
ÏÐÈÌÅÐÛ È ÇÀÄÀ×È ÏÎ ÊÓÐÑÓ
"ÌÀÒÅÌÀÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ"(Ø ñåìåñòð)

1. Îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ. Îáùèå ïîíÿ-
òèÿ. Äèôôåðåíöèàëüíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà. Ïðîñòåéøèå
òèïû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé 1-ãî ïîðÿäêà.

1. Ðåøèòü óðàâíåíèÿ: a)dy
dx = 3x2 − 2x + 1; y(1) = 2.

á) dy
dx = y2; y(x0) = y0.

2. Ðåøèòü óðàâíåíèå: dx
dy = sin x x0(t = 0) = π

4 .
Îïèñàòü êà÷åñòâåííîå ðåøåíèå äëÿ âñåõ t > 0. Êàêîâî ïîâåäåíèå

x(t) ïðè t →∞ äëÿ ïðîèçâîëüíîãî íà÷àëüíîãî óñëîâèÿ x0(t0).
3. Íàéòè âñå ôèêñèðîâàííûå òî÷êè óðàâíåíèÿ dx

dt = x2 − 1 è
êëàññèôèöèðîâàòü èõ óñòîé÷èâîñòü.

4. Èññëåäîâàòü òèïû ôèêñèðîâàííûõ òî÷åê óðàâíåíèÿ dx
dt = α +

x2 â çàâèñèìîñòè îò çíà÷åíèé ïàðàìåòðà α.
5. Ñ ïîìîùüþ ìåòîäà èçîêëèí íàðèñîâàòü ðåøåíèÿ óðàâíåíèé:

y′ = y − x2; y′ = x2 = x2+y2

2 − 1; y′ = y
x+y .

6. Íàéòè ìíîæåñòâî åêñòðåìàëüíûõ òî÷åê ðåøåíèé óðàâíåíèÿ:
dy
dx = y − x2.

7. Ïîñòðîèòü äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà êðèâûõ:
y = (x− C)3 (C = const; −∞ < x < ∞).

8. Ïîñòðîèòü óðàâíåíèå ñåìåéñòâà ïëîñêèõ êðèâûõ, îðòîãîíàëü-
íûõ ê ñåìåéñòâó êðèâûõ, îïðåäåëåííûõ óðàâíåíèåì x2 = y + Cx.

2. Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåí-
íûìè.

1. Ðåøèòü çàäà÷è è äëÿ êàæäîé èç íèõ ïîñòðîèòü íåñêîëüêî
èíòåãðàëüíûõ êðèâûõ:

1) y′ = 3y2/3. 2) exdx− (1 + ex)ydy = 0, y(0) = 1.
3) (x2 + 1)(y2 − 1)dx + xydy = 0, 4) xydx + (x + 1)dy = 0.
5)

√
y2 + 1dx = xydy, 6) (x2 − 1)y′ + 2xy2 = 0, y(0) = 1.

7) y′ctgx + y = 2, y(0) = −1, 8) y′ − xy2 = 2xy.
9) xy′ + y = y2; y(1) = 1

2 . 10) 2x2yy′ + y2 = 2;
11) xdx

dt + t = 1; 12) y′ = cos(y − x).
2. Ðåøèòü îäíîðîäíûå óðàâíåíèÿ:
1) (y + 2)dx = (2x + y − 4)dy 2) y′ = 2

(
y+2

x+y−1

)2
.

3) xy′ − y = (x + y) ln x+y
x , 4) 2y + (x2y + 1)xy′ = 0.
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3. Ëèíåéíûå óðàâíåíèÿ 1-ãî ïîðÿäêà.
Ïðèìåðû:

1) dy
dx − y

x = x2. 2) dy
dx − 2xy = 3x2 − 2x4.

Ðåøèòü ïðèìåðû: 1) dy
dx − y

x = x2 2) dy
dx − 2xy = 3x2 − 2x4.

2. Ðåøèòü çàäà÷è:
1) x2y′ + xy + 1 = 0; 2) (2ey = x)y′ = 1; 3) y′ = y

3x−y2 ;
4) (x + 1)(y′ + y2) = −y; 5) xdx = (x2 − 2y + 1)dy;
6) (x + 1)(yy′ − 1) = y′ 7) x(ey − y′) = 2;
8) (x2 − 1)y′ sin y + 2x cos y = 2x− 2x3;
9) y(x) =

x∫
o

y(t)dt + x + 1;

10)
x∫
0
(x− t)y(t)dt = 2x +

x∫
0

y(t)dt.
3. Ïðîèíòåãðèðîâàòü óðàâíåíèÿ Áåðíóëëè:

1) x dy
dx − 4y = x2√y, 2)x dy

dx + y = y2 lnx, 3) x3 dy
dx · sin y + 2y = x dy

dx .
4. Ïðîèíòåãðèðîâàòü óðàâíåíèå Ðèêêàòè: dy

dx +ay(y−x) = 1, åñëè
èçâåñòíî åãî ÷àñòíîå ðåøåíèå y = x.

4. Óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ.
Ïðèìåðû. Ïðîèíòåãðèðîâàòü óðàâíåíèÿ.
1) (3x2 +6xy2)dx+(6x2y +4y3)dy = 0, 2) y

xdx+(y3 +lnx)dy = 0;
3) y(y2+1)dx+x(y2−x+1)dy = 0, 4) (x2−y2+y)dx+x(2y−1)dy =

0;
5) 2xydx + (x2 − y2)dy = 0; 6) (x2 + y2 + x)dx + ydy = 0;
7) (x2 + y2 + y)dx− xdy = 0 8)(x− y)dx + (x + y)dy = 0,
9) (3y2 + 2xy + 2x)dx = (6xy + x2 + 3)dy = 0,
10) (x2 − sin2 y)dx + x sin 2y · dy = 0,
11) (2xy + x2y + y3

3 )dx + (x2 + y2)dy = 0.
5. Óðàâíåíèÿ, íå ðàçðåøåííûå îòíîñèòåëüíî ïðîèçâîäíîé.
Ïðèìåðû: 1)(y′)2−(2x+y)y′+2xy−0, 2) (y′)2+y(y−x)y′−xy3 = 0,

3) (y′)2 + (sinx− 2xy)y′ − 2xy sinx = 0.
Ïðèìåð. Â êàêèõ òî÷êàõ ïëîñêîñòè xoy íàðóøàåòñÿ åäèíñòâåí-

íîñòü ðåøåíèé óðàâíåíèÿ (y′)2 − (y + x2)y′ + x2y = 0.
Íàïèñàòü òðè ðàçíûõ ðåøåíèÿ ýòîãî óðàâíåíèÿ, ïðîõîäÿùèõ ÷å-

ðåç òî÷êè (0,0) è (1,1).
Ðåøèòü óðàâíåíèÿ:
1)ey′ + y′ = x, 2) x3 + ( dy

dx)3 − 3x dy
dx = 0, 3) y = y′ + ln y′,

4) ( dy
dx)3 − y2(a− dy

dx) = 0, 5) (y′)3 − 1 = 0,
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6) ( dy
dx)3 − 4xy dy

dx + 8y2 = 0; 7) y = ( dy
dx)2 − x dy

dx + x2

2 .
Ðåøèòü óðàâíåíèÿ Ëàãðàíæà:
1)y = 2x dy

dx + ( dy
dx)2; 2) y = 2xy′ − (y′)3. 3)y′ + y = x(y′)2.

Ðåøèòü óðàâíåíèå y = x+2y′−(y′)2 è íàéòè åãî îñîáîå ðåøåíèå.
Ðåøèòü óðàâíåíèÿ Êëåðî: 1) xy′ − y = ln y′; 2) y = xy′ − (y′)2;
3) y + xy′ = 4

√
y′; 4) x(y′)2 + 1 = 2yy′; 5) y = x(y′)2 − 2(y′)3.

Ðåøèòü óðàâíåíèÿ ìåòîäîì ââåäåíèÿ ïàðàìåòðà:
1) x = y′

√
y′2 + 1; 2) y′(x− ln y′) = 1; 3) y = ln(1 + (y′)2);

4) (y′)4− (y′)2 = y2; 5) (y′)2− (y′)3 = y2; 6) x((y′)2− 1) = 2y′;
7) y = 2xy′ + y2(y′)3; 8) y = xy′ − x2(y′)3.
Ðåøèòü óðàâíåíèÿ:
1) y − y′ = y2 + xy′; 2) x2y′ = y(x + y); 3) xy′ = ey + 2y′;
4) 2(x− y2)dy = ydx; 5) y′ = 1

x−y2 .
6. Îñîáûå òî÷êè óðàâíåíèé 1-ãî ïîðÿäêà. Èññëåäîâàòü îñîáûå

òî÷êè óðàâíåíèé è äàòü ÷åðòåæè ðàñïîëîæåíèÿ èíòåãðàëüíûõ êðè-
âûõ:

1) y′ = 2x+y
3x+4y ; 2) y′ = x−4y

2y−3x ; 3) y′ = 2x−y
x−y ;

4) y′ = x+4y
2x+3y ; 5) y′ = x−2y

3x−4y ; 6) y′ = 4x−y
3x−2y .

7. Óðàâíåíèÿ n-ãî ïîðÿäêà, ðàçðåøèìûå â êâàäðàòóðàõ. Óðàâ-
íåíèÿ, äîïóñêàþùèå ïîíèæåíèÿ ïîðÿäêà.

Ðåøèòü óðàâíåíèÿ:
1) y′′′ = lnx; x0 = 1, y0, y

′
0, y

′′
0 - ëþáûå ÷èñëà. 2) ey′′ + y′′ = x;

3) y′′′ =
√

1− x2; (y′′)3 − 2y′′ − x = 0. 4) ay′′ = −(1 + (y′)2)3/2.
Ïðîèíòåãðèðîâàòü óðàâíåíèå äâèæåíèÿ:
md2x

dt2
= F (x); dx

dt |t=0 = v0, x(t = 0) = x0.
Ðåøèòü óðàâíåíèÿ:
1) x2y′′ = (y′)2; 2) y3y′′ = 1; 3) (y′)2 + 2yy′′ = 0.
4) y′′′ = (y′′)2; 5) y′′ · y = (y′)2− (y′)3; 6) yy′′ = y′(y′ + 1).
7)xy′′−y′ = x2yy′; 8) x2yy′′ = (y−xy′)2; 9) y′′+ y′

x + y
x2 = (y′)2

y .
Ïîíèçèòü ïîðÿäîê ïðèâåäåííûõ íèæå óðàâíåíèé, ïîëüçóÿñü èõ

îäíîðîäíîñòüþ, è ðåøèòü èõ:
1)xyy′′ − x(y′)2 = yy,′ 2) (x2 + 1)((y′)2 − yy′′) = xyy′.
3) y′′ = (2xy − 5

x)y′ + 4y2 − 4y
x2 , 4) x2(2yy′′ − (y′)2) = 1− 2xyy′.

5) x2yy′′ + (y′)2 = 0, 6) x2((y′2)− 2yy′′) = y2;
7) yy′ + xyy′′ − x(y′)2 = x3.
Ðåøèòü óðàâíåíèÿ:
1) d5y

dx5 − 1
x

d4y
dx4 = 0, 2) y d2y

dx2 − ( dy
dx)2 = 0;
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3) 4y′ + (y′′)2 = 4xy′′; 4) (1 + y2)yy′′ = (3y2 − 1)(y′)2.
8. Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ n-ãî ïîðÿäêà.
Ïðèìåð. Èññëåäîâàòü, ÿâëÿþòñÿ ëè äàííûå ôóíêöèè ëèíåéíî

çàâèñèìûìè.
1) x + 2, x− 2. 3) sinx, cosx. 5) x, 0, ex.
2) 6x + 9, 8x + 12. 4) ex, e2x, e3x. 6) x, ex, xex.
Íàéòè îáùèå ðåøåíèÿ óðàâíåíèé, çíàÿ èõ ÷àñòíûå ðåøåíèÿ.
1) xy′′+2y′−xy = 0, y1 = ex

x . 2) y′′−2(1+tg2x)y = 0, y1 = tgx.
9. Ëèíåéíûå óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.
Íàéòè îáùåå ðåøåíèå îäíîðîäíûõ óðàâíåíèé.
1) y′′ − 3y′ + 2y = 0. 2) y′′ + a2y = 0,
3) y′′′ − y′ = 0, 4) y′′′ − 3y′′ + 3y′ − y = 0,
5) y′′ + 4y′ + 5y = 0 6) yIV + 2y′′ + y = 0,
7) 4y′′ + 4y′ + y = 0, 8) y′′′ − 8y = 0. 9) yIV + 4y = 0.
10)yV −10y′′′+9y′ = 0, 11) y′′′′−3y+2y = 0 12) yIV +4y′′+3y =

0
13. y′′ − y′ = 0; y(0) = 3, y′(0) = −1.
Ðåøèòü óðàâíåíèÿ (ìåòîäîì ñòàíäàðòíîé ïðàâîé ÷àñòè èëè îïå-

ðàòîðíûì ìåòîäîì).
1) y′′ − 2y′ − 3y = e4x, 2) y′′ − 5y′ + 4y = 4x2e2x,
3) y′′ + 4y′ + 4y = xe2x, 4) y′′ − y = 4shx,
5) y′′ + y = 4xex, 6) y′′ = 4y′ + 8y = e2x + sin 2x,
7) y′′ − 2y′ + 2y = (x + ex) sin x, 8) y′′ − 7y′ + 12y = 5,
9) y′′ + y = 4 sinx, 10) y′′ + 9y = exp(5x),
11) y′′ − 4y = sin 3

2x sin x
2 ; y(0) = 1, y′(0) = 0

12) d2x
dt2

+ ω2
0x = f · cosωt;

13) y′′ − 2y′ = 2xex; y(1) = −1, y′(1) = 0.
Ðåøèòü óðàâíåíèÿ Ýéëåðà.
1) x2y′′−xy′−3y = 0. 2) x3y′′′+xy′−y = 0. 3) x3y′′−2xy = 6 lnx.
4) x2y′′ − 3xy′ + 5y = 3x2. 5) x2y′′ − 2y = sin lnx.
10. Ëèíåéíûå íåîäíîðîäíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ.
Íàéòè îáùåå ðåøåíèå óðàâíåíèé ìåòîäîì âàðèàöèè ïîñòîÿííûõ.
1) xy′′ − y′ = x2. 2) d2x

dt2
+ a2x = f(t). 3)y′′ + y = 1

cos x .
Ïîñòðîèòü ôóíêöèþ Êîøè äëÿ óðàâíåíèé y′′ + ω2y = 0; y′′ −

ay = 0.
Íàéòè ðåøåíèå óðàâíåíèÿ y′′ + y − 2y = 3tet ìåòîäîì Êîøè.
Íàéòè ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ
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y′′′ + y′′ = f(x); y(x0) = y′(x0) = y′′(x0) = 0
1) ìåòîäîì âàðèàöèè ïîñòîÿííûõ;
2) ìåòîäîì Êîøè.
Íàéòè ðåøåíèå óðàâíåíèÿ ìåòîäîì Êîøè: y′′ + y = x cosx.
11. Êðàåâûå çàäà÷è.
Ðåøèòü óðàâíåíèÿ
1) y′′ + y = 0; y(0) = A, y(π

2 ) = B; 2) y′′ + y = 0; y(0) =
3, y(π)−−3;

3) y′′ + y = 0; y(0) = 3, y(π) = 2.
Îïðåäåëèòü çíà÷åíèÿ λ, ïðè êîòîðûõ ñóùåñòâóþò íåòðèâèàëü-

íûå ðåøåíèÿ óðàâíåíèÿ
y′′ + λy = 0; y(0) = y(l) = 0 è íàéòè ýòè ðåøåíèÿ.
Ïðèìåð. Íàéòè ðåøåíèÿ óðàâíåíèé
y′′ − y′ = 0; y(0) = 3; y(1)− y′(1) = 1.
x2y′′ − 2y = 0; y(1) = 1;

lim
x→∞ y′(x) = 0.

Ïðèìåð. Ïîñòðîèòü ôóíêöèþ Ãðèíà äëÿ çàäà÷è
y′′ + y = f(x); y(0) = 0; y(π

2 ) = 0.
Ïðèìåð. Íàéòè ðåøåíèå êðàåâîé çàäà÷è
y′′ + y = sinx; y(0) = 0; y(x

2 ) = 0.
Ïðèìåð. Ïîñòðîèòü ôóíêöèþ Ãðèíà äëÿ êðàåâîé çàäà÷è.
y′′ − y = f(x); y(x) îãðàíè÷åíî ïðè âñåõ x ∈ (−∞,∞).
Ïðèìåð. Ïîñòðîèòü ôóíêöèþ Ãðèíà äëÿ êðàåâîé çàäà÷è y′′ =

f(x); y(−1) = y(1) = 0; −1 < x < 1.
12. Ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé.
Ïðèìåðû. Ïðîèíòåãðèðîâàòü ñèñòåìû äèôôåðåíöèàëüíûõ óðàâ-

íåíèé ïóòåì ñâåäåíèÿ ê îäíîìó óðàâíåíèþ áîëåå âûñîêîãî ïîðÿäêà.
1) dx

dt = y; dy
dt = x. 2) dx

dt = 3x− 2y; dy
dt = 2x− y

3) d2x
dt2

= y; d2y
dt2

= x.
Ïðèìåðû. Ðåøèòü ñèñòåìû óðàâíåíèé ìåòîäîì íàõîæäåíèÿ èí-

òåãðèðóåìûõ êîìáèíàöèé.
1) dx

dt = y; dy
dt = x. 2) dx

dt = y − z; dy
dt = z − x, dz

dt = x− y.
3) dx

x2−y2−z2 = dy
2xy = dz

2xz .
4) dx

dt = y − z; dy
dt = x + y + t; dz

dt = x + z + t.
5) dx

2z−y = dy
y = dz

z ; 6) dx
xz = dy

yz = dz
xy .
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7) dx
y+z = dy

x+z = dz
x+y ; 8) dx

x(y−z) = dy
y(z−x) = dz

z(x−y) .
9) dx

xz = dy
yz = dz

xy ; 10. dx
x+y−xy2 = dy

x2y−x−y
= dz

y2−x2 .
Ðåøèòü ñèñòåìû óðàâíåíèé:
1) y′ = y2

z−x ; z′ = y + 1. 2) y′ = y2z; z′ = z
x = yz2.

3) dx
z = dy

xz = dz
y ; 4) dx

x = dy
y = dz

xy+z .
5) dx

x+y2+z2 = dy
y = dz

z ; 6) −dx
x2 = dy

xy−2z2 = dz
xz .

7) −dx
x2 = dy

xy−2z2 = dz
xz .

Ðåøèòü ñèñòåìû óðàâíåíèé:
1) dx

dt = x + 2y; dy
dt = y + 2x.

2) dy1

dt = y1 − y2; dy2

dt = y1 + 3y2.
3) dx

dt = 5x + 2y; dy
dt = −4x− y.

4) dx
dt = 3x + y; dy

dt = −x + y; x(0) = 1; y(0) = 0.
5) ẋ = x− y 6) ẋ + x− 8y = 0; 7) ẋ = x + y

ẏ = y − 4x ẏ − x− y = 0 ẏ = 3y − 2x

8) ẋ = x− 3y 9) ẋ = 3x− y 10) ẋ = 3x− y,
ẏ = 3x + y ẏ = 4x− y ẏ = 4x− y.

11) ẋ = 2x + 2z − y

ẏ = x + 2z (λ2 = 1, λ2,3 = ±1)
ż = y − 2x− z.

Ðåøèòü ëèíåéíûå íåîäíîðîäíûå ñèñòåìû:
1) ẋ = y + 2et, 2) ẋ = 3x− 4y + e−2t, 3) ẋ = 2x− y,

ẏ = x + t2 ẏ = x− 2y − 3e−2t ẏ = y − 2x + 18t

4) ẋ = x− y + 8t 5) ẋ = x− y + 1
cos t

ẏ = 5x− 1 ẏ = 2x− y

6) ẋ = x + 2y 7) ẋ = 2x + 4y − 8 8) ẋ = 3x− 6y

ẏ = x− 5 sin t ẋ = 2x + 4y − 8 ẏ = x− 2y + 2 sin t.
9) ẋ = 2x− 4y

ẏ = x− 3y + 3et.
13. Ïðèáëèæåííûå ìåòîäû èíòåãðèðîâàíèÿ äèôôåðåíöèàëü-

íûõ óðàâíåíèé.
Ïðèìåð. Íàéòè ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ðåøå-

íèå óðàâíåíèÿ y′ = x− y; y(0) = 1.
Ïðèìåð. Ïîñòðîèòü íåñêîëüêî ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé

ðåøåíèÿ ñèñòåìû:
dy1

dx = x + y1y2,
dy2

dx = x2 − y2
1; y1(0) = 1; y2(0) = 0.
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Ïðèìåð. Íàéòè ðåøåíèå óðàâíåíèé â âèäå ñòåïåííîãî ðÿäà, óäîâ-
ëåòâîðÿþùèå íà÷àëüíûì óñëîâèÿì (äî xn âêþ÷èòåëüíî):

1) y′′ + xy′ + y = 0; y(0) = 0, y′(0) = 1.
2) y′ = y2 − x; y(0) = 1.
3) y′ = 2x + cos y; y(0) = 0.
4) y′ = x2 + y3; y(1) = 1.
Ïðèìåð. Ïîñòðîèòü îáùåå ðåøåíèå óðàâíåíèÿ y′′−xy = 0 â âèäå

ñòåïåííîãî ðÿäà.
Ïðèìåð. Íàéòè 2 ÷ëåíà ðàçëîæåíèÿ ðåøåíèÿ â ðÿä ïî ñòåïåíÿì

ìàëîãî ïàðàìåòðà ε: y′ = 2
y − 5εx; y(1) = 2.

14. Óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà.
Çàäà÷è. Íàéòè ðåøåíèÿ óðàâíåíèé:
1) y ∂u

∂x − x∂u
∂y = 0; u(0, y) = py2.

2) x∂u
∂x + y ∂u

∂y = 1, u(x, 1) = x.
3) x2 ∂u

∂x + y2 ∂u
∂y + z2 ∂u

∂z = 4.
4) xz ∂z

∂x + yz ∂z
∂y = −xy.

5) (1 +
√

z − x− y) ∂z
∂x + ∂z

∂y = 2; z = 2x ïðè y = 0.
6) x2 ∂u

∂x + y2 ∂u
∂y + z2 ∂u

∂z = u.
7) z ∂z

∂x − xy ∂z
∂y = 2xz; x + y = 2, yz = 1.

8) xy ∂z
∂x − x2 ∂z

∂y = yz.
9) (x + z) ∂z

∂x + (y + z)∂z
∂y = x + y.

10) y ∂z
∂x + z ∂z

∂y = y
x .

11) z ∂z
∂x + (z2 − x2)∂z

∂y + x = 0; y = x2, z = 2x.
12) (y − z) ∂z

∂x + (z − x)∂z
∂y = x− y; z = y = −x.

13) x ∂z
∂x + (xz + y)∂z

∂y = z; x + y = 2z; xz = 1.
15. Òåîðèÿ óñòîé÷èâîñòè.
Ïðèìåðû. Èññëåäîâàòü íà óñòîé÷èâîñòü òðèâèàëüíîå ðåøåíèå

ñèñòåì.
1) dx

dy = 2x + 5y; dy
dt = −x + 2y.

2) dx
dt = −4x + 6y; dy

dt = −3x + 5y.
3) dx

dt = −x− 4y; dy
dt = 2x + 5y.

4) dx
dt = 2x− ln(1 + y) + sinx; dy

dt = ex + sin(x + y)− cos2 y.
Ïðèìåð. Èññëåäîâàòü íà óñòîé÷èâîñòü ïîëîæåíèé ðàâíîâåñèÿ

ìàòåìàòè÷åñêîãî ìàÿòíèêà òðåíèåì d2x
dt2

+ 2k dx
dt + sin x = 0 k > 0.
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Ïðèìåð. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ a, b, c äåéñòâèòåëüíûå
÷àñòè êîðíåé ìíîãî÷ëåíîâ.

1) f1(λ) = λ4 + aλ3 + bλ2 + aλ + 1.
2) f2(λ) = λ3 + aλ2 + bλ + c.
èìåþò îòðèöàòåëüíûå äåéñòâèòåëüíûå çíà÷åíèÿ.
16. Ýëåìåíòû âàðèàöèîííîãî èñ÷èñëåíèÿ.
Ïðèìåðû. Íà êàêèõ êðèâûõ ìîãóò äîñòèãàòü ýêñòðåìóìà ôóí-

êöèîíàëû:

1) v[y(x)] =
π
2∫
0
[(y′)2 − y2]dx; y(0) = 0, y(π

2 ).

2) v[y(x)] =
1∫
0
[(y′)2 + 12xy]dx; y(0) = 0, y(1) = 1.

3) v[y(x)] =
x1∫
0

√
1+(y′)2√

y ds; y(0) = 0, y(x1) = y1.

4) v[y(x)] =
x2∫
x1

y
√

1 + (y′)2dx, y(x1) = y1; y(x2) = y2.

5) v[y(x)] =
x1∫
0

(1 + (y′′)2dx;
y(0) = 0, y′(0) = 1
y(1) = 1, y′(1) = 1.
17. Ðÿäû Ôóðüå.
Ïðèìåð. Ðàçëîæèòü â ðÿä Ôóðüå ïåðèîäè÷åñêóþ ôóíêöèþ ñ ïå-

ðèîäîì 2Ï, çàäàííóþ â [−π, π] êàê

f(x) =

{
1, o < x ≤ π,
−1,−π < x ≤ 0.

Ïðèìåðû. Ðàçëîæèòü â òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå ôóí-
êöèè:

1)f(x) =

{
A; 0 ≤ xl
0, l ≤ x ≤ 2l.

2) f(x) = |x|; x ∈ (−π, π).
3) f(x) = sin ax(−π, π), à íå öåëîå).
4) f(x) = arcsin(cosx) (−π

2 ; π
2 ).

Ïðèìåð. Ðàçëîæèòü f(x) = x2 â ðÿä Ôóðüå ïî êîñèíóñàì íà
èíòåðâàëå (−π, π).
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Ïðèìåð. Ðàçëîæèòü f(x) = cos zx íà [−π < x < π] ïî êîñèíóñàì.
Ïðèìåð. Ðàçëîæèòü â òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå:
1) f(x) = eax (a = const 6= 0). (íà −π < xπ).
2) f(x) = π−x

2 íà (0, 2π).


