEMi LIEHTPY Mac
TIPH IPYKHOMY 3iTKHEHHI

M > My, Bil HamNpsMKy, B30BXK SKOr0 pyxajach Bakda KyJbKa

nepel 3iTkHeHHsM. Sk Oyno mnokasaHo Buule, [ = Pc1+lez,

Ck1aioBi BEKTOpH Pgy 1 mlvu MaroTh OJHAKOBUI HAMpPSMOK, 110

30ira€TbCs 13 HAMPSIMKOM IIBUAKOCTI MEPIIOl YaCTHHKH Tepe
3iTkHeHHAM Oy. Ilpu nboMy BHachigok yMoBHM 3azaui My >Mbp
JCTAEMO, W10 3a MOAYyJIeM Tieplia CKJIQJoBa € MEHIIOK:

|pcl| < ‘mLVu‘ , OCKIJIbKH

2
U
My, == > poy = . (3.39)

Hapucyemo s imocTpanii 3agaui HactynHuil puc. 3.3, Ha

skomy AC = Py — e iMITyJIbC HaNlITalouoi KyJIbKH Mepe]] 3iTKHEHHAM

BiIHOCHO JlaGopaTopHoi cuetemu Biamiky, AO =MV, —ue ckinagosa
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Puc. 3.3.]]o po3paxyHKy MakCUMaJIbHOTO KyTa, Ha IKMI MOXe BiIXUIUTUCA
Ba)KKE TIJIO BHACIIOK 3ITKHEHHS 3 JIETKUM

P;, fKa TOB's3aHa 3 pPyXOM LEHTPY Mac 1 fKa 3aJMLIAETHCS

HE3MIHHOIO BHacifok 3iTkHeHHs, OC=py — wue iMmoyasc
HaJliTalouoi YaCTMHKM Mepe] 3iTKHeHHAM BiJHOCHO LIGHTPY Mac.

OCKiTbKH |pcl| <‘leu‘ , TO ‘OA{ > OC(.
BukopucToBytoun monepesiHi pe3ysbTaTH, MO 3700yTi Y
CUCTEMI LEHTPY Mac, HApUCYEMO KOJIO pajliycoM [P HABKOJIO TOUKH

O. Toxi BHaAC/iOK 3iTKHEHHS JOCIIXKYBaHUX MaTepiallbHUX TOYOK

ixHi iMmynbecu (To6To Bektopu OC= Py i OB= p.o) noeeprarocs

Ha kyt @O i nepexonars y Bekropu OD i OE, BignosiaHo. [pu
LIbOMY JOBXKWHHM IMX BEKTOPIiB HE 3MIHIOIOTHCS, TOOTO yCi BOHH
YTBOPIOKOTH PajiiyCH OJHOTO KoJia. 3 reOMETPHUYHOT nmoOymoBu (IuB.
puc. 3.3) BUIOHO, 110 CTYMiHb BiIXWJICHHS iIMITYJIbCY MEPIIOi KYJIbKH
Bil 1i TOYaTKOBOTO HAMPsIMKY BHACJIJIOK 3iTKHEHHS 3 JAPYror
KYJIBKOIO MacH IMp XapaKTepU3yeEThCs KYTOM Q.

MakcuManbHUH KYT BiIXWJIEGHHS & CIOCTEpiraTUMeTbCs
Tomi, kosu Touka D cmiBmage 3 Toukoro H, To6TOo AH Oyne

notruHoro JtiHiero, Ttomy: OH O AH . Omke, makcumaibHOMY
Bi/IXMJIEHHIO Bi/INIOBI/Ia€ HACTYIIHE 3HAYECHHS CUHYCA KyTa O.
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HY
2
m U

=M1 (339
(M +mp ) m_1< (3.39)

. OH_
max(sire ) = oA _‘mlv

IT301|=
A

3 ananizy (3.39) moxkHa 3poOMTH BHCHOBOK, IO HepyxoMa Jjerka
KyJIbKa Macoo M, He MOXK€ CHJIBHO BIIXWJIMTH BaXKKy KyJIbKY Bil
MOTePETHBO1 TPAEKTOPIT pyXYy.

Po3rnsiHeMo BHIaIOK MPYKHOTO 3iTKHEHHS JIETKOT YaCTHHKU
3 HEpYyXOMOIO Ba)KKOIO YACTMHKOIO, TOOTO MPOTHJICKHUHA /0
MOMepeIHbOro  BUMAAOK: My<m,. Hapucyemo posrauryBaHHS
IMIYJIbCIB YaCTUHOK Tepes Ta Ticls 3iTKHEHHS B LIbOMY BHMAIKY
(nuB. puc. 3.4). TyT yci BeKTOpU MarOTh Ti caMi (i3U4Hi 3HAUCHHS,
110 1 y MonepeAHbOMY BUMAKY. €AMHA Pi3HULA MONATAE B TOMY, L0

OCKUIBKM My<My, TO |pcl| > ‘leU‘ Ta

‘R)‘ = uogmy fmp < ‘a:‘ = uuy. (3.40)

Tomy, sk 11e BUAHO Ha puc. 3.4,iMITyJIbC HATITAFOUOT YACTUHKY MicIIs
3ITKHEHHSI BiIHOCHO J1labopaToOpHOT CHUCTEMH BiITiKy (BeKTOp

AD = AO+0D=

—m\ 4 &N S, N
—leu + p((:l)) MOJKE .- “.D
Cknanath  Oylb-AKMH KyT 7 .

3 HampsIMKOM  CBOTO /! \\
nonepesHLOro  pyxy (3 ! \@ |
BEKTOPOM :| A . C
AC=A0+0C= \ O ;
:rT!LVl{ + pCl' \\\ ,’/

Takum YUHOM, L_E .7

Jerka  YacTHHKa  MOJXKe
poscisiTics Ha Oyab-sKWit

KyT mess B3a€MOAN Puc. 3.4. Jlo po3paxyHKy

3 BaXKOIO. Ane MaKCUMAJIHOTO KyTa, Ha SIKHii MOXe
HPOIIOB?KHTH ‘ CBIX PYX BiIXMIJIMTHCS JIETKE TiJIO BHACITIIOK
II1CJIs1 B3aEMOA11 0e3 3MiHH 3ITKHEHHS 3 BaXKKUM

CBOET TpaekTopii BOHA He
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Moske, ToOTO pyx B310BK BekTtopa AC 3a6oponeHo.

3ayearicenna: nio vac HauL020 MEOPEMUYHO20 OOCTIOJNCEHHS He DY
8pAX08aHO  CHPABJICHIX CKIHYEHHUX pO3MIDI6 YACMUHOK, IXHE
BPAXYBAHHS NPU3GOOUMb 00 3MEHULeHHSI MAKCUMANILHO20 Kymda , HA
AKULL JIe2Ka KYIbKa Modice GIOXUTUMU 8AJICKY, WO HANIMAE.

3.5. Memoduka po3e si3aHHs1 3a0ay npo 3iMmKHeHHs1

[Tpu po3B’'s3aHHI 3a7a4 MPO 3ITKHEHHS MK MeXaHIYHUMHU
00’ €eKkTaMU cCITiff MaM’ATaTh: SKIIO 3a YMOBHM 3a/adi B3aeMOJis
€ TPYXHOIO, TOAI MOYKHa BUKOPHUCTOBYBATH SIK 3aKOH 30€peKeHHS
IMITYJIbCY, TaK i 3aKOH 30epeskeHHs eHeprii. [IporeMoHcTpyeMo 1ie Ha
MPUKJIAJi HACTYIHOI 3afadi. SIKIIO X 3 YMOB 3a7adi BUXOJIMTH, IO
B3a€EMOJisl € HEeNpY>KHOIO, TOAi MOXKHa BUKOPHCTOBYBATH TiJIbKH
3akoH 30epexkeHHs immynbey. lllonpaBaa € e omgHa MOMIIMBICTH
CKOpUCTATHCS 3aKOHOM 30€pe)KeHHS eHeprii TMpu  HempyKHid
B3a€MOJIi1, SKIO BiJJOMi BTpPaTH MeEXaHIYHOI eHeprii, 60 B IbOMY
BUIAJIKy MOXKHA CKJIaCTH PiBHSHHA OajaHCy eHeprii.

3adaua 1

Hano: Tlepiia yacTWHKA MPYXKHO 3ITKHYJacs 3 APYroOl0 YacTHHKOIO,
sKa mepen TUM OyJia HepyXOMOIO.

3uaiimu: yacTky IXHIX Mac y IBOX OKpEMHX BHIAAKaX:

a). 3iTKHeHHs OyJsi0 JIOOOBHUM, a YaCTHHKH PO3JIETUTHCS Y B3aEMHO
MPOTUIISKHHUX HAMpPSIMKaX 3 OTHAKOBUMM 32 MOJYJIEM LIBUAKOCTSAMH.
6). YacTMHKM pO3NETINUCS CHMETPUYHO TO BiJHOIICHHIO [0
HamNpsIMKY MOYaTKOBOIO PyXy MEpLIOi YaCTHHKH, a KYT PO3JIbOTY
cknas © =60°.

Po3é’ azanns.

PosrnsiHeMo BMMAZoK a), 3amMIIEeMO CHUCTeMY 3 JBOX
piBHSHB, SKa BIJIMOBiae 3akoHaAM 30epeKeHHsS IMIYJIbCY Ta
KiHeTHuHOiI eHeprii. [Ipu npomy, mo-nepiue, CIPOEKTYEMO BEKTOPH
HIBUJIKOCTEH Ha BiCh, B3JIOBXK KO BiIOYBA€THCS PyX MPH JOOOBOMY
3ITKHEHHI, 10 JO3BOJIUTH 3alMCATH 3aKOH 30€peKEeHHS IMITYJIbCY Y
ckansipHiit gpopmi. [To-apyre, MHOkHHK 1/2y BUpa3i Asl KiHETUUHOT
eHepril ISl CIIPOLIEHHS 3alHCy OMyCTUMO:
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My = My + MUy,
MYy = My + myus.

TyT niteporo ¢; MO3HAUEHO WIBHKICTh MEPIIOI YACTHHKH Mepe
3ITKHEHHSM, a U;, — IIBUAKOCTI YAcCTHMHOK IICS 3iTKHEHHS.
3a3HaurMo, IO MOMpPH Te, IO Teplla YacTUHKA Micls 3ITKHEHHS
MoJieTijia Yy 3BOPOTHOMY HAMpsIMKY, 3 METOJUYHOI TOUKU 30py He
CJTiJT BPaXOBYBAaTH LI0 OOCTABUHY LIISIXOM BHOOPY 3HAKy B MEPIIOMY
3 piBHsHb (3.41): My # —myuy + Mou, . Crrin mpocTo MaTh Ha yBasi,

(3.41)

o Uy € Bix' eMHORO: U;<0.
3a ymoBamM 3amaui U;=—U;, TOMY MOXXEMO BHKIIOUMTH
LIBUIKICTb APYroi YaCTUHKU Mics 3iTKHEHHS Up!

mwy = (M, = mp)uy;
me; = (M + my)uy.

3 nepworo piBHsHHS cuctemu (3.42) 3HaiimeMo 3B'SI30K  Mik
HIBUIKOCTSMH TEPIIOT YACTHHKH Mepe/l Ta MiCJsl 3iTKHEHHS:

(3.42)

up =0y my/(my —my). (3.43)

3aznaunmo, o B Gopmysi (3.43)3HaMeHHUK He MOke 00epTaTHCh
Ha HyJIb, My#M: AK Oyno nokaszaHo B naparpadi 3.4.71000Be MpysKHe
3ITKHEHHS YaCTMHOK OJHAKOBOI MacH HEe MOXe MPU3BOAMTH 0
iXHBOro poO3JABOTY 3 OAHAKOBUMM IIBUAKOCTAMHU. [ligHecemo
mBuakicth Uy 3 (3.43) B KkBagpar i migctaBUMO ii 10 JApYroro

piBHAHHA cucTtemu (3.42): my = (mp +my Xml /(mp —my ))2; 3BiJKH

3momy = m% . OTxe, napyra 4YacTMHKa € BTPHUYl BaXKYOKO 3a
HaJliTarouy:

my /ml =3. (3-44)

Po3B’si3aHHs 1€l 3amaui y BUNaaky 0) e criamHimum, 60
BUMarae BUKOPHCTaHHS 3aKOHY 30€peKEeHHS IMITYJIbCY:
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Moy = myly + Mol

y TPOEKIIiIX Ha JBi B3aEMHO
MepreHInKyISpHi oci.
Ipoekwuist bOro piBHAHHS Ha
HamnpsMOK, 3 SIKMM pyXajach
nepuia  yYacTMHKa  Mepen
3ITKHEHHSM, i3 YpaxyBaHHIM
Puc. 3.5./[o 3amaui 1 YMOBH 3aa4i npo
CHUMETPHUUHICTb pPyXy TiCIs

3iTKHEeHHs (nuB. puc. 3.5) nae:

My = myuy cos30° + myu, cos30°. (3.45)

Hactynne piBHAHHS  3000yBacMO  BHACHIOOK  MPOEKTYBAaHHS
IMITyJIbCIB Ha BiCh, L0 € MEPHEHUKYIISIPHOO 10 LIBUIKOCTI Uy

0=y, Sin30° —myu, Sin30°, = Uy =mouy /My (3.46)

TpeTe piBHSHHSA, 11O OMHUCYE L0 B3aEMOII0, € HACIIAKOM 3aKOHY
30epekeHHs KiIHeTHYHOT eHepril:

mw? = mud +myu3 . (3.47)

Ckopucraemocs: Bupa3om (3.46) Ta BUKIIOYMMO LIBHAKICTH MEPLIOT
YACTUHKH ITiCIIA 3iTKHEHHS Uy 3 (3.47):

up="0 A (3.48)

[Mincrasumo Uy 3 (3.46) 10 (3.45)Tta 3100y AeMo iHIIMI BUpa3 ast Uy

- \/§mlU1

an (3.49)

us

OTxe, MaEMO CUCTEMY JBOX PiBHSHb!
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3m,
(3.50)
o

2
u; = .
my my + My

u _\/§mlU1.
, = YA

[linHecemo mepiue piBHSAHHSA B KBaApar i MOAITMMO OJIHE PiBHSHHS
Ha Apyre Ta 3100yJeMO 4acTKy Mac 4YaCTHHOK:

2 2
mo_ my . 2 _ 2
= = 3m3 =mym, +m3, (3.51)
3m§ mp(my +mp) m

Ta Hapewri: My =My /2. To6ro, HamiTaioua YacTMHKAa BIBiYi

Bakya 3a Hepyxomy. B maparpadi 3.4 Oyno mokazaHo, 1O TMpH
MPY>KHOMY ~ PO3CisIHHI ~ BaXKKOT YaCTHHKKM Ha JIeTKiH  CHHYC
MaKCUMaJIbHOTO KyTa PO3CISHHS CTAHOBUTH SiNdma=My/mMy=0.5, abo
Omax =3C°. Omxke, ymMoBa pO3IJSHYTOI 3aJadi He CYNepevyHThb
3000yTHM paHille pe3yJibTaram.

Bionogiow:

TaKUM YHUHOM, Yy BHUMAAKY J000OBOro 3iTKHeHHs (BUManKky a))
YacTHHKA, sKa rpaja poJib MillleHi, € BTPUYI BaKYOK 3a MepIy
YaCTHHKY, & MPU CUMETPUYHOMY PO3JIBOTI YaCTHHOK (BHMAmoK 0))
Maca YaCTUHKH «MILIEHI» € BIBIYI JIETLIOO 3a M.

3adaua 2

Skmo B3aeMofis MarTepialbHUX TOYOK € abCOJIIOTHO
HEMPYXHOIO, TO Taka B3aEMOJid OMUCYETbCA TIIBKU 3aKOHOM
30epeskeHHs] IMIYJbCy; KiHETHM4YHAa eHepris He 30epiraetbes, 00
neBHa i1 YacTWHA BUTPAvaeThCs Ha poOOTy MPOTH CHJ, SIKI HE €
MEXaHIYHUMH. AJle iHOMI i B TaKMX 3ajladyaX MOXKHA 3aCTOCOBYBaTH
3aKOH 30epexxeHHs MexaHiyHoi eHeprii. [IpogemoHcTpyeMo me Ha
HACTYITHOMY TIPUKIIA/II.

Jlano: Kyns macoro M, sika jeTijla TOPU30HTAIBHO, BIyYHiIa B TiJIO
macu M>>m, ske BUCIJIO HA MOTY3KaxX AOBXKHHOKO | Ta 3acTpsrna y
HeoMy. [licns aGcomoTHO HenPyYKHOT B3aEMOTii MOTY3KH
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Puc. 3.6./1o 3anmaui 2

Bixunuimcs Ha MakcumainbHuil Kyt @ (puc. 3.6).Cunamu tepTs Ta
OTIOpY TOBITPS 3HEXTYBATH.
Suaimu:
a). llIBuakicTh KyJli U nepen TUM, K BOHA 3acTpsria.
0). YacTky KiHETHYHOI eHepril Kyii, sKy BOHa BTpaTHJa uepe3
HETpY»HEe 3iTKHEHHS.
Pos3e sizanns:

JlaHa cucTema He € 3aMKHEHOIO, 00 Ha TiJIO, IO BHCHTH,
IIOTh cWJIa TSDKIHHA Ta HATATY MOTY3KH. AJle BBaXAaeEMO, IO
3ITKHEHHS BigOYJIOCS MHUTTEBO, TOMY B TOPU3OHTAJIILHOMY HAIPIMKY
30BHIIIHI cwiM He AitoTh. lle mae mimcraBy 3acTocOBYBaTH 3aKOH
30epexKeHHs! IMITYJIbCY B MPOEKLIii Ha TOPU30HTAIBHUIA HanpsMOK. J{o
TOTO K, 3ITKHEHHS € JJOOOBUM: IIBUIKICTh MEXaHIYHOT CHCTEMH TiJIO
TUIIOC KyJisl OApa3y Iicys 3iTKHEHHs CHiBMajae 3a HaMpIMKOM i3
MePBICHUM HAIPSIMKOM PYXy KyJi, TOOTO € ropu3oHTalIbHOMW0, U ||U,

TOMY CHMBOJHM BEKTOpa B 3amuci 3aKoHY 30epekeHHS IMITyJbcy
OITyCTHMO:

mu=(m+M . (3.52)

3Bi/icK MOYKHA 3HAWTH 3B’ 430K IIBUAKOCTI KyJIi Mepes 3iTKHEHHAM U
Ta MBUAKOCTI U cKiIagHoro Tija M+m onpa3sy miciis 3iTKHeHHS:

v=u(M+m)/m. (3.53)

IIpn abcomoTHO Henpy>KHOMY 3iTKHEHHI KiHETMUHa eHeprisi He
30epiraetbes. [lpore B Wil 3amaui icHye TPOMDKOK 4acy, KOIH
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30epiraeThbcs TMOBHAa MexaHiuyHa eHeprid. lleii mnpomixkok wyacy
BiJIMOBIZIa€ PyXy HOBOYTBOpPEeHOTO Tila Mac M+m, B npoiieci Skoro
BOHO  BUTpPAaTWJIO  CBOIO  [OYATKOBY  KIHETMUHY  €HEprilo
Ki=(m+M )u2/2 Ha poOOTY MPOTH CHJI TSDKIHHA Ta IMiTHSIOCS

BHACJIZIOK [bOTO Ha BHCOTY h. 3akoH 30epekeHHs MOBHOI
MeXaHIYHOl eHeprii MO)XKHa 3acTOCOBYBATH y JaHOMY BWIIQJKY,
OCKIJIbKM CHJIa HATATY MOTY3KH He BHKOHYe poboty (BekTop i€l
CWIIM € TMEPNEHAUKYJAPHAM [0 BEKTOpa TMepeMillleHHs), a Cuiia
TSOKIHHA € MOoTeHLiaIbHOo. OTKe, TUIo Mack M+M migHiMaeTbes B
MOJTi CHJT TSDKIHHS Ha BHCOTY h:

h=1-1cos@ = 2Isin?(0/2). (3.54)

3anuiieMo 3aKOH 30epekeHHs MOBHOT MeXaHIYHOT eHepril s [IbOro
pyxy:

(m+M u?/2=(m+M )gh; u=,/2gh=2sin(@/2),/gl. (3.55)

[TincraBumo Bupaz (3.55) mis mnovaTkoBOi CKOPOCTI U pyxy
cKiaaHoro Tima no piBHsaHHA (3.53) Ta 3HalgeMO WIBUAKICTH Ky
repe/] 3iTKHEHHSM:

v=2/gl {m+M)sin(@/2)/m=2M,[glsin(@/2)/m. (3.56)

KinbkicTb BTpaueHOT KiHETHUHOI €Heprii BU3HAUAETHCS SIK Pi3HULS
nouaTkoBoi Ta Kinuesoi, AK=K o —K;=mu/2(m+M)u?/2:

AK =2gl(m+ M )?sin®(@/2)/m-(m+M )2glsin’(@/ 2) =
=2gI(M 2 +mM )sin?(© /2)/m. (3.57)

BigHocHa wacTka BTpaueHOi KiHETMYHOI €Heprii BHU3HAYa€ThCS SIK
YacTKa BTPAYeHOI A0 MMOYATKOBOI:

K 2
AK_l_ 1:1_(m+M)u _ M

KO B KO mU2 m+M .

(3.58)
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3a yMoB 3ajadi Maca KyJi € manoro: m<<M. Omxe, MaeMO
MOXJTHBICTh CrIpocTUTH BUpa3s (3.58):

AK__ 1 g My (3.59)
Ko 1+I’n/|\/| M

To6To, KoMK Nerka KyJist 3acTpsie y BaXkKiil MilleHi, To Makxke Bes ii
KiHETMYHA €Heprisi BUTpayaeTbCsl HAa YTBOPEHHs OTBOPY B MilleHi,
pi3HI AMCUTIATUBHI MPOLIECH, FeHepallifo 3ByKY TOIIO.

3.6. Po3CisIHHs1 4aCMUHOK

Konu B maparpadi 3.4 Oyno IaHO BHU3HAYEHHS MPYKHOMY
3ITKHEHHIO, TO OyJi0 Big3HAaueHo, W0 Lie — igeali3oBaHa MOAEIb
B3a€MOJIi1, KOJIM HEXTYIOTh BTpaTaMU MEXaHI4YHOI eHeprii mix 4ac
3iTkHeHHs. [lpy npomy Oyno 3a3HayeHO, MO TPYXKHI 3ITKHEHHS
BiJIirpaloTh BXJIUBY POJib B aTOMHiN ¢izuui. Lle mos’s3aHo 3 TUM
110 B MIKPOCBITI B3a€MOJisl MiXK MIKpOUaCTHMHKAMH BiOyBaeThCs 3a
KBAaHTOBMMHM 3aKOHaMH. YaCTMHKM TIPH B3aEMOJil HE MOXYTh
nepeaaBaTH OJHA OJIHIA EHEeprielo CKiNbKM 3aBrOJHO MAaTUMH
nopuisimd. Tomy MoKnMBa CHTyalis, KOJM KiHETHMYHA EHepris
YaCTUHOK, 10 B3aEMOJiIOTh, € MO0 AJsl TOro, abW MpH 3iTKHEeHHi
BiIOYJIUCS HETNPY >KHI MpoIecy: Mepexoy B iHIII eeKTPOHHI CTaHH,
MepexXoau MiXK KOJIMBAJIbHUMU Ta 00€pTAIbHUMHU CTaHAMH MOJISKYJI,
XiMIYHI peakIlii, ioHi3allisl aTOMIB Ta MOJIEKYJI, AUCOLaIlisi MOJIEKYJI,
nepe3apska iOHiB, MPHUIIUMAHHS EJEKTPOHIB O MOJeKyd... Toji
HEeTpYXHi MpoIecH He Bi0YBAIOThCs, 1 3ITKHEHHS BilOyBaeThCs i3
TOYHUM 30€epeKEeHHSIM KIHETUYHOI eHeprii, ToOTOo mpy>kHO. 3 wi€i
TOYKM 30pYy TeOpis TPYKHUX 3iTKHEHb € 3aCTOCOBHOI JUIs
JIOCHTIJDKEHHS B3a€EMO/IiT eleMEHTapHUX YaCTHHOK.

OpHiero 3 3aga4 eKCIEPUMEHTAJIBHOT sJepHOT (i3uku €
JOCIII/DKeHHSI  BJIAaCTMBOCTeM aToMHUX snep. Jlng uporo Ha
po3cirorounii 1eHTp (MillleHb, BJIACTHBOCTI SIKOI JOCIIIKYIOTD)
MyCKaOTh Iy4OK YaCTUHOK, BJTACTUBOCTI SKHX € BITOMHUMH.
[TinroToBka my4ka € OKpeMOIO CKJIaIHOI IHKEHEPHOI 3a1aueto. Mu
TYT MPUITYCKAEMO, 1110 HA BEJIMKIH BiJICTaHI BiJ MillleHi yCi YACTHHKU
My4Ka PyXatThCs 3 OJJHAKOBUMH IIBUIKOCTAMU Uy, (puc. 3.7).I1pu
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Puc. 3.7.]]o BU3HaYeHHS MPULIJILHOTO TapaMeTpa Ta KyTa pO3CisTHHS

LOMY JKEPENO YaCTHHOK Mydka pOopMye My4OK CTal[iOHApHO 1 Tak,
10 H0ro rycThHa N € 0JHOPIAHOIO He JIMIIE B3JOBXK HAMPSIMKY PyXy
myyka, ajie y IUIOMIMHI, [0 € MNePneHIuKyIIpHOI0 10 U, .
AOCONIOTHA BeJMYMHA IIBUIKOCTI YaCTHHOK IMy4Ka |D°0| pazom i3
MOTEHIIAJIbHOKD ~ E€HEpric€l0  B3aeMOJii  YAaCTUHOK 13  MIlICHHIO
BU3HAYalOTh HaiiMeHury Bifctanb |[OA|, Ha Ky MOke HaOJIM3UTHCh
YacTHHKA My4YKa JI0 CHJIOBOTO LEHTPY. sl KOXKHOT YaCTUHKH ITyuKa
icHye cBos MpuUinbHa BigcTaHb (mapamerp) O — lie JOBXKHHA
NepreHMKYJIIpa, KU OMyLIeHO 3 LEeHTPY po3cisHHA O Ha HanpsM
Uy, a00, 1110 Te came, Ha MpPsAMY, B3IOBX SIKOI pyXajlach YaCTHHKA,
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BWICTIBIUM 3  Jokepena  (ToOTO
BiicTaHb, = Ha  SKIH  YacTMHKa
nposieTina O MoB3 LEHTp, SKOM BOHHU
He B3aeMojisnu). B 3anmexxHoCTi Bin
BEJIMYMHUA O YACTUHKH PO3CIIOIOThCS
Ha pi3Hi KyTH X (KYT PO3CISHHA — e
KyT MiXK HanpsMKaMH pyXy YaCTHHKH
3aJJOBr0  Tlepel  3iTKHEHHSIM i3
pO3CIIOIOYMM  IIGHTPOM Ta  MicJs
3ITKHEHHS).

BaxxyiMBoro XapakTepuCTUKOIO
nyyka € ioro IHTEHCUBHICTb, TOOTO
KUTBKICTh YaCTHHOK, SIKi TPOJIITalOTh
32 OJMHMLIIO 4Yacy Kpi3b OJMHHILIO
TUIONUI TIOTIEPEYHOro Tepepizy IydKa.
INokaxkemMo, 110 IHTEHCUBHICTh My4Ka
(6yab-fkoro myuka, He JIMIIe B 3aaa4i
Npo PpO3CisiHHA) HOPIBHIOE TOOYTKY
TYCTHHM N Ha  WBHAKICTE U
[TocraBumo Ha wHUIAXY mydka (puc.
3.8. a)) «koHtyp miomerw S
MEePHEeHANKYIISIPHO 10 HANPSIMKY PYXY
nyuka (puc. 3.8.0)). Ockijgbku Bci
YaCTMHKM  Ty4yKa  pyXaroTbes 3
OJTHAKOBMMH WIBUAKOCTSAMH, TO Kpi3b
KOHTYp TMPOJICTATH JIMIIE Ti YACTUHKH,
AKi pyXaroThcst BCEpEVHI
UMTIHIPUYHOTO 00’ €eMy, 0OMeXeHOTo
MPOMEHSIMH, 10 € MapalelbHUMH 10
HanpsMKy pyXy YacTHHOK Iydyka Ta
MPOXOAATh Kpi3b MEPUMETP KOHTYpY
(puc. 3.8.B)). 3a omHY ceKyHay Kpi3b
KOHTYp TpOJICTATh HE BCi YaCTHUHKH,
SKi pyXaroThcs BCEPEIUHI 3rajaHoro
00’eMy, a nuuie Ti, SKi BCTUTHYTb
JOJNIETITH 10 KOHTYpY 3a OJHY
CeKyHJy, TOOTO, Taki, IO BiJjaneHi
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2

No—3>
Puc. 3.8.J]o po3paxyHKy
{HTEHCHUBHOCTI My4YKa

BiJl KOHTYpY He Oinbwe sk Ha Biactanp |=0[ c. Pemta meperne
KOHTYp Ti3Hille, ToMy He OepeMo ix 10 yBaru. KijbKicTh 4acTMHOK
My4yka BcepeluHi 00’ eMy, 1O YTBOPHBCS, JOPIBHIOE JIOOYTKY
rycturn Ha 00’ em: N=nN=n/[BL)=nSv. Bupa3 mis iHTEHCUBHOCTI
OTPUMYEMO, B3SIBIOM A0 yBarW, MO JUId IHTEHCHUBHOCTI
S=1m% j=nv. 3a posmipsictio [j]=(1/m>)(m/c)=1/(m’c).

XapakTep B3aeMoJlii BU3HAYae 3aJIeKHICTh KyTa PO3CISTHHS
Bijl mpuULiibHOTO MapameTpa X(0). 1o 3a/iexHicTh MOKHA 00epHYTH,
abu gicTaTH 3aJiesKHICTh NPULIILHOTO MapaMeTpa BiJ KyTa pO3CisHHs
P(x). B ekcniepumMenTi Bu3Ha4YarOTh KijgbkicTh ON 4acTHHOK, siKi
PO3CIIOIOTBCS B OJJMHHUIIO Yacy Ha KYTH, SIKi JIe)KaTh iHTepBaJli Mixk X
ta Y+d), ToOTO BWIeTINIM 3 JvKepena IMydka 3 MPULITBHUMH
napaMeTpamu B iHTepBaii Bif O(x) no p(x)+dpo(x). Onnak BenuurHa
dN € He3pyuHOO /IS aHajli3y eKCIIePUMEHTAIBHHUX JaHUX, OCKITbKH
BOHA 3aJIeXHTh Bi yMOB ekcrepumenty, a came dN//j. Tomy
BBOJATh YacTKy do=dN/j. 3a posmipnictio [d0] — ue mioma, Ky i
Ha3uBalOTh  €PEKTUBHUM  AudbepeHuianbHMM  nepepisom
PO3CIAHHA. BiH O1HO3HaYHO BW3HAYAETHCS BHIIISIOM OIS, sKe
pO3Citoe TyHOK, Ta € HaHBaXJIMBILIOK XapaKTePUCTHKOIO TPOLeCcy
PO3CisIHHS.

3 iHmoro 06oky KinbkicTh wacTuHOK dN, ski nersarte 3
NpULITBHUMK TTapameTpami 3 iHtepBaiy [ oY), oY)+ do(x)], moxna
MOpaxyBaTH sk 100YTOK iIHTEHCHBHOCTI Myd4Ka | Ha oty dSkijbiis
pajziiycoM 0 Ta TOBIIMHOW g

dN=jdS=nu,(2rpdp) = do=2 mpdp=2 p ‘j—)’i‘ dy. (3.60)

o 6inblumii NnpuLiIILHUN NapamMeTp O, TO Ha MEHILIHWI KYT Y
BiIXWUJIAE€ThCS YaCTHHKA BiJl CBOr0 MEPBICHOTO HAMPAMKY PyXy
BHacJiZiok poscisHug. Tomy mnoxinna dody e Big emHoro — e
MOSICHIOE  BUKOPHUCTAHHSA MOJYJS TMOXIJHOT, TpU UbOMY MH
BBaXKAEMO, IO KYT PO3CIAHHS Y BiApaXOBYETbCA Bif Hyas 10 7T
T06TO AUdepeHiian dy e nogaTHUM.

Jlo moBHOrO TEpepizy Je¢,=Jda BHECOK JalOTh JIMIIE Ti
YACTUHKH, 110 pPO3Cisyinch. YacTHHKM, fKi JETATH i3 JOCTATHBHO
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BEJIMKMM TMPULIJIBHUM TapamMeTpoM p=0.p;, HE B3aEMOAIIOTH i3
MIlICHHIO, 1 IXHBOTO pO3CisiHHS He BigOyBaeThcs. Tomy MOBHUM
ePeKTUBHUIA Nepepi3 PO3CIAHHA MOKHA MOpaxyBaTH Tak:

Pegp

Gy= [2mdp= 10y, (3.61)
0

3 11bOro BUAHO (Pi3MYHMI 3MICT K €PEKTUBHOIO NeEpepisy, TaK i O.g.
3ayBakuMo 0e3 OOrpyHTYBaHHS, 10 MU PO3TJISIANN 3a/1a4y
B CHUCTEMi LIGHTpPY iHepIii — Nuie B Hili PO3CiSHHS YaCTHHOK Ha
MillIeHi MO>KHA pO3IIJaTH K PyX YaCTUHKH B LIEHTPAJILHOMY O,
3acTocyBaHHS MPUKMETHHUKA «€(pEeKTHBHUI» MO BiTHOLICHHIO
110 miepepi3y po3cisHHS 00yMOBJIEHO THM, IO, HAMPUKIIA, MOJICKYJIH
raziB, sKi MOXyTb OyTH BHUKOPUCTaHi B SKOCTI MillleHi, 4acTo €
JIBOATOMHUMM, TOOTO HareBHe HE MaloTh cepuuHoi cumeTpii. Tum
HEe MEHII, B 3aJaydaX pPO3CiSHHS MIlIeHb YSBISIOTH SK aOCOIIOTHO
TBepAYy KyJNbKy, Ha SKii BiZOyBaeTbCAd TPYXKHE PO3CISHHA —
e(heKTUBHUIN Tiepepi3 T rpae posib TWIOLII MOMEPEYHOro nepepisy miel
Kynbkd. ToOto  edexkTHBHMH Tepepi3 O €  KIACUYHOKO
XapaKTePUCTUKOIO KBAHTOBO-MEXaHIYHOTO 00’ €KTY.

PosrnsHeMo 3amady mpo mpysKHE PO3CISIHHS KIaCHYHHUX
MaJeHbKMX KyJIbOK Ha aOCOJIIOTHO TBepIid Kyl CKiHYEHHOTO
pamiycy a. Ii MoxHa po3B’A3aTH 10 KiHIA B MeXaxX KJIaCHYHOI
mexaHiku. [lpu 11 ananisi
CKOPUCTAEMOCSI  BBEACHUMH
MOHATTAMHA TIPULIITBHUN
napameTp», «&yT
pO3CISHHS»,  <e(hEeKTUBHUN
nepepiz poscistHua». .. [lepen

3ITKHEHHSAM KYJIbKH

pyxarThcsl BilbHO. BrimmBom a

CWIM TSDKIHHA  HEXTYEMO,

TO6TO, BBa’KAEMO, 0

KyJIbKH PYXaroThCA Puc. 3.9./l0 3aa4i npo KiacuyHe
TOPU30HTAJIbHO. BCCpeI[I/IHy MpyXKHE pOBCiHHH}I

KyJIbKH ~panmiycy a wmani
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KyJIbKH He TMpOHWKaloTh. Jlns mpykHOI B3aeMoJlii KyT TaJliHHS
JIOPIiBHIOE KYTY BiIOMBaHHS, TOMY KyT PO3CIsIHHS JIOpPIBHIOE Y= T-2¢
(puc. 3.9). lpuuinibHuii MapamMeTp y MPSIMOKYTHOMY TPHKYTHHKY
OAB nmoB’s3anuii i3 paliycoM KyJli @ TPUTOHOMETPUYHHUM

CIIBBiHOIIEHHAM, O=aSing =asin H;X = =asin (7_21 —%j :aco% .

3BigcKM MU MOXEMO 3HAWTH SBHUIN BUIJISA BUpa3y AJIs TMOXIJTHOTL:

g—)i:—asingxé. OTmxe, epekTHBHUI nudepeHianbHull nepepi3

PO3CisiHHS JOPiBHIOE

2
_ xa_ x. . _’&a
do= 278c0s= —sin&-dy = sinydy. 3.62
55 5 Y 2 Y. ( )

. o 5 .
CKopUCTaEMOCHh TYT TMOHATTAM Tpo TINECHUAW KyT . OCKinbKH
TIJIECHUH KyT MK KOHYCaMH 3 KyTaMHu po3xuiy X Ta y+d Y mopisHioe

do=2 7sinydy;, To

.
do=—do. (3.63)
4

Tob6To, nudepeHianbHuii Nepepi3 PO3CiTHHA € MPOMOPLIHHUM JI0
TIJIECHOTO KyTa Ta He 3aJIeKHTh BiJl HANPSMKY, B KU CIPSIMOBAHO
uei TinecHuit KyT. [HIIMMU croBamu, Kyau 6 He OyB CHpsAMOBaHUIA
TinecHud KyT dO, 10 HBOTO PO3CIIOETHCS OJIHA i Ta cama KiJIbKICTh

® TimecHuii KyT — Ile YaCTHHA NPOCTOPY, KA € 06’ €IHAHHAM yCiX MPOMEHIB,
AKi BUXOIATh 3 HaHOT TOUYKM (BEpIIMHM KyTa) Ta MEPETHHAIOTH TEBHY
MOBEpXHIO (PO L0 TOBEPXHIO KaXKyTh, IO BOHA CTATYE TiICCHUN KYT).
Mexelo TiecHOro KyTa € Jeska KOHiYHa TOBepxHA. TimecHWid KyT
BUMIPIOETHCSI YaCTKOIO IO S Tiel yacTHHU cdepr 3 LEHTPOM y BepIInHi
KyTa, sIka BUPI3a€ThCs LM TIJIECHUM KyTOM, 10 KBajapara paniyca chepu R:
0=S/R. OnuHuIIeI0 BUMipIOBaHHs TinecHoro kyTa B cuctemi CI € crepamian
— BiH [OpIiBHIOE TileCHOMY KyTy, AKWH BHUpi3ae Ha cdepi paxiycy r
ToBepXHIO miomero I, TToBHa cyepa YTBOPIOE TiNeCHHIi KyT, 10 JOPIiBHIOE
47rcrepaniaH (TOBHUIA TilECHUI KyT).
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YaCTMHOK IMy4YKa 332 OJMHUIIO 4acy. Y LbOMY BHUMAAKY KaKyTh, LIO
PO3CistHHSI € I30TPONHUM.

[MoBuuii  edexTuBHMII mepepi3  MPYKHOTO  PO3CITHHS
MaJIEHbKMX KYJbOK Ha KyJbLi paaiycy a I0piBHIOE

47'ra2 a2
o= [ —do=— 4an=r#’. (3.64)
0 4 4

Leit pesynbrar € nependavyyBaHuM, BiH Mae€ MPOCTHIH
¢bi3nyHME 3MicT: 00 OYTH PO3CISTHOID, YaCTUHKA Ma€ BIYYUTH JIO
TIoNIi mepepizy KyJii paaiycy a.

lMumaHHs1 Onss caMOKOHMpoJ1to 0o po3oiny
3. Pyx cucmemu mamepianbHUX MOYOK

Sk BU3HAYAETHCS LSHTP 1HEPLIIT CUCTEMH MaTepiajlbHUX TOYOK?

3anucaty 3aKOH pyXy LEeHTpa iHepLii.

Slkuii pyX Ha3MBaOTh PEAKTHUBHUM ?

SIKy BeNTMYMHY HAa3WBAIOTh PEAKTUBHOIO CHIIOK0?

Sk BM3HauaeThbcs poOoTa CHIM  TIPH  €IEMEHTapHOMY
MepeMilleHH?

Cdopmyntoiite 3akoH 30eperkeHHs KIHETHUHOI eHepril.

Ske 3ITKHEHHS HA3UBAETLCS A0COMIOTHO HEMPYKHUM ?

SIke 3ITKHEHHSI Ha3UBAETHCS NPYKHUM?

SIke 3iTKHEHHS Ha3UBAETHCS JIOOOBUM (LIEHTPaJIbHUM)?

0. o Take npuUiTLHUI apamMeTp?

11. o Take KyT po3cisiHHA?

12. lllo Take iHTEHCUBHICTb My4yKa?

13. Axwii dhiznyHMi 3MicT ePeKTUBHOTO Tiepepizy pO3CisHHS?

arwnpE

B oo~
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4. Cunoese nosne

Cwvnose nomne — ue 061acTe MPOCTOPY, A€ B KOXKEH MOMEHT
Yacy A7 KOKHOI TOYKM TPOCTOPY € BiJOMOIO CHia, WO i€ Ha
¢iznvHe TiNo, siIKe 3HAXOAUThCS B Wil Touli npocTopy. [lin ciosamu
«BilOMa cHjia» CJIiI PO3YMITH, IO BiJIOMi SK MOAYJIb CUJIH, TaK i 11
HampsMOK B oOpanili cucteMi Biajiky. HaBememo mOpiBHAIBHY
TaOJUILIIO TUX B3aEMOJIiM, SIKi BiJOMI JIOJCTBY Ha TeMepillIHil yac.

[NopiBHsTbHA
Hazga .
Ne 3aKoH B3aeMoil KOHCTaHTa Bincrane
B3aEMOIIT ,
3B’ 3Ky
1 T'p apiTa- F = —QG@ 107 Heob6mexena
uifina r
= _ =1 D%
| Feg R
2 EHCK.TP N r2 1/137 Heob6mexena
MarHiTHa L
+ kqulu X BJ
Binnoginae 3a
3 | Cnabka panioaKTUBHICTh 102 10%%cm
aToOMIB
BinOyBaeTncs Mix
4 | CunbHa HYKJIOHAMH Y 1 10 3cm
aapax

Tyt G — rpasirauiiiHa ctaina, ii BelMuuHY HaBeAeHo y Posmini 3, my »
— Macu B3aEMOJIIOYMX MaTepialbHUX TOYOK, I — BiJCTaHb MDXK
MarepialbHUMH TOYKaMH, (y — €JeKTPUYHMI 3apsa IOCHTipKYBaHOT
YaCTMHKH, (p — eJEeKTPUYHHMU 3apsii YaCTHHKH, Yy TOJi SKOi
3HAXOJWTHCS JOCII/KYBaHA YacTHHKA, U — [UBMIKICTh pyXy

JOCIIDKYBAHOT YaCTUHKM, B — iHIyKIlis 30BHIIIHBOrO MarHiTHOTO
noyis, B SAKOMY BifgOyBaeTbecsi Lel pyX, Ki, — KOHCTaHTH, iXHi
BEJIMUMHY 3aJIe)KAaTh BiJl 00paHOi CHCTEMH OJJUHULb.
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4.1. Knacudpikayis cun

IcHytOTH cunu, 0 MalTh CUJIOBE MOJe, Ta Taki, W0 HOro He

6
MatoTb. CUIIOBOro MOJISt HE MalOTh CUIIM TepTd, onopy Ta JlopeHua
00 BOHM 3asIeKaTh BiJ HANpsMKY pyXy. IIpu pomy aBi octanHi cunm
3ajiekarh e ¥ Bil MOIyJsl WIBWAKOCTI. B3araini, cuna tepts Mae

€JICKTPOMArHiTHY MNPUPOAY, aje B paMKaX KJIaCHM4YHOI MeXaHikH ii

ONKCYIOTh (PEHOMEHOJIOTIUHO, CIHPAKYUCh HAa EKCIepUMEHTAbHI
TaHi.

Cepen cuJ1, 110 MalOTh CHIIOBE T10JI€, B MEXaHilli BaXKIIMBY POJib
BiJIiIrpalOTh IIEHTpPabHI CHJIM, Ha3Ba SKHUX T[IOB'si3aHa 3 IXHIM
HampssMKOM y mnpoctopi. LleHTpanbHOW Ha3uBaroTh CcHiy, 10
CrpsIMOBaHa 0 MEBHOI TOYKK y MPOCTOpi (IO TOYKY HA3HMBAIOTh

LEHTPOM cuJl abo CWUMOBUM LEHTPOM). BenuuuHa LEHTpaTbHOI

CWJIM 3aJIe)KUTh TIIBKU BiJ BiJICTAaHI MK CWJIOBUM IIEHTPOM Ta
TOYKOIO MPOCTOPY, A€ PO3TALIOBAHO MEXaHIYHUMN 00’ €KT, Ha SIKUH JTi€

cuna. Y 3aralbHOMY BWIVIALI LEHTpalbHY CHITY IE(F) MOJKHa

3armcaTyd Tak. IE(F)= f(r)ér. Tyt r — me BiACTaHb A0 CHJIOBOTO
LeHTpYy, & =F/I — e OJAMHWYHMI BEKTOp, AKWH Mae pamiaabHUR
HanpsMoK. J[oOpe BimoMUM 3i IIKIIBHOTO Kypcey (i3uKW MpUKIaIoM
LEHTPaJIbHOT CUJIH € CrMa TSKIHHS.

Skumo pobota MEBHOI CHIIM 11O 2
MEepecyBaHHIO MaTepiallbHOI TOYKH 3
JOBUTBHOTO MOYATKOBOTO MOJIOKEHHS

y JIOBiJIbHE KIHIIEBE IIOJIOKEHHS HE 1 3
3aJIeKUTh BiJl TPaekTopii mepexoay 4

MiK LIUMU MOJIOKEHHSMU, a Puc. 4.1.]]o Bu3HaueHHs
BH3HAYAETHCA BHKJTFOYHO KOHCEpBaTUBHOI CUIIN

® Jlopenn (Lorentz)Tennpix AuTon (1853-1928) —onanackkuii (izuk. Bin
chopMyITioBaB CaMOYy3rOXKEHY TEOpil0 eJeKTPUKH, MarHeTU3My i CBiTia.
Po3pobuB enekTpoaMHaMiKy pyXOMHUX cepemoBHII. BuBiB mepeTBOpeHHS,

Ha3BaHi Horo imeHeM. Jlaypear HoGemiBcbkoi mpemil 3 ¢isuku (1902,

cninbHO 3 I1. 3eemanom). Bin OyB mouecHuM moktopom [lapusbkoro Tta
KemOpimkcpKkoro yHiBepcuTeTiB, 4eHOM JIOHZOHCHKOTO KOPOJIIBCHKOTO Ta
Himenpkoro ¢izmaHoro toBapucts. Haropomxkennit memansmu Kormni Ta
Pymbopna.
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KOOpJMHATaMH TOYaTKOBOTO Ta KiHLEBOTO MOJIOKEHb, TO TaKy CHITY
3ByTh MOTEHLianbHO0 (ab0 KOHCEPBATHBHOIO; Y HAIIOMY KYpCi MU
pO3IIIAAaEMO CTallioHapHi MoJis, TOOTO Taki, sKi B 3aJaHid Touli
MPOCTOPY HE 3MIHIOKOTHCS 3 YacoM,; JJis CTAl[iOHAPHUX TOJIIB Pi3HUIL
MK MOTEHLiAJIbHUMH Ta KOHCEPBAaTUBHUM CHUJIaMH HEMae).

Cuma TsOKiHHA Ta yci iHmi UEHTpanbHi  cunm €
noteHuianbHUMK. Tlokaxemo 1ie. PoboTa 1EHTpaIbHOI CHITH TIPH
MepeMillleHHI MarepialbHOT TOYKM 3 T[0YaTKOBOiI TOUKM [p 10

KiHLIEBOT TOUKHU [y JOPIBHIOE:

F rdr
= I _
[}

A= [FdF (4.2)

n

CkopHcTaeMocsi TYT TOTOXKHICTIO, fKa, Ha MEpPILIMA MOTJIs,
BUTJIAAE OYEBHUIHOIO, ajieé HacmpaBdi Mae OyTH OBENEHOI:
rdr =rdr . Bona o3Hauae, 10 CKaJIPHHIA NOOYTOK pajiyc-BeKTopa
Ha TIepeMillleHHs JOpPIiBHIOE alreOpaiyHOMy JO0OYTKY BiJCTaHi JI0
CUJIOBOTO LIEHTPY Ha mpupicT wiei BigctaHi. J[is 1poro 3rajiaemo
BU3HAYCHHS CKaJsipHOro noOyTKy: [ [f =17 COS(DF,F)=H’. IIpo
nudepeHiiroeMo 10 piBHicTe:  2r [dF =2rdr 3BiJIKH I[iCTa€MO

ouikyBane: [ [dr=rdr. Toai poGota A= j fAr rdr Jf

n
TOOTO € TUIOLICKD KPWBOJIHIMHOI Tpaneiii — BOHA He 3aJIeXKHTh
TPAEKTOPIT, KOO TINIO MEPEeMillyBajoCh i3 TOUKH ] 10 TOYKH Iy, a

BU3HAYAETHCS JIMIIIE HIHKHBOIO Ta BEPXHBOK MEXaMH iHTErpyBaHHH,
TOOTO BiAcTaHsMHU I 1 I, lle i o3Hauae, MO LEHTpaIbHI MO €
MiAMHOXXUHOIO MOTEHL{IAJIBHUX MOJIB.

[loreHuianbHi MONS MalOTh BaXJIMBY BJIACTUBICTD — iXHA
poboTa B3QOBX 3aMKHEHOI TPaeKTopii AOPIBHIOE HyIH,
nokakemo 1ie. Ockilbkd poOOTa MOTEHIAJBHUX CWJT 34

BU3HAYECHHSIM HE 3aJIeKUTh Bifl TPaeKTOpil, TO Ajpz =Aysz (1MB. pHc.
4.1):
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[Fdr= [Fdr. (4.2)
1-.2-3 1-4-3
INepenecemo A4z 10 JTiBOT YACTHHMU:
[Fdr- [Fdr=0. (4.3)
1-.2-3 1-4-3

3MIHMUMO HampsMOK IHTErpyBaHHS B Jpyromy iHTerpaji Ha
MPOTWICKHUM, TPU LbOMY 3MIHMTBCS 3HAaK Mepel iHTerpajiom,
OCKIUTBKH dri_>2_>3 = —dF3_>2_>l:

Fdr+ [Fdi=0. (4.4)
451

Tpaekropis pyxy 1-2-3-4-1 sBnsge cobor0 3aMKHEHY KpPHBY.
Otmxe, po0OTa MOTEHLIANBbHOI CHJIM B3JIOBX 3aMKHEHOTO KOHTYpY
JOPIBHIOE HYJIIO:

§Fdr =0. (4.5)

V MexaHilli TaKoK JOCIIKYIOTh HEKOHCepBaTHBHI cuii (a0
HeMoTeHIIiaIbHI), 30KpeMa, e JUCHUIATHBHI Ta TipOCKOMiYHI CHIIH.
AncunaTMBHNMW Ha3UBaIOTh CHJIH, TIOBHA pOOOTA SKUX Y 3aMKHEHil
cUCTEeMi 3aBXKIW € Bil'€eMHOIO mNpH OyIb-KHX pyxax, 00 BOHH
MEPEeTBOPIOIOTh  MEXaHIUHY CHEeprito B IHUI TUMH  EHEeprii.
MpOCKONIYHI criii He BHUKOHYIOTH KOAHOI poOOTH Haja Tijamu, 6o
BOHM CIPSIMOBaHI MEPNEHIUKYISIPHO O IIBUIKOCTI pyXy TiJ,

F OdF =odt. Jlo Takux, Hanpukiazx, Haiexats: cwia Kopiosica,
gKka Ji€ Yy HeiHeplialbHUX cHcTeMax Biliky; cuna JlopeHia
(BMBYAETHCS B €JEKTPHIII Ta MarHeTW3Mi), sKa Ji€ Ha 3apspKeHi
YaCTHHKH, 10 PyXalOThCs Y 30BHIIIHBOMY MarHiTHOMY MOJli; chiia
HATATY HUTKW, Ha SKid TOBIMIEHO MaTeMaTHYHWH MAasTHUK, Chiia
HOpPMaJILHOT peakllii, o Jiie 3 60Ky k0700a Ha KYJbKY, SKa KOTUTLCS
MO HBOMY...
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4.2. [lomeHyianbHa eHep2isi

BrnactrBocTi MoTeHLianbHUX CUM T03BOJISIIOTh BBECTH MOHATTS
npo mnoteHuianbHy eHeprito  U. [loTeHuianbHOO eHeprieto
MaTepiajJbHOI TOYKH y TEBHOMY IOJIOKEHHI Ha3WBalOTh poboTy A,
SIKY BUKOHYIOTh TIOTSHLIIAbHI CHJIM MTPU NEPEMIIIEHHSAX Li€T TOUKH i3
3a3HAYEHOro TMOJIOKEHHs A0 CHelialbHO OOpaHOro HyJbOBOTO
noJioxeHHs1 (MOJIOXKEeHHs, B SIKOMY MOTEHLiaJIbHY €HEprilo BBOXKAIOTh
TaKOI0, L0 JOPIBHIOE HYJT0). 3po3yMmisio, mo 3HaueHHs U 3aexuThb
Bil BUOOpY IbOrOo HYJIbOBOrO TojoxeHHs. [lpouemypy BubGopy
HYJIbOBOTO TIOJIOKEHHS Ha3WBalOTh HOPMYBAHHAM MOTEHLjianbHOi
eHeprii.

[TorenuiansHa eHepris U € murre

C GyHKLIEIO  KOOpJAWHAT  Ta,  B3arami

Ka)Xy4M, BU3HAUYAE€THCS 3 TOYHICTIO 0
KOHCTaHTH (HasBHICTh sIKOT MOB’s3aHa 3
HEOOXIZHICTIO 0o0paTH BHIIIE3a3HAYCHE
HYJBOBE MOJIOKeHHs»). [Tokakemo 1ie.

B D

Puc. 4.2.]To nmutanHs mpo

BH3HAYCHHS BuzHaunMo moTeHUiabHY €Heprilo B
MOTEHLIAJIbHOT eHeprii 3 toui C  (amB. puc. 4.2) Uy(C),
TOYHICTIO 10 KOHCTAHTH HpHﬁHHBHIH 3a HYJbOBE IOJIOKCHHSA

Touky B, sk poboty: Ui (C)=Acg. A notim
BIIHOPMYEMO TIOTeHIiaibHy eHeprito Tak, mo Uy(D)=0. Tomui
notenuianbia eHeprii  Uy(C)=Acp=AcgtAsp= U1(C)+Agp. Ilpu
LBOMY BeJIMUMHA iHTerpaja Agp He 3ayiexkuTh Bif BHOOpy Touku C.
OTxe, MOTEHLialIbHA €Hepris B OyIb-fKili TOYI MPOCTOpY U(F)
BU3HAYAETHCS 3 TOUHICTIO 10 KOHCTaHTH. Tomy Qi3udHuMii ceHe Mae
mume pizaung AU MK 3HAYEHHSIMM TOTEHI[IaIbHUX eHeprid B
pI3HMX TOUKaX IMPOCTOpY, a He cama MoTeHLjianbHa eHepris. [lpu
PO3B’13aHHI 3ajJay i3 3aCTOCYBaHHSIM MOHATTS MPO MOTEHLiaIbHY
eHeprito U crig Bil caMoro novarky BiJIHOpMYBaTH 11, i TOTIM B
MesKax Ii€i 3a1avi cyBOpO JOTPUMYBATHCS LILOTO BHOOPY HYJIHOBOTO
TMOJIOXKEHHS.

EksinoTeHujanbHUMK Gyaemo Ha3uBaTH MOBEPXHi piBHOT
noteHuianbHol eHeprii, B sikux U(7 )=Const TlepemiieHHs y310BK
EKBIMOTEHIIaIbHOT TIOBEPXHI HE 3MIHIOE MOTEHLIabHY EHeprilo,
OTXKE MpU TaKOMYy TNepeMillleHHI KOHCEpPBaTWUBHI CUIM POOOTY He
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BHUKOHYIOTh. 3HAYNTh, TOTCHLIANbHI CUITU € MEePNECHANKYIIPHUMH JI0
€KBIMOTEHI[IATbHUX MTOBEPXOHb.

CunoBMMY NiHIAMMW Ha3WBaIOTH JIiHIT, JOTHYHA 10 SKHX Yy
KOXHIM TOYIli € mapajesbHOK J0 BEKTOpa CWiK. ['yCTHHA CHIOBHX
JIiHIA XapaKTepu3ye Hampy>KEeHIiCTh MOJIS: 10 TYCTillle PO3TalloBaHi
CUWJIOBI JIiHIT, TO OiNTbIIIA HAMPY>KEHICTh MOJIS; IO PiJilie PO3TAIOBaHI
CWJIOBI JiHiT, To cnabwe nosie. CUIoBI JiHii € MeprneHAUKYJIIPHUMHU
JIO eKBIMOTEHI[IaJIbHUX MTOBEPXOHb.

Hanpuknan, ams rpaBiTaliiHUX CcWI, SKIIO 1HIIE He
BHU3HAYEHO  CrelialibHO,  3a3BMYaii  BUKOPHCTOBYIOTH  TakKe
HOPMYBaHHS: BB@XAaIOTh HYJIBOBOK  MOTEHIIAbBHY  E€Heprito
B3a€EMOJIT JBOX MarepiajlbHUX TOYOK CKIHUYEHHOT MacH, sKi
BiJUIaJICHO OJIHY BiJi OJHOT HAa HECKIHUCHHO BEJIMKY BIJICTaHb:
U(r - o)=0. Ilopaxyemo NOTeHL{ialbHy €HEPTil0 rpaBiTaLiiHOT
B3aeMonil IBOX TUT macaMd M Ta M, Kl BigaJieHi OJHE BiJl OJHOTO
Ha BIJICTAHb [, CKOPHUCTABINMCH BBEJCHUM BH3HAYCHHIM ii SIK
po0OTH, SIKYy HAJIEKUTh BUKOHATH IS TIEPECyBaHHS Tija M 3 TOUKH,
SKy pO3TalllOBaHO HAa BIiJACTaHI F; Bil CHJIOBOTO IUEHTPY, Ha
HECKIHYEHHICTB!

-G mde%——GM—m (4.6)

n

mMr

U(r)= A, o = [ FdF = —Gj
I

M n

ToOTo, MoTeHLiaNbHA eHepris TrpaBiTalliiHOT B3aeMOJIT JBOX Til
MmacamMd M Ta M, gKi BiggajaeHi OOHE BiJ OJHOrO Ha BigcTaHb I,
JTIOPIBHIOE:

U(N=U(r) —U()=A, .= —G Mm/r. 4.7

Came Taka ¢opmyna Bigoma 3i WIKiIBHOrO Kypcy. Tum camum Mu
MoKas3ajid, IO BBeJEHE BHU3HAYEHHS [MOTEHILaJbHOT eHeprii sk
KpUBOJIHIMHOTO iHTerpajla y BiIOMUX BHMAJKaX Jae 3HaoMi
pe3ynbTaTH.

Jns rpaBiTaliiiHUX CHJ €KBIMOTEHIiadbHI TOBEPXHI — IIe
KOHIIGHTPUYHI cepH i3 LEHTPOM y TOULli po3TallyBaHHsS MacH, sfKa
MOPOJKYye Lie Tpaitaitiiine mone. CUIIOBI JiHIT Y UbOMY BHIQJKY €
NpSIMUMH, WIO MPOXOAATh Kpi3b cuioBuii wuentp. Lli miHii €
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NepreHAnKYIIPHUMH 10 3ragaHux Buile cdep. binsg cumoBoro
LHEHTPY CWJIOBI JiHIT po3TallloBaHi TrycTille — JilicHO, Tam
HaMpy>KeHIiCTh TpaBiTAllIHHOTO TMOJIA € OUIbIIO 3a aOCOIOTHUM
3HAUCHHSM, HiJK JAJIEKO BiJl CUJIOBOTO LICHTPY.

4.3. 3aKkoH 36epexeHHs1 MOB8HOI MexaHi4YHOI eHepaii

[TOBHOKO MEXaHIYHOK EHEPrield Ha3UBATUMEMO CyMy
KIHETUYHOI Ta TMOTEHIaJbHOT eHeprii MeXaHIYHOT CHCTeMH.
CdopmynroemMo 3akoH 30epekeHHs MOBHOT MeXaHiYHO1 eHeprii: 3a
YMOB fiii KOHCepBaTMBHMX cun Ta/abo ripoCcKoMiYHNX CUn NoBHa
MexaHivyHa eHepriﬂ cucremum MaTepiaanmx TOYOK 3 4acom
3anuwaeTbCsA HeaMiHHOW. Ilpu 1bOMY MOXKYTh BigOyBaTHCS
TIIBKA TIEPEeTBOPEHHS TOTEHILIanbHOI eHeprii y KiHeTH4Hy Ta
HaBMaKH, ajie TIOBHUI 3amac MEXaHiYHOT eHeprii 3a TaKUX YMOB He
3MIHIOETBCS. 3a3HAYMMO. 3aKOH He MPOCTO CTBEPKYE, IO €Hepris
30epiraeThcs, a BKa3ye Ha YMOBH, KOJIM e BiiOyBa€eThCs.

HoBeneMo 3akoH 30epekeHHs MOBHOI MEXaHIuHOi eHeprii.
Ilopaxyemo poGoty A;, MOTEHUIAIbHUX CHUJI TpU MepeMilleHHi
MaTepiajJbHOI TOYKH 3 TOUKH T IO TOUKH iy !

o] ) o o
A L= J'Fdrz = Ilfdf+.[—d J. J.IE dr =U () -U (f2)=U1-U> . (4.8)
rn n o rn ro

TyT HamMu BHKOpHcTaHO TO4Ky O sK Taky, B sKiii MOTeHLiajbHa
eHepris  JopiBHIOe Hymo. lLls pobora gopiBHIOE  pi3HUIL
MOTEHIIAJIbHOT eHeprii B Toukax i 1 fp. SIk Oyno mokaszaHo BHIIE
(muB. dopmyny (3.27)), us x Taku poOOTa JOPIBHIOE pi3HUII
KIHETMUYHOI eHeprii MaTepiaJibHOI TOYKM B TOYKax fp 1 7 Agz
=K,—K;. Otxe, A12 :U]_ _U2 = K2 - Kl abo K;+U=K,+U,,
ToOTO TOBHa eHepris E wmexaHiuHoi cucremu 3a yMmoB Jii
KOHCEpBaTUBHHX Ta/abo TipOCKOMIYHUX CHJT i3 4aCOM HE 3MIHIOEThCS:

E=K+U =const. (4.9)
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Haragaemo, mo, sk i poboTa, MeXaHiuHa EHepris BHUMIipIOEThCS
i obumcoetbes y Jhkoysx (B cucremi CI).

4.4. 38’5130k nomeHyianbHOI cunu ma
nomeHuyianbHoOI eHepeil

Sk Oyno BBelleHO y monepeHboMy naparpadi, moTeHI[iaTbHy
€Heprilo, 3a BU3HAUYEHHSIM, MOXKHA 3HAWTH 32 BIAOMHUMH PO3TOALIOM
NOTeHILianbHOi cuAM B mpoctopi  F(F), KO 3a7aHO  yMOBY
HopMmyBaHHs, Hanpukiaa, U(O)=0. lleii 3B's130k Burjsigae
B HACTYIHUI cnocib:

(0]
U(r)= [Fdr. (4.10)
r
Posp’sbkemo  Temep ~ 3BOpOTHY — 3amady.  BusHauimo

MOTEHLIaJIbHY CHITY F(F) 32 BIJIOMUM TPOCTOPOBUM PO3IOALIOM
MOTEHIIAJIbHOT eHeprii, U(F). 3 MareMaTH4HOT TOYKH 30py CIiJ

MpOBECTH  3BOPOTHY  OMNepauito [0  iHTerpyBaHHs, TOOTO
npoardepeHLiloBaTH BUpa3 AJisl MOTEHLianbHOI eHeprii 3a 3MiHHOIO

BEPXHBOIO Mexkero U (F) = —.[ FdF , 60 noxiaua Biz inTerpany came 3a

(0]
BEPXHBOIO MEXKEIO TOPIBHIOE MiAiHTerpaibHil GyHKLIT:
F(F)= ——aL(;Er) . (4.11)
r

lle, B npuHimmi, i € BignoBine Ha Hame nutaHHsA. OnHaK, Ud
BiJIMOBIZIb MICTHTh BEKTOP y 3HAMEHHHWKY, J0 TOTO K, JOCI MM He
BU3HAYAJIH, SIK MPAKTHYHO OpartH Taki moximHi. To6ro, Bupas (4.11)
noTpedye HAMMOBHEHHS (DI3UYHUM 3MiCTOM.

Tomy niliieMO TOro caMOro BHCHOBKY OibII TOCIIiIOBHO.
Hexait f; i i, — ue ABi Oe3KiHEYHO OJIM3bKI TOUKM, Tp =M +A4F ,

HACTiIbKY, WO cuna F(F) c1abko 3MiHIOETbCS MpU Mepexofi Bif i
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1o T, . Toni mopaxyeMo pi3HHULIO MOTEHIIATLHUX SHEePriid MiX [TUMU
2

Toukamu: U () -U(f+4F)= j Fdf . 3a BM3HaueHHAM audepeHLiana,
n

U(FR+4F)-U(f)=dU . OcKilbkd TOYKH f; 1 T, 0OpaHO Oe3KiHEUHO

r
OIU3BKUMH, I Fdf=F [dF =F{f,-/)=F4F .  OGepemo  ans
n

o e—,

BU3HAYCHOCTI JEKApPTOBY CHCTEMY KOOpPAMHAT, TOOTO BBa)KaTUMEMO,
0 HaM BioMa 3ajiexHicte U = U(xy,z). Toni mis audepenuiana
MOTEHLiaJIbHOT eHeprii MaeMo:

dU = -Fdf = -Fdx- R,dy- Fdz. (4.12)

[lpunyctuMo croyatky, WO TPAEKTOPIs, B3IAOBK K0T BimOynocs
nepemimenns Ar, € mapanenbHOr 10 oci X. Y=CONSt, z=const,
di =gdx (tyr & — me oprt oci X). Y 1poMy BHMAIKy 3MiHa
MOTEHIIATIbHOT eHepril

-("_U] . (4.13)

ox

du, = Fdx; = F= _(d_Uj
dx )y,

3anuc %—g O3Hayae, Mo MoXigHy Bif (GyHKIIT U = U(x,y,z) B34TO 3a

3MIHHOIO X 3a YMOBH, IIO pellTa 3MIHHHUX: Y i Z, — BBaXKaJucs
cTaIMMU. B MaTeMaTuLi Taki moxiaHi HA3UBAIOTh YACTUHHHUMH.
AHAJIOTIYHO JIICTAEMO MPOEKIiT MOTeHIIAILHOT CHJIM Ha PEUITY

oceii: Fy =-0U /dy, F,=-0U/0z. Ckopucraemocs

OrepaTopoM Taminsrona : O =19/ 0X + jo /oy +ka/ oz, toni:

" Cep I'aminsron (Hamilton) Binbam Posen (1806-1865) —ipnasachkuii i
OJIMH 3 HaOIMbIIMX CBiTOBMX MaTeMaTHKiB XIX ctomiTrs. 3poOuB BHECKH B
anrebpy, Teopito audepeHiatbHNX piBHAHB, (Pi3UKYy, aCTPOHOMIIO, ONITHKY,
IVHaMiKy. [aMiIbTOHY HaleXWTh BBENEHHS OO MeXaHiKM OCOOJIMBOTO
HAOYHOTO TPHHOMY 300paXkeHHS 3MiH BEJIMYMH 1 HampsMiB LIBHIKOCTI
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F =-0U = -gradu(r). (4.14)

V pasi, konu omneparop ['amibTOHa 3acTOCOBaHMWIT 10 CKaIsApHOL
¢byHkuii, sk e mae micue B dopmyini (4.10), lioro npuiiHITO
HA3WBaTU <« TPAJIi€HT» 1 [O3HA4YaTH B HACTYNHUH  croci6:
F =-gradU(F). (B audepeHnwianbHili reomeTpii BeKTOpHHUIA onepaTop
TaminbToHa [ 3aCTOCOBYIOTH SK 0 CKalspHOi (YHKLIi, Tak i 10
BEKTOPHHX, ajle Lie BUXOOWTh 3a Mexi Hawmoro Kypcy.) ['panmieHt
CKQJIIPHOI BEJIMYMHU — L€ € BEKTOp, W0 KOro CrnpsMOBaHO
MEePHNEHIUKYIAPHO 10 eKBIMOTEHI[IaTbHOT MOBEPXHi Y OIK 3pOCTaHHS
naHoi ¢yHkiii. BenmuunHa rpanieHTa NOpiBHIOE MOXIAHIN Bil JaHOT
(dyHKUIT B3OOBXK HOpMaJli 10 Li€T eKBIMOTEeHLiaJbHOT MOBEPXHI.

4.5. [lpocmopoei MeXxi MexaHi4Ho20 pyXy

Ak Oyno mokazaHo BHUIIe, SKIO Y MeXaHI4Hid cuctemi
BiJICYTHI JUCHUIMATUBHI Ta HEKOHCEPBATHBHI CHIH, TOJi 30epiraeThbces
cyMa KiHeTHM4YHOi Ta moreHlianpHoT enepriii: K+U =E=const
OckinbkM 3a BHM3HAYEHHSIM KiHETHYHA €Hepris He Moxke OyTH
Bi eMHOIO BenuuuHor: K=0, To s MOTeHLialbHOi eHeprii Ta
MoBHOT eHeprii E MexaHiYHOT CHCTEeMH BHMKOHYETbCS HEPIBHICTb:
U<E. lle o3Hauae, MO MOXIMUBUMH KOOPAMHATAMH MEXaHIYHUX
00’ €KTiB, IO BXOAATH AO CUCTEMH, € JIHLIE

Taki, IS SKUX BHUKOHYETHCS HEPIBHICTh U
U(r)<E. Imuuvmu crnoBamu, KilacuuHa T
MeXaHiYHa CHCTeMa He Moxke mnepedyBaTu y ) X »
Tili YacTWUHI mNpocTOpy, A€ TOTeHLialbHa \_\/
€Hepris € OLIBIIOI0 32 MOBHY EHeprilo. Uo
Posrasiemo JInE MpUKIany
OJIHOBUMipHUI BUMAIOK U=U(x). Puc. 4.3.]T0
Hamasioemo 110 3aleXHICTh, MMO3HAYMBLIN BH3HAYCHHS
minU=U, (auB. puc. 4.3). HepiBHicTb ¢iniTHOrO TA
U(F)<E o3Hauae, mo TmoBHAa eHepris indiniTHOrO PyXiB

TOYKH, IO 3AiMCHIOE SKAN-HEOYIh TpsAMO- a00 KPUBOTiHIWHUI pyX, a came
—ronorpada. ['aMibTOH MOKIIAB MOYATOK YYEHHIO PO KBATEPHIOHHU.
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cuctemu Mae Oytu Oinbioro 3a Ug. ToOTo curyaris E<Ug B3arasi €
HEeMOXJTUBOKO. J[1ig BUMajaky, 1o Bianosigae puc. 4.3, MexaHIYHUH
pyX i3 3HaueHHsM moBHOI eHeprii E<O BinOyBaeTbcs B oOMexeHii
YaCTHHI MPOCTOPY i TOMY HasuBaeTbesi PIHITHUM, a mpu E=0 pyx
crae IHIHITHAM: wMartepiajbHa TOUYKa 3 JIOJATHOK MMOBHOIO
MEXaHIYHOI €HEPri€l0 B TAKOMY MOTEHI[IaIbHOMY TOJIi MOXKE MaTH
OyIp-sIKi 3HAYEHHS KOOPAWHATH.

PosrnsHemo iHmmi npukiaan 3anexHocti U(X), HaBemeHHi
Ha puc. 4.4. Ha HbOMy MO3HAa4YeHO pi3HI XapakTepHi 00nacTi

MexaHiuHoro pyxy. Jlnst 3HauenHs nosHoil eneprii E = Eq ob6nacri

npoctopy, ski mo3nadeno I, Il ta IV, e HemoxxnuBumu. O6nacth
MpoCTOpYy, IO MICTUTh MAaKCMMYM TIOTEHLIAILHOT — eHeprii,
Ha3uBalOTh MOTEHUianbHUM 6ap’epom. Hanpukiaa, ans rpadika
MOTEeHIiaJbHOT €Hepril, Akuil HaBeIeHO Ha puc. 4.4.,HasBHi JBa

MOTEHIiaIbHI 6ap’ epu: JIiBOpYyY Ta MpaBopy4 Bij Touku M. B obnacti

Il s E = Eq peanisyerscs dinitHuit pyx. O6macts npocropy, sika

MICTUTH MIHIMYM MOTEHLIATBLHOT eHeprii, Ha3UBaIOTh
NOTEHUIaNbHOK SMOLD. AMB Ha3MBAETLCS TMOTEHLIATLHOK SMOIO.
Jlnst HaBeneHoi Ha puc. 4.4.3anexxHocti U(X) MoTeHIiabHOKO SMOIO
€ vactuHa rpadika siBopyd Bia Toukn N. B obnacti V mis E=E;
MeXaHiYHMl  pyx €
iH(DIHITHUM. A s U
OinbuIoro 3HAYCHHSI
noBHoi eHeprii  E=E;
cuctemMa  He MOXKe
nepeOyBaTH TiTbKU B
obnacti |, TobTO i
JIOCTYIHA Oe3kiHeuHa
YacTHHA NIPOCTOPY, TOMY

Yy  BUOAAKy  [OBHOI
MexaHiuHoi eHeprii E=E;

PYX MEXaHIUHOI CUCTEMH

€ 1H}IHITHUM.

A

Ha puc. 4.4 ¢ nBi Puc. 4.4.]]o BU3HAYEHHS MOTEHIiaIbHOT
TOYKH  KOOPJAUHATHOTO SIMU Ta MOTeHLiaIbHOTO Oap’ epy
MpocTopy, [ SIKHX
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F =0. e toukn: N — Ha BepiumHi moTeHmiansHoro 6ap’ epy ta M —
Ha [HI noreHuianbHol smu. Lli Touku BiAMoOBigarOTh CTaHY
piBHoBarun. B touti N peanizyerbcst CTaH HECTINKOI piBHOBaru. Lle
TIOSICHIOETBCSL HACTYMHHUM. SIKIIO MeXaHiYHy CHCTeMY BHMBECTH 3
bOrO CTaHy TPOXH MPaBOPYY, TO Ha rpadiky CHOCTepiraTUMEThbCs
Bia' emHa noxigHa, dU/dx<0. To6To Ha cucteMy B IIbOMY BHUMAAKY
mistume gomatHa cuima, F=- dU/dx>0. Lls pomatHa cuia
HITOBXaTUME CHUCTEMY MpaBOpy4, TOOTO MoJali BiJ| MOJOXKEHHS
piBHOBaru. SIKImo >k MexaHiYHy CUCTeMy BWUBeCTH 3 Touku N Tpoxu
JTiBOpYY, TO TaMm crioctepiraerbest 3poctaHHs QyHkuii U(X), oTxke
noxigHa dU/dx>0. 1 Ha cucremy nisTume Big emHa cuina, F=-—
dU/dx<0, sika mToBXaTUMe CUCTEMY Ile JAai JiBOpYydY, 3HOBY TaKH,
MoJiali BiJi MoJOXKeHHs1 piBHOBaru. ToOTo Makcumym Ha rpadiky
MOTEHIIAJIbHOT eHepril — e MOJIOKeHHs HeCcTiHKOT piBHOBArH.

VY touui M, HaBnaku, piBHOBara € criiikoto. [IpaBopyu Bia Hel
CWJTy HampaBJIeHO JIiBOpPYY, TaK, IO CHJa INTOBXaE CHUCTEMY [0
MOJIO’KeHHs1 piBHOBaru. JliBopyu Bin Toukum M cuia ziie mpaBopyH,
TOOTO Tak caMO HAMaraeTbCs MOBEPHYTH CHCTEMY 10 MOJIOKEHHS
piBHOBaru.

MexaHiuHy CHy, 3a BH3HQUCHHSM, YCIOAM HAIpaBIeHO B
Takui croci®, mo0 HaMpaBUTH MaTepialbHy TOYKY JI0 MOTEHIIATbHOT
smMu (B obOnacti mpaBopyd

BII TOYKHA N THO
MOTeHLIaTbHOT SIMH
pO3TaIlOBaHO Ha
HECKiHYEHHOCT!I). 0
Ha puc. 4.5
300paxeHo 3aJIe)KHICTh

u(r) 15 BHIIAJIKY
rpaBiTamidaux cun. llpu
UbOMY CHIIy MPUTATYBaHHS
CMPSIMOBAHO JI0 CHJIOBOTO
uenrpy, Ttoukum I =0. Cl
3a3HaurMo, IO MeXaHiuHa

Puc. 4.5.3anexHicTh MOTEHLIIAIBHOT
CHCTEMA 3aBIKNU TIparte 1o eHeprii rpasitauiiiHoi BzaeMoii Big
CTaHy 3 MIHIMyYMOM BifcTaHi Mk Tinamu
MOTEeHIiaJbHOI eHeprii, 1o
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BijoOpaXkae XapakTep B3aeMOZIl CKJIQJIOBHUX 4YacTHH cucTemH. lle
caMe MpaBWJIO € CMPaBeIIMBUM i MO BiIHOLIEHHIO IO BHYTPIIIHBOI
eHeprii Oyab-ikoi ckJIaAHOi MexaHiuHOi cuctemu. Cdopmynroemo
yMOBY CTabinbHOCTI CKNagHOi CcuUCTeMU. Ko BHYTpIlIHS
eHepris MeXaHIYHOT CUCTeMHU € OiNbIIOI0 3a BHYTPILIHIO €Heprito ii
CKJIaJIOBUX YaCTHH, TO TaKa CUCTEMa € HECTIHKOIO: 3 SKHXOCh IPUYMH
BOHa MOXe€ ICHYBaTH SIK €IWHe Lije, ajne OyJb-iKe HeBeJUKe
30ypeHHsl Mpu3Belde [0 po3Magy CKJIAAHOT CHUCTEMHM Ha OKpemi
ckianoBi. | HaBmakW, SKIIO cymMa BHYTPILIHIX €HEprii CKIaJIoBUX
CUCTEMH, KOJM BOHU CHYIOTh OKpEMO, € OLUIBIIOI 3a BHYTPILIHIO
EHEPrilo CKIIAAHOT CUCTEMH (TOOTO, KOJIM CUCTEMA € €MHUM I[iJTUM),
Taka MeXaHi4yHa CHUCTEMa € CTiHKOI: BOHA CTa0UILHO iCHYE K €IMHE
misie. SKIo K i3 SKMXOCh MPHUYMH Taka CHCTeMa pO3MajaeThes, TO
OyIb-sKe HeBeJIMKe 30ypeHHs! CIPUYUHHUTE 00’ €ITHAHHS KOMIIOHEHTIB
y €UHeE LiijIe.

Amnanizyroun puc. 4.5, MOJKHA BU3HAYUTH YMOBHU (iHITHOTO
Ta iHQiHITHOrO pyxiB y rpaBiTauiiiHoMy mnomi. Ko mnoBHa
MexaHiuHa eHepris cucremu € Bigx'emuHoro, E <0, 1o pyx €
oOMekeHUM. 3 acTPOHOMIT BiIOMO, 1O TaKHUM € PyX IJIaHET HaBKOJIO
CoHuis, sKkuit BitOyBa€eThes B3I0BK eninTuanux opoir. SAxmo E =0,
TOII pyX € HeoOMexkeHHM. TpaekTopii pyXy B LIbOMY BHUMAAKY — L€
napabonu Ta rinepbonu. Takum €, HanmpuKIaI, pyX KOMeT.

4.6. 3aKkoH 36epexxeHHs1 MOMeHmYy iMnyJsibCcy

HasuBaTtriMeMo MOMEHTOM iMMynbCy MaTepianbHOI TOYKM

-
L Ta MOMEHTOM cunu ML | BianoBiAHO, HACTYIHI BEJTUUHHHM, SKi
BU3HAYAIOTHCS Yepe3 BEKTOPHI TOOYTKU:

—_

L=[F.p; m =[r g]. (1.4.11)

Tyr 7 — ue BeKTOp, SKUH MPOBEAEHO 3 TOYUKH, BiJHOCHO SKOI
00paxoByIOTb MOMEHTH. 3a BHW3HAYE€HHSIM BEKTOPHOTO IOOYTKY
MOMEHT IMITyJIbCY HallpaBJeHO MepPHeHAMKYJIIPHO 10 BeKTopa  Ta
IMITyJIbCY MaTepiaibHOI TOUYKH, i MOMEHT CHITH € NIepIIeHAUKYISIPHUM
10 T i BekTopa cuiu. [y po3paxyHKy MOYJIsi MOMEHTY iIMITyJIbCy
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3pYy4HO BUKOPHUCTOBYBATH
MOHSTTS Mpo Nreye iMnynbcy ‘Y
|, — e € BimcTaHb Bix Mmodartky

BEeKTOpa [ [0 JiHii, B3AOBXK %

SKOT pyXaeTbcsi MarepiajibHa _—

touka, A=lpp, TOGTO, MOIYIH T

MOMEHTY iMIyJbCy IOpiBHIOE — _— .

NOOYyTKYy MOAyJsl iMIyJbcy Ha ’ X
—

riede imnyiecy (puc. 4.6). s
00paxyHKy MOIYJS MOMEHTY
CWJIM 3pYyYHO BUKOPHUCTOBYBATH
MOHATTS Mpo NNneve cunu |y — e BiacraHp Bij mouaTky BekTopa f
0 JTiHi1, B37OBXK skoi nie cuna. Tomi MOayab MOMEHTY CHIIU

Puc. 4.6.]]0 BU3HAYEHHA IJieva
iMITyJIbCY

JOpiBHIOE JOOYTKY MOJYJIsl CHIM Ha tutede cund, [MEF;.

—

JoBenemo, 110 Mk cymMapHUM MoMeHTOM cuau M1 | mio die

Ha MEeXaHIuYHy CHCTeMy, Ta MOMEHTOM IMITyJbcy L 1€l cuctemMu

— —
icaye 38'm30Kk: AL /dt=2 M1 | sxuii € aHANOriYHMM [0 3B’ 3Ky MiX
CHJIOIO Ta IMITyJIbCOM, IO € J00pe BiZOMHMM 3 JPYroro 3aKOoHy

Hetotona, dp/dt= 2 F . OGuuciumo BUpa3 Jyis TOXiJHOI BiJ

MOMEHTY IMITyJIbCy MaTepialbHOI TOYKH 3a 4acoM, KOPHUCTYIOUHCH
MpaBUIIOM JUQepeHLiIOBaHHS OOy TKY:

dr, /dt:[ﬁ %H‘;_r{p,} . (4.16)

TyT iHgekc «i» BKazye Ha HoMep MatepiaibHOi Touku. Jpyruii
JNOJITAHOK Yy 3700yTii cymi CKJIajJaloTh IIBUJKICT Ta IMITYJIbC
MarepiaJibHOT TOYKH, SKi € KOJiHeapHHUMH BEKTOpPaMH, TOMY Lei
BEKTOPHMIT N00YTOK mOpiBHIOE Hymo, [di /dtpi|=0. Y nepmomy

JOZIaHKY 3aMiHMMO TOXIiIHY Bijl iMITYJIbCY 3a YyacoM (3riJHO JAPYroro
3akoHy HBIOTOHA) pe3ysbTyIOuOI CHIION, SIKY MPHUKIAAEHO A0 Liel

— —
MatepianbHoi Toukn, dL, /dt= [Fi R ZJ =mi; . [lpocymyemo 3100yTHi
3B'I30K MO BCiX MATEepiaIbHUX TOYKAX MEXaHIYHOT CHCTEeMH i
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3100yAeMo 3a/ieKJIapoOBaHM BUIIE pe3yJIbTaT:

dr /dt=2" 11_{ : (4.17)

Ile piBHSHHS [icTano Ha3By OCHOBHOMO PIiBHAHHA AMHaMIKM
obepTtanbHoro pyxy. Pisusganas (4.17) Takok  Ha3HUBaIOThH
PIBHAHHAM MOMEHTIB.

Jns 3amkHeHOi a0o i301b0BaHOi (3OBHIIIHI CHJIM BiICYTHI

=

abo ixHili pe3ynpTyloumii MOMEHT NOpiBHIOE Hymo, » 1f1=0)
i

MEXaHIYHOI CUCTeMH piBHAHHS MOMEHTiB (4.17) mepeTBOpIOEThCS B

take. Odr/dt=0. Tobro 3a UMX yMOB MOMEHT IMIyJbCYy He
3MiHIOETBCS 3 4aCOM:

—

L =const. (4.18)

OTKe, MOMEHT IMITYJIbCY i30JIbOBAHOT CUCTEMH MaTepiallbHUX TOUOK
HE 3MIHIOETbCA 3a OyIb-SKMX BHYTPIIIHIX B3a€MOJii, IO
BiOyBalOThCS BeepeMHi cucteMH. Lle TBepkeHHsI CTAHOBHUTH 3MICT
3aKOHY 36epeXxeHHsi MOMEHTY iMMynbCy. SIKIo B3STH 10 yBaru
aHAJIOTIF0 MK IMIYJIbCOM Ta MOMEHTOM IMITYJIbCY, TO BUAHO, IIO
pieasHHs (4.18) € mnoaiObHUM 10 3aKOHY 30epeXKeHHS iMITYJIbCY.
LikaBo, 1m0 3aKkOH 30epeKeHHS MOMEHTY IMITYyJIbCy BHUKOHYETBCS

TAKOXK Y BUMNAJKY Jil LeHTpanbHuX cui, 60 aus nux [ || F, i nonpu

MPUCYTHICTh TIPU 1[LOMY 30BHIIIHIX CHJI MOMEHTH IICHTPAIBHUX CHJI
BHACJIIIOK BJIACTUBOCTEH BEKTOPHOTO TOOYTKY IOPIBHIOIOTH HYIIIO,

-
mo npu3soauts 1o pisusuEa ML =0, a omke i 1m0 BUKOHaHHS
3akoHny (4.18).

3akoH 30epeKeHHS MOMEHTY IMITyJIbCy HOCHTb BEKTOPHMH
XapakTtep. 3HAUUTh, MOXIIUBA CUTYAIlisl, KOJIHU 30epiracTbcs TUIbKU

onHa i3 ckiagoBux Bektopa L . Hampuknan, dLX [dt=m X s
dLy [dt=m y, a@le MpH LBOMY MPOCKLs Pe3ysbTyrHOro

MOMEHTY CHJI Ha BiCh Z € HYyJIbOBOI, OTKe, M1, =0.
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Toni dL,/dt=0, i mpoeKIilis MOMEHTY IMIyJbCy Ha Bich 2Z
30epiraeTnes.

Lle o3Hauae, 1m0 3aKOH 30€peKEHHS MOMEHTY IMITYJIbCY
MOKHAa BUKOPHUCTOBYBaTM TaKOK 1 JUIS YacTKOBO i30JbOBaHUX
MeXaHIYHUX cucTeM. binbie TOro, icHylTh Tak 3ajadi, KOJHU
PE3YNbTYIOUMA MOMEHT cul  Moxke OyTh B3arami Kaxydd
HEeHYJIbOBHM, aJie TIPH LIbOMY MO’KHA 3HAWTH TaKy TOYKY B POCTOPI,
BITHOCHO SIKOT Lie pe3ysbTyIOUMii MOMEHT TaKH JOPIBHIOE HYJIIO,
TOJli BIJTHOCHO LIiET TOUKW MOMEHT IMITyJIbCY 30epiracthes.

4.7. Pyx MamepianbHOi mo4Ku
y noni yeHmparsnbHoOiI cunu

JIns matepianbHOT TOUKH, KA PYXa€eThCs B MOJI HEHTPATbHOT
CHJIM 32 YMOB BiICYTHOCTI (HEXTyBaHHs) AMCHMALLl, BUKOHYETHCS
3aKOH 30epeKeHHs MEXaHIYHOT eHeprii, OCKIJIbKY LEHTPalIbHi MO €
noTeHUiambHUMH. Jlo TOro >k, SK TOKa3aHO Y TMOMepeIHbOMY

Higpo3i, Ui LEeHTpaIbHUX CHJ BeKTOpHuii nobyrok I X F =0,

0TKe, 30epiraeTbCsi MOMEHT IMITYJIbCY L =const .

30epeskeHHS] MOMEHTY IMITYJIbCYy Ma€ JBa HACTYIHI BaXKJIMBI
¢iznuHi Hacnigku. [lo-mepiue, TpaekTopis pyxXy MarepianbHOI TOUKH
B TIOJIi LEHTPAILHUX CWJI JIOKUTh B OfHIN ruiomuHi. [Tokaxemo 1e.
Hexaii B MOMeHT uacy t paniyc-ektop f(t) i BekTop mBuakocti o(t)

HasleXaTh MeBHil miomuni a. MomeHT iMnynbey L (t), sk BeKTOpHUI
noOyTOK pajliyc-BeKTOpa Ta IMIyJdbCy, B MOMeHT dYacy t €
nepreHaAnKyIsspHUM 10 a. [lepemimenHs marepiaqbHOI TOUYKH df ,
IO CTaJlocs MPOTATOM MPOMDKKY 4Yacy dt, Halexutb 10 Tiel x
TUIOLIMHU @, 00 BOHO € MapajellbHUM /0 BEKTOpa MIBHAKOCTI,
dr =4(t)dt. Tomy paniyc-BekTop y HacTynmHuil MoMmeHT wacy t+dt
TAKOK HANEKUTh 10 TUIOWMHM &, F(t+dt)=F(t)+dF. A6u BekTOp

MOMEHTY iMIyJabcy L OyB cTaiuMm, 30KpeMa, HEe3MiHHMM 3a
HaMNpsMKOM, TOOTO JIMIUMBCS MEPNEHAUKYJISIPHUM A0 TUIOIIMHUA &y
HACTYNHUI MOMeHT yacy t+dt, BekTop mBHakocTi d(t+dt) Takox (sSk
i pazmiyc-BeKTOp) Mae 3aJMIIMTHCh y IUIOMMHI & i Y HACTYNMHUN
MOMeHT 4acy. Lli MipkyBaHHS MO>KHA MOBTOPUTH MO BiTHOLIEHHIO 10
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HACTYMHOTO (3a MOMeHTOM yacy t+dt) momenTy uacy. OTxe, paziyc-
BEKTOP, 1[0 BHU3HAYAE TOJIOKEHHSI MaTepialibHOI TOUKH, Y BHIMAIKY
PyXy MatepianbHOT TOUKH B MOJIi LIEHTPAIBHOI CUITH) 3aJIHILIAETHCS B
wiomKHi @ (To6To B IUIOLIMHI, SKA € TMEPHeHAUKYISPHOK 10

MOMEHTY iMITyJIbCy L ) HazaBK/IH.

Jpyruii  BaknMBHMM  HacHiOK  30epeKeHHS  MOMEHTY
IMITyJIbCy MaTepiabHOT TOYKHM, SKa PYXaeThCs B TMOJI LEHTpPATbHOT
CWJIM, TIOB's3aHMiA i3 Horo 30epeskeHHsAM 3a moaytem. CrodaTky
BU3HAYMMOCS 3 BHOOPOM CHCTeMH KoopauHaTt. OCKINbKH, SIK MH
HIOWHO —MOKa3alii, TPAEKTOpis MarepiaibHOi TOYKM B TOJI
LHEHTPAIILHOT CUJIN € TUIOCKOIO (Iiryporo, J0CTaTHBO, abu L cucTeMa
KoopauHat Oyna JBOBUMipHOW0. [lopaxyemMo MOIy/ib MOMEHTY

iMITyJIbCY: ‘Z‘=rd[F,D]|=mrUSinD(F,D). VY upomy BUpasi oauMH

MHOXHHMK, I, — Le TMpOeKLis pajiyc-BeKTOpa Ha HampsMOK Bif
CHJIOBOTO ILIEHTPY, Ta IHIIMHA MHOKHHK, USinD(F,D), — 1€ MPOEeKIIis
BEKTOpa IIBUKOCTI HAa HaMpsIMOK, NMEePHNEHANKYIISIPHAN 10 HaNpPsMKY
BiJ cusioBOro ueHTpy. HasBHicTh y 3100yTOMY BHpa3i A MOIyJis
MOMEHTY IMIYJbCy MHOXHHUKIB, SKi € KOMIIOHEHTaMH pafiyc-
BEKTOpa i IIBMIKOCTI caMe B TMOJSPHUX KOOpAWHATAX, Ja€ HaM
nopany — Hajani po3risAaTi 3aJaqy B NOJISPHUX KOOPAMHATAX.

YV uuMx KoOpOMHAaTaxX TMOJIOKEHHS TOYKM Ha TJIOUIMHI
BU3HAYAETHCS /IBOMA KOOpPAMHATAMM: BIJCTAHHIO I Bil TOYKM IO
MOYaTKy KOOPAMHAT i KyTOM ¢ MiK (IKCOBAaHMM HANpsIMKOM i
paniyc-BeKTOpOM:

_ (2,2,
r=yX=+y=; X =T COSP;

4.19
tg¢:%; y = rsing. ( )

OnuH i3 OpTIB MONSAPHOI CHCTEMH KOOpPAWHAT CIIiBMajgae 3a
HampsAMKOM i3 pajiyc-BekTopoM, & =f/r, iHwmmii, €, € Homy

nepreHaAuKyIsipHuM (auB. puc. 1.9):

€ =cosge, +singéy, €, = —singe, +cospe,. (4.20)
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Ha BIIMIHY B1J A€KAPTOBO1 CUCTEMHU, OPTHU AKO1 (éx ,éy) € HC3MIHHUMH

3a HampsIMKOM, HampsIMOK OpTIB MOJSIPHOI CHCTEMH KOOPAUHAT Y
3araJbHOMY BHIA/IKy 3aJI€KHTh BiJl Hacy.
Hns BU3HAYECHHS MOy MOMEHTY IMITyJTbCY

‘L =mrusin0(F,0) nam HanexuTh BM3HAYMTH NPOEKLIO BEKTOpA

MIBUAKOCTI Ha JAPYrMd OpT TMOJSPHOI CHCTEMH KOOpPAMHAT
Ug =0 [é¢. Haramaemo, mo B aekapTOBHMX KOOpAWHATaX pajiyc-

BEKTOp Ta BEKTOP I.HBI/II[KOCTi I[OpiBHIOIOTI::

. ~ . _.dx _.d
r=>ex+3ey,uzexa+eyd—3t/. (4.22)
v MNOJIAPpHUX KOOpAWHATaxX MaeMo.
F=1&,0=u& +Us8y, U =0I[&. (4.22)

3'sacyemMo (isuuHMI 3MICT npoekuwid Uy i Us Jna uporo
pO3TIIsTHEMO eJIeMeHTapHe
nepemimenns df (mus. puc. B
4.7). Ha puc. 4.7 no3HaveHo:
OA - ue pagiyc-BekTop y
MOYaTKOBUH MOMEHT 4acy,

I7(t) ; E — i€ eJIeMEHTapHe

nepemimenns dr ; OC — e
TMOJIOKEHHS pajliyc-BeKTOpa y
HACTYITHU  MOMEHT  4acy,
F(t+dt); 3a vac dt pamiyc- o
BEKTOp  TOBEpPTAETbCA  HA

Bix emanit kyr BOC=dg. Puc. 4.7.]10 Bu3HaYEeHHA
Binpizok BC  1oGynoBaHo KOMITOHEHTIB INBUAKOCTI B MOJIAPHUX

KOOpIMHATaX
MEePHIEHAMKYJISIPHO 10 BEKTOPa e

OA. 3a BU3HAYEHHIM
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NOOYyTOK TMpoeKkuUii ¢, Ha eJjeMeHTapHHd iHTepBaid dvacy dt e
npoekuicto dF  Ha mampsmok  pagiyc-Bektopa, AB=O0B-0A.
Bincrann 04 — ue JIOB)KUHA paniyc-BekTopa
B MOYATKOBUH MOMEHT uacy, To6To OA=r(t). 3 npAMOKYTHOrO
tpukyTHHKa OBC Maemo: OB=0Ccos(dp). Tyt OC — e BiacTaHb J0
MOYaTKy KOOPAMHAT y KiHLIeBHI MOMEHT 4Yacy, Tooto OC=r(t+dt). 3a
BU3HA4YeHHsIM mudepenuiany, r(t+dt)= r(t)+dr, me dr — e 3mina
BiCTaHi Bil TMOYAaTKy KOOpPAMWHAT A0 MAaTepialibHOI TOYKH, IO
BifOymnacs nporsirom inTepany dt. KocuHyc Masoro Kyra MOXHa
nopaxyBaTH 3 TOUHICTIO 0 ManuX noAaHKis: COS(df)=1+0.5(dg)>
3pewroro, A Biapiska OB maemo: OB(r(t)+dr)(1+0.5(d@)%), abo
BIZIKMHYBLIMA MaJli JOAaHKK BULIOTO mopsaky, OB=r(t)+dr. Toxi mis
npoekuii AB nmicraemo: AB=OB-0A=~(t)+dr —r(t)=dr. Omxe,
paliaibHa CKIaoBa IIBMJKOCTI, U;, BIAMOBINAE 3a BiJIajeHHS
MarepiaibHOT TOYKH Bifl MOYATKy KoopauHar, U,=dr/dt.

3a Bu3HAuUEHHAM AOOYTOK MpOEKLii Us Ha eleMEeHTapHUH
inteppan  wacy dt e npoekuiecto dI  Ha  Hanmpsmok,
NEepHeHANKYSIPHUHA 10 paziyc-BeKTopa. 3 MPSMOKYTHOTO
TpukytHuka OBC wmaemo: BC=0Csin(dg). Jlns mamux KyTiB
sin(dg)= dg¢, tomy BC=r(t)+dr) d¢= r(t)dg. Orxe, ckiamoBa
WBMIKOCTI Uy NPU3BOIMTH JI0 TIOBOPOTY pajliyc-BeKTOpa I Ha KyT
dg, vs=rd @/dt.

IlepeBaroto HaBemeHOro cmoco®y BH3HAYEHHS SIBHOTO
BUIISAY MPOEKLi U i Uy y MONAPHIA cucTeMi KOOpAMHAT € Horo
HaouHicTe. Toit cammii pe3ynbrar MokHa 3700yTH, MOpaxyBaBLIN
B JICKapTOBUX KOOpAMHATAX CKaJSPHI JOOYTKH BEKTOpa LIBUAKOCTI,
U =g dx/dt + & dy/dt, Ha opTH MOJNAPHOT CUCTEMH KOOPIMHAT,

€ =COSpe, +singey, €5 = —singe, +Ccospe, :

sla = X, Ayy _dxP+y?) _ 1dr? _dr

U =ile = - =9 423
PR atr otz a a4
=7 —%;y QE:E Xﬂ— 2(Z
Up =008 = X V)
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