PO3/LI 2.
TEOPISI TPAHUIb. HEIIEPEPBHICTb.

2.1. OcHOBHi NOHATTH i BJAaCTHUBOCTI

I'panuns 3a Komri.

Def (moBoro okomiB). Yucmo b HasuBaeThes rpanuieto GyHkiii f (X) komu X
npsIMyeE JI0 @, JIe @ TOYKa 3ryIieHHs 00aacTi BusHaueHus ¢yskimii f (X), Ko
s 6yne sikoro okony Ug(b)={ yeR | [y-b| < € } touku b 3maiimerscs

npokonotuii okin V; (a)={ xeR | 0 < |x—a] < 8} Touku @, 0b6pa3 sKOro

nanexuts U(b), Tooto f(V, (a)) = Ud(b).

Def (ckopoueno, MoBoro «& —8»): f(X) > b xomu Xx — a abo
limf(x)=b < Ve>038>0 |wO<x-a/<d= |f(X)-h<e.

X—a

Y 1poMy O3HAYeHi IHIEIO MiAKPECTICeHO YacTWHY O3HA4YeHHs, [0 Ma€
BIJIHOLIICHHS 10 TpaHuyHoro nepexoxny f (X) — b, a kpankamu migkpecaeHo
YacTUHY, 10 Ma€ BiIHOMICHHS 10 YMOBH X —> 4.

[HmIi rpaHWYHI TEepexomu, y TOMY YHCII OJHOOIYHI Ta Ui HEBIIACHUX
€JIEMEHTIB, MO’KHA OTPUMATH 32 JIOTIOMOTOI0 HACTYITHOTO «CIIOBHUKA:

f(x) > b WESD cveeererermeemreninnerenseteneaenenes |f(x)-b|<e
f (X) > b+0 WESD cveeererermeemreninnerenseteneaeeenes b <f(x)<b+e
f(X) > b-0 WESD crerrerereerermererinieeereeeieieneene b-e<f(x) <b
f(X) > o WE  cererereeeneeeneene e 1fX)|>e

f (X) > +o0 WE  crereerereeeneeeen et f(x) >¢
f(X) > —0 WE  crerrererrereneeneen et f(X)<e
X—a 30| O<[x-al<é=>

X — at+0 30| a<x<atdé=>

X— a—0 330 | ad<x<a=

X — o 38| x| > 6=

X —> +o0 38 | X>06=

X — —0 I | X<d=>

3ayBa)KUMO, MI0 JJIi HEBIACHUX €JIEMEHTIB 00, +00 B O3HAYCHHI TPaHUII
MOKHO He 3MiHoBatH ymoBHU €>0 ta 8>0 . [lyig —oo, sxmio 3anumuTu £>0 abo
6>0, tpeba mucatu f (X) < - € Ta X < - O BiamoBimHO. ToOTO MOXKHA

3amam’ATaTH HACTYNHY CTPYKTYpPY O3HA4YCHHs HE 3MiHHOIO

Ve>035>0 [w s = % |,
Ta MiICTaBJISITH BiIOBIIHI 3HAYEHHS 13 HACTYITHOI TaOIHUII

X— *s f(x) > *

a O<|x-a/<d b [f(Xx)-b<e
a+0 a<x<a+3d b+0 b<f(X)<b+g
a—0 a—6<x<a b-0 b—g<f(x) <b

00 X| > & ) [fT(X)|>¢
+00 X>3d +00 f(x) >¢
—00 X< -0 —0 f(xX)<-¢

Th 2.1. Sxmo y ¢yHKIIT iCHYe TpaHUI Y AESAKid TOYI, TO ISI TPAHMILT
enrHa. YCYHYTH HEOOXiHICTh Hamepesa 3HATH TPAHHIIO IS MEpeBipKH ii
iCHYBaHHS AOTIOMarae HacTyIHa TeopeMa.

Th 2.2 (Kpurepiit Komri). lim f(X) =b < Ve>0 3650 |vex X', X”e\75 (@
X—>a

= |f(x) - (x)|<e.

YacTKoBa, BEPXHA Ta HIKHA IPAHMITI.
O6mexennsim ¢ynkuii f Ha mMHOXMHY X HasuBaetbes QyHKis flx, 1m0
cmiBnazae 3 f wa XNDs, T06TO 06/1aCTh BU3HAYEHHS SIKOI 3BYKE€HO Ha X.
Def. Yacmrosorwo epanuyero dyuxiii f (X) komu X mpsMye 10 & Ha3UBAETHCS
rpanuist oomexenust GyHkiii flx, wis meskoi MHOX)HHH X Takoi, 10 & €
Toukoro 3rymieras XMNDy.
[lpaBa Ta xniBa TpaHmili QYHKIIT € TPUKIAJAMH YaCTKOBHX T'PaHMUIIb.
I'panuns GyHKIIT icHye TOAI M TUIBKM TOi, KOJU ICHYIOTH BCI 4aCTKOBI
rpaHUIl 1 croiBnagaoTh. HaiOinpma cepen BCiX YacTKOBUX T'PAHHID
HA3UBAEThCS  6epxuboio  epanuyero  Gynkuii: lIm f(x) = lim sup f(x).
x—a x—a

HaiimeHria  wacTkoBa  TpaHUIsl —  HUdicHa — epanuys  QYHKIUL:
lim f(x) = Iirg igf f (X). Orxe rpanuus icHye i gopisHioe b Toxi i Tinbku
X—>a -
toxi, ko lim f(x) = lim f(x) =b.

x—a X—a
I'pannus nociainoBHocti. 'panuus 3a I'eiine.
Def. TI'panuiero mOCITIOBHOCTI (Xn) HA3MBAETHCS TpaHHIll  (GYHKINT
HaTypaibHOTO aprymenty f(n) = X, ko N — +00. MoBOIO «€ — O»:



lim x,=b < Ve>0 INeN |[n>N= |x,-b|<e.

nN—+w
SIK0  TOCTIMOBHICT, Ma€ CKiHYEHY TPaHUII0, TO BOHA HA3WBAETHCS
3012iCHOM0, KO HEMae - po30iXKHOI0. YacTKOBOIO TPaHUIICIO TTOCIIIOBHOCTI
€ TpaHUIl IMiAMOCTiA0BHOCTI kIim Xp » [€ IHAEKCH Nk — L 3pocTarovl
400

HarypaibHi grcna. [locminouicts (X,) obomescena, skmio icuye taka C > 0,
110 JUIS BCIX HATYpaibHUX N BUKOHY€EThCs | X, |< C.

Th 2.3 (bonbiiano-Beiiepirpacca). Y 0yap-1k0i 00MeXeHOI MOCIiTOBHOCTI
(X,) icnye 36ixna migmocyinosHicTs (X, ).

Def (rpanumst 3a Deitne). UYwucno b wHasuBaethes rpanmieio 3a IeitHe
¢bynkiii f (X) konmu X npsmMye 10 a, AKIIO it Oy/Ib SKOT MOCIAOBHOCTI Xy —>
a, X, #a TpaHuIsd YHKILI [0 TOCIIiT0OBHOCTI nanlC f(x,)=Db.

Th 2.4. O3nauenns rpanuii ¢ynkiii 3a Korui Ta 3a ['eiiHe cniBnagarmTh.
OTXe MOXIHBO TIIEPEXOMUTH Bi TpaHWIs (YHKIIA 00 TpaHUIb
[IOCJIIIOBHOCTEN 1 HaBITAKH.

OCHOBHI BJIaCTHBOCTI I'PaHMITi.

Th 2.5. T'panuiss cymu, pi3HuIli, J0OYTKY Ta BiAHOUIEHHs (ITO3HAYAMO ITi
omeparii *) aBox ¢yukiii f(X) i g(X) HOpiBHIOWOTH I0JATKY, DPi3HHUIII,
J00yTKy Ta BigHOIEeHHIO rpanullb f(X) i g(X) BixnosiaHO:

IXima f(x)*g(x) = Ixima f(x) * Iximag(x), (2.1)

32 YMOBH ICHYBaHHS T'DaHMIb MPaBOPYY, SKi HE JMAIOTh HEGU3HAYEHOCHII
0 o
o0 —o0, 0-00, —, —.
oo
Ipu upomy ans a =0 BH3HAYCHI HACTYMHI onepaiii 3 HEBIACHHUMH

0 a a
€JIeMEHTaMH oo+oo:oo,6:oo, -0 =00, a-0 =0, —=00, —=0.
o8]

Hns xommo3unii ABoX (YHKLIM 3a yMOBH 37aro/pkeHocTi ix obmacreit
BU3HAYEHHS TEOpeMa TaKOX BipHa Ta Ha0yBa€ 3HaYCHHS 3MiHU 3MiHHOI:
_ lim g(x)=Db )
(2.2) lim f(g(x)) =2 = lim f(y).
x> Bamina g(x)=y| YP
HenepepsHi pyHkuii.
Def. ®yukuis f (X) nenepepsna y Touni Xo, SIKIIO xliirxlo f(x)=f(x,),

2

tooro lim f(x)= f(lim x). ®dynkuis f (X) Ha3uBaeTbCS HenepepsHoo
X—>Xg X—>Xg

npaeopyu (nieopyu) y Touli x, ii 006;1acTi BUSHAUEHHS, AKINO X, e D(f) 1
Jim FOe) =S 0 +0) =1 Cxo) (Hlil)}(}fof(X) = [(xg=0)= f(x,))-

B i3ompoBamiii TOWli 06macTi BW3HAUEHHS (PYHKIS  BBAKAETHCS
HETEPEPBHOIO 32 O3HAUCHHSM. [3 HEmepepBHOCTI y TOYI Xo BUILIMBAIOThH
HEMEepepBHICTh MPaBOpPyY Ta JiBOpYyd Xo 1 HaBmaku. Dyukmis f(X)
Ha3MBA€TLCA HerepepBHOi Ha Muokuui X, mumryts f(X) € C(X), sakmio

BOHA HETepepBHa y KOXKHIiM Toulli XoeX i€l MuHokuuu. Skimo X = [a,b], To
HETIePEPBHICTh y X = &, pPO3yMIIOTh JIIBOPYY, a y Toulli x = b nmpaBopyH.

Enemenrtapni ¢pyHkumii.

Def. Ocnosni enemenmapni GyHKIII 116 — KOHCTAHTH, CTEIEHEBI, MOKa3Hi,
JorapuMiyHi, TPUTOHOMETPHYHI 1 (yHKIIT 3BOPOTHI 10 HUX. Eremenmaprni
¢yHKii — ne QyHKii, OTpUMaHi 3 OCHOBHUX €JIeMEHTapHUX 3a JIOITOMOT OO
KIHLIEBOTO YMCIIa apUPMETHUHUX onepauiil (+, -, +, /) 1 cyneprno3uuii.

Th 2.6 (o HemepepBHOCTI enemeHTapHUX (yHKIH). EnemMentapui ¢yHKIii
HerepepBHi B 00J1acTi IX BU3HAYECHHS.

I3 1i€i TeopeMu BUILTUBAE, MO AJIs eIeMEHTapHUX (YHKIIH (1€ OUTBIIICTD
3a/1a4, MO0 PO3MIIAJAIOTECS ¥ IOMY IMOCIOHMKY) NMPH OOYMCIICHHI TPaHMUII
MIPaBOMIpPHO MiACTABIATH Y (YHKIIIO BiNIMOBIHE A0 TPAHHUYHOTO TMEPEXOY
3HA4YeHHS Xo, SKIIO I HE TPUBOJUTH [0 HEBU3HAUEHOCTI. YCyBaTH
HEBM3HAYCHOCTI MOKHA CIIPOIIYIOYM BUPa3 3a JIOTIOMOTOI0 apu(pMETHYHUX
Ta IHIIUX Jii Ta BHKOPHCTOBYIOUM BXKE€ BIJIOMiI TpaHUIN, Cepex SKUX
HAHBaXKIIUBIIIMMH € nepuia Ta opyea 4y00si epaHuyi.

Komt x>0
. Sinx
IMepura yyxoBa rpanuus | im — =1|,
X
i ocHOBHI HacTiIKK:
. tgx . arcsin X . arctgx l1-cosx 1
|Img—=1; im ——=1; I|m—g=1; | — ==
X X X X 2

1
Jlpyra uynosa rpanuus |lim (l+ X)§ =e|

i macmimku:



lim =1; Ilim =1; lim =Iha; Ilim

X X X

Sxmo apryment QyHkmii mpsimye 1o Oynap sikoro iHmoro okpim 0 gncia abo
JI0 HEBJACHOTO €JIEMEHTa, MOYKHA 3BECTH BHpAa3 J0 OIHOTO 3 HABEICHHX

BUIIIC 32 IOTIOMOT'O0 3MiHM 3MiHHOIO (IUB. hopmyiy (2.2)).

In(L+ x) e*-1 ar-1 (L) -1
X

X
. 1 1
Hpuknax. lim{1+=| =
X—00 X X
3ayBaKUMO, L0 APYra 4ynoBa I'paHHULS CTOCYEThCS HEBH3HAa4YeHOCTI 1%
Takok TpU PpO3IIIAJAHHI CTCIICHEBO-TIOKA3HMX BHPA3iB  BUHUKAIOThH

nepusHaueHocti 0°, oo®. Ilpu mpoMy st @ >1 BHKOHYHOTBCS PIBHOCTI

t] = lim 1+ t) =

t—0

a*™ =+w0; a®=+0; ta gua a>0 pisrocti (+0)* =+0; (+0)% = +0;
(+0)™ = 400. 3pyunuM mpu pobOTi 3i CTENEHEBO-TIOKA3HUME (QYHKIIIAMH €

HACTYIIHE NIEPETBOPEHHS

. . . lim g(x) In f (x)
lim f(x)*® = lim 2" () = g : (2.3)
X—a xt—a

1110 BAKOPMCTOBY€ HeMepepBHicTh GyHKIii e” .

CuMBOJIM aCUMIITOTHYHOI O NOPiBHSIHHS.

HactynHe moHATTA Ta TeopemMa JalOTh 3MOTy 3HAYHO CIIPOCTHUTH
00YMCIIeHHS TPAHULIb.

Def. ®ynkuii f (X) i g(X) Ha3UBAOTBHCSA eKGI6AICHMHUMU, TTHIIEMO

f (X) ~ g(x) komu Xx—a, axmo Im ——= 00 =1.

X—a g(x)
Th 2.7. Tlpu oGuucneHHi rpanuii T00yTKy ab0 BiIHOIIEHHS CKiHYCHHOI
KUTBKOCTI (pyHKIIH OyAb-KYy 3 HUX MOKHA 3aMiHUTH Ha €KBIBaJICHTHY.
3ayBak1MO, 110 JUIs PI3HUII, CyMH a00 KOMIIO3HIIIT 1ie B3araji He IpaBja.
I3 mepmoi Ta apyroi 4YygoOBHMX TpaHUIb Ta iX HACHIAKIB BUIUIMBAIOTH
HACTYIHI

Yynosi ekBiBasentHocti (X — 0):
2

sin X ~ X; fgx~X; arcsinx ~ X; arctgx~ x; 1—cosx~x7;
A+x)"* ~e; In(1+x)~ x; e*—1~x; a*-1~xIa:
L+ X)) ~1+ px.

Def. f (X) = o(g(x)) xomu x—a < f (X) = g(X)o(1), me o(1) 1e neckinuenno
Mmana BemuuuHa — Oyab-aka ¢yskiis h(X), mo npsmye g0 0 xomu X—a.
(Yumaemo: f (X) € BennunHa HECKIHUCHHO MaJjia MO BiTHOIIEHHIO 110 §(X)).
Def. f(x) = O(g(x)) komu x—>a < f (x) = g(x)O(1), xe O(1) ue ooMmesxncena B
toutti & ¢pyukiist h(X), To6T0 icHye £>0 1m0 B okoui Touku a ¢yHkiist h(X) mo
Moaymo MeHma 3a €. (Yumaemo: f (X) € BenmuuumHa oOMexeHa 10
BiZIHOLICHHIO 710 §(X)).

Def. ®ynknii f (X) 1 g(X) Ha3uBawOTBhCH GyHKYII HaA3UBAIOMbCA OOHOO
nopsoky xomu X —a, numemo f (X) = g(x), sxmo f (X) = O(g(x)) i g(x) =
O(f(x)). 3okpema 11e BUKOHYEThCS, SKIIO Tpanuis BigHomeHnus f (X) i g(X)
KOMM X—>a € CKIHYCHHOI BCIMYHHOI  BiAMiHHOKO Bigx 0:

lim ——= 09 =C=#0.

x=a g(X)

Def. ®yukiiis f (X) sidokpemnena 6io nyns xomu X — a, axmo 1/f (X)= O(1).
Def. ®ynkuis f (X) neckinuenno senuxa xomu X —> a, sxumo 1/f (X)= o(1),
T06TO liMm f (X) = 00.

X—a
[ammit ciocié roBOpUTH MPO €KBIBAIEHTHOCTI — I1€ 3aCTOCYBAaHHS PiBHOCTEH
i3 mopaBanHsM HeckinuenHo mMainoi: f(X) ~g(x) < f(x) =g(x)+o0(g(x)).
Yynogi piBHOCTI:
sin x = x + 0(x);

tgx = x +0(x); arcsin x = x + o(x);

(1+x)§=e+o(1); In@L+x)=x+0(x); e*=1+x+o0(x);
=1+xlha+o(x);  ([@L+x)" =1+ mx+0(x).

Def. Skmo npu x—a ¢yskmito f (X) MOKHA NpeACTABUTH y BUIJISII

f(x) = f,(x) +0(f,(X)), ne nepumii nonanox fo(x) He nopiBHIOE HyIIO, TO

fo(X) HazuBaerbes conosuum unenom dyskuii f (X). [onoBHu wieH — ne

1HIIIA Ha3Ba JJIsl CKBIBAJICHTHOT (DYHKIII.
3a3BHuail NIyKArOTh HAWIPOCTIINIMKA TOJIOBHUH WIEH, a caMe y BHTISII

f,(X) = C(x—a)*, sxmo x — a; 1a fy(x) = Cx”, sixmo X — o0 a60 X — 0.

Tyt C # 0, A — moka3uuk pocry/cniananns yskiii f(X).

3ayBa)kuMo, 110 TOJIOBHUI 4WIEH eleMeHTapHOi (QYHKLil He 3aBxau Oyne
CTEIIEHEBOIO (DYHKIN€I0, BiH TakoX MOXe Maru Jorapupmiuauii abdo
EKCIIOHEHIIIaJIbHUIA BUTIIA, a00 OyTH J0OYTKOM/BIAHOIICHHSM I[MX TPbOX
¢ynkuiid. Lle MOXKHa JIETKO 3pO3yMITH CIUPAIOYMCh HA ILIKAJy 3POCTAaHHS,



10 HaBeJICHA HIDKYE Ta (DaKT, 10 TOJIOBHHUM 4WICH HOOYTKY/BIJIHOIICHHS II¢
J00YTOK/BITHOIIICHHS TOJIOBHHUX uieHiB (Hacmigok Th 2.1).

OpganM i3 HacHiAKiB MuGEpeHIiHHOTO0 YWCICHHS € HACTYIHAW 3pYyJHUN

. o 0 o) .
CIIoCi0 yCYHEHHS HEBU3HAYEHOCTEH BUITISILY — a6o — , KOJIM iICHY€ TPaHHUIIS
0 0

BiJTHOIIICHHSI ITOXITHUX (DYHKIIIMH.
. . . f(x f'(x
Ipagino Jonitamo. lim L =|—v—|=Ilim ,( ) .
x=a g(X) 0 oo x=ag'(x)
3 1IbOTO MpaBUJIa MOKHA JIOBECTH HACTYITHY IIKAIY 3pOCTaHHS.
Ilxajsa aCHMIOTOTHYHOIO MOPiBHAHHSA (LIKAJIA 3POCTAHHS):

0 o

X—>+o Yafy>0 (Inx)* << x# << e

BigHomenns f (X) << g(x) o3nauae f (X) = 0(g(x)), To6to lim 100 =0.
X—>+00 g(x)

[HIMM  BaXJIMBUM  pe3yabTaToM TUQEpPEHIIHHOTO YHCIEHHS  (IUB.

HACTYNMHUIM PO3JiN 1bOro mociOHuka) € ¢opmyna Ta psg Teitmopa Ta ii

OKpeMuii BHINAJOK — (opmyna ta psg Makiopena, koau X — 0. Hacrymsi

(hopMynH € y3aralbHEHHSIMH YyJJOBUX PIBHOCTEH.

II’ATHL OCHOBHMX PO3KJIaJaHb 3a GopMyJiorw MakJiopeHa:
2 3 n n k

X _ x X X m_ N\ X ny .
e =1+X+—+ +...+n!+o(x)_zk!+o(x),

23 s
) 3 2n+1 n _1)kx2k+l
=X——+.. () A 2n+2y _ ( 2n+2y .
Sin X =x— -+ (-1) (2n+1)!+o(x ) é ke D) (x2"2)
_ ? n X% 2041y _ N (—1)k X% 2n+1
cosx_l——|+...+(—1) (Zn)'+o(x )_kZ:(; 20 +o(x>™) ;
2 n n

=Y o pu-Dw=3) 5
2! 3
+ ﬂ(ﬂ—l)"ﬁfﬂjLn_l) x" +o(x") = Zn: ,u(ﬂ—l)--l-(' D +0(x").
: k=0 -

(L+x)" =1+ zx+

3ayBayKUMO, L0 Y KOXKHOMY i3 II'SITH PO3KIAZCHb MOXHA O-MaJiCHbKE
3aMiHUTH Ha O-BeJIHKE y IKOMY X BXKE € Y CTeleHi Ha 1 mopsaok Oibiie.

MonoToHHi (pyHKIIi Ta MOCTiAOBHOCTI.
Def. ®yukris f(X) HasuBaeTses spocmarouoro (cnadarouorw) va X: f(x) 2

(V) Ha X, skmo VX, < X, € X = f(x) < f(X,) (2). Oynkuis f(X) cmpoco
spocmaroua (cmpozo cnadaoua) f(X) T (), sxmo ocrauns HepiHicTs

crpora f(x) < f(X,) (> Biamosizuo). 3pocratoua abo crnaxawua GyHKIis

Ha3UBAETbECA MOHOMOHRHON, CTPOIro 3pocTaroya abo CTporo crnagarodya —
cmpoco MOHONOHKHOIO.

J1s mocmiA0BHOCTI O3HAYEHHS TPOXH CITPOIIYETHCS:

X .
(%) 7 (), sxkmo VneN x, <X, (2), abo ~™ >1 (<). Idus crporoi
Xn
MOHOTOHHOCTI OCTaHHI HEPIBHOCTI — CTPOTi.

JlonaBaHHsi OJJHOMMEHHO MOHOTOHHHUX, JOOYTOK HEBiJ’€MHHUX OJHONMEHHO
MOHOTOHHUX (YHKIIA Ta mepexii A0 B3aEMHO OOepHEeHOi (yHKIii —
3aJIMIIA€ THI MOHOTOHHOCTI HE 3MiHHMM. 3MiHEHHS 3HaKy (yHKUii abo
3HaKy apryMeHry abo mepexii A0 apu(MeTHYHO 3BOPOTHOI (QYHKIIT —
3MIHIOE THII MOHOTOHHOCTI Ha NPOTWICKHUN. Komriosuiliss 0JHONMEHHO
MOHOTOHHHUX — HE CTPOTO 3pOCTA€, pi3HOMMEHHO — HE CTPOT'O CIAAE.
Amnarnorom npasuia JlomiTao s MOCIJOBHOCTEH € HACTYIIHA TeopeMa.
Th 2.7 (I0romem). Hexaii mocmigoBHICTh (Yn) CTPOro MOHOTOHHA Ta
HEeOOMEeXeHa, TOAI SKIIO ICHYe TpaHuLl NpaBoOpyd, TO ICHYE TPaHHUL

. . . X X — X
JIBOpPYY Ta BOHU CIiBIaal0Th: lim —- c| lim =01
Yn Yn = Yna
Th 2.8 (Beiliepmrpacca, © TpaHHIi MOHOTOHHOI Ta OOMEXEHOT
MOCTiIOBHOCTi). MOHOTOHHa Ta OOMEXKEHa MOCHIJOBHICTh Ma€ CKiHUCHY
rpaHuIio. [lJis MOHOTOHHO 3pOCTal0u0I0 BUMAaraeTbCsi 0OOMEXEHICTh 3BEPXY,
JUISL CTIaJial0uol0 — 3HU3Y.



3ayBasKUMO, IO 10 TEOPEeMy MOXHa COPMOIIIOBATH 1 s QYHKLIN: SKIIO

f(X) MoHOTOHHA y mpaBOMY (JiBOMY) OKOJIy TOYKH i OOMEXKEHa y HbOMY,

TO icHy€ TipaBa (J1iBa) TpaHuNs QYHKITI y IiH TOYIII.

OcHoOBHI TeopeMu PO HellepepPBHICTH (PyHKII.

TeopeMy 0 HelepepBHOCTI eJIeMEHTapHUX (QYHKILINH MU BKe HOPMYITIOBAIIH.

3anumreMo 1e IeKiJibka BaKIIMBUX TEOPEM PO HETIEPEPBHICTD.

Th 2.9 (1-ai2-a teopemu Beitepmrpacca). Sxmo f (X) Herrepepsna uHa [a,b],

TO

1) f(x) oOmexena Ha [a,b]

2) f (X) mocsirae cBoix iHpiMymy Ta cympemymy Ha [a,b], ToOTO icHYIOTH
Xm» Xy €[a,b] Taki, mo f(x,)=min f(x)=inf f(x) wa [ab] Ta
f(x,) =min f(x) =inf f(x) na [a,b].

Th 2.10 (xputepiii HemepepBHOCTI MOHOTOHHOI (yHKIlT). MoOHOTOHHA

GbyHKILsT HemepepBHA Ha NPOMDKKY [a,b] Tomi i TiIbKM TOMi, KOJU BOHA

crop’exTHBHa Ha [a,b].

Th 2.11 (npo HenepepBHicTh oOepHenoi ¢yHnkiil). SAkmo y = f (X)

BU3HAYEHa, CTPOTO MOHOTOHHA Ta HeElepepBHa Ha IMPOMIKKY X, TO Ha

BiIOBITHOMY TIpOMiKKY Y 3HaueHb Ii€l QyHKIIi icHye oOepHeHa QYHKIIIA

x= f7'(y) Takox CTPOro MOHOTOHHA Ta HEMePepBHA.

3arajbHUM BHCHOBKOM TEODii 'PaHUIIb € 3MOTa MEPEeBIPATH HETePEePBHICTh

pi3HUX (QYHKIINA Ta JOCHIHKYBATH IXHIO aCHMITOTHYHY TOBEIIHKY B OKOJI

ToukM abo HeckiHueHHocTi. lle, 30kpema, nae 3Mory mnoOyIOBH €CKi3y

rpadixy ¢yHKIii.

Haramaemo ymoBy HenepepBHOCTI QyHKIii f (X) y Toumi X = X, :

f(Xg+0)=Tf(X,—0)= T(x,) (2.5)

Slkimo st ymoBa nopyuryetses, To GyHkuis f (X) mae po3puB y Touni X = X;.

Kaacudikanis Touox po3puBy pyHKIii.

Po3puBu 1-20 poda (konu jiBa Ta npaBa rpaHMIll ICHYIOTh Ta CKiHUCHHI):

- yeysuuii mun, akmo f(x, —0) = f(x, +0) = f(X,);
- muny cmpubok, akmo f (x, —0) = f(x, +0).

PospuBu 2-20 poda (koiau xo4a Ou oHA 3 OJHOOIYHMX TPAHUII JOPIBHIOE 00

a0o0 He iCHYE):

- neckinyennuii mun, axmo f (x, —0) Ta f(x, +0) icHyroTb Ta Xo4a 0
OJIHA 3 HUX JIOPIBHIOE 00;
- He icnye epanuys, skmo T (X, —0) a6o f(X, +0) He icHye.

AJTOpPUTM JOCTiKeHHs (PYHKIII HA HellepepBHICTH i MOOyI0Ba ecki3y:
1. BcraHoBUTH 4M € QYHKIS €IeMEHTapHOIO.

2. 3uaiitu obnacte Bu3HaueHHs D; ¢ynkuil. Bummcartn Touknm X, Ha
rpanuni Dy .
3. 3HaiiTi npaBy Ta JiBY rpaHumi GyHKIIi f (x) w1 KoXKHOT TOUKH X, .

4. KnacudikyBaT TOYKH PO3PHUBY.
5. TTobynyBatu ecki3 rpadika QyHKI1, 3’ €qHy0UH, 3a HenepepBHicTIO T (x)
Ha D;, oTpumani 3Ha4eHHS TpaHUUb (QYHKLII y NOCHIIHKEHUX TOYKaX, a

TaKO>X TOAWBUTHUCS TPAHUII Yy +00.

Sxmo ¢yHKIS HE € eNeMEeHTapHOI0, IepeBipka TOYOK Ha PO3PHBH
3MIIACHIOETHCS 32 O3HAYEHHSIM, BUKOPUCTOBYIOUH CIIEIU(IKYy Ta BIaCTHBOCTI
nmaHoi QyHKII.

3a3HaunMoO, MO0 HAa MHOXHHI X YacTO aKTYyalbHINIOW 3a 3BUYAHHY
HETEPEPBHICTh € HACTYITHA O1ITBIII BUMOTIINBA BIACTHUBICTD.

Def. ®yuxrist f(X) HasuBaeTbCs pigHOMIpHO Henepepenolo Ha X, SAKIIO
Ve>0 36>0 |vx,aeXNDs O< |x—al<d= |f(X)—f(a) <e.

Th 2.12 (Kanrtopa, mpo piBHOMIPHY HeMepepBHICTh). SIKIIO GYHKIis
HellepepBHa Ha 3aMKHEHOMY ITPOMIXKY, TO BOHa PIBHOMIpHO HENepepBHA Ha
HBOMY.

KosmBanns ¢yHkuii Ta ii 38’5130K i3 HenepepBHICTIO.
Def. Konusannsm ¢pynxyii’ f(X) na mroocuni M Ha3uBaeThCS BEJTMIHHA:

o(f)], = o(f,.M) = sup [f(x)-f(x)|-

x,x'eD(f)NM
Sxuo 3 Ling o(f,0(a,0))=w(f,a)>0, o Benuuuny o(f,a) nazuBaoTh
-

KOMUBAHHAM QYHKYIT 6 mouyi.
Th213.f(x) eC({a}) < w(f,a)=0.

Def. Mooyrem nenepepsnocmi pynkiii f(X) Ha MHOKHHI M Ha3MBa€eTHCS:

o(f,8)= sup | F(x)—f(x)].
X, X'eM
|x=x']<&

Th 2.14. ®yukuis f (X) piBHOMIpHO HenepepBHa Ha M Tofi i TiNbKU TOI,
KOJIH i1 MOZyJTb HEMEPEPBHOCTI Ma€ HYJIbOBY TPAHHMIIIO, KO § — 0.



2.2. KoHTpPOJIbHI 3anUTaHHS | 3aBJaHHA

1. 3amucaTy BU3HAYEHHA TPAHUIN YHCIOBOI (PYHKIIi 1 MOCHigoOBHOCTI. K
3MIHIOIOTBCSI O3HAYEHHsS JUIsI OAHOOIYHMX BWIIQAKIB Ta Ui HEBJIACHHUX
€JIEMEHTIB?

2. 3anmcatu kputepiit Komri icHyBaHHS TpaHWIIl YHCIOBOI MOCIITOBHOCTI
Ta (YyHKII].

3. Sk moB’s3aHi 4acTKOBiI TpaHMUi 3 rpanuueto ¢yHkuii. o Take BepxHs
Ta HIKHS MEXa IOCIIJOBHOCTI 1 ()yHKIIIi?

4. SIx popmymroeTbes Bu3HaueHHs rpaHuii (yskuii mo ['eitne, sxuit ii
3B’S130K 3 BU3HAYCHHSM rpaHumi no Komri?

5. SIki MOKYTh BUHMKATH HEBU3HAYCHOCTI KOJIM IIYKA€EIT TPAHHUIIIO?

6. CdopmynroBaTy BHU3HA4YeHHsS HemepepBHOCTI QyHKmii. Ski OyBaroTh
po3puBH y GyHKIIT (kmacudikamis)?

7. 1lo Ttake eneMeHnTapHa (QyHKIiA Ta O BiAOMO Tpo i
HeTepepBHICTL/po3puBU?

8. Illo Take ™oHOTOHHAa (QYHKIOIA Ta MmO BiAOMO Tpo ii
HeTepepBHICTL/Po3puBU?

9. Ski TeopeMu BiIoMi TMpo TpaHUI oOOMexeHOi (MOHOTOHHOI)
nociigoBHOCTI? IlpoinrocTpyBaTy X Ha IPUKIIAII.

10. HaBectn mnpuknaam 3acTocyBaHHS Tmpasina Jlomitamo Ta Teopemu
ITons1a.

11. 3anucatn mepury Ta ApPYry 4YyIOBi IpaHuL, Ta iHIII I'paHMLi, IO 3
HUMH TIOB'SI3aHi.

12. ki QyHKIIIT HA3UBAIOTHCS CKBIBAJICHTHUMH, SIK1 OJJHOT'O TOPSAKY?

13. ITo o3uauae 3amucu f (X) = 0(g(x)) Ta f (X) = O(g(X)) ko X —>a?

14. Ilo Take mkana 3pocTaHHs?

15. o Take ronoBHMUHN WwieH QYHKII Ta SK HOro MOKHa BUKOPUCTOBYBATH
npu o0YMCIeH] rpaHuLb?

16. HaBectu mpukia KOJIM HE MOXKHA 3MIHIOBAaTH (QYHKIIiIO Ha ii rOJOBHUI
YJieH Npyu 00YHCIICHH] TPaHUIIb.

17. HaBecTu BigoMi NpUKIaad aCUMITOTHYHHUX PIBHOCTEH Ta BiIIOBiIHUX
€KBiBaJICHTHOCTEH.

18. Bunucaru acCUMITOTHYHI pO3KJIaJeHHs 3a hopmyJior0 MakiiopeHa st 5-
TH OCHOBHHX €JIEMEHTapHHUX (PyHKIIiH.

19. 1o Take xkonuBaHHS (yHKUII HA MHOXHUHI Ta y TOYLi?

20. YuMm BIiApI3HAIOTHCA BU3HAYCHHS 3BUYAMHOI HEIEPEPBHOCTI Ta
piBHOMIpHOi HemepepBHOCTI (QYHKIIT Ha MHOXHHI? SIKa 3aJIe)KHICTh Bij
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3aMKHEHOCTI/BIJKPUTOCTI  MHOXHWHH, IO  po3risigaerscsa?  Hapectu
TIPUKJIA]TH.

21. oBecTH, mo Oynb-sSKWH MOJIIHOM HETIAPHOTO CTETeHI0 Ma€ Xxo4ya 6 ofauH
TIIACHAN KOPIiHb.

22. CdopmynroBati TeopeMy MpO HEMEPEPBHICTH OOCPHEHOI (YHKIIII.
[IpoimocTpyBatrt 11 Ha mpukiIami OOEPHEHHX TPUTOHOMETPHUYHUX 1
rinepOomiYHIX PyHKIIN.

23. fxa ¢QyHKOiSI Ta Ha SKOMY NPOMDKKY OOOB’SI3KOBO NpHIMAaE CBOI
HaHO1IbIIE Ta HAMMEHIIIEC 3HAYCHHS?

2.3. Illpuxkiaagu po3B’A3yBaHHA 32124

SKmo npu OOYMCIICHHI TPaHUIl KOMH X —>@ BUHHUKA€ HEBH3HAYCHICThH 0
0

e 03HA4aE, N0 X = & € KOpiHb YMCelIbHUKA Ta 3HaMeHHnKa. OTxe 3a Tpeda
BHIUINTH y YHCENBHUKY Ta 3HAMEHHHKY MHOXHHK BUrIAmy (X-—a)*, mo

MICIIs CKOPOUCHHSI yCYBa€ HEBH3HAYCHICTb.

Jns  ToNiHOMIB  BWINEHAaBEJEHA BKa3iBKAa O3HA4Ya€ pPO3KIAZCHHS Ha
MHOXKHUKH 33 JIOTIOMOTOI0 pO3B’S3aHb PIBHSHb Yy UHCEIBHUKY Ta
3HAMEHHHUKY 200 3a JIOMIOMOTI'OI0 JIJICHHS B CTOBITYMK Ha (X — &) .

Ilpuknao 1.
2 2 2
2x+1 0 _ im (x-1)° im (x=1) . 1 1

m-— ="~ 2 2 2 z —Im 2" 5
x=>1x"=2X+1 0 x=>1(x°=1)° x>1(x=-1D)°(x+1)° x>1(x+1)° 2
Juis mpo6iB 13 ippallioHaTBHOCTSIMH TSI BUALIEHHS HEOOXiTHOTO MHOKHHKA
Tpeba YCYHYTH ippalioOHABHICTh MOMHOXYIOUH ISl MAapHUX KOPEHIB Ha
CHpsDKEHE JUIsl TOTIOBHEHHS JIO0 PI3HUII KBaJpaTiB Ta Ha HEMOBHMI KBaJpaT
JUTSI KOPEHIB TPETHOTO CTETICHIO.

Ilpuknao 2.

Jx-1 0 _im (x-1)
- Hl‘i/_ 1i\/;+1i

i (x— 1(\/_+3x+1) i x—1{§/?+§/;+1):%

Hl 1x\/_+3 x+1)( x+1) ot (X_l)(‘/;Jrl)

11



Sxmo  HeBU3HAUYCHICTH O bunmukae y  BUpa3zax, IO  MICTATh
0

TPUTOHOMETPUYHI (QYHKIII, TO Tpebda 3acTOCOBYBATH HACTIAKH MEpPIIOi

YyJOBOi TpaHUI. Y BHUMNAIKY JOTapihMIYHHX, CKIQAHUX CTEIEHEBUX YH

NoKa3HUX (QyHKOII Tpeba BUKOPHCTOBYBATH HACHIAKH JpPYroi 4yAOBOI

rpanumi. Takox qpyra 4ygoBa rpaHMI BUHUKAE U HEBU3HAa4YeHOCTI 1 Ta

Yy CTEICHEBO-IIOKa3HMUX BHUpa3ax.

Ilpuknao 3.
. . 3amina )
lim sinx 0 lim sin(z—x) o X e —-sint
x->z3 -3 0 Hfr3”i3x’”—1) H03”‘3t—1i

. -t 1
= lim =— .
t-03"tIn 3 3*In3

Ilpuknao 4.

1
= .1 X°—=2x+1 o1 x2-2x+1 _
— 2% +1\* lim=In 5 im—| -1 Iiml 5x
x=>0X X +3x+1 x=>0x| x2+3x+1 _ ex—>0x x243x+1) _ 675

Iim| ———| =e =e
x-0 X2 +3X +1

. o0 o .. o
VY HeBH3HAYeHOCTI — Tpeda BU3HAYUTH HAWOLIbIII 13 3pocTarounx (QyHKIIH
o0

YHCeJIbHUKA Ta 3HAMEHHHKA Ta BHHECTH 1X 3a JYIIKH. 30Kpema, s
MOJIIHOMIB Ta 3arajbHUX CTCIICHCBHX BUPAa3iB, TpeOa BUHOCUTH 3MIHHOK Y
CTapIIOi CTETEHI.
IlIpuknao 5.

22X +N2x+1 lim 2x (1+\// y ] 2

lim =—

o0 Joxt —2x +1+Xx X—’“’" ( h_ 2 y y)
Binbmn 3aranbHUMU 3a 9yZOBiI €KBIBaJICHTHOCTI BUSBISIETHCS 3aCTOCYBAHHS
po3kianeHs 3a popmynoro Teinopy ado BUKOpUCTaHHS TpaBuia JlomiTaito
Ta mwKaimm pocty. [Ipu 1poMy, K0 QYHKII, IO CTOATh Y YHCENBHUKY Ta
3HAMEHHUKY Apo0y MaroTh BiIoMi po3kiaaeHHs 3a ¢hopmyinor Teitnopy abo
i PO3KIIaJICHHSI MOTYTh OyTH JIETKO OTPUMaHi, TO 1€ CJIiJi BAKOPUCTOBYBATH
Mpu 00YMCIICHHI TpaHMIi. SIKIIO OTpHMaHHS BHINE3a3HAYCHUX PO3KIIa/ICHb
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MOB’S3aHO 13 3HAYHUMH TEXHIYHUMH TPYIHOIIAMH, TO OUIBII 3pyYHUM
BUSIBIISIETHCS 3aCTOCYBaHHsI paBuia Jlonuramto.

Ilpuknao 6.

Croci6 1.

limE& =& —2X _ . 21" 3l 21" 31

. i
x>0 X —SIn X x—0 x2 X s
X—| x="-+—-—o(x’)

Cmoci0 2.

. ef—e*=2x 0
im—F—M— = — =
x>0 X —Sin X 0

3anpasunom ) -
=lim—=—=
x>0 1—COoSX 0

Jlonimantompuui

. ef—e* 0 . ef+e™
=lm——=—=Ilm——=2.
x>0 Sin X 0 x>0 cosX

Hdns 3amad Ha 3HAXO/DKEHHS TOJIOBHOTO 4ieHYy a0o eKBiBaJCHTHOCTI
MPOCTILIOrO BUIJISILY, MOXKHA BXKMBAaTH BCl BHUILEHABEICHI 3aXOIH, OKPIM
npasina Jlomitamto.
Ilpuknao 7.
1+Xx .1 1+Xx 1z _ -4 17z -2z
In(—j-arcsm—-arctgx ~ (——1)—— e >
5+ X X x40\ 54 X X2 54X X 2xow X
ExBiBaseHTHOCTI Ta PO3KJIAAEHHS TaKOX 3PYYHO BUKOPUCTOBYBATH IPH
OoO4YMCIIEeHH] TpaHUIb 13 JOOYTKOM Ta y OIiJbIl CKJIAJIHUX BHpa3ax.
Hanpuknan y HeBm3HadeHocTi 0-o0, Konu mpasiyio Jlomitamo BuMarae
JIOJIATKOBI MIEPETBOPESHHS IS 3BEJICHHS 10 HEOOX1IHOT HeBU3HAUEHOCTI.
Ilpuknao 8.

-~ .3x2 = 6

X—>+00 X X—+0 X

lim In(“—xj arcsin = arctgx- (3x2 +2X+ 7): lim —
+X

13



2.4.3anau4i 119 caMoCTiifHOTO PO3B’A3KY

O3HaueHHs BeJIMYNH TA TPAHUIIL MOBOIO &€ — .

1. MoBolo «& — O» mOBeCTH, BKa3ylOUH IPABWIO 3HAXOMKEHHS O II0
3aaHOMY €, IO

a) limx*>=9; 0) limsin x=1/2; B) lim L = 400
x—3 x»% x—1 (]__ X)2

2. llo 03HAYarOTh HACTYITHI BUCIIOBIIFOBAHHS:

a) Ve>0 338>0 |0<|x—al<d=If(X)—Db|<¢;

6) 3¢>0306>0 |0<x—a|<d=[f(X)—b|<¢g;

B) Ve 30>0 |0<]x—al<d=[f(X)—Db|<¥¢;

r) Ve>0 V6>0 |0<[x—a|<d=|[f(X)-b|<g;

a1 Ve>0 33 |0<|x—a|l<d=[f(X)—Db|<c¢;

e) Ve>0386>0 |[x—al<d=|f(X)—Db|<s;

x) Ve>0 33>0 |[x—a|>0=[f(X) - Dbl <¢;

3) Ve>0 38>0 |0<x—al<d=I[f(X)—Db|>z¢;

n) Ve>0 38>0 |0<x—a|<d=1f(X)—b>¢;

K) Ve>0 36>0 |0<[x—al<d=f(X)>e¢;

1) Ve>038>0] 0<x <8 = f(X)<-¢g;

M) Ve 38 | x <3 = f(X)>¢;

H) Ve>0 38>0 |0<x—a<d=>0<f(Xx)—b<e.

3. [lepeBecTr y BUCIIOBJIFOBAHHS HAa MOBI «€ — O»:
a) y—>b-0, x—a; n) y—>b-0, x—>oo;
0) y—>b-0, x—>a+0; e) y—>b-0, x——0;
B) Yy —>b+0, x—>a-0; X) Yy >b+0, X—+0o;
r)y—>owo, x—>a-0; 3) Yy = -0, X-—>+00,

4. MoBOIO «€ — O» UII X —> a Ta ISl X —> 00 3alKCaTH TBEP/DPKSHHS, 110
obynxiis f(x)

a) oOMeKeHa,

B) BiIOKpEMJICHA BiJ] HYJIS,
1) Ma€ CKiHYEHY TPaHHULIIo;
) HECKIHUCHHO MaJla;

1) HECKIHYCHHO BEJIHKA;
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0) HE OOMEKeHa;

I') He BiJOKpeMJICHa Bijl HYJIS;
€) HE Ma€ CKiIHYCHOT MPaHHIIi;
3) HE HECKIHUEHHO MaJia;

i) HE HECKIHYCHHO BEIIMKA.

O04yncIeHHs TPAHUIID.

OOuKCcaNTH HACTYIIHI TPaHMLII:

5 lim Xx? —5x+6 X—>1 x—o2
7 x?-8x+15 X5 X3, X->o
. 3x>+9x+6 X—>0, x—o-1
6. Ilm—2
20 + 6X — 2X X—5 X—>-2, X—>ow
. 2x*-5x+3 _ )0 30
7 lim > g pm 2r=3F (3ng20) .
x—>+0 4+ 2X — BX x> (2x +1y
37 4 3 2
0. fim VXrVxex 0. lim| X3 |
X—>+00 m x>+o| X 4+1
. (1+5x8 4+ x4 _
11 1im & 3) 1o g (LE XN+ 2x)1+3%)-1
x>0 (2x—=1) X—0 X
2 4
13 h.mx4—3x+2 . 14, h.mx —3x+2.
x>1 x* —4x+3 x> X7 —4x +3
100
15, fim X —2x+1. 16. Tim \/1+2x—3.
x—>1 %30 —2x +1 x—>4 X =2
p— 4 —_—
17t Jx+13 2\/x+1. 18 lim 4/x 2
X—3 x2 -9 x—>16\/;_4
. 8+3x-x2 -2 . J9+2x -5
19. lim 5 . 20. lim————.
X—0 X+ X x—8 3/;_2
KAl a XX
21. lim J(a>0). 22 lm c——— .
s x?—a? x>03/1+x —3/1-x
23. Iim( (x+a)(x+b)—x). 24. lim (»\/x+\/x+\/_—«/;j.
X—>+0 X—>+0
25. lim (%/x3+3x2 —\/xz—zxj.
X—>+0

15



26.

x? +1
3Haiiti ctamu a i b 3 ymoBu: lim —ax-b|=0.
x—o| X+1

O06uncnuTH, 32CTOCOBYIOUH TIEPITY YyJOBY TPAHHIIO Ta 11 HACIIAKH:

27. lim 125X 28, lim &S
X—>0 X x>0 sin” X

29, fim X =i 3X. 30. im "™ (mnez).
x>0  sinX x=>7 Sin NX

31 fim sm(X—n’/S). 2. lim 1+_S|nx—cosx |
x> 1=2cosX x>01+sIn pX — COS pX
. Vd . sinx—sina

33 XlirD4tg(2x)tg(Z—x). 34, &QT.
. X 1+ tgX —+/1+sin X

35. lim(1-x)tg = 3. fim VX VLEsinx.
x—1 2 X—0 x3

- . X

37. fim L YSOSX 38. lim arctg .
X%Ol_cos\/; X—>—00 ’1+ X2
. arccos(1—x _ in3x-

39. lim # 40. im arcsin3x arcthx.
x—>+0 Jx x>0 2arccosx—rz

41.

43.

. +Jcos x — 3/cos x i i
lim — : 42. lim S_m bx arctg 1 5
x>0 sin® X X_>%23|n x-1 (6x—1)

44, Tlim (sin vx+1—sinv/x).

X—>+00

X—>+00

) x+1)x3 +5x-1
lim | 1+ cos )

. T
Sin —
X

OO0uHnCINTH, 3aCTOCOBYIOUH JIPYTY UyIOBY IPAHUIIIO Ta i1 HACIIIIKHU:
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X2 sint
Jlim[ X2 46, lim| X2 *
x>0\ 2X =1 x>0\ X +9

2 e
a7, tim (142 48. lim (L]( "
x—0 x—27\ COS X
x?+1 g
49. Iim( > j ) 50. lim¥/1-2x .
x—o| X _2 x—0
) COSX ¥
51. hm( ) : 52. lim (sin x)'&.
x>0 COS2X N
2
X
53, ]jm(sinl+coslj . 54. lim x° (4”*—41“““).
X—>00 X X X—> 00

55. Iim\X/cos\/;. 56. lim cos“i.
x—0 n—-+0w \/ﬁ

I'panuti moB’s3aHi i3 TorapupMivHIMH, TOKa3HUMH Ta CTENICHEBIMH
dbyHKIISIME:

57. IimM,(a>O). 58. lim [sin In(x +1)—sin In x].
X—a X—a X—> +0o0
2 3x
59. fim X X+ 60. lim M2*e ]
x>+ In(x1% + x +1 x—>+o |n(3+ e
_at-x® u
61. lim ,(a>0). 62. 1im(X+ex)X.
x=>a X —a Xx—=0
1
1 ,1 tgx2 _ 3
63. lim X[ZX -2 x}. 64. |im[9 1] .
X—>+0 x—0| In cos x
7 _ H e
65. lim —“1:8" 3 66. lim L+SNX)" 1
=0 7% -1 x=>7  \J1+CosX
T _o7m 2 HX
67. lim (1”03”")2 2 68. lim 2 )
x>z (x-2) x>+ In|cos|m- 2"
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m(1+3x) 3
69 (a,6). fm —— 2. 70. fim ln(l+2x)-]n(l+—j.
x—>J_roo]n(1+2X) X—>+00 X
71. lim(1-x)log, 2. 71. lim (x=Inchx).
sin2X sin X ;
72 fim &% 73, lim YirXsinx -1
x—>0 thx x—0 e’ 1
. . In(cosax)
74. 2(8fx =" . 75. Im ———=.
nl—lmon (& &)’(X>O) x—0 ]n(cosbx)

OOuncneHHs TpaHUIb 13 3aCTOCYBaHHIM TpaBuiia JlomiTamio Ta po3KiaieHb
3a (hopmyiiamu Teiinopa (Maknopena):

. 2
76, fim SN @xX 77, lim 120X
x—0 In sin bx x—0 x? sin x>
X X : _
78, Tim x(e +1)—2(e —1). 79, fim cos(sin x) cosX
x—0 )(3 x—0 X4
80. lim (ctex)™*. 81. h‘n{l— ! j
x—0 x—>0\ X eX—1
ax arct -
82. lim| tg . 83. lim | & ¥
x>o\ 72X +1 x>0 X
84. lim Inx-In(1-Xx). 85. lim (arcsinx)'9* .
x—1-0 x—0
1/x
s _ (1+x) " —e
86. lim (1000x® +100x? +10x + 1¥x 87. Img¢ :
X—>+00 X—> X
X2
Inx COSX—e_7
88. lim . 89. Im ——
x—+o |n* X X0 X4
X i — 1= X sinx
90. fim &S 3’((1”). 91. hm—(COS3 )
X—0 X x—0 X
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92. lim x”(ﬁ+ﬂ—2«/§). 93. lim {x—x2 1n(1+§ﬂ.

X—>+00 X—> o0

1
94. lim [(x3—x2+§jex —\/x6+1].

X—>+00

I'paHuii DocaiT0BHOCTEI.

95, fim 220000 96. lim (Vn+1-+n).

n— +o0 n2 +1 n— +o0

3 2 A3 n n
. n- sin n! . -2)"+3
o7, fim M-S 08, lm 2 +3
n— +oo n+1 n— 4w (_2) + 3”+
. 1 2 n-1
99. lim| =+ —+..+ )
n—>+oo(n2 n2 n2 j

100. Iim i+i+...+ 1 )
no+ol 1.2 2.3 n(n+1)

0t
101. lim [1—3+§—...+(1)—nj.
N—+o0 n n n n

102 lim (V24242 ...42).

n— -+
3a Th 2.8 (Beiiepmrrpacca, 0 rpaHHUIli MOHOTOHHOT Ta 0OMeKEeHOT
MOCIITOBHOCTI) TOBECTH 301KHICTh MOCIIIOBHOCTEH:

103 x, =[0I gy eyt [
1 3 " 2n-1 2" 4 2"

105. X, =2, X, =~+/2++/2, ..., xnz\/2+\/2+...+\/§,

N kopenie
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['panuui y BUrIsiAi GyHKIIH i3 TpbOMa KparkaMu:

X+X2+...+x"=n

106. lim
x—1 X—1
107. Iim(l+x)(1+x2)(l+x“)...(l+x2n), x| <1.
108. Iimcos§~cos§~...-cosi.
w2 4 2"
(1=Vx)(1-¥x)...(1-9x)
109. lim — .
Xx—1 (1_X)
Jlist mocnigoHocteit (X, ), 3Haiitn lim X, ta lim X, :
10, x =D IHEDT 11, x, =1+ cos”!.
n 2 n+1 2
n(n-1) 2
112. X, =1+2(-)"™ +3(-1) 2 . 113. X, =— coszin.
n“+1 3
3HaiiTu LITrT(} f (X) Ta LILI;)] f (X):
1 2 1 sec? (1/x)
114. f (x)=sin’ =+ =arctg=. 115. f (x):(1+cosz—j .
X X X

O-cHMBOJIKA. ACHMITOTHYHI NopiBHAHHA. I'0J1I0BHHI YJIeH.

116. Iloka3aru, 1110 MPU X —> d:

a) o(o(f (x)))=o(f (x)): 6) O(o(f (x)))=o( (x));
8) 0(O(f (x)))=o(f (x)): r) O(O(f (x))=0( (x));

117. Hexaii X — 0, moBecTH, 110

a) 2x—x% = O(x); 6) XSmﬁzo(x3/2);

B) xsin§:0(|X|); r) thzo(%] (e>0);
m) X+ x+x ~8/x;

20

€) arctgi =0(1).

118. IToka3arty, 110 KOJIH x —> +0o0;

X+1 1
a) 2¢ -3 +1=0(¢);  6) :o[—j;
X~ +1 X
. arctgx 1
B) X+ X7 sin x = O(x?); r) :O(—].
( ) 1+ x x>
119. loBecTH, 1110 IpH AOCTATHBO BEIUKUX X > 0 MarOTh MicClie HEPIBHOCTI:
a) X2 +10x+100<0,001x>;  6) n'%x<+/x:  B) x!%* <e?*.
120. 3uaiiTi ToNoBHMIA UieH Kojau x — 0:
a) 2x—3%> +x°; 6) V1+X—v1-X:
B) v1-2X —3/1-3X; r) tgX —sin X;
2+X m(X+2
n) In ; e) COSM.
2+ 3X X+4

121. 3HaiiTy rOJIOBHUI YjIeH KoM x —> 1:

a) X>—=3x+2; 6) Y1-x: ) Inx;

X2

x2-1'

) /1+x. 3) X i 1 ¥) In x
1-x' 31233 ' sin x| (1—x)2 '

122. Hexaii X — + co. 3HalTH FOJIOBHHUN WIEH Ta BU3HAYUTH TOPSIOK
pocty/criaiaHHs:

r) e —e; n) x*-1; e)

2 2X5
a) X~ +100x+10000 ; 0) 5
X~ —=3x+1
B) X2 — X +4/X; r) V1+41+X ;
) )i+11; €) \/X+l—\/;;
X+

x) Ix+2 - 2x+1+x; 3) lsinl.
X X

123. 3HaiiTH TOJIOBHUI YJIeH KO X —> 400 !

a)[ 2x ) -1; 0) sinM; B) ctg”x+2;

2X+3 X+2 1+ 3x
21



1 1 2
= el 5X+6
1) ctg Pt 2 n) 5% —5x; e) X' +Inx+e”. 131. y:arctgl. 132. y=sgn(x T ).
1+ 2x x+1
X
3
124. 3naiiTi TOJTOBHUH YWICH MPOCTIIIOTO BUTIISAY ISl BETUYUH: sgn ( X2 —8x + 7) arcctg -1
2 x . 1 133. y= . 134, y=——2—=
a) ln(X +e )-arcsmtg—2 (X—)ioo); X—3 x+1
X 2
1 n arctg—— 1_\/;
o X+1 X+2 _ 135, y=_— X+1 136. v = _
X {e"” ﬂ]ﬁmj _I]COSXH (x> =0); TS YT
X
Lo (x—1) 137. y = : 138. y=1 22X .
o mlx— COS X -
B) | X +—|-cos ‘n(2+x) (x > %0); .
3 X/2
{ X J 2 130, y = S0S(7X/2) 140, y = 3N3X.
5 . X" =X sin 2x
3 o X 2
tgx” -sinf 27 —1|- -1 . -
r) arctgx sm( j [(cosX+X ) } (X—>0) 141. y:sgn(x2—2x). 142. y=arctg X 3 .
5 (X+2) SIn7zzX
L7 X sinx 1 2 1
. . - : -1 — x¥Ve-1 ,—
1) In—=sin (a*-1), (x—>1); 143, y= &L 144, y = g
5 P X X-7 tgrx
2 V4
e) | (3+X —1} Jn(9+x%)-t9—, (x—-2); X —3)? In|1+x
@07 1 nfor) T (2 sy - 0 o, y= LK
_ 1+x . 1+coszx tg 2x
)K) SlnX-In—1+ﬂ-(e —1)(72' - 7T ), (X—)ﬂ') 147. y:X_[X] 148. y:[X]Slnﬂ'X
1 . 1
HemnepepBHiCTh, PO3pHBH Ta iX KJiacudikais 149. y = X{;} : 150. y= !}_TO Tex"’ (x>0).
JlocniinTy Ha HeNepepBHICTh: BU3HAYMTH TOYKU PO3PUBY Ta 3 SCYBaTH iX 152.y = |im(xarctg(n ctg X)) ) 153. y = lim Y1+ x2"
xapakTep. HamamoBaTu ecki3u rpadikiB QyHKIIIH. n—e n—e
X X +1 154. y = lim cos™" Xx.
125. y = . 126. y=—5——. n—>o0
(l+x)2 x> —5x—6
1 1 155. Tlokasaru, mo pieusuas CtgX =KX VkeR ta xe(0, ©) Mae equnmii
2 ——— = : -
x2 -1 HerepepBHUiA KopiHb x = x(K).
127 y=—————. 128, y =X X1
X" =3X+2 1 1
x-=1 X

129. y:e,/l_cizﬂx, 130. y:sgn(sinzj.
4-—X X
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