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Ï Ð Å Ä È Ñ Ë Î Â È Å

Àâòîð ìåòîäè÷åñêèõ óêàçàíèé ìíîãî ëåò ÷èòàë ëåêöèè è âåë ñå-
ìèíàðñêèå çàíÿòèÿ ïî êóðñó "Ìåòîäû ìàòåìàòè÷åñêîé ôèçèêè" íà
ôèçèêî-òåõíè÷åñêîì ôàêóëüòåòå Õàðüêîâñêîãî íàöèîíàëüíîãî óíè-
âåðñèòåòà èìåíè Â. Í. Êàðàçèíà.

Â îòëè÷èå îò äðóãèõ óíèâåðñèòåòñêèõ ìàòåìàòè÷åñêèõ êóðñîâ,
çíàêîìÿùèõ ñòóäåíòîâ ñ îòäåëüíûìè âû÷èñëèòåëüíûìè ìåòîäàìè
(äèôôåðåíöèðîâàíèå, èíòåãðèðîâàíèå è ò.ä.) â êóðñå ìàòåìàòè÷å-
ñêîé ôèçèêè ó÷àò ñòàâèòü è ðåøàòü çàäà÷è, îïèñûâàþùèå ðåàëüíûå
ôèçè÷åñêèå ïðîöåññû � âîëíîâûå, òåïëîâûå (äèôôóçèîííûå), çàäà-
÷è ñòàòèñòèêè.

Ó÷åáíèêîâ ïî ìàòåìàòè÷åñêîé ôèçèêè äîñòàòî÷íî, çàäà÷íèêîâ
æå, îñîáåííî ñ ïîäðîáíîé ðàçðàáîòêîé ìåòîäîâ ðåøåíèÿ çàäà÷, ïðàê-
òè÷åñêè íåò. Äàííûå ìåòîäè÷åñêèå óêàçàíèÿ ïðèçâàíû âîñïîëíèòü
ýòîò ïðîáåë.

Â ïåðâîì ðàçäåëå ïðîâîäèòñÿ êëàññèôèêàöèÿ óðîâíåé â ÷àñòíûõ
ïðîèçâîäíûõ âòîðîãî ïîðÿäêà äëÿ ôóíêöèè äâóõ ïåðåìåííûõ, ðàñ-
ñìàòðèâàþòñÿ ìåòîäû ïðèâåäåíèÿ èõ ê êàíîíè÷åñêîé ôîðìå, îáñó-
æäàåòñÿ âîïðîñ î òèïàõ êðàåâûõ çàäà÷, èõ ìàòåìàòè÷åñêîé ôîðìó-
ëèðîâêå.

Âòîðîé ðàçäåë ïîñâÿùåí ìåòîäó ðàçäåëåíèÿ ïåðåìåííûõ äëÿ ðå-
øåíèÿ êðàåâûõ çàäà÷. Ãëàâà À ðàçäåëà ïîñâÿùåíà îäíîìåðíûì çàäà-
÷àì. Ýòè çàäà÷è äëÿ èçó÷åíèÿ ìåòîäîâ èõ ðåøåíèÿ ñàìûå ïðîñòûå,
ïîñêîëüêó ðåøàþòñÿ õîðîøî èçâåñòíûìè ñòóäåíòàì ôóíêöèÿìè, ïî-
ýòîìó èìåííî íà ýòèõ çàäà÷àõ ìû îòðàáàòûâàåì ìåòîäû ðåøåíèé
ñ ïîñòåïåííûì óñëîæíåíèåì â ïîñòàíîâêå çàäà÷. Ñíà÷àëà ðåøàþòñÿ
ïåðâàÿ è âòîðàÿ êðàåâûå çàäà÷è ñ îäíîðîäíûìè ãðàíè÷íûìè óñëî-
âèÿìè, çàòåì � ñ íåîäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè, çàòåì � ñ
íåîäíîðîäíîñòüþ â óðàâíåíèè.

Ïî òàêîé æå ñõåìå â ãëàâàõ Â è Ñ ðåøàþòñÿ ïðîñòðàíñòâåííûå
çàäà÷è. Â ãëàâå Ñ ðåøàþòñÿ çàäà÷è ñ öèëèíäðè÷åñêîé ñèììåòðèåé
ñ òàêîé æå ïîñëåäîâàòåëüíîñòüþ óñëîæíåíèÿ. Îäíàêî çäåñü áîëüøå
óäåëÿåòñÿ âíèìàíèÿ ñâîéñòâàì íîâûõ � öèëèíäðè÷åñêèõ � ôóíêöèé,
âîçíèêàþùèõ ïðè ðåøåíèè ýòèõ çàäà÷, ïîëó÷åíû óñëîâèÿ îðòîãî-
íàëüíîñòè è êâàäðàò íîðìû íàáîðà ôóíêöèé, ðåøàþùèõ ïåðâóþ è
âòîðóþ êðàåâûå çàäà÷è.
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Ð à ç ä å ë 1

Ïðèâåäåíèå óðàâíåíèé ê êàíîíè÷åñêîé ôîðìå:
óðàâíåíèå äëÿ ôóíêöèé 2-õ ïåðåìåííûõ u (x, y).

Ãëàâà 1.

Óðàâíåíèå II-ãî ïîðÿäêà, ëèíåéíîå îòíîñèòåëüíî ñòàðøèõ ïðîèç-
âîäíûõ:

a11uxx + 2a12uxy + a22uyy + f(ux, uy, u, x, y) = 0 (1.1)

ïðèâîäèòñÿ ê êàíîíè÷åñêîé ôîðìå îòíîñèòåëüíî ñòàðøèõ ïðîèçâîä-
íûõ ïî ñõåìå:

à) Oïðåäåëÿåì îáëàñòè ãèïåðáîëè÷íîñòè, ýëëèïòè÷íîñòè è ïàðà-
áîëè÷íîñòè (ýòî ëèíèÿ - ãðàíèöà ìåæäó äâóìÿ ïåðâûìè îáëàñòÿ-
ìè). Äëÿ ýòîãî íàõîäÿòñÿ îáëàñòè, ãäå êîìáèíàöèÿ êîýôôèöèýíòîâ
â óðàâíåíèè (1.1) èìååò çíàê:

D = a2
12 − a11a22 > 0 - îáëàñòü ãèïåðáîëè÷íîñòè,

D = a2
12 − a11a22 < 0 - îáëàñòü ýëëèïòè÷íîñòè,

D = a2
12 − a11a22 = 0 - îáëàñòü (ëèíèÿ) ïàðàáîëè÷íîñòè.

â) Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå ïî ñõåìå: (ýòî óðàâ-
íåíèå â îáûêíîâåííûõ ïðîèçâîäíûõ):

a11(dy)2 − 2a12 dydx + a22(dx)2 = 0.
Íàõîäèì èíòåãðàëüíûå êðèâûå-õàðàêòåðèñòèêè ýòîãî óðàâíåíèÿ:





ϕ(x, y) = const.

ψ(x, y) = const.

Â îáëàñòè ãèïåðáîëè÷íîñòè õàðàêòåðèñòèêè âåùåñòâåííû è ðàç-
íûå. Çàìåíîé ïåðåìåííûõ: ξ = ϕ (x, y), η = ψ (x, y) óðàâíåíèå (1.1)
ïðèâîäèòñÿ ê âèäó:

uξ,η + f1 (uξ, uη, u, ξ, η) = 0. (1.2)

èëè çàìåíîé
α =

ϕ + ψ

2
; β =

ϕ− ψ

2
.

ê âèäó:

uαα − uββ + f2(uα, uβ, u, α, β) = 0. (1.3)
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Óðàâíåíèå (1.2) è (1.3) è åñòü êàíîíè÷åñêàÿ ôîðìà óðàâíåíèé

ãèïåðáîëè÷åñêîãî (âîëíîâîãî) òèïà.
Â îáëàñòè ýëëèïòè÷íîñòè � õàðàêòåðèñòèêè êîìïëåêñíûå (êîì-

ïëåêñíîñîïðÿæåííûå) ψ(x, y) = ϕ?(x, y). Çàìåíîé ïåðåìåííûõ ξ =
= ϕ+ϕ?

2 , η = ϕ−ϕ?

2i óðàâíåíèå (1.1) ïðèâîäèòñÿ ê êàíîíè÷åñêîé ôîðìå:

uξξ + uηη + f3(uξ, uη, u, ξ, η) = 0.

Â îáëàñòè (íà ëèíèè) ïàðàáîëè÷íîñòè õàðàêòåðèñòèêè ñîâïàäà-
þò, ϕ(x, y) = ψ(x, y) è çàìåíîé ξ = ϕ(x, y), η = η(x, y), ãäå η(x, y)
è ϕ(x, y) - ëèíåéíî íå çàâèñèìû:

∣∣∣∣∣∣
ϕx ϕy

ηx ηy.

∣∣∣∣∣∣ 6= 0.

óðàâíåíèå (1.1) ïðèâîäèòñÿ ê êàíîíè÷åñêîé ôîðìå:

uξξ + uη + f(uξ, u, ξ, η) = 0. (1.4)

Ïðèìåð: 1-2
uxx + xuyy = 0.

Îáëàñòü ãèïåðáîëè÷íîñòè:

D = −x > 0.

ò.å. x < 0 - ëåâàÿ ïîëóïëîñêîñòü ïëîñêîñòè (xy).
Îáëàñòü ýëëèïòè÷íîñòè:

D = −x < 0.

ò.å. x > 0 - ïðàâàÿ ïîëóïëîñêîñòü.
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

(dy)2 + x(dx)2 = 0,

(dy)± = ±√−x dx.

Õàðàêòåðèñòè÷åñêèå èíòåãðàëû:

ϕ (x, y) = y +
2

3
(−x)

3
2 = const.

ψ (x, y) = y − 2

3
(−x)

3
2 = const.
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Â îáëàñòè ãèïåðáîëè÷íîñòè x < 0 âûáèðàåì íîâûå ïåðåìåííûå

ξ, η ñ ïîìîùüþ õàðàêòåðèñòèê (õàðàêòåðèñòèêè âåùåñòâåííû). Íà-
ïðèìåð:

ξ =
ϕ + ψ

2
= y,

η =
ϕ− ψ

2
=

2

3
(−x)3/2.

Çàïèøåì èñõîäíîå óðàâíåíèå â íîâûõ ïåðåìåííûõ ξ, η:

(ξx = 0; ξy = 1; ηx = −√−x, ηy = 0),

ux = uξ · ξx + uηηx = −√−xuη,

uxx =
1

2
√−x

· uη −
√−x · [(uηξ) ξx + uηηηx] =

1

2
√−x

uη + (−x)uηη,

uy = uξ · ξy + uηηy = uξ,

uyy = uξη · ηy + uξξ · ξy = uξξ,

uxx + xuyy =
uη

2
√−x

− xuηη + xuξξ = 0.

Èëè:
uξξ − uηη − 1

2(−x)
√−x

uη = 0.

Ó÷òÿ, ÷òî 2(−x)3/2 = 3η, èìååì:

uξξ − uηη − 1

3η
uη = 0.

Â îáëàñòè ýëëèïòè÷íîñòè (x > 0) õàðàêòåðèñòèêè:

ϕ(x, y) = y +
2

3
i
√

x = ψ?,

ψ(x, y) = y − 2

3
i
√

x

ÿâëÿþòñÿ êîìïëåêñíûìè (êîìïëåêñíîñîïðÿæåííûìè).
Âûáîð íîâûõ ïåðåìåííûõ:

ξ =
ϕ + ϕ?

2
= y,

η =
ϕ− ϕ?

2i
=

2

3
(x)3/2,
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ξx = 0; ξy = 1; ηx =

√
x; ηy = 0,

ux = uξξx + uηηx =
√

x · uη,

uxx =
1

2
√

x
uη +

√
x (uηηηx + uηξξx) =

1

2
√

x
uη + xuηη,

uy = uξξy + uηηy = uξ; uyy = uξξξy + uξη · ηy = uξξ.

Èñõîäíîå óðàâíåíèå â ïåðåìåííûõ ξ, η ïðèíèìàåò âèä:

uxx + xyyy =
1

2
√

x
uη + xyηη + xuξξ = 0.

Ó÷òÿ, ÷òî 2x
√

x = 3η, ïîëó÷èì:

uξξ + uηη +
1

3η
uη = 0.

Ãëàâà 2.

Ëèíåéíûå óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.

Îáùèé âèä óðàâíåíèÿ (êîýôôèöèåíòû a11, a12, a22, b, c, d åñòü
êîíñòàíòû):

a11 uxx+2a12 uxy+a22 uyy+b ux+c uy+du+f(x, y) = 0. (2.0)

Ïåðâûé øàã - îïðåäåëèòü òèï óðàâíåíèÿ, ò.å. çíàê êîìáèíàöèè
D = a2

12−a11·a22. Îòìåòèì, ÷òî çíàê êîìáèíàöèè D, à ñëåäîâàòåëüíî,
è òèï óðàâíåíèÿ â ñèëó ïîñòîÿíñòâà êîýôôèöèåíòîâ a12, a11, a22

ñîõðàíÿåòñÿ âî âñåé ïëîñêîñòè (x, y).
Ïîëîæèì, D > 0, ò.å. óðàâíåíèå ãèïåðáîëè÷åñêîãî òèïà (ðàññìîò-

ðèì äëÿ ïðèìåðà ýòîò âàðèàíò).
Ïî ïðèâåäåííîé ðàíåå ñõåìå ïðèâîäèì óðàâíåíèå (2.0) ê êàíîíè-

÷åñêîé ôîðìå îòíîñèòåëüíî ñòàðøèõ ïðîèçâîäíûõ (ïðè ýòîì, åñòå-
ñòâåííî, èçìåíÿòñÿ è êîýôôèöèåíòû ïðè ïåðâûõ ïðîèçâîäíûõ â íî-
âûõ ïåðåìåííûõ ξ, η, u ôóíêöèÿ f(x, y)). Ïîëó÷èì:

uξη + b1uξ + c1uη + d1u+ f1(ξ, η) = 0. (2.1)
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Ýòî óðàâíåíèå äîïócêàåò äàëüíåéøåå óïðîùåíèå ñëàãàåìûõ ñ ïåð-

âûìè ïðîèçâîäíûìè. Çàìåíîé èñêîìîé ôóíêöèè u(ξ, η) íà íîâóþ
v(ξ, η) ïî ôîðìóëå:

u(ξ, η) = v(ξ, η) eµξ+νη. (2.2)

c ñîîòâåòñòâóþùèì âûáîðîì ïîêà åùå íå îïðåäåëåííûõ ïàðàìåòðîâ
(êîíñòàíò) µ è ν ýòî óðàâíåíèå äëÿ ôóíêöèè v ïðèâîäèòñÿ ê óðàâ-
íåíèþ áåç ïåðâûõ ïðîèçâîäíûõ. Äåéñòâèòåëüíî, ïîäñòàâèì (2.2) â
(2.1):

uξ = (vξ + µv) eµξ+νη,

uη = (vη + νv) eµξ+νη,

uξη = [vξη + µvη + (vξ + µv) · ν] eµξ+νη,

Ïîëó÷àåì äëÿ ôóíêöèè v (ξ, η) óðàâíåíèå:

vξη + (ν + b1) vξ + (µ + c1) vη + (µν + b1µ + c1ν + d1) v + f2(ξη) = 0.

ãäå
f2(ξ, η) = f1(ξ, η) e−(µξ+νη).

Âûáèðàÿ åùå äî ñèõ ïîð íå îïðåäåëåííûå íàìè ñâîáîäíûå êîíñòàíòû
ν è µ â âèäå:

ν = −b1,

µ = −c1.

ïîëó÷èì êàíîíè÷åñêóþ ôîðìó ëèíåéíîãî óðàâíåíèÿ ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè â âèäå (äëÿ ôóíêöèè v).

vξη + (d1 − c1b1) v + f1(ξ, η) e(c1ξ+b1η) = 0.

Îòìåòèì (ïîä÷åðêíåì), ÷òî óðàâíåíèå äëÿ ôóíêöèè v (ξ, η) ïðè-
âîäèòñÿ ê ôîðìå ñ îòñóòñòâèåì ïåðâûõ ïðîèçâîäíûõ.

: Ïðèâåñòè ê êàíîíè÷åñêîé ôîðìå óðàâíåíèå:

uxx + 2uxy + ux + u = 0. (2.3)

1) Òèï óðàâíåíèÿ D = 1 > 0 - ãèïåðáîëè÷åñêîå óðàâíåíèå.
2) Ïðèâåñòè ê êàíîíè÷åñêîé ôîðìå â îòíîøåíèè ñòàðøèõ ïðîèç-

âîäíûõ.
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Õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

(dy)2 − 2 dydx = dy (dy − 2dx) = 0.

Õàðàêòåðèñòèêè: y = const, y − 2x = const.
Íîâûå ïåðåìåííûå:





ξ = y ξx = 0, ξy = 1.
η = y − 2x ηx = −2, ηy = 1.





ux = −2uη,

uxx = 4uηη,

uxy = −2uηξ − 2uηη.

Ïîäñòàíîâêà â (2.3.) äàåò:

4uηξ + 2uη − u = 0 → uξη +
1

2
uη − 1

4
u = 0. (2.4)

Çàìåíà ôóíêöèè: u = v eµξ+νη.

uη = (vη + νv) eµξ+νη,

uηξ ≡ uξη = [vηξ + νvξ + (vη + νv)µ] eµξ+νη.

Ïîäñòàâëÿåì â (2.4)

uξη + uη

(
µ +

1

2

)
+ vξ · ν +

(
νµ +

1

2
ν − 1

4

)
v = 0.

Äîîïðåäåëÿåì ñâîáîäíûå ïàðàìåòðû ν è µ :

v = 0, µ = −1

2
.

Îòâåò - êàíîíè÷åñêàÿ ôîðìà óðàâíåíèÿ äëÿ ôóíêöèè v(ξη):

vξη − 1

4
v = 0.
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Ãëàâà 3

Ïîñòàíîâêà êðàåâûõ çàäà÷.

Âûÿñíèòü ñìûñë èññëåäóåìîé ôèçè÷åñêîé âåëè÷èíû, îáîñíîâàòü
âûáîð ñèñòåìû êîîðäèíàò, çàïèñàòü óðàâíåíèå, êðàåâûå è íà÷àëüíûå
óñëîâèÿ.

Ìàòåìàòè÷åñêóþ ïîñòàíîâêó çàäà÷ ìû ðàññìîòðèì íà ïðèìåðàõ.
Ç à ä à ÷ à II-1. Ïðîäîëüíûå êîëåáàíèÿ ñòåðæíÿ.
Óïðóãèé ïðÿìîóãîëüíûé ñòåðæåíü âûâåäåí èç ñîñòîÿíèÿ ïîêîÿ

òåì, ÷òî åãî ïîïåðå÷íûì ñå÷åíèÿì â ìîìåíò âðåìåíè t = 0 ñîîáùå-
íû ìàëûå ïðîäîëüíûå (âäîëü îñè ñòåðæíÿ) ñìåùåíèÿ îòíîñèòåëüíî
ðàâíîâåñíîãî ïîëîæåíèÿ è ñêîðîñòè. Ïðåäïîëàãàÿ, ÷òî ïîïåðå÷íûå
ñå÷åíèÿ ñòåðæíÿ âñå âðåìÿ îñòàþòñÿ ïëîñêèìè (è ïàðàëëåëüíûìè
äðóã äðóãó è íà÷àëüíîìó ïîëîæåíèþ), ïîñòàâèòü êðàåâóþ çàäà÷ó
äëÿ îïðåäåëåíèÿ ñìåùåíèé ïîïåðå÷íûõ ñå÷åíèé ñòåðæíÿ ïðè t > 0.

Ðàññìîòðåòü ñëó÷àè:
à) Êîíöû ñòåðæíÿ çàêðåïëåíû æåñòêî,
á) Êîíöû ñòåðæíÿ ñâîáîäíû.
1) Âûáîð ñèñòåìû êîîðäèíàò. Ñèñòåìà êîîðäèíàò äîëæíà îòîáðà-

æàòü ñèììåòðèþ çàäà÷è, ÷òî ïîçâîëÿåò íàäåÿòüñÿ êàê íà ïðîñòåé-
øóþ ìàòåìàòè÷åñêóþ ôîðìóëèðîâêó çàäà÷è, òàê è íà âîçìîæíîñòè
åå ðåøåíèÿ. Â äàííîé çàäà÷å òàêîé ñèñòåìîé êîîðäèíàò áóäåò ñè-
ñòåìà ñ îñüþ (íàïðèìåð, x), íàïðàâëåííîé âäîëü îñè ðàâíîâåñíîãî
(ïîêîÿùåãîñÿ) ñòåðæíÿ.

Ïóñòü äëèíà ñòåðæíÿ ðàâíà l. Ñîïîñòàâèì ëåâîìó òîðöó ñòåðæíÿ
êîîðäèíàòó x = 0, òîãäà ïðàâûé èìååò êîîðäèíàòó x = l.

2) Èññëåäóåìàÿ ôèçè÷åñêàÿ âåëè÷èíà. Â êà÷åñòâå òàêîé âåëè÷è-
íû âûáåðåì ñìåùåíèå ïîïåðå÷íîãî ñå÷åíèÿ ñòåðæíÿ âäîëü îñè x,
îáîçíà÷èâ ñìåùåíèå ÷åðåç u. Ïðè âûáðàííîé ñèñòåìå êîîðäèíàò è â
ñîîòâåòñòâèè ñ óñëîâèÿìè çàäà÷è ñìåùåíèå u áóäåò ôóíêöèåé êîîð-
äèíàòû x è âðåìåíè t:

u = u(x, t).

Òàêèì îáðàçîì, çàäà÷à � îäíîìåðíàÿ.
3) Óðàâíåíèå.

Ïðîöåññ - êîëåáàòåëüíûé - çàäà÷à î ñîáñòâåííûõ ïðîäîëüíûõ êî-
ëåáàíèÿõ ïîïåðå÷íûõ ñå÷åíèé ñòåðæíÿ. Â ñèëó îäíîìåðíîñòè çàäà-
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÷à îïèñûâàåòñÿ îäíîìåðíûì îäíîðîäíûì âîëíîâûì óðàâíåíèåì (áåç
âûâîäà):

a2uxx = utt.

4) Ãðàíè÷íûå óñëîâèÿ çàäàþò ñîñòîÿíèå (ïîëîæåíèå) òîðöåâûõ
ñå÷åíèé.

Ñëó÷àé (à) - òîðöû çàêðåïëåíû æåñòêî, ò.å. ñ òå÷åíèåì âðåìåíè
èõ ïîëîæåíèå çàôèêñèðîâàíî â ñîñòîÿíèè ðàâíîâåñèÿ, ò.å. èõ îòêëî-
íåíèÿ ðàâíû íóëþ

u (0, t) = 0,

u (l, t) = 0.

Ñëó÷àé (á) - òîðöû ñâîáîäíû. Ýòî îçíà÷àåò ñ òî÷êè çðåíèÿ ôèçè-
êè ïðîöåññà, ÷òî íà òîðöû íå äåéñòâóþò ïðèëîæåííûå âíåøíèå ñè-
ëû. Íî ñèëû â òåîðèè óïðóãîñòè ïðîïîðöèîíàëüíû îòíîñèòåëüíîìó
ñìåùåíèþ (ðàñòÿæåíèÿ èëè ñæàòèÿ), ò.å. ïðîïîðöèîíàëüíû ïðîèç-
âîäíîé ïî êîîðäèíàòå îò ñìåùåíèÿ òîðöåâûõ ñå÷åíèé.

Ñëåäîâàòåëüíî, â ýòîì ñëó÷àå ãðàíè÷íûå óñëîâèÿ íà òîðöàõ èìå-
þò âèä (îòñóòñâèå ñèë):

∂u

∂x
|0 ≡ ux(0, t) = 0,

ux(l, t) = 0.

5) Íà÷àëüíûå óñëîâèÿ (ïðè t = 0) çàäàíû ôóíêöèåé íà÷àëüíîãî
ñìåùåíèÿ ñå÷åíèé ñòåðæíÿ ϕ(x) è ôóíêöèåé ψ(x) íà÷àëüíûõ ñêî-
ðîñòåé ñå÷åíèé:

u(x, 0) = ϕ(x),

∂u

∂t
|0 ≡ ut(x, 0) = ψ(x).

Èòàê, ïîëíàÿ ìàòåìàòè÷åñêàÿ ôîðìóëèðîâêà çàäà÷è II-1 åñòü:
Óðàâíåíèå: a2uxx = utt.
Ãðàíè÷íûå óñëîâèÿ:
Ñëó÷àé (à): u (0, t) = 0 u (l, t) = 0, Ñëó÷àé (á): ux (0, t) =

0 ux (l, t) = 0.
Íà÷àëüíûå óñëîâèÿ:

u (x, 0) = ϕ(x) ut (x, 0) = ψ(x),
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0 ≤ x ≤ l; 0 ≤ t.

Çàìåòèì, ÷òî åñëè â ñèñòåìå (ñòåðæíå) åñòü ðàñïðåäåëåííûå ñèëû
ëèíåéíîé ïëîòíîñòè f(x, t), òî ýòà ôóíêöèÿ äîáàâëÿåòñÿ â ëåâóþ
÷àñòü óðàâíåíèÿ, è óðàâíåíèå ñòàíîâèòñÿ íåîäíîðîäíûì.

Ç à ä à ÷ à III-1.
Ïîñòàâèòü êðàåâóþ çàäà÷ó îá îïðåäåëåíèè òåìïåðàòóðû ñòåðæíÿ

äëèíû l ñ òåïëîèçîëèðîâàííîé áîêîâîé ïîâåðõíîñòüþ, åñëè åãî íà-
÷àëüíàÿ òåìïåðàòóðà ÿâëÿåòñÿ ïðîèçâîëüíîé ôóíêöèåé ðàññòîÿíèÿ
ïî îñè îò îäíîãî èç òîðöîâ. Ðàññìîòðåòü ñëó÷àè, êîãäà:

à) êîíöû(òîðöû) ñòåðæíÿ ïîääåðæèâàþòñÿ ïðè çàäàííîé òåìïå-
ðàòóðå,

á) íà òîðöû ñòåðæíÿ ïîäàåòñÿ âíåøíèé òåïëîâîé ïîòîê.
1. Âûáîð ñèñòåìû êîîðäèíàò - îñü x íàïðàâèì âäîëü îñè ñòåðæíÿ.
2. Èñêîìàÿ âåëè÷èíà - òåìïåðàòóðà îñåâîãî ñå÷åíèÿ ñòåðæíÿ u; â

ñèëó òåïëîèçîëèðîâàííîñòè áîêîâîé ïîâåðõíîñòè ñòåðæíÿ è óêàçàí-
íîé âûøå çàâèñèìîñòè íà÷àëüíîé òåìïåðàòóðû u áóäåò èçìåíÿòüñÿ
ëèøü îò ñå÷åíèÿ ê ñå÷åíèþ, ò.å. u = u(x, t).

Â òàêîé ïîñòàíîâêå çàäà÷à áóäåò îäíîìåðíîé. Îäíîìó (ëåâîìó)
òîðöó ñîïîñòàâëÿåì êîîðäèíàòó 0, âòîðîìó - êîîðäèíàòó l.

3. Ïîñêîëüêó âíóòðè ñòåðæíÿ íåò òåïëîâûõ èñòî÷íèêîâ (è ñòî-
êîâ) çàäà÷à îïèñûâàåòñÿ îäíîðîäíûì îäíîìåðíûì òåïëîâûì óðàâ-
íåíèåì:

a2uxx = ut.

ãäå a çàâèñèò îò êîýôôèöèåíòà òåïëîïðîâîäíîñòè, ïëîòíîñòè ìàòå-
ðèàëà ñòåðæíÿ (ïîëàãàåì a = const).

4. Ãðàíè÷íûå óñëîâèÿ:
Ñëó÷àé (à): u (0, t) = T1, u (l, t) = T2, ãäå T1 è T2 - òåìïåðàòóðû

òîðöîâ ñòåðæíÿ.
Ñëó÷àé (á). Ïîñêîëüêó ïîòîê òåïëà ïðîïîðöèîíàëåí ãðàäèåíòó

òåìïåðàòóðû, çàäàííûå íà òîðöàõ âíåøíèå ïîòîêè òåïëà ïðîïîðöè-
îíàëüíû ïðîèçâîäíûì (ãðàäèåíòàì) òåìïåðàòóðû íà òîðöàõ:

∂u

∂x
≡ ux (0, t) = q1,

ux (l, t) = q2.

ãäå q1 è q2 - ïðîïîðöèîíàëüíû çàäàííûì èçâíå ïîòîêàì òåïëà.
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5. Íà÷àëüíîå óñëîâèå çàäàåò çàâèñèìîñòü òåìïåðàòóðû ñå÷åíèé

ñòåðæíÿ â íà÷àëüíûé ìîìåíò t = 0 âäîëü îñè:

u (x, 0) = ϕ (x).

Èòàê, ïîëíàÿ ìàòåìàòè÷åñêàÿ ôîðìóëèðîâêà òåïëîâîé çàäà÷è èìååò
âèä:

óðàâíåíèå a2 uxx = ut.
Ãðàíè÷íûå óñëîâèÿ:
Ñëó÷àé (à) - (ïåðâàÿ êðàåâàÿ çàäà÷à) - u (0, t) = T1; u (l, t) = T2.
Ñëó÷àé (á) - (âòîðàÿ êðàåâàÿ çàäà÷à) - ux (0, t) = q1; ux (l, t) =

q2.
Íà÷àëüíîå óñëîâèå (îäíî!).

u (x, 0) = ϕ(x),

0 ≤ x ≤ l, 0 ≤ t.

Çàìåòèì, ÷òî â ñëó÷àå íàëè÷èÿ â ðàññìàòðèâàåìîé ñèñòåìå (ñòåðæíå)
ðàñïðåäåëåííûõ òåïëîâûõ èñòî÷íèêîâ (ñòîêîâ) ëèíåéíîé ïëîòíîñòè
f(x, t), ýòà ôóíêöèÿ äîáàâëÿåòñÿ â ëåâóþ ÷àñòü óðàâíåíèÿ (è óðàâ-
íåíèå ñòàíîâèòñÿ íåîäíîðîäíûì).

Ð à ç ä å ë 2.
Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ðåøåíèÿ çàäà÷

ñ óðàâíåíèÿìè â ÷àñòíûõ ïðîèçâîäíûõ (ìåòîä Ôóðüå)

Ãëàâà À. Îäíîìåðíûå çàäà÷è.

Ìû áóäåì îòðàáàòûâàòü ìåòîä íà ïðèìåðàõ ðåøåíèÿ çàäà÷ ñ ïî-
ñòåïåííûì èõ óñëîæíåíèåì.

I. Îäíîìåðíîå îäíîðîäíîå âîëíîâîå óðàâíåíèå ñ îäíîðîäíûìè
ãðàíè÷íûìè óñëîâèÿìè I-ãî òèïà äëÿ îòðåçêà ïðÿìîé.

II − 99. Êîíöû ñòðóíû äëèíû l çàêðåïëåíû æåñòêî, à íà÷àëüíîå
îòêëîíåíèå èìååò ôîðìó êâàäðàòè÷íîé ïàðàáîëû, ñèììåòðè÷íîé îò-
íîñèòåëüíî ïåðïåíäèêóëÿðà ê ñåðåäèíå ñòðóíû. Íàéòè êîëåáàíèÿ
ñòðóíû, åñëè íà÷àëüíûå ñêîðîñòè - íóëåâûå.

Ìàòåìàòè÷åñêàÿ ôîðìóëèðîâêà çàäà÷è.
Âûáåðåì îñü x âäîëü ðàâíîâåñíîãî ïîëîæåíèÿ ñòðóíû, îäíîìó êîíöó
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ñîïîñòàâèì êîîðäèíàòó x = 0, äðóãîìó x = l. Áóäåì ðàññìàòðèâàòü
ìàëûå ïîïåðå÷íûå îòêëîíåíèÿ òî÷åê ñòðóíû u(x, t) - çàäà÷à ïðè
òàêîì âûáîðå êîîðäèíàò îäíîìåðíàÿ.

Óðàâíåíèå - îäíîìåðíîå îäíîðîäíîå âîëíîâîå:

a2 uxx = utt. (A.1.1)

Ãðàíèöû çàêðåïëåíû (ãðàíè÷íûå òî÷êè íå ñìåùàþòñÿ):

u (0, t) = 0, u (l, t) = 0. (A.1.2)

Íà÷àëüíîå îòêëîíåíèå - êâàäðàòè÷íàÿ ïàðàáîëà, ïðîõîäÿùàÿ ÷åðåç
òî÷êè (0, l), â êîòîðûõ îòêëîíåíèÿ - íóëåâûå (òî÷êè çàêðåïëåíèÿ).

u (x, 0) = ϕ(x) = x (l − x). (A.1.3a)

Íà÷àëüíûå ñêîðîñòè - íóëåâûå:

ut (x, 0) = ψ(x) = 0, (A.1.3â)

0 ≤ x ≤ l; 0 ≤ t.

Èùåì íåòðèâèàëüíîå îãðàíè÷åííîå ðåøåíèå ñôîðìóëèðîâàííîé çà-
äà÷è äëÿ t > 0.

Îñíîâíàÿ èäåÿ ðåøåíèÿ çàäà÷ â óðàâíåíèÿõ ñ ÷àñòíûìè ïðîèç-
âîäíûìè - íàéòè ïîëíûé íàáîð ëèíåéíî-íåçàâèñèìûõ ÷àñòíûõ ðåøå-
íèé â âèäå ïðîèçâåäåíèÿ ôóíêöèé, êàæäàÿ èç êîòîðûõ çàâèñèò îò
îäíîé ïåðåìåííîé. Òîãäà îáùåå ðåøåíèå - ñóììà âñåõ ýòèõ ÷àñòíûõ
ðåøåíèé (ñ êîíñòàíòàìè).

Ñõåìà ðåøåíèÿ: èùåì ðåøåíèÿ óðàâíåíèÿ, â âèäå ïðîèçâåäåíèÿ
ôóíêöèé îò îäíîé ïåðåìåííîé, ïîä÷èíÿåì ýòè ðåøåíèÿ ãðàíè÷íûì
óñëîâèÿì - ïîëó÷àåì ïîëíûé íàáîð ÷àñòíûõ ðåøåíèé, ñóììà êîòî-
ðûõ ñ êîíñòàíòàìè äàåò îáùåå ðåøåíèå, çàòåì èç íà÷àëüíûõ óñëîâèé
íàõîäèì êîíñòàíòû îáùåãî ðåøåíèÿ.

Ðåøåíèå óðàâíåíèÿ (À.1.1) èùåì â âèäå:

u (x, t) = X (x) · T (t). (A.1.3)

Ïîäñòàâëÿåì ýòî ðåøåíèå â (À.1.1.), èìååì:

a2T ·X ′′ = X · T ′′.
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Äåëèì íà a2 X ·T (a2 X ·T 6= 0, ò.ê. èùåì íåòðèâèàëüíîå ðåøåíèå,

X 6= 0, T 6= 0).
X ′′

X
=

T ′′

a2T
= −λ = const.

Ïîëó÷èì óðàâíåíèÿ äëÿ ôóíêöèé X (x) è T (t):

X ′′ + λ X = 0, T ′′ + a2 λ T = 0. (A.1.4)

Ïîêà ìû íå ìîæåì óòâåðæäàòü, ÷òî ïåðåìåííûå ðàçäåëèëèñü -
çàäà÷à êàê äëÿ ôóíêöèè X (x), òàê è äëÿ T (t) åùå íå ïîñòàâëåíà
(íå îïðåäåëåíà), òàê êàê â óðàâíåíèÿõ äëÿ ýòèõ ôóíêöèé (À.1.4.)
ôèãóðèðóåò íåèçâåñòíàÿ (íåîïðåäåëåííàÿ) êîíñòàíòà λ.

Èñïîëüçóåì ãðàíè÷íûå óñëîâèÿ (À.1.2.):

u (0, t) = X(0) · T (t) = 0 → X(0) = 0. (A.1.4a)

(Â ñèëó íåòðèâèàëüíîñòè ðåøåíèÿ T (t) 6= 0).

u (l, t) = X(l) T (t) = 0 → X(l) = 0. (A.1.4â)

Èòàê, äëÿ ôóíêöèè X(x) ïîëó÷èëè ðåøàåìóþ çàäà÷ó:




X ′′ + λX = 0,
X(0) = 0,
X(l) = 0,
0 ≤ x ≤ l. (A.1.5)

Ýòà - çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè îä-
íîìåðíîãî îïåðàòîðà Ëàïëàñà íà îòðåçêå (0, l) ïðè ãðàíè÷íîì óñëî-
âèè ïåðâîãî òèïà - íà ãðàíèöå ðàâíà íóëþ ñàìà ôóíêöèÿ.

Íàáîð (áåñêîíå÷íûé) ðåøåíèé ýòîé çàäà÷è âîçìîæåí ëèøü ïðè
λ > 0 (ëåãêî ïðîâåðèòü,÷òî ïðè λ ≤ 0 ïîëó÷èì òðèâèàëüíûå ðåøå-
íèÿ).

Íàáîð Ñ.3 è Ñ.Ô. (ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé)
çàäà÷è (À.1.5.) íàõîäèì ïî ñõåìå.

Ïèøåì êëàññ ðåøåíèé óðàâíåíèÿ (λ > 0):

X(x) = A cos
√

λ x + B sin
√

λ x.

Ïîä÷èíÿåì ýòî ðåøåíèå ãðàíè÷íûì óñëîâèÿì:

X(0) = A = 0, X(l) = B sin
√

λn l = 0,
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oòêóäà ïðè B 6= 0 (èíà÷å òðèâèàëüíîå ðåøåíèå) èìååì:

√
λnl = πn, n = 1, 2...

Èòàê, íàáîð Ñ.3. è Ñ.Ô. çàäà÷è (À.1.5.):

λn =

(
πn

l

)2
, n = 1, 2, 3...

Xn (x) = sin
πn

l
x. (A.1.5a)

Ïðè ýòîì ôóíêöèè Xn(x) îðòîãîíàëüíû íà îòðåçêå (0, l):
∫ l

0
Xn (x) Xm (x)dx = 0, n 6= m.

è êâàäðàò íîðìû èõ ðàâåí:

|| Xn (x) ||2=
l∫

0

X2
n(x) dx =

l

2
.

Òàêèì îáðàçîì, èç ðåøåíèÿ ïðîñòðàíñòâåííîé çàäà÷è îïðåäåëåí
íàáîð êîíñòàíò λ, ò.å. λn, à, ñëåäîâàòåëüíî, ñòàíîâèòñÿ îïðåäåëåííîé
è çàäà÷à äëÿ ôóíêöèè T (t):

T ′′
n + a2λnTn = 0.

Tn (t) = An cos a
√

λn t + Bn sin a
√

λn t.

ò.å. ïåðåìåííûå ðàçäåëèëèñü.
Ïîä÷åðêíåì âàæíåéøèé ìîìåíò â ýòîì ðåøåíèè - âîçìîæíîñòü

ïîñòàâèòü çà÷àäó äëÿ ôóíêöèè X(x), à, ñëåäîâàòåëüíî, äëÿ T (t)
ò.å. ðàçäåëèòü ïåðåìåííûå, îáóñëîâëåíà (îáåñïå÷åíà) îäíîðîäíûìè
ãðàíè÷íûìè óñëîâèÿìè - èç îäíîðîäíûõ ãðàíè÷íûõ óñëîâèé (À.1.2)
ñðàçó æå, íåïîñðåäñòâåííî ñëåäóþò óñëîâèÿ (À.1.4.à) è (À.1.4.â) äëÿ
ïðîñòðàíñòâåííîé ôóíêöèè çàäà÷è X(x), ò.å. ïåðåìåííûå ðàçäåëÿ-
þòñÿ.

Ïîëíûé íàáîð ëèíåéíî-íåçàâèñèìûõ ÷àñòíûõ ðåøåíèé çàäà÷è èìå-
åò âèä:

un (x, t) = Xn(x) Tn(t) = (An cos a
√

λnt + Bn sin a
√

λn t) sin
πn

l
x.



17
Îáùåå ðåøåíèå:

u (x, t) =
∞∑

n=1
un (x, t) =

∞∑

n=1
Tn(t) Xn(x) =

=
∞∑

n=1
[An cos a

√
λnt+Bn sin a

√
λnt] Xn(x). (A.1.6)

Äëÿ îïðåäåëåíèÿ êîíñòàíò An è Bn âîñïîëüçóåìñÿ íà÷àëüíûìè
óñëîâèÿìè. Ñíà÷àëà âîñïîëüçóåìñÿ áîëåå ïðîñòûì óñëîâèåì (A.1.3â):

∑
Bn

√
λn Xn(x) = 0.

Â ñèëó ëèíåéíîé íåçàâèñèìîñòè íàáîðà ôóíêöèé Xn(x) âñå êîýô-
ôèöèåíòû Bn â ýòîé ñóììå ðàâíû íóëþ, Bn = 0.

Òàêèì îáðàçîì,

u(x, t) =
∞∑

n=1
An cos a

√
λn t Xn(x).

Èñïîëüçóÿ ïåðâîå íà÷àëüíîå óñëîâèå (À.1.3.à), èìååì:

x(l−x) =
∑

An ·Xn. (A.1.7)

Íàáîð ôóíêöèé:
Xn (x) = sin

√
λn x,

√
λn =

πn

e
, n = 1, 2, ...

ïðåäñòàâëÿåò ñîáîé ïîëíóþ îðòîãîíàëüíóþ ñèñòåìó ëèíåéíî íåçà-
âèñèìûõ ôóíêöèé, è ïî èçâåñòíûì ïðàâèëàì, ðàññìàòðèâàÿ (À.1.7.)
êàê ðàçëîæåíèå ôóíêöèè x(l−x) â ðÿä ïî íàáîðó Xn(x), èìååì äëÿ
êîýôôèöèåíòîâ ðàçëîæåíèÿ An:

An =

l∫
0
x(l − x)Xn(x)dx

|| Xn(x) ||2 =
2

l

l∫

0

x(l − x) sin
πn

l
xdx.

Èíòåãðàë âû÷èñëÿåì èíòåãðèðîâàíèåì ïî ÷àñòÿì:
l∫

0

x (l − x) sin
πn

l
xdx =

=| u = x(l−x); du = (l−2x); dv = sin
πn

l
xdx; v = − l

πn
cos

πn

l
x |=
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− l

πn
x(l − x) cos

πn

l
x |l0

︸ ︷︷ ︸
=0

+
l

πn

l∫

0

(l − 2x) cos
πn

l
xdx =

| u = l − 2x; du = −2dx; dv = cos
πn

l
xdx; v =

l

πn
sin

πn

l
x |=

(l − 2x)

(
l

πn

)2

sin
πn

l
x |l0

︸ ︷︷ ︸
=0

+2

(
l

πn

)2 l∫

0

sin
πn

l
xdx = −2

(
l

πn

)3

cos
πn

l
x |l0=

2

(
l

πn

)3

[1− (−1)n].

A2k = 0; A2k+1 = 8
l2

π3(2k + 1)3 .

Îáùåå ðåøåíèå:

u(x, t) =
8l2

π3

∞∑

n=0

1

(2n + 1)3 cos a
π(2n + 1)

l
t ·sin π(2n + 1)

l
x. (A.1.8)

II. Îäíîìåðíîå îäíîðîäíîå âîëíîâîå óðàâíåíèå íà îòðåçêå
ïðÿìîé ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè

II êðàåâàÿ çàäà÷à.

Çàäà÷à ðåøàåòñÿ ïî òîé æå ñõåìå, ÷òî è ïðåäûäóùàÿ.
Ìàòåìàòè÷åñêàÿ ôîðìóëèðîâêà.
Óðàâíåíèå:

a2uxx = utt. (A.2.1)

Ãðàíè÷íûå óñëîâèÿ:
ux(0, t) = 0,

ux(l, t) = 0. (A.2.2)
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Íà÷àëüíûe óñëîâèÿ:

u(x, 0) = ϕ(x),

ut(x, 0) = ψ(x),

o ≤ x ≤ l; 0 ≤ t. (A.2.3)

Ðåøàåì çàäà÷ó ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ, ïîëó÷èì îáùåå ðå-
øåíèå â âèäå:

u(x, t) =
∑

n=0
Tn(t)Xn(x), (A.2.4)

ãäå Xn(x) - ñîáñòâåííûå ôóíêöèè çàäà÷è:
X ′′ + λX = 0,

X ′(0) = 0,

X ′(l) = 0,

0 ≤ x ≤ l. (A.2.5)

Ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (A.2.5) è ñîîòâåòñòâóþùèå èì ñîá-
ñòâåííûå ôóíêöèè Xn(x) ðàâíû:

λn =

(
πn

l

)2
; n = 0, 1, 2, ...

Xn(x) = cos
πn

l
x. (A.2.6)

Êâàäðàò íîðìû ôóíêöèé (A.2.6) ðàâåí:
|| X0(x) ||2= l,

|| Xn(x) ||2= l

2
, n = 1, 2, 3. (A.2.7)

Â îáùåì ðåøåíèè (A.2.4) ôóíêöèÿ âðåìåíè è êîíñòàíòû îáùåãî
ðåøåíèÿ îïðåäåëÿþòñÿ êàê è â çàäà÷å II-99.

Ïî òàêîé æå ñõåìå, êàê è ïåðâàÿ, è âòîðàÿ, ðåøàåòñÿ òðåòüÿ êðà-
åâàÿ çàäà÷à äëÿ îäíîðîäíîãî âîëíîâîãî óðàâíåíèÿ ñ îäíîðîäíûìè
ãðàíè÷íûìè óñëîâèÿìè. Îäíàêî, äëÿ íàõîæäåíèÿ ñîáñòâåííûõ çíà-
÷åíèé â ýòîé çàäà÷å, íåîáõîäèìî ðåøàòü ÷èñëåííî òðàíñöåäåíòíîå
óðàâíåíèå ñ ÷èñëåííûìè êîýôèôèöèåíòàìè, âõîäÿùèìè â ãðàíè÷-
íûå óñëîâèÿ, è ìû íå áóäåì ïîäðîáíî ðàññìàòðèâàòü çäåñü ýòó çà-
äà÷ó.
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III. Ìåòîä ñîáñòâåííûõ ôóíêöèé ðåøåíèÿ îäíîìåðíîãî

îäíîðîäíîãî óðàâíåíèÿ.
Çàìåòèì, ÷òî êàê è â ïåðâîé, òàê è âî âòîðîé êðàåâîé çàäà÷å,

îáùåå ðåøåíèå ôîðìàëüíî èìååò îäèíàêîâûé âèä:

u (x, t) =
∑

Tn (t) Xn (x). (A.3.1)

ò.å. âèä ðàçëîæåíèÿ ïî ñîáñòâåííûì ôóíêöèÿì Xn(x) ïðîñòðàíñòâåí-
íîé ÷àñòè çàäà÷è. Îïðåäåëèâ îäèí ðàç ýòîò íàáîð ñîáñòâåííûõ ôóíê-
öèé (è ñîáñòâåííûõ çíà÷åíèé λn) - äëÿ ïåðâîé êðàåâîé çàäà÷è ýòî
âûðàæåíèÿ (À.1.5 a), äëÿ âòîðîé - ýòî âûðàæåíèÿ (À.2.6) - ìû ìîæåì
ñðàçó èñêàòü ðåøåíèå çàäà÷è â âèäå (À.3.1.). Ïîäñòàâèâ ýòî ðåøåíèå
â èñõîäíîå óðàâíåíèå, ïîëó÷èì óðàâíåíèå äëÿ ôóíêöèè âðåìåíè,
ðåøèâ êîòîðîå, ïîëó÷èì îáùåå ðåøåíèå. Â ýòîì ñóòü ìåòîäà ñîá-
ñòâåííûõ ôóíêöèé.

Òàêèì îáðàçoì, ìû âèäèì, ÷òî ìåòîä ñîáñòâåííûõ ôóíêöèé - ýòî
ñîêðàùåííûé ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ, â êîòîðîì ìû ïîëàãà-
åì ïðîñòðàíñòâåííóþ ÷àñòü ðåøåíèÿ - íàáîð ñîáñòâåííûõ ôóíêöèé
Xn(x) ïðîñòðàíñòâåííîãî îïåðàòîðà - èçâåñòíîé, è èùåì îáùåå ðå-
øåíèå â âèäå ðàçëîæåíèÿ (À.3.1) ïî ýòîìó íàáîðó.

Ïðîèëëþñòðèðóåì ýòîò ìåòîä íà ïðèìåðå ðåøåíèÿ îäíîìåðíîãî
îäíîðîäíîãî òåïëîâîãî óðàâíåíèÿ ñ îäíîðîäíûìè ãðàíè÷íûìè óñëî-
âèÿìè, ïåðâàÿ êðàåâàÿ çàäà÷à.

Ç à ä à ÷ à N 100. Íàéòè ðàñïðåäåëåíèå òåìïåðàòóðû â ñòåðæíå
äëèíû l ñ òåïëîèçîëèðîâàííîé áîêîâîé ïîâåðõíîñòüþ, åñëè êîíöû
(òîðöû) åãî ïîääåðæèâàþòñÿ ïðè íóëåâîé òåìïåðàòóðå, à íà÷àëüíîå
ðàñïðåäåëåíèå òåìïåðàòóðû âäîëü ñòåðæíÿ êàê ôóíêöèÿ ðàññòîÿ-
íèÿ îò îäíîãî èç êîíöîâ èìååò âèä ðàâíîáåäðåííîãî òðåóãîëüíèêà
âûñîòû h è îñíîâàíèåì ÿâëÿåòñÿ ñàì ñòåðæåíü.

Ôîðìóëèðîâêà çàäà÷è. Åñëè îñü x íàïðàâèòü âäîëü îñè ñòåðæíÿ,
ñîâìåñòèâ êîîðäèíàòó x = 0 ñ ëåâûì êîíöîì åãî, à ÷åðåç u(x, t)
îáîçíà÷èòü òåìïåðàòóðó îñåâîãî ñå÷åíèÿ ñ êîîðäèíàòîé x (òåìïåðà-
òóðà â ñå÷åíèè îñòàåòñÿ ïîñòîÿííîé â ñèëó òåïëîèçîëèðîâàííîñòè
áîêîâîé ïîâåðõíîñòè), òî çàäà÷à - îäíîìåðíàÿ, è åå ìàòåìàòè÷åñêàÿ
ôîðìóëèðîâêà èìååò âèä:

Óðàâíåíèå òåïëîïðîâîäíîñòè:

a2uxx = ut → a2uxx − ut = 0. (A.3.2)
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Ãðàíè÷íûå óñëîâèÿ:

u(0, t) = 0,

u (l, t) = 0. (A.3.3)

Íà÷àëüíîå óñëîâèå:

u(x, 0) = ϕ(x) =





2xh
l , 0 ≤ x ≤ l

2 ,

(l − x)2h
l , l

2 ≤ x ≤ l.

0 ≤ x ≤ l, 0 ≤ t. (A.3.4)

Ðåøåíèå çàäà÷è.
Ïîäñòàâèâ (À.3.1) â óðàâíåíèå (À.3.2), ïîëó÷èì:

∞∑

n=1
[a2Tn ·X ′′

n −XnT
′
n] = 0. (A.3.5)

Íàïîìíèì, ÷òî ôóíêöèÿ Xn (x) óäîâëåòâîðÿåò óðàâíåíèþ

X ′′
n + λnXn = 0 → X ′′

n = −λnXn. (A.3.6)

ãäå λn = (πn
l )2, n = 1, 2...

Ïîäñòàâèâ (À.3.6) â (À.3.5), ïîëó÷èì:
∞∑

n=1
[T ′

n + λna
2Tn] Xn (x) = 0. (A.3.7)

Â ñèëó ëèíåéíîé íåçàâèñèìîñòè íàáîðà ôóíêöèé Xn (x) èç (À.3.7)
ñëåäóåò, ÷òî âñå êîýôôèöèåíòû â ñóììå ïðè Xn(x) ðàâíû íóëþ:

T ′
n + a2λnTn = 0. (A.3.8)

Òàêèì îáðàçîì, ïîëó÷èëè óðàâíåíèå äëÿ ôóíêöèé Tn (t), ðåøåíèå
êîòîðîãî åñòü:

Tn = exp−
(
aπn

l

)2
t. (A.3.9)

Îáùåå ðåøåíèå çàäà÷è èìååò âèä:

u (x, t) =
∞∑

n=1
An Xn (x) exp




(
−aπn

l

)2
t


 . (A.3.10)
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Äëÿ îïðåäåëåíèÿ êîíñòàíò ðåøåíèÿ èñïîëüçóåì íà÷àëüíîå óñëîâèå
ïðè t = 0:

ϕ (x) =
∞∑

n=1
An ·Xn (x). (A.3.11)

Ðàññìàòðèâàÿ ýòî âûðàæåíèå êàê ðàçëîæåíèå ôóíêöèè ϕ (x) ïî ïîë-
íîìó íàáîðó ëèíåéíî íåçàâèñèìûõ îðòîãîíàëüíûõ ôóíêöèé, îïðåäå-
ëèì íàáîð êîýôôèöèåíòîâ An. Åñëè ôóíêöèÿ ϕ (x) êóñî÷íî-ãëàäêàÿ,
òî ðÿä (À.3.11) ñõîäèòñÿ ðàâíîìåðíî è ïî èçâåñòíûì ïðàâèëàì:

An =

l∫
0
ϕ (x) Xn (x) dx

|| Xn (x) ||2 . (A.3.12)

ãäå äëÿ ïåðâîé êðàåâîé çàäà÷è:

|| Xn (x) ||2= l

2
,

à
l∫

0

ϕ (x) Xn (x)dx =
2h

l

l
2∫

0

x sin
πn

l
xdx +

2h

l

l∫

l
2

(l − x) sin
πn

l
xdx.

Âû÷èñëÿÿ èíòåãðàëû ïî ÷àñòÿì, ïîëó÷èì:

A2k = 0,

A2k+1 =
8h

π2(2k + 1)2 (−1)k, k = 0, 1...

È îáùåå ðåøåíèå:

u (x, t) =
8h

π2

∞∑

k=0

(−1)k

(2k + 1)2 sin
π(2k + 1)

l
x·

· exp


−


aπ(2k + 1)

l




2

· t

 . (A.3.13)
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IV. Îäíîìåðíûå çàäà÷è ñ íåîäíîðîäíûìè ãðàíè÷íûìè

óñëîâèÿìè

Ìû óæå ïîä÷åðêèâàëè ðàíåå, ÷òî òîëüêî îäíîðîäíîñòü ãðàíè÷-
íûõ óñëîâèé ïîçâîëÿåò ðàçäåëèòü ïåðåìåííûå (ñì. ðàçäåë À-I). Çäåñü
æå ìû ãîâîðèëè î çàäà÷àõ ñ íåîäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè.
Íåò ëè çäåñü ïðîòèâîðå÷èÿ?

×òîáû ðåøèòü òàêèå çàäà÷è, íåîáõîäèìî ïåðåôîðìóëèðîâàòü çà-
äà÷ó, ò.å. ïåðåéòè ñ ïîìîùüþ ñîîòâåòñòâóþùåé çàìåíû ê íîâîé ôóíê-
öèè, äëÿ êîòîðîé ãðàíè÷íûå óñëîâèÿ áûëè áû îäíîðîäíûìè, è ïðè-
ìåíèòü ê íîâîé çàäà÷å ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ. Ýòè çàìåíû
ðàçíûå â ïåðâîé è âî âòîðîé êðàåâûõ çàäà÷àõ. Äà è â êàæäîé çàäà-
÷å çàìåíà íå ÿâëÿåòñÿ åäèíñòâåííîé. Ìû æå ïðåäëîæèì ïðîñòåéøèå
çàìåíû, êîòîðûå ïðèâíîñÿò ìèíèìàëüíûå îñëîæíåíèÿ (òðóäíîñòè)
ïðè ðåøåíèè çàäà÷è äëÿ âíîâü ââîäèìîé ôóíêöèè. Ïðîèëëþñòðè-
ðóåì ñêàçàííîå íà ïðèìåðàõ.

à) Ðàññìîòðèì ïåðâóþ êðàåâóþ çàäà÷ó - îäíîìåðíîå òåïëîâîå óðàâ-
íåíèå ñ íåîäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè. Ìàòåìàòè÷åñêàÿ
ôîðìóëèðîâêà:

a2 uxx = ut, (A.4.1.)

u (0, t) = µ (t),

u (l, t) = ν (t), (A.4.2)

u (x, 0) = ϕ (x),

0 ≤ x ≤ l; 0 ≤ t. (A.4.3)

Ïðåäëîæèì äëÿ èñêîìîé ôóíêöèè ïðîñòåéøóþ çàìåíó u (x, t) →
→ v (x, t) òàêóþ, ÷òîáû ãðàíè÷íûå óñëîâèÿ äëÿ íîâîé ôóíêöèè v (x, t)
áûëè îäíîðîäíûìè, è çàäà÷à ðåøàëàñü äëÿ íåå ìåòîäîì ðàçäåëåíèÿ
ïåðåìåííûõ.

Â ýòîé çàìåíå, î÷åâèäíî, ñ êîýôôèöèåíòàìè, çàâèñÿùèìè îò êî-
îðäèíàòû x, äîëæíû ôèãóðèðîâàòü ôóíêöèè µ (t) è ν (t) - âåäü îá
èçìåíåíèè èìåííî ãðàíè÷íûõ óñëîâèé (ãðàíè÷íûõ ôóíêöèé) èäåò
ðå÷ü. Ïðåäëîæèì ïðîñòåéøèå ïî ôîðìå êîýôôèöèåíòû ïðè µ (t) è
ν (t) - èìåííî ïîëèíîìû ïåðâîé ñòåïåíè. Òîãäà ïðè ïîäñòàíîâêå çà-
ìåíû â óðàâíåíèå ëåâàÿ ÷àñòü íå èçìåíèòñÿ, ò.å. äëÿ ôóíêöèè v(x, t)
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áóäåò òàêîé æå, êàê è äëÿ ôóíêöèè u(x, t) - äâîéíîå äèôôåðåíöè-
ðîâàíèå çàíóëÿåò ñëàãàåìûå ñ ëèíåéíûìè ïîëèíîìàìè.

Èòàê, çàìåíà:

u (x, t) = v (x, t) + (Ax + B)µ(t) + (Cx + D)ν(t). (A.4.4)

Ïîäñòàâèì ýòó çàìåíó â ãðàíè÷íûå óñëîâèÿ è âûáåðåì êîíñòàíòû
A,B, C,D, òàê, ÷òîáû ãðàíè÷íûå óñëîâèÿ äëÿ ôóíêöèè v (x, t) áûëè
îäíîðîäíûìè, ò.å. ÷òîáû

v (0, t) = 0, (A.4.4a)

v (l, t) = 0, (A.4.4â)
u (0, t) = µ(t) = v (0, t) + B µ (t) + D ν (t).

Äëÿ òîãî, ÷òîáû ðàâåíñòâî âûïîëíÿëîñü ïðè v (0, t) = 0, íåîáõîäèìî
âûáðàòü êîýôôèöèåíòû:

B = 1. D = 0.

Ñ ó÷åòîì ýòèõ çíà÷åíèé êîýôôèöèåíòîâ èìååì:

u (l, t) = ν(t) = v (l, t) + (A · l + 1)µ(t) + C · lν(t).

Ýòî ðàâåíñòâî âûïîëíÿåòñÿ ïðè óñëîâèè v(l, t) = 0 ïðè çíà÷åíèè
êîíñòàíò:

A = −1

l
, C =

1

l
.

Èòàê, çàìåíà , îáåñïå÷èâàþùàÿ îäíîðîäíûå ãðàíè÷íûå óñëîâèÿ
(À.4.4a), (A.4.4â) äëÿ ôóíêöèè v (x, t), èìååò âèä:

u (x, t) = v(x, t) +

(
1− x

l

)
µ (t) +

x

l
v (t). (A.4.5)

Ïîäñòàâëÿÿ çàìåíó (A.4.5) â (A.4.1), (A.4.3) ïîëó÷èì óðàâíåíèå è
íà÷àëüíîå óñëîâèå äëÿ ôóíêöèè v(x, t):

a2vxx = vt +

(
1− x

l

)
µ′(t) +

x

l
ν ′(t), (A.4.6)

v (x, 0) = ϕ (x)−
(
1− x

l

)
µ (0)− x

l
ν (0). (A.4.7)
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Èòàê, äëÿ ôóíêöèè v (x, t) èìååì çàäà÷ó: óðàâíåíèå (À.4.6), îäíî-
ðîäíûå ãðàíè÷íûå óñëîâèÿ (A.4.4a) - (A.4.4â) è íà÷àëüíîå óñëîâèÿ
(A.4.7).

Îäíîðîäíîñòü ãðàíè÷íûõ óñëîâèé äëÿ ôóíêöèè v (x, t) ïîçâî-
ëÿåò íàäåÿòüñÿ íà ïðèìåíèìîñòü ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ
äëÿ åå íàõîæäåíèÿ. Îäíàêî óðàâíåíèå äëÿ ôóíêöèè v (x, t) ñòàëî
íåîäíîðîäíûì. Ìåòîäû ðåøåíèÿ òàêèõ óðàâíåíèé ðàññìîòðèì â ñëå-
äóþùåì ðàçäåëå.

Îäíàêî, åñëè ãðàíè÷íûå óñëîâèÿ â èñõîäíîé çàäà÷å ÿâëÿþòñÿ êîí-
ñòàíòàìè µ (t) = T1 = const., ν (t) = T2 = const, óðàâíåíèå äëÿ
ôóíêöèè v(x, t) ñòàíîâèòñÿ îäíîðîäíûì è çàäà÷à äëÿ v (x, t) - ðå-
øàåìîé.

Ìû óæå ïèñàëè,÷òî çàìåíà ôóíêöèè u (x, t) c ïîìîùüþ ôóíêöèè,
äëÿ êîòîðîé ãðàíè÷íûå óñëîâèÿ áûëè áû îäíîðîäíûìè, íåîäíîçíà÷-
íà. Íàïðèìåð, äëÿ ðàññìîòðåííîé çàäà÷è òàêîé çàìåíîé ìîãëà áû
áûòü:

u (x, t) = v1 (x, t) +


1− x2

l2


 µ(t) +

x2

l2
ν(t).

Ëåãêî âèäåòü, ÷òî:

u(0, t) = µ (t) = v1 (0, t) + µ (t) → v1 (0, t) = 0

è
u (l, t) = ν (t) = v1 (l, t) + ν (t) → v1 (l, t) = 0,

ò.å. è òàêàÿ çàìåíà îáåñïå÷èâàåò äëÿ ôóíêöèè v1(x, t) îäíîðîäíûå
ãðàíè÷íûå óñëîâèÿ.

Íî áîëåå ñëîæíûå - êâàäðàòè÷íûå ïî êîîðäèíàòå - äîáàâêè óñëîæ-
íÿþò êàê óðàâíåíèå äëÿ v1 (x, t) - â ëåâîé ÷àñòè ïîÿâÿòñÿ äîïîëíè-
òåëüíûå ÷ëåíû, - òàê è íà÷àëüíûå óñëîâèÿ äëÿ ôóíêöèè v1 (x, t).
Îäíàêî â ñèëó åäèíñòâåííîñòè ðåøåíèÿ èñõîäíîé çàäà÷è äîïóñòè-
ìû êàê îäíà, òàê è äðóãàÿ çàìåíû.

Ç à ä à ÷ à 200. (Ïåðâàÿ êðàåâàÿ çàäà÷à).
Íà÷àëüíàÿ òåìïåðàòóðà ñòåðæíÿ äëèíû l ñ òåïëîèçîëèðîâàííîé

áîêîâîé ïîâåðõíîñòüþ çàäàåòñÿ ôóíêöèåé u (x, 0) = ϕ(x) = x(x −
l)+(1− x

l ) T1 + x
e T2 - ïàðàáîëà, à íà òîðöàõ åãî ïîääåðæèâàþòñÿ ïî-

ñòîÿííûå òåìïåðàòóðû T1 = const è T2 = const. Íàéòè òåìïåðàòóðó
ñòåðæíÿ â ìîìåíòû âðåìåíè t > 0.
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Âûáåðåì ñèñòåìó êîîðäèíàò ñ îñüþ x, íàïðàâëåííîé âäîëü îñè

ñòåðæíÿ, ñîïîñòàâèâ ëåâîìó òîðöó êîîðäèíàòó x = 0 (òîãäà ïðà-
âîìó ñîîòâåòñòâóåò x = l). Òåìïåðàòóðà ñòåðæíÿ (â ñèëó òåïëî-
èçîëèðîâàííîñòè áîêîâîé ïîâåðõíîñòè) áóäåò ìåíÿòüñÿ îò ñå÷åíèÿ
(îñåâîãî) ê ñå÷åíèþ. Â âûáðàííîé ñèñòåìå êîîðäèíàò çàäà÷à áóäåò
îäíîìåðíîé. Îáîçíà÷èì òåìïåðàòóðó îñåâîãî ñå÷åíèÿ ÷åðåç u(x, t).

Ìàòåìàòè÷åñêàÿ ôîðìóëèðîâêà çàäà÷è.
Óðàâíåíèå (òåïëîïðîâîäíîñòè)

a2 uxx = ut. (A.4.8.)

Ãðàíè÷íûå óñëîâèÿ (íåîäíîðîäíûå)

u (0, t) = T1,

u (l, t) = T2.

Íà÷àëüíîå óñëîâèå:

u (x, 0) = x (x− l) +

(
1− x

l

)
T1 +

x

l
T2.

Ýòó çàäà÷ó ìîæíî ðåøèòü äâóìÿ ñïîñîáàìè.
Ñïîñîá a.
Ïåðåôîðìóëèðóåì çàäà÷ó, ââîäÿ íîâóþ ôóíêöèþ v(x, t), äëÿ êî-

òîðîé ãðàíè÷íûå óñëîâèÿ áûëè áû îäíîðîäíûìè. Ñîãëàñíî (A.4.5),
òàêàÿ çàìåíà èìååò âèä:

u (x, t) = v (x, t) +

(
1− x

l

)
T1 +

x

l
T2. (A.4.9)

Ëåãêî âèäåòü, ÷òî äëÿ ôóíêöèè v (x, t) ìàòåìàòè÷åñêàÿ ôîðìóëè-
ðîâêà çàäà÷è òàêîâà:

a2 vxx = v1,

v (0, t) = 0,
v (l, t) = 0, (A.4.10)
v (x, 0) = x (x− l),
0 ≤ x ≤ l; 0 ≤ t.

È åå ðåøåíèå èìååò âèä (ñì. çàäà÷ó II-99):

v (x, t) =
∑

n=1
An

sin πn

l
x · exp[−

(
aπn

l

)2
t],
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ãäå

An =
z

l

l∫

0

x(x− l) sin
πn

l
xdx.

(Ýòîò èíòåãðàë âû÷èñëÿëñÿ ðàíåå):

u(x, t) =

(
1− x

l

)
T1+

x

l
T2+

∑

n=1
An sin

πn

l
x exp[−

(
aπn

L

)2
t]. (A.4.11)

Ñïîñîá â.
Ïîñêîëüêó ãðàíè÷íûå óñëîâèÿ â çàäà÷å (À.4.8) íå çàâèñÿò îò âðå-

ìåíè, ðàçîáüåì ðåøåíèå íà äâå ÷àñòè:

u(x, t) = ω(x, t) + g(x),

ãäå ÷àñòü ðåøåíèÿ g(x) îáóñëîâëåíà ãðàíè÷íûìè óñëîâèÿìè è òîæå
íå çàâèñèò îò âðåìåíè (÷àñòíîå ðåøåíèå), à ãðàíè÷íûå óñëîâèÿ äëÿ
ω(x, t) îäíîðîäíû. Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ:

a2ωxx = ωt,

ω(0, t) = 0,

ω(l, t) = 0, (A.4.12)

ω(x, 0) = x(x− l) +

(
1− x

l

)
T1 +

x

l
T2 − g(x),

g′′ = 0,

g(0) = T1,

g(l) = T2,

0 ≤ x ≤ l; 0 ≤ t. (A.4.13)

Ëåãêî âèäåòü, ÷òî äâå çàäà÷è - (À.4.12) è (À.4.13) â ñóììå äàþò
çàäà÷ó (À.4.8.). Îòìåòèì òàêæå, ÷òî èç ýòèõ äâóõ çàäà÷ íàäî ïðåæäå
ðåøèòü âòîðóþ (À.4.13), ò.ê. åå ðåøåíèå - ôóíêöèÿ g(x) - âõîäèò â
íà÷àëüíîå óñëîâèå çàäà÷è (A.4.12).

Èòàê,
g(x) = c1x + c2,

ãäå èç ãðàíè÷íûõ óñëîâèé â (A.4.13) ñëåäóåò:

g(0) = T1 = c2 → c2 = T1,
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g(l) = c1l + T1 = T2 + c1 =
T2 − T1

l
è

g(x) =

(
1− x

l

)
T1 +

x

l
T2.

Íà÷àëüíîå óñëîâèå â (A.4.12) òåïåðü îïðåäåëåíî è èìååò âèä:
ω(x, 0) = x(x− l).

Òàêèì îáðàçîì, çàäà÷à äëÿ ôóíêöèè ω(x, t) ñîâïàäàåò ñ çàäà÷åé äëÿ
ôóíêöèè v(x, t) â ñïîñîáå ðåøåíèÿ (a), è îáùåå ðåøåíèå ñîâïàäàåò
ñ ðåøåíèåì çàäà÷è â ïðåäûäóùåì âàðèàíòå (ñïîñîá a).

V.Íåîäíîðîäíûå ãðàíè÷íûå óñëîâèÿ, âòîðàÿ êðàåâàÿ
çàäà÷à

Ðàññìîòðèì ðåøåíèå îäíîìåðíîé òåïëîâîé çàäà÷è ñ íåîäíîðîä-
íûìè ãðàíè÷íûìè óñëîâèÿìè, âòîðàÿ êðàåâàÿ çàäà÷à.

Ôîðìóëèðîâêà (ìàòåìàòè÷åñêàÿ).
a2uxx = ut,

ux(o, t) = µ(t),
ux(l, t) = ν(t),
u(x, 0) = ϕ(x), (A.5.1)
0 ≤ x ≤ l. 0 ≤ t

Çàäà÷ó ïðÿìî ðåøèòü ìåòîäîì ðàçàäåëåíèÿ ïåðåìåííûõ â ñèëó
íåîäíîðîäíîñòè ãðàíè÷íûõ óñëîâèé íåâîçìîæíî. Íåîáõîäèìî åå ïå-
ðåôîðìóëèðîâàòü, ò.å. ââåñòè íîâóþ ôóíêöèþ v(x, t), äëÿ êîòîðîé
ãðàíè÷íûå óñëîâèÿ áûëè áû îäíîðîäíûìè.

Ãðàíè÷íûå óñëîâèÿ ÷èñòî ôîðìàëüíî èìåþò òàêîé æå âèä, êàê
è â ïðåäûäóùåé çàäà÷å, íî çàäàíû îíè äëÿ ïðîèçâîäíîé ôóíêöèè
u(x, t). Òàê ñäåëàåì çàìåíó äëÿ ïðîèçâîäíîé ôóíêöèè, àíàëîãè÷íóþ
òîé, ÷òî ñäåëàíà äëÿ ñàìîé ôóíêöèè â ïðåäûäóùåé çàäà÷å, ò.å. ñäå-
ëàåì çàìåíó:

ux(x, t) = vx(x, t) +

(
1− x

l

)
µ(t) +

x

l
ν(t). (A.5.2)

Ëåãêî âèäåòü, ÷òî äëÿ ôóíêöèè vx(x, t) ãðàíè÷íûå óñëîâèÿ áóäóò
îäíîðîäíûìè. Äåéñòâèòåëüíî,

ux(0, t) = µ(t) = vx(0, t) + µ(t) → vx(0, t) = 0,
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ux(l, t) = ν(t) = vx(l, t) + ν(t) → vx(l, t) = 0.

Ïîäñòàâèì çàìåíó (À.5.2) â óðàâíåíèå è íà÷àëüíîå óñëîâèå (À.5.1).
Ëåâàÿ ÷àñòü óðàâíåíèÿ â (À.5.1) ëåãêî îïðåäåëÿåòñÿ ïîâòîðíûì

äèôôåðåíöèðîâàíèåì (À.5.2):

uxx = vxx − 1

l
µ(t) +

1

l
ν(t). (A.5.3)

Äëÿ ïîëó÷åíèÿ ut(x, t) íåîáõîäèìî ïðåäâàðèòåëüíî ïðîèíòåãðèðî-
âàòü çàìåíó (À.5.2) ïî ïåðåìåííîé x:

u(x, t) = v(x, t) +


x− x2

2l


 µ(t) +

x2

2l
ν(t) + c(t). (A.5.4)

Îòêóäà:

ut(x, t) = vt(x, t) +


x− x2

2l


 µ′(t) +

x2

2l
ν ′(t) + c′(t), (A.5.5)

ãäå c(t) - ïîñòîÿííàÿ èíòåãðèðîâàíèÿ ïî x, ôóíêöèÿ ïåðåìåííîé
t, êîòîðóþ íàì åùå ïðåäñòîèò äîîïðåäåëèòü, ÷òîáû ìàêñèìàëüíî
óïðîñòèòü âû÷èñëèòåëüíóþ ÷àñòü çàäà÷è.

Èç âûðàæåíèÿ (À.5.4) ïîëó÷èì íà÷àëüíîå óñëîâèÿ äëÿ ôóíêöèè
v(x, t):

v(x, o) = ϕ(x)−

x− x2

2l


 µ(0)− x2

2l
ν(0)− c(0). (A.5.6)

Ïîäñòàâëÿÿ (A.5.3), (A.5.5) â óðàâíåíèå (A.5.1) ïîëó÷èì óðàâíåíèå
äëÿ ôóíêöèè v(x, t):

a2vxx +
a2

l
[ν(t)− µ(t)] = vt +


x− x2

2l


 µ′(t) +

x2

2l
ν ′(t) + c′(t).

Äîîïðåäåëèì ôóíêöèþ c(t) òàê, ÷òîáû óïðîñòèòü ýòî óðàâíåíèå -
ïðèðàâíèâàÿ â íåì ñïðàâà è ñëåâà ÷ëåíû, çàâèñÿùèå òîëüêî îò âðå-
ìåíè t:

c′(t) =
a2

l
[ν(t)−µ(t)], c(0) = c0. (A.5.7)

Òàêèì îáðàçîì, çàäà÷à äëÿ ôóíêöèè c(t) ïîñòàâëåíà, à óðàâíåíèå
äëÿ v(x, t) óïðîñòèòñÿ.
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Ïîñòîÿííàÿ c0 òîæå âûáèðàåòñÿ íàèáîëåå ðàöèîíàëüíûì äëÿ âñåé

çàäà÷è îáðàçîì.
Â ÷àñòíîñòè, åñëè â ôóíêöèè ϕ(x) â íà÷àëüíîì óñëîâèè åñòü êîí-

ñòàíòà ϕ0, ò.å. ϕ(x) = ϕ0 + ϕ1(x), òî âûáèðàåòñÿ:

c0 = ϕ0

ñ òåì, ÷òîáû óïðîñòèòü íà÷àëüíîå óñëîâèå, à ñëåäîâàòåëüíî, ñîêðà-
òèòü âû÷èñëèòåëüíûå îïåðàöèè ïðè âû÷èñëåíèè êîíñòàíò îáùåãî
ðåøåíèÿ.

Èòàê, äëÿ ôóíêöèè v(x, t) èìååì çàäà÷ó:

a2vxx = vt +


x− x2

2l


 µ′(t) +

x2

2l
ν ′(t),

vx(0, t) = 0,

vx(l, t) = 0,

v(x, 0) = ϕ(x)−

x− x2

2l


 µ(0)−x2

2l
ν(0)−c(0), (A.5.8)

à,

u(x, t) = v(x, t)+


x− x2

2l


 µ(t)+

x2

2l
ν(t)+c(t), (A.5.9)

ãäå c(t) îïðåäåëÿåòñÿ èç çàäà÷è:

c′(t) =
a2

l
[ν(t)− µ(t)], c(0) = c0

ñ ñîîòâåòñòâóþùèì ðàöèîíàëüíûì âûáîðîì êîíñòàíòû c0.
Äëÿ ôóíêöèè v(x, t) ïîëó÷åíà çàäà÷à ñ îäíîðîäíûìè ãðàíè÷íûìè

óñëîâèÿìè, ÷òî ïîçâîëÿåò íàäåÿòüñÿ íà ïðèìåíèìîñòü ìåòîäà ðàçäå-
ëåíèÿ ïåðåìåííûõ äëÿ åå ðåøåíèÿ. Íî óðàâíåíèå â (À.5.8) íåîäíî-
ðîäíî, è íàø ñëåäóþùèé øàã - íàó÷èòüñÿ ðåøàòü òàêèå óðàâíåíèÿ.

Îäíàêî, åñëè ãðàíè÷íûå ôóíêöèè µ(t) è ν(t) åñòü êîíñòàíòû, òî
â ýòîì ÷àñòíîì ñëó÷àå [ν ′(t) = 0, µ′(t) = 0] óðàâíåíèå ñòàíîâèñÿ
îäíîðîäíûì, è äëÿ ôóíêöèè v(x, t) ïîëó÷àåòñÿ ðåøàåìàÿ èçâåñòíûì
íàì ìåòîäîì çàäà÷à.
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Ç à ä à ÷ à 201.
Ðàññìîòðåòü òåïëîâóþ çàäà÷ó äëÿ ñòåðæíÿ äëèíû l, 0 ≤ x ≤ l

(îñü x íàïðàâëåíà âäîëü îñè ñòåðæíÿ) ñ òåïëîèçîëèðîâàííîé áîêî-
âîé ïîâåðõíîñòüþ, åñëè òîðåö åãî x = 0 òåïëîèçîëèðîâàí, íà òîðåö
x = l ïîäàåòñÿ èçâíå ïîñòîÿííûé òåïëîâîé ïîòîê, à íà÷àëüíàÿ òåì-
ïåðàòóðà T0 = const.

Åñëè îáîçíà÷èòü ÷åðåç u (x, t) òåìïåðàòóðó îñåâîãî ñå÷åíèÿ ñòåðæ-
íÿ ñ êîîðäèíàòîé x, çàäà÷à áóäåò îäíîìåðíîé (ïðàâèëüíûé âûáîð
ñèñòåìû êîîðäèíàò, òåïëîèçîëèðîâàííîñòü áîêîâîé ïîâåðõíîñòè).

Ìàòåìàòè÷åñêàÿ ôîðìóëèðîâêà çàäà÷è:

a2uxx = ut,

ux(0, t) = 0,

ux(l, t) = q = const, (A.5.10)

u(x, 0) = T0,

0 ≤ x ≤ l, 0 ≤ t.

Ââîäèì íîâóþ ôóíêöèþ v(x, t), äëÿ êîòîðîé ãðàíè÷íûå óñëîâèÿ áû-
ëè áû îäíîðîäíûìè, ïî ôîðìóëå:

ux(x, t) = vx(x, t) +
x

l
q. (A.5.11)

Îòñþäà äëÿ ñàìîé ôóíêöèè u (x, t) ñëåäóåò çàìåíà:

u(x, t) = v(x, t) +
x2

2l
q + c(t), (A.5.12)

ãäå c(t) - ïîñòîÿííàÿ èíòåãðèðîâàíèÿ ïî ïåðåìåííîé x, ÿâëÿþùàÿñÿ
ôóíêöèåé âðåìåíè t.

Ïîäñòàâëÿÿ âûðàæåíèå (À.5.12) â (À.5.10), ïîëó÷èì ìàòåìàòè÷å-
ñêóþ ôîðìóëèðîâêó çàäà÷è äëÿ ôóíêöèè v(x, t):

a2vxx +
a2

l
q = vt + c′(t),

vx(0, t) = 0, (A.5.13)

vx(l, t) = 0,

v(x, 0) = T0 − c0 − x2

2l
q = ϕ(x),
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ãäå c0 = c(0) - êîíñòàíòà, êîòîðóþ åùå ïðåäñòîèò âûáðàòü íàèëó÷-
øèì îáðàçîì.

Âûáåðåì ôóíêöèþ c(t) òàê, ÷òîáû:

c′(t) =
a2

l
q.

Òîãäà óðàâíåíèå äëÿ ôóíêöèè v(x, t) ñòàíîâèòñÿ îäíîðîäíûì, a2vxx =
vt, à

c(t) =
a2

l
q · t + c0. (A.5.14)

Åñëè âûáðàòü êîíñòàíòó c0 = T0, òî òàêîé âûáîð óïðîñòèò íà÷àëüíîå
óñëîâèå äëÿ ôóíêöèè v(x, t):

v(x, 0) = −x2

2l
q.

ò.å. çàäà÷à äëÿ v(x, t) èìååò âèä:

a2vxx = vt,

vx(0, t) = 0 vx(l, t) = 0,

v(x, 0) = −x2

2l
q 0 ≤ x ≤ l. (A.5.15)

Çàäà÷à (A.5.15) - âòîðàÿ êðàåâàÿ ñ îäíîðîäíûì óðàâíåíèåì è îäíî-
ðîäíûìè ãðàíè÷íûìè óñëîâèÿìè, ïîäîáíàÿ çàäà÷à íàìè óæå ðåøà-
ëàñü. Ðåøåíèå ñ òî÷íîñòüþ äo íàáîðà êîíñòàíò èìååò âèä:

u(x, t) =
∑

CnXn(x) exp[−(a2λnt)], (A.5.16)

ãäå

Xn(x) = cos
√

λn t,
√

λn =
πn

l
, n = 0, 1, 2....

Íàáîð êîíñòàíò Cn îïðåäåëÿåòñÿ èç íà÷àëüíîãî óñëîâèÿ � ïðè t = 0:

−x2

2l
q =

∑
CnXn(x).

Îòêóäà:

Cn = − q

2l

1

|| Xn(x) ||2
l∫

0

x2Xn(x)dx. (A.5.17)
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Èíòåãðàë â (A.5.17) âû÷èñëÿåì ïî ÷àñòÿì, íàïîìíèâ, ÷òî:

Xn(x) = − 1

λn
X ′′

n(x).

Òîãäà:
l∫

0

x2Xn(x)dx = − 1

λn

l∫

0

x2X ′′(x)dx =

− 1

λn
x2X ′

n(x) |l0
︸ ︷︷ ︸

=0

.

+
2

λn

l∫

0

X ′
n(x)xdx =

=
2

λn
xXn(x) |l0 −

2

λn

l∫

0

Xn(x)dx =
2l

λn
cos πn −

2

λn

√
λn

sin
πn

l
x |l0

︸ ︷︷ ︸
=0

=
2l

λn
(−1)n; n 6= 0.

Ïðè n = 0:
l∫
0
x2X0(x)dx = 1

3l
3.

Ó÷èòûâàÿ, ÷òî || Xn(x) ||2= l
2 ïðè n 6= 0:

|| X0(x) ||2= l.

Èìååì:
Cn = (−1)n+1 2ql

π2n2 ; n 6= 0; C0 = −ql

6

VI. Ðåøåíèå îäíîìåðíûõ çàäà÷ ñ íåîäíîðîäíîñòüþ â
óðàâíåíèè.

Ìû ðàññìîòðèì ðàçëè÷íûå õàðàêòåðíûå òèïû íåîäíîðîäíîñòåé,
è äëÿ íèõ ïðåäëîæèì íàèáîëåå ýôôåêòèâíûå ìåòîäû ðåøåíèÿ çàäà÷
- íà ïðèìåðàõ êîíêðåòíûõ çàäà÷.
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à) Çàäà÷è ñî ñòàöèîíàðíîé íåîäíîðîäíîñòüþ.
Ðàññìîòðèÿ ðåøåíèå îäíîìåðíîãî íåîäíîðîäíîãî óðàâíåíèÿ òåï-

ëîïðîâîäíîñòè ñ íåîäíîðîäíîñòüþ, çàâèñÿùåé òîëüêî îò êîîðäèíàòû
(ñòàöèîíàðíàÿ íåîäíîðîäíîñòü) ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâè-
ÿìè, ïåðâàÿ êðàåâàÿ çàäà÷à (äëÿ îòðåçêà).

Ôîðìóëèðîâêà çàäà÷è.
a2uxx + f(x) = ut.
u(0, t) = 0.
u(l, t) = 0. (A.6.1)

u(x, 0) = ϕ(x).
0 ≤ x ≤ l, 0 ≤ t.

Áóäåì èñêàòü ðåøåíèå â âèäå:
u(x, t) = v(x, t) + ω(x), (A.6.2)

ãäå v(x, t) - îáùåå ðåøåíèå çàäà÷è ñ îäíîðîäíûì óðàâíåíèåì, êî-
òîðóþ ìû óìååì ðåøàòü:

a2vxx = vt,
v(0, t) = 0,
v(l, t) = 0, (A.6.3)

v(x, 0) = ϕ(x)− w(x),
a ω(x) - ÷àñòíîå ðåøåíèå èñõîäíîãî óðàâíåíèÿ, îáóñëîâëåííîå ñòàöè-
îíàðíîé íåîäíîðîäíîñòüþ. Ýòî ðåøåíèå ïîëàãàåì òîæå çàâèñÿùèì
òîëüêî îò êîîðäèíàòû, êàê è ïðè÷èíà, åãî îáóñëîâèâøàÿ (ñòàöèî-
íàðíàÿ íåîäíîðîäíîñòü):

a2ωxx = −f(x),
ω(0) = 0,
ω(l) = 0,
0 ≤ x ≤ l. (A.6.4)

Ýòî çàäà÷à ñ îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèåì, êî-
òîðóþ ìû óìååì ðåøàòü. È ïðåæäå âñåãî íàäî íàéòè ñíà÷àëà ôóíê-
öèþ ω(x), ïîñêîëüêó îíà âõîäèò - â âèäå íà÷àëüíîãî óñëîâèÿ - â
ôîðìóëèðîâêó çàäà÷è (A.6.3). Íî îêàçûâàåòñÿ, ÷òî ôóíêöèþ ω(x) è
íå íàäî íàõîäèòü äëÿ ðåøåíèÿ çàäà÷è (A.6.3), õîòÿ äëÿ ñóììàðíîãî
ðåøåíèÿ åå íàäî çíàòü.

Äåéñòâèòåëüíî, îáùåå ðåøåíèå çàäà÷è (A.6.3), êàê ìû óæå íåîä-
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íîêðàòíî óáåæäàëèñü, èìååò âèä:

v(x, t) =
∞∑

n=1
AnXn(x) exp


−

(
aπn

l

)2
t


 , (A.6.5)

ãäå
X ′′

n(x) + λnXn = 0 → Xn = − 1

λn
X ′′

n,

Xn(x) = sin
πn

l
x, λn =

(
πn

l

)2
, n = 1, 2, 3...

Ïåðâàÿ êðàåâàÿ çàäà÷à:

An =
2

l

l∫

0

[ϕ(x)− ω(x)] Xn(x)dx = I1 − I2.

Çäåñü èíòåãðàë:

I1 =
2

l

l∫

0

ϕ(x)Xn(x)dx

è ïðè çàäàííîé ôóíêöèè ϕ(x) âû÷èñëÿåòñÿ, à

I2 =
2

l

l∫

0

ω(x)dx = − 2

lλn

l∫

0

ω(x)X ′′
n(x)dx.

Ïîñëåäíèé èíòåãðàë âû÷èñëÿåì ïî ÷àñòÿì:
l∫

0

w(x) X ′′
n(x) dx =| u = w(x); du = w′dx; X ′′

n(x)dx = dv; v = X ′
n(x) |=

= w(x) X ′
n(x) |l0︸ ︷︷ ︸

=0

−.

−
l∫

0

w′(x) X ′
n(x)dx =| w′(x) = u; du = w′′dx; dv = X ′

ndx; v = Xn |=

= −w′ (x) Xn(x) |l0︸ ︷︷ ︸
=0

+

+
l∫

0

w′′Xn (x)dx = − 1

a2

l∫

0

Xn (x) f(x) dx.

Ïðè çàäàííîé ôóíêöèè f(x) ïîñëåäíèé èíòåãðàë âû÷èñëÿåòñÿ è
çàäà÷à â öåëîì ðåøàåìà.
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â) Íåîäíîðîäíîñòü óðàâíåíèÿ èìååò õàðàêòåðíûé äëÿ

äàííîãî ïðîöåññà âèä.
Ïóñòü, íàïðèìåð, äëÿ òåïëîâîé çàäà÷è íåîäíîðîäíîñòü èìååò âèä:

f(x, t) = β(x)e−αt.

Äëÿ âîëíîâîãî óðàâíåíèÿ òàêîé õàðàêòåðíîé çàâèñèìîñòüþ áóäåò
f(x, t) ∼ sin ωt (èëè f(x, t) ∼ cos ωt).

Ðåøèì äëÿ ýòîãî âàðèàíòà òåïëîâóþ çàäà÷ó. (Ïåðâàÿ êðàåâàÿ çà-
äà÷à ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè):

a2uxx − x · e−αt = ut,
u(0, t) = 0,
u(l, t) = 0, (A.6.6)
u(x, 0) = ϕ(x) = 1

αx,
0 ≤ x ≤ l, 0 ≤ t.

(Ìû êîíêðåòèçèðîâàëè è ôóíêöèþ íåîäíîðîäíîñòè, è íà÷àëüíîå
óñëîâèå). Èùåì ðåøåíèå â âèäå îáùåãî ðåøåíèÿ îäíîðîäíîãî óðàâ-
íåíèÿ v(x, t) è ÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ ω(x, t):

u(x, t) = v(x, t) + ω(x, t),
ãäå:

a2vxx = vt,
v(0, t) = 0, v(l, t) = 0,
v(x, 0) = ϕ(x)− ω(x, 0), (A.6.7).

à ω(x, t) óäîâëåòâîðÿåò çàäà÷å:
a2ωxx − x · e−αt = ωt,
ω(0, t) = 0, ω(l, t) = 0. (A.6.8)
Áóäåì èñêàòü ÷àñòíîå ðåøåíèå ω(x, t) â âèäå, ñîîòâåòñòâóþùåì

íåîäíîðîäíîñòè óðàâíåíèÿ:
ω(x, t) = γ(x)e−αt. (A.6.9)

Ïîñêîëüêó âðåìåííàÿ çàâèñèìîñòü ôóíêöèè ω(x, t) íàìè îïðåäåëå-
íà, íà÷àëüíîå óñëîâèå äëÿ íåå íåò íåîáõîäèìîñòè çàäàâàòü, ýòî óñëî-
âèå îïðåäåëÿåòñÿ ôóíêöèåé γ(x):

ω(x, 0) = γ(x).

Îñòàëîñü íàéòè ôóíêöèþ γ(x). Ïîäñòàâëÿÿ (A.6.9) â (A.6.8), ïîëó-
÷èì çàäà÷ó äëÿ γ(x):

a2γ′′e−αt − xe−αt = −αγ(x)e−α,t.
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îòêóäà ñëåäóåò:

γ′′ + α
a2γ = 1

a2x, γ(0) = 0, γ(l) = 0. (A.6.10)

Äëÿ ôóíêöèè γ(x) ïîëó÷èëè îáûêíîâåííîå íåîäíîðîäíîå äèôôå-
ðåíöèàëüíîå óðàâíåíèå, ðåøåíèå êîòîðîãî:

γ(x) = γ0(x) + γr(x),
ãäå γ0(x) - îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ;

γ′′0 + α
a2γ0 = 0,

à γ(x) - ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ;
γr(x) + α

a2 γr = 1
a2 x,

îáóñëîâëåííîå åãî ïðàâîé ÷àñòüþ. (Êîíñòàíòó α ñ÷èòàåì ïîëîæè-
òåëüíîé, èíà÷å ðåøåíèå (À.6.9) áûëî áû áåñêîíå÷íî íàðàñòàþùèì).

γ0(x) = A cos
√

α
a x + B sin

√
α

a x.
γr = 1

αx.
Èç ãðàíè÷íûõ óñëîâèé (À.6.10) ñëåäóåò:

A = 0, B = − l

α sin
√

α
a lè

γ = −l

α sin
√

α
a l

sin
√

α
a x + 1

αx. (A.6.11)

Ìû äëÿ ïðîñòîòû ðàññìàòðèâàåì íåðåçoíàíñíûé ñëó÷àé:
√

αl
a 6= πn.

Ðåøåíèå çàäà÷è (À.6.7) íàìè áûëî ïîëó÷åíî ðàíåå:

v(x, t) =
∞∑

n=1
An sin

πn

l
x exp[−

(
aπn

l

)2
t], (A.6.12)

ãäå

An =
2

l

l∫

0

[ϕ(x)− γ(x)] sin
πn

l
x dx =

=
2

α sin
√

α
a l

l∫

0

sin

√
α

a
x sin

πn

l
x dx,

l∫

0

sin

√
α

a
x sin

πn

l
x dx =

1

2

∫ [
cos



√

α

a
− πn

l


 x+

+ cos



√

α

a
+

πn

l


 x

]
dx =

1

2[
√

α
a − πn

l ]
sin



√

α

a
− πn

l


 x |l0 +

+
1

2[
√

α
a + πn

l ]
sin



√

α

a
+

πn

l


 x |lo=

(−1)n
√

α
a

α
a2 −

(
πn
l

)2 sin

√
α

a
l,
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An = (−1)n 1
α
a2 −

(
πn
l

)2 ·
2

a
√

α
. (A.6.13)

Îáùåå ðåøåíèå èñõîäíîé çàäà÷è (A.6.6) èìååò âèä:

u(x, t) =




−l

α · sin
√

α
a l

sin

√
α

a
x +

1

α
x


 e−αt+

+
2

a
√

α

∑

n=1

(−1)n

α
a2 −

(
πn
l

)2 sin
πn

l
x exp


−

(
aπn

l

)2
t


 . (A.6.14)

C. Íåîäíîðîäíîñòü â óðàâíåíèè f(x, t) ïðîèçâîëüíîãî âèäà.

Åñëè íåîäíîðîäíîñòü óðàâíåíèÿ íå äàåò âîçìîæíîñòè ïðåäñòàâèòü
÷àñòíîå ðåøåíèå â óäîáíîì äëÿ äàëüíåéøåãî ðåøåíèÿ âèäå, ìîæíî
âîñïîëüçîâàòüñÿ äëÿ ðåøåíèÿ ìåòîäîì ñîáñòâåííûõ ôóíêöèé.

Ðàññìîòðèì ýòîò ìåòîä íà ðåøåíèè íåîäíîðîäíîãî îäíîìåðíîãî
óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿ-
ìè (ïåðâàÿ êðàåâàÿ çàäà÷à) äëÿ îòðåçêà ïðÿìîé äëèíû l.

Ôîðìóëèðîâêà çàäà÷è ìàòåìàòè÷åñêàÿ:

a2uxx + f(x, t) = ut,

u(0, t) = 0, u(l, t) = 0, u(x, 0) = ϕ(x).

0 ≤ x ≤ l, 0 ≤ t. (A.6.15)

Ïðè îäíîðîäíîì óðàâíåíèè ìû ïîëó÷àåì ðåøåíèå â âèäå ðàçëî-
æåíèÿ ïî ôóíêöèÿì:

Xn(x) =
sin πn

l
x n = 1, 2.....

Ïîëàãàÿ, ÷òî è ïðè íåîäíîðîäíîì óðàâíåíèè äîïóñòèìûìè ýëåìåí-
òàìè ïðîñòðàíñòâåííîé ÷àñòè ðåøåíèÿ áóäóò òå æå ôóíêöèè Xn(x),
ò.ê. íè ïðîñòðàíñòâåííûé îïåðàòîð, íè ñàì èññëåäóåìûé îáúåêò íå
èçìåíèëèñü, ðàçóìíî èñêàòü ðåøåíèå è ýòîé çàäà÷è â âèäå ðàçëîæå-
íèÿ ïî òåì æå ôóíêöèÿì Xn(x), ò.å. â âèäå:

u(x, t) =
∑

Tn(t) ·Xn(x). (A.6.16)
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Ïîäñòàâèâ ýòî ðåøåíèå â óðàâíåíèå (À.6.15), è ðàçëàãàÿ íåîäíîðîä-
íîñòü f(x, t) ïî òîìó æå íàáîðó ôóíêöèé Xn(x):

f(x, t) =
∑

fn(t)Xn(x),

ãäå

fn(t) =
2

l

l∫

0

f(x, t)Xn(x)dx,

ïîëó÷èì, (íàïîìíèì, ÷òî X ′′
n = −λnXn, λn =

(
πn
l

)2).
∑

n=1
[T ′

n + a2λnTn − fn(t)]Xn(x) = 0.

Â ñèëó ëèíåéíîé íåçàâèñèìîñòè ôóíêöèé Xn(x) èç ïîñëåäíåãî óðàâ-
íåíèÿ ñëåäóåò, ÷òî âñå êîýôôèöèåíòû ïðè Xn(x) â ýòîé ñóììå ðàâíû
íóëþ:

T ′
n + a2λnTn − fn(t) = 0, (A.6.17)

ò.å. ïîëó÷àåì îáûêíîâåííîå íåîäíîðîäíîå äèôôåðåíöèàëüíîå óðàâ-
íåíèå äëÿ ôóíêöèè Tn(t), ò.å. äëÿ êîýôôèöèåíòîâ ðàçëîæåíèÿ (À.6.16),
ðåøàÿ êîòîðîå, ïîëó÷èì:

Tn(t) = Tn îäí.(t) + Tn ÷àñòí.(t),

ãäå
Tn îäí. = An exp[−a2λnt],

Tn ÷àñòí. =
t∫

0

fn(τ) exp[−a2λn(t− τ)]dτ.

Ïîäñòàâëÿÿ ïîëó÷åííîå ðåøåíèå äëÿ Tn(t) â (A.6.16) è ïðèìåíÿÿ
äëÿ âû÷èñëåíèÿ êîíñòàíò An íà÷àëüíîå óñëîâèå â (A.6.15), ïîëó÷èì
îáùåå ðåøåíèå çàäà÷è (A.6.15).

VII. Îáùàÿ êðàåâàÿ çàäà÷à

Îáùàÿ êðàåâàÿ çàäà÷à äëÿ îäíîìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíî-
ñòè (ïåðâàÿ êðàåâàÿ çàäà÷à) ôîðìóëèðóåòñÿ òàê:

a2uxx + f(x, t) = ut,



40
u(0, t) = µ(t),

u(l, t) = ν(t),

u(x, 0) = ϕ(x),

0 ≤ x ≤ l; 0 ≤ t.

Èòàê, ýòî çàäà÷à ñî âñåìè âîçìîæíûìè íåîäíîçíà÷íîñòÿìè (ãðàíè÷-
íûå óñëîâèÿ, óðàâíåíèå).

Ìû íàìåòèì øàãè (ýòàïû) ïî ðåøåíèþ ýòîé çàäà÷è, à ñàìè ýòè
øàãè íàì óæå èçâåñòíû.

1. Ïåðåôîðìóëèðîâàòü çàäà÷ó - ââåñòè íîâóþ ôóíêöèþ v(x, t) ïî
óæå èçâåñòíûì ôîðìóëàì, äëÿ êîòîðîé ãðàíè÷íûå óñëîâèÿ áûëè
áû îäíîðîäíûìè. Ïðè ýòîì â óðàâíåíèè äëÿ ôóíêöèè v(x, t) è â
íà÷àëüíîì óñëîâèè ïîÿâÿòñÿ äîïîëíèòåëüíûå ÷ëåíû.

2. Ïîëó÷åííóþ çàäà÷ó ðåøàòü ìåòîäàìè, èçëîæåííûìè â ðàçäåëå
A-VI.

ÏÐÎÑÒÐÀÍÑÒÂÅÍÍÛÅ ÇÀÄÀ×È
Ãëàâà Â. Çàäà÷è ñ ïðÿìîóãîëüíîé ñèììåòðèåé

Ðåøèì çàäà÷ó äëÿ îäíîðîäíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè â ïðÿ-
ìîóãîëüíîì ïàðàëëåëåïèïåäå ñ ðåáðàìè l1, l2, l3 c îäíîðîäíûìè ãðà-
íè÷íûìè óñëîâèÿìè, ïåðâàÿ êðàåâàÿ çàäà÷à (äëÿ âíóòðåííåé îáëà-
ñòè ïàðàëëåëåïèïåäà); u(~r, t) - òåìïåðàòóðà âíóòðåííèõ òî÷åê ïà-
ðàëëåëåïèïåäà.

Ìàòåìàòè÷åñêàÿ ôîðìóëèðîâêà çàäà÷è:

a2∆u = ut,

u |s= 0,

u |t=0= ϕ(P.). (B.1)

Çäåñü S - ïîâåðõíîñòü ïàðàëëåëåïèïåäà, P. - åãî âíóòðåííèå òî÷êè.
Â ñèëó îäíîðîäíîñòè è óðàâíåíèÿ, è ãðàíè÷íûõ óñëîâèé óæå íà

ýòîì ýòàïå, äî âûáîðà ñèñòåìû êîîðäèíàò, ìîæíî ðàçäåëèòü ïðî-
ñòðàíñòâåííóþ è âðåìåííóþ ÷àñòè ðåøåíèÿ. Äåéñòâèòåëüíî, èùåì
ðåøåíèå (B.1) â âèäå:

u(~r, t) = U(~r) · T (t).
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Ïîäñòàíîâêà â (Â.1) ñ ïîñëåäóþùèì äåëåíèåì íà a2U(~r) · T (t) äàåò:

∆U

U
=

1

a2

T ′

T
= −λ,

îòêóäà ñëåäóåò óðàâíåíèå äëÿ âðåìåííîé ÷àñòè ðåøåíèÿ T (t):

T ′ + a2λT = 0 (B.2)

è äëÿ ïðîñòðàíòñâåííîé ÷àñòè U(~r):

∆U + λU = 0. (B.3)

ñ ãðàíè÷íûìè óñëîâèÿìè:

U |s= 0. (B.4)

Äëÿ ïðîñòðàíñòâåííîé ÷àñòè ðåøåíèÿ ïîëó÷èëè çàäà÷ó íà ñîáñòâåí-
íûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ëàïëàñà â ïðÿìî-
óãîëüíîì ïàðàëëåëåïèïåäå ïðè êðàåâîì óñëîâèè ïåðâîãî òèïà, ðå-
øèâ êîòîðóþ, íàéäåì íàáîð ñîáñòâåííûõ çíà÷åíèé λn - è çàäà÷à äëÿ
âðåìåííîé ÷àñòè T (t) òîæå áóäåò ïîñòàâëåíà.

Â ïðîñòðàíñòâåííîé çàäà÷e - óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ.
Ïîñêîëüêó â ýòîé çàäà÷å ãðàíè÷íûå óñëîâèÿ îäíîðîäíûå, ìîæíî
îæèäàòü, ÷òî äëÿ åå ðåøåíèÿ ìîæíî ïðèìåíèòü ìåòîä ðàçäåëåíèÿ
ïåðåìåííûõ. Íî îäíîðîäíîñòè ãðàíè÷íûõ óñëîâèé åùå íåäîñòàòî÷-
íî. Íàäî åùå:

à) âûáðaòü ïðàâèëüíî ñèñòåìó êîîðäèíàò, îáëàäàþùóþ òîé æå
ñèììåòðèåé, ÷òî è èññëåäóåìûé îáúåêò, ò.å. â âûáðàííîé ñèñòåìå
êîîðäèíàò äîëæíû áûòü êîîðäèíàòíûå ïîâåðõíîñòè, òîïîëîãè÷åñêè
ïîâòîðÿþùèå ïîâåðõíîñòü ðàññìàòðèâàåìîãî îáúåêòà (ïëîñêîñòè).
Òîëüêî â ýòîì ñëó÷àå êîîðäèíàòíàÿ ïîâåðõíîñòü (à îíè, íàïîìíèì,
çàäàþòñÿ ôèêñèðîâàííûìè êîîðäèíàòàìè) ìîæåò ñîâïàñòü ñ ïîâåðõ-
íîñòüþ îáúåêòà, ò.å. ïðè ôèêñèðîâàííîé êîîðäèíàòå âûïîëíèòñÿ íó-
ëåâîå ãðàíè÷íîå óñëîâèå, ÷òî äàåò ãðàíè÷íîå óñëîâèå äëÿ ôóíêöèè
ýòîé êîîðäèíàòû (ïåðåìåííîé), è ïåðåìåííûå ðàçäåëÿþòñÿ.

â) íåîáõîäèìî ïðàâèëüíî îðèåíòèðîâàòü âûáðàííóþ ñèñòåìó êî-
îðäèíàò è ïðàâèëüíî ïðèâÿçàòü åå ê ðàññìàòðèâàåìîìó îáúåêòó,
÷òîáû ÷àñòè êîîðäèíàòíûõ ïîâåðõíîñòåé ìîãëè ñîâïàñòü ñ ÷àñòÿìè
ïîâåðõíîñòè ðàññìàòðèâàåìîãî îáúåêòà (îíè ìîãóò, íàïðèìåð, ïðî-
ñòî ïåðåñåêàòüñÿ äðóã ñ äðóãîì, äàæå èìåÿ îäèíàêîâóþ òîïîëîãèþ).
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Âñå ýòè àñïåêòû ðåøåíèÿ çàäà÷è (B.1) ìû ðàññìîòðèì íà êîíêðåò-
íîì ïðèìåðå.

Ç à ä à ÷ à 300. Íàéòè òåìïåðàòóðó u(~r, t) âíóòðåííèõ òî÷åê ïðÿ-
ìîóãîëüíîãî ïàðàëëåëåïèïåäà ñ ðåáðàìè l1, l2, l3, åñëè òåìïåðàòóðà
åãî ïîâåðõíîñòè ïîääåðæèâàåòñÿ íóëåâîé, à íà÷àëüíàÿ òåìïåðàòó-
ðà ïðåäñòàâëÿåò ñîáîé ïðîèçâåäåíèå 3-õ ïàðàáîë ïî ïåðåìåííûì,
íàïðàâëåííûì âäîëü ðàçíûõ ðåáåð (ñ çàíóëåíèåì íà ïðîòèâîïîëîæ-
íûõ ãðàíÿõ - äëÿ ñîîòâåòñòâèÿ ãðàíè÷íûì óñëîâèÿì).

Â îáùåì âèäå çàäà÷à çàäàíà ôîðìóëàìè (Â.1). Ðàçäåëèâ ïðåäâà-
ðèòåëüíî âðåìåííóþ è ïðîñòðàíñòâåííóþ ÷àñòü ðåøåíèÿ, ò.å. ïðåä-
ñòàâèâ åãî â âèäå:

u(~r) = U(~r) · T (t),

ïîëó÷èì äëÿ âðåìåííîé ÷àñòè óðàâíåíèå (Â.2), à äëÿ ïðîñòðàíñòâåí-
íîé ÷àñòè u(~r) - çàäà÷ó:

∆U + λU = 0, U |s= 0. (B.5)

Ïåðâûé øàã ïðè ðåøåíèè ýòîé çàäà÷è - âûáîð ñèñòåìû êîîðäèíàò.
Ïîñêîëüêó ãðàíèöû íàøåãî îáúåêòà - ïàðàëëåëåïèïåäà - ïðåäñòàâ-
ëÿþò ñîáîé âçàèìíî îðòîãîíàëüíûå ÷àñòè ïëîñêîñòåé, íåîáõîäèìî
âûáðàòü ñèñòåìó êîîðäèíàò, â êîòîðûõ ñåìåéñòâà êîîðäèíàòíûõ ïî-
âåðõíîñòåé áûëè áû òîé æå òîïîëîãèè - ò.å. áûëè áû âçàèìíî îðòîãî-
íàëüíûìè ïëîñêîñòÿìè. Òàêîé ñèñòåìîé êîîðäèíàò áóäåò äåêàðòîâà
(x, y, z).

Âòîðîå - îðèåíòèðóåì îñè ñèñòåìû êîîðäèíàò âäîëü ðåáåð. Òî-
ãäà, íàïðèìåð, äâå èç êîîðäèíàòíûõ ïîâåðõíîñòåé x = const ñâîèìè
÷àñòÿìè ñîâïàäóò ñ ãðàíÿìè, ïåðïåíäèêóëÿðíûìè ðåáðó, âäîëü êî-
òîðîãî íàïðàâèëè îñü x. Àíàëîãè÷íàÿ êàðòèíà è äëÿ êîîðäèíàòíûõ
ïîâåðõíîñòåé y = const è z = const.

Äàëåå - äëÿ êîíêðåòèçàöèè è óïðîùåíèÿ âû÷èñëèòåëüíîãî ïðî-
öåññà - ïðèâÿæåì âûáðàííóþ ñèñòåìó êîîðäèíàò ê èññëåäóåìîìó
îáúåêòó, äëÿ ÷åãî ïîìåñòèì íà÷àëî êîîðäèíàò â îäíó èç âåðøèí ïà-
ðàëëåëåïèïåäà .

Â òàêèì îáðàçîì âûáðàííîé, îðèåíòèðîâàííîé è ïðèâÿçàííîé ê
îáúåêòó ñèñòåìå êîîðäèíàò ñ ãðàíÿìè ïàðàëëåëåïèïåäà ñîâïàäàþò
êîîðäèíàòíûå ïîâåðõíîñòè (èõ ÷àñòè) ïîïàðíî:





x = 0,
x = l1.





y = 0,
y = l2.





z = 0,
z = l3.
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Ìàòåìàòè÷åñêàÿ ôîðìóëèðîâêà çàäà÷è äëÿ ïðîñòðàíñòâåííîé

ôóíêöèè â âûáðàííîé ñèñòåìå êîîðäèíàò:

U(~r) = U(x, y, z).

èìååò âèä: óðàâíåíèå

∂2U

∂x2 +
∂2U

∂y2 +
∂2U

∂z2 + λU = 0. (B.6)

Ãðàíè÷íûå óñëîâèÿ:
U(0, y, z) = 0,
U(l1, y, z) = 0,
U(x, 0, z) = 0,
U(x, l2, z) = 0,
U(x, y, 0) = 0,
U(x, y, l3) = 0. (B.7)

Íà÷àëüíîå óñëîâèå ïðè ýòîì èìååò âèä:

U(x, y, z, 0) = D · x · y · z(l1 − x) · (l2 − y) · (l3 − z). (B.8)

Èùåì ðåøåíèå (Â.6) â âèäå ïðîèçâåäåíèÿ ôóíêöèé, êàæäàÿ èç êî-
òîðûõ çàâèñèò îò îäíîé êîîðäèíàòû:

U(x, y, z) = X(x) · Y (y) · Z(z).

Ïîäñòàâëÿÿ ýòî âûðàæåíèå â (Â.6) è ðàçäåëèâ ïîëó÷åííîå óðàâíåíèå
íà ·X · Y · Z èìååì:

X ′′

X
+

Y ′′

Y
+

Z ′′

Z
+ λ = 0. (B.9)

Îòñþäà è èç ãðàíè÷íûõ óñëîâèé (Â.7) ñëåäóåò:

X ′′ + λ1X = 0 U(0, y, z) = X(0) · Y · Z + X(0) = 0 → X(0) = 0,

U(l1, y, z) = X(l1) · Y · Z = 0 → X(l1) = 0 0 ≤ x ≤ l1.

Àíàëîãè÷íî:

Y ′′ + λ2Y = 0 Y (0) = 0 Y (l2) = 0 0 ≤ y ≤ l2,

Z ′′ + λ3Z = 0 Z(0) = 0 Z(l3) = 0 0 ≤ z ≤ l3,
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λ = λ1 + λ2 + λ3.

Ðåøåíèÿ ýòèõ çàäà÷ èçâåñòíû (îäíîìåðíûå çàäà÷è):

Xn(x) = sin
πn

l1
x; λ1n =

(
πn

l1

)2
,

Ym(y) = sin
πm

l2
y; λ2m =

(
πm

l2

)2
,

Zp(z) = sin
πp

l3
z; λ3p =

(
πp

l3

)2
,

λnmp = π2


n2

l21
+

m2

l22
+

p2

l23


 ; n, m, p = 1, 2, 3, ...

Âðåìåííàÿ ôóíêöèÿ óäîâëåòâîðÿåò óðàâíåíèþ:

T ′
nmp + a2λnmpTnmp = 0.

Åãî ðåøåíèå:
Tnmp(t) = exp[−a2λnmp · t].

Íàáîð ÷àñòíûõ ðåøåíèé çàäà÷è èìååò âèä:

unmp(x, y, z, t) = Xn(x)Ym(y)Zp(z) · Tnmp(t).

Îáùåå ðåøåíèå:

u(x, y, z, t) =
∞∑

n,m,p=1
Anmp sin

πn

l1
x · sin πm

l2
y · sin πp

l3
z·

· exp


−a2π2


n2

l21
+

m2

l22
+

p2

l23


 · t


 . (B.10)

À íàáîð êîíñòàíò Anmp îïðåäåëÿåòñÿ èç íà÷àëüíîãî óñëîâèÿ (B.8):

D · xyz(l1 − x)(l2 − y)(l3 − z) =
∞∑

n,m,p=1
AnmpXn(x)Ym(y) · Zp(z).

Ðàññìàòðèâàÿ ýòî ðàâåíñòâî êàê ðàçëîæåíèå ôóíêöèè â ëåâîé
÷àñòè â ðÿä ïî Xn(x)Ym(y)Zp(z), èìååì:

Anmp =
8

l1l2l3

l1∫

0

x (l1 − x) sin
πn

l1
xdx

l2∫

0

y (l2 − y)×
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× sin
πm

l2
ydy

l3∫

0

z(l3 − z) sin
πp

l3
zdz =

=
16

(l1l2l3)2 [1− (−1)n][1− (−1)m] [1− (−1)p].

(Èíòåãðàë âû÷èñëÿëñÿ ðàíåå).

Ãëàâà Ñ. ÇÀÄÀ×È Ñ ÖÈËÈÍÄÐÈ×ÅÑÊÎÉ
ÑÈÌÌÅÒÐÈÅÉ

I. Ïîñòàíîâêà çàäà÷è, ðàçäåëåíèå ïåðåìåííûõ

Ðàññìîòðèì òåïëîâóþ çàäà÷ó äëÿ âíóòðåííåé îáëàñòè öèëèíäðà äëè-
íû l, ðàäèóñà ρ0, åñëè ïîâåðõíîñòü åãî S ïîääåðæèâàåòñÿ ïðè íóëå-
âîé òåìïåðàòóðå, à íà÷àëüíàÿ òåìïåðàòóðà åñòü ôóíêöèÿ âíóòðåí-
íåé òî÷êè P. Îáîçíà÷èâ òåìïåðàòóðó òî÷åê öèëèíäðà ÷åðåç u(~r, t),
çàïèøåì â îáùåì âèäå ôîðìóëèðîâêó çàäà÷è. Íàïîìíèì, ÷òî ìû
âñåãäà èùåì íåòðèâèàëüíîå è îãðàíè÷åííîå ðåøåíèå.

Óðàâíåíèå: a2∆u = ut. (C.1.1)

Ãðàíè÷íîå óñëîâèå: u |S= 0.
Íà÷àëüíîå óñëîâèå: u |t=0= ϕ(P ) | u(~r, t) |< ∞.
Îäíîðîäíûå óðàâíåíèÿ è îäíîðîäíûå ãðàíè÷íûå óñëîâèÿ äîïóñ-

êàþò ðàçäåëåíèå ïðîñòðàíñòâåííîé è âðåìåííîé ÷àñòåé ðåøåíèÿ åùå
äî âûáîðà êîíêðåòíîé ñèñòåìû êîîðäèíàò.

Èùåì ðåøåíèå (Ñ.1.1) â âèäå:

u(~r, t) = U(~r)T (t).

Ïîäñòàâèâ â óðàâíåíèå, ïîëó÷èì:

a2T∆U = U · T ′,

∆U

U
=

1

a2

T ′

T
= −λ,

∆U + λU = 0 T ′ + a2λT = 0.

Èç ãðàíè÷íîãî óñëîâèÿ:

U · T |S= U |S ·T = 0 → U |S= 0.
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Èòàê, äëÿ ôóíêöèè U(~r) ïîëó÷èëè çàäà÷ó íà ñîáñòâåííûå çíà-

÷åíèÿ (Ñ.3.) è ñîáñòâåííûå ôóíêöèè (Ñ.Ô.) îïåðàòîðà Ëàïëàcà â
öèëèíäðå (ïðè ãðàíè÷íîì óñëîâèè ïåðâîãî òèïà):





∆U + λU = 0,
U |S= 0. (C.1.2)

Ðåøèâ ýòó çàäà÷ó, íàéäåì ïîëíûé íàáîð Ñ.Ç. λ è ïîëíûé íàáîð C.Ô.,
ïîñëå ÷åãî çàäà÷à äëÿ ôóíêöèè T (t) ñòàíîâèñÿ îïðåäåëåííîé è ðåøà-
åìîé. Íî ïðåæäå íàäî ðåøèòü çàäà÷ó (Ñ.1.2.). Óðàâíåíèå â (Ñ.1.2.)
- â ÷àñòíûõ ïðîèçâîäíûõ. Äëÿ ðåøåíèÿ åãî ìåòîäîì ðàçäåëåíèÿ ïå-
ðåìåííûõ íåîáõîäèìî ïðàâèëüíî âûáðàòü ñèñòåìó êîîðäèíàò è ïðà-
âèëüíî îðèåíòèðîâàòü (è ïðèâÿçàòü) åå îòíîñèòåëüíî öèëèíäðà. Ñè-
ñòåìà êîîðäèíàò - öèëèíäðè÷åñêàÿ (ρ, ϕ, z), èìåííî â íåé åñòü êî-
îðäèíàòíûå ïîâåðõíîñòè, ïîâòîðÿþùèå òîïîëîãè÷åñêè ïîâåðõíîñòü
íàøåãî îáúåêòà - öèëèíäðû, ρ = const, è ïëîñêîñòè, z = const. Îñü z

íàïðàâèì âäîëü îñè öèëèíäðà, òî÷êó z = 0 ïðèâÿæåì ê ëåâîìó òîð-
öó (òîãäà äëÿ ïðàâîãî z = l). Â âûáðàííîé òàêèì îáðàçîì ñèñòåìå
êîîðäèíàò çàäà÷à (C.1.2) çàïèñûâàåòñÿ òàê:

1

ρ

∂

∂ρ

(
ρ
∂U

∂ρ

)
+

1

ρ2

∂2U

∂ϕ2 +
∂2U

∂z2 + λU = 0. (C.1.3)





U(ρ0, ϕ, z) = 0,
U(ρ, ϕ, 0) = 0,
U(ρ, ϕ, l) = 0. (C.1.4)

U(ρ, ϕ + 2π, z) = U(ρ, ϕ, z),

| U(ρ, ϕ, z) |< ∞,

0 ≤ ρ ≤ 2π, 0 ≤ ρ ≤ ρ0, 0 ≤ z ≤ l.

Ïîñëåäíèå äâà óñëîâèÿ - óñëîâèå ïåðèîäè÷íîñòè ïî óãëîâîé ïåðå-
ìåííîé è óñëîâèå îãðàíè÷åííîñòè ðåøåíèÿ. Èùåì ïîëíûé íàáîð
÷àñòíûõ ðåøåíèé â âèäå ïðîèçâåäåíèÿ òðåõ ôóíêöèé, êàæäàÿ èç
êîòîðûõ çàâèñèò îò îäíîé ïåðåìåííîé:

U(ρ, ϕ, z) = R(ρ)Φ(ϕ)Z(z).

Ïîäñòàâëÿåì â (C.1.3) è äåëèì íà ïðîèçâåäåíèå RΦZ:
1

R

1

ρ

d

dρ

(
ρ
dR

dρ

)
+

1

ρ2

Φ′′

Φ
+

Z ′′

Z
+ λ = 0. (C.1.5)
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Z ′′

Z
= −k2

3 → Z ′′ + k2çZ = 0.

Èç (C.1.4):

R(ρ) · Z(0)Φ(ϕ) = 0 → Z(0) = 0, (C.1.6)

R(ρ)Φ(ϕ)Z(l) = 0 → Z(l) = 0,

0 ≤ z ≤ l,

Ðåøåíèå çàäà÷è (Ñ.1.6) ìû çíàåì:

Zp(z) = sin
πp

l
· z,

k3p =
πp

l
, p = 1, 2...

Φ′′

Φ
= −n2,

Φn(ϕ) = An cos nϕ + Bn sin nϕ,−∞ ≤ n ≤ ∞.

(ñ ó÷åòîì ïåðèîäè÷íîñòè è îãðàíè÷åííîñòè).
Äëÿ ôóíêöèè R(ρ) ïîëó÷èì çàäà÷ó: Óðàâíåíèå

1

ρ

d

dρ

(
ρ
dR

dρ

)
+


k2 − n2

ρ2


 R = 0. (C.1.7a)

Ãðàíè÷íûå óñëîâèÿ:

R(ρ) · Φ(ϕ)Z(z) =→ R(ρ0) = 0, (C.1.7)

| R(ρ) |< ∞,

Çäåñü k2 = λ− k2
3

Äëÿ íà÷àëà ìû ðàññìîòðèì âàðèàíò k2 > 0. Óðàâíåíèå (C.1.7a) -
óðàâíåíèå Áåññåëÿ ïîðÿäêà n. Åãî äâà íåçàâèñèìûõ ðåøåíèÿ - ôóíê-
öèè Áåññåëÿ Jn(kρ) è Íåéìàíà Nn(kρ), ò.å. ðåøåíèå (Ñ.1.7à) èìååò
âèä:

Rn(ρ) = CnJn(kρ) + DnNn(kρ).

Ò.ê. ôóíêöèÿ Nn(kρ) íåîãðàíè÷åííî âîçðàñòàåò ïðè ρ → 0, òî â
ñèëó îãðàíè÷åííîñòè ðåøåíèÿ ïîëàãàåì Dn ≡ 0, ò.å. äëÿ îáëàñòè
0 ≤ ρ ≤ ρ0 ðåøåíèå óðàâíåíèÿ Áåññåëÿ èìååò âèä:

Rn(ρ) = Jn(kρ).
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Ïîä÷èíèâ ýòî ðåøåíèå ãðàíè÷íîìó óñëîâèþ (C.1.7â), ïîëó÷èì áåñ-
êîíå÷íûé íàáîð ðåøåíèé (C.1.7) (íàáîð Ñ.Ç. è Ñ.Ô.):

Rnm(ρ) = Jn


µ(n)

m

ρ0
ρ


 ,

ãäå
k(n)

m =
µ(n)

m

ρ0
,

à µ(n)
m - êîðíè ôóíêöèè Áåññåëÿ ïîðÿäêà n,

Jn(µ
(n)
m ) = 0, m = 1, 2, 3...

Íàáîð ÷àñòíûõ ðåøåíèé èñõîäíîé çàäà÷è:

unmp(ρ, ϕ, z, t) = Jn


µ(n)

m

ρ0


 [An cos n ϕ + Bn sin nϕ] sin

pπ

l
z·

· exp[−λnmpa
2t].

È îáùåå ðåøåíèå:

u(ρ, ϕ, z, t) =
∞∑

n=0,m=1,p=1
Jn


µ(n)

m

ρ0
ρ


 [Anmp cos nϕ+Bnmp sin nϕ] sin

pπ

l
z·

·ēxp[−a2λnmpt]. (C.1.8)

Èñïîëüçóÿ íà÷àëüíîå óñëîâèå:

u |t=0= ψ(ρ, ϕ, z),

ïîëó÷èì ñîîòíîøåíèå äëÿ îïðåäåëåíèÿ íàáîðà êîíñòàíò Anmp è Bnmp:

ψ(ρ, ϕ, z) =
∞∑

n=o,m=1,p=1
[Anmp cos nϕ + Bnmp sin nϕ] Jn


µ(n)

m

ρ0
ρ


 ·

· sin πp

l
z. (C.1.9)

Ðàññìàòðèâàÿ ýòî ñîîòíîøåíèå êàê ðàçëîæåíèå ôóíêöèè ψ(ρ, ϕ, z)
ïî ñîîòâåòñòâóþùèì íàáîðàì ôóíêöèé, ìîæíî íàéòè íàáîðû êîí-
ñòàíò. Íî äëÿ ýòîãî íóæíî çíàòü óñëîâèÿ îðòîãîíàëüíîñòè è êâàä-
ðàò íîðìû âñåõ íàáîðîâ ôóíêöèé. Íàáîðû sin nϕ, cos nϕ, sin πp

l z íàì
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õîðîøî èçâåñòíû, òîãäà êàê íàáîð Jn

(
µ

(n)
m

ρ0
ρ

)
íåò. ×òîáû íàó÷èòüñÿ

ðàáîòàòü ñ ýòèì íàáîðîì ôóíêöèé, ðàññìîòðèì çàäà÷è ñ öèëèíäðè-
÷åñêîé ñèììåòðèåé ñíà÷àëà â ïðîñòåéøåé ïîñòàíîâêå - êîãäà íåò
çàâèñèìîñòè îò ϕ è z. Íî ïðåæäå ÷åì ðåøàòü êîíêðåòíûå çàäà÷è,
ïîëó÷èì ñîîòíîøåíèå, êîòîðîå ïîçâîëèò íàéòè óñëîâèå îðòîãîíàëü-
íîñòè è êâàäðàò íîðìû íàáîðà ðàäèàëüíûõ ôóíêöèé, ðåøàþùèõ
ïåðâóþ è âòîðóþ êðàåâûå çàäà÷è.

II. Çàïèøåì óðàâíåíèÿ Áåññåëÿ äëÿ äâóõ ðàçíûõ Jv(
α
ρ0

ρ) è J0(
β
ρ0

ρ)
ôóíêöèé Áåññåëÿ ïîðÿäêà ν (ïîðÿäîê ν ìîæåò áûòü è íåöåëûì ÷èñ-
ëîì),

1

ρ

d

dρ


ρ

dJν
α
ρ0

ρ)

dρ


 +




(
α

ρ0

)2
− ν2

ρ2


 Jv(

α

ρ0
ρ) = 0, ρJν

(
β

ρ0
ρ

)
.

1

ρ

d

dρ

(
ρ
dJν

dρ
(
β

ρ0
ρ)

)
+




(
β

ρ0

)2

− ν2

ρ2


 Jν

(
β

ρ0
ρ

)
= 0, ρJν(

α

ρ0
ρ).

Óìíîæèâ êàæäîå óðàâíåíèå íà óêàçàííûé ìíîæèòåëü, âû÷òÿ èç îä-
íîãî äðóãîå è ïðîèíòåãðèðîâàâ â ïðåäåëàõ (0, ρ0), ïîëó÷èì:

α2 − β2

ρ2
0

·
ρ0∫

0

Jν

(
α

ρ0
ρ

)
Jν

(
β

ρ0
ρ

)
ρdρ =

ρ0∫

0

{Jν(
α

ρ0
ρ)

d

dρ
[ρ

dJν(
β
ρ0

ρ)

dρ
]− Jν(

β

ρ0
ρ)

d

dρ
[ρ

dJν(
α
ρ0

ρ)

dρ
]}dρ =

ρ0∫

0

d{ρ[Jν(
α

ρ0
ρ)

dJν(
β
ρ0

ρ)

dρ
− Jν(

β

ρ0
ρ)

dJν(
α
ρ0

ρ)

dρ
]} =

= ρ0[Jν(
α

ρ0
ρ)

dJν(
β
ρ0

ρ)
ρ0

β d β
ρ0

ρ)
− Jν(

β

ρ0
ρ)

dJν(
α
ρ0

ρ)
ρ0

α d( α
ρ0

ρ)
] |ρ0=

= βJν(α)J ′ν(β)− αJν(β)J ′ν(α)
ρ0∫

0

Jν

(
α

ρ0
ρ

)
Jν

(
β

ρ0
ρ

)
ρdρ =

ρ2
0

α2 − β2 [βJν(α)J ′ν(β)−

−αJν(β)J ′ν(α)]. (C.2.1)

Øòðèõ îçíà÷àåò ïðîèçâîäóþ ïî àðãóìåíòó.
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Åñëè ôóíêöèè Jν(

α
ρ0

ρ) èç íàáîðà, ðåøàþùåãî ïåðâóþ êðàåâóþ
çàäà÷ó, ò.å.:

Jν(
α

ρ0
ρ) = Jν

(
µν

m

ρ0
ρ

)

è
Jν(

α

ρ0
) |ρ0

= Jν(α) = 0,

ò.å. α = µ(ν)
m - êîðíè ôóíêöèè Áåññåëÿ ïîðÿäêà ν, òî ïðè α = µ(ν)

m1
,

β = µ(ν)
m2

, ò.å. Jν

(
µ

(ν)
m1

ρ0
ρ

)
è Jν

(
µ

(ν)
m2

ρ0
ρ

)
- äâå ðàçíûå ôóíêöèè ýòîãî

íàáîðà, òî:
ρ0∫

0

Jν


µ(ν)

m1

ρ0


 Jν


µ(ν)

m2

ρ0
ρ


 ρdρ =

ρ2
0

(µ
(ν)
m1)2 − (µ

(ν)
m2)2

·

·[µ(ν)
m2

Jν(µ
(ν)
m1

) J ′ν(µ
(ν)
m2

)− µ(ν)
m1

Jν(µ
(ν)
m2

) J ′ν(µ
(ν)
m1

)] = 0,

ò.ê. Jν(µ
(ν)
m1

) = 0; Jν(µ
(ν)
m2

) = 0; µ(ν)
m1

6= µ(ν)
m2

è ïîëó÷àåì óñëîâèå
îðòîãîíàëüíîñòè íàáîðà Jν(

µ
(ν)
m

ρ0
ρ):

ρ0∫

0

Jν


µ(ν)

m1

ρ0
ρ


 Jν


µ(ν)

m2

ρ0
ρ


 ρdρ = 0, (C.2.2)

m1 6= m2, ò.å. µ(ν)
m1
6= µ(ν)

m2
.

Åñëè æå α = β = µ(ν)
m - îäèíàêîâûå êîðíè ôóíêöèè Áåññåëÿ, ò.å.

ñëåâà â (Ñ.2.1) èìååì êâàäðàò íîðìû íàáîðà Jν

(
µ

(ν)
m

ρ0
ρ

)
, òî ñïðàâà â

(C.2.1) â çíàìåíàòåëå íóëü (α = β) è â ÷èñëèòåëå íóëü, ò.ê. Jν(α) =
Jν(µ

(ν)
m ) = 0 è Jν(β) = Jν(µ

(ν)
m ) = 0, ïîëó÷èì íåîïðåäåëåííîñòü òèïà

0
0 , êîòîðóþ ðàñêðûâàåì ïî ïðàâèëó Ëîïèòàëÿ, ïîëàãàÿ β = µ(ν)

m ,
à α → β, ïîëó÷èì:

|| Jν


µ(ν)

m

ρ0
ρ


 ||2≡

ρ)0∫

0

J2
ν


µ(ν)

m

ρ0
ρ


 ρdρ =

ρ2
0

2
[J ′ν(µ

(ν)
m )]2. (C.2.3)

Îáúåäèíÿÿ (Ñ.2.2) è (Ñ.2.3), èìååì:
ρ0∫

0

Jν


µ(ν)

m

ρ0
ρ


 Jν


µ(ν)

m1

ρ0
ρ


 ρdρ =

ρ2
0

2
[J ′ν(µ

(ν)
m )]2 δmm1

. (C.2.4)
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II. Îäíîðîäíîå óðàâíåíèå, îäíîðîäíûå ãðàíè÷íûå

óñëîâèÿ,
ïåðâàÿ êðàåâàÿ çàäà÷à

Ç à ä à ÷ à V-28. Íàéòè òåìïåðàòóðó áåñêîíå÷íîãî êðóãëîãî öèëèí-
äðà ðàäèóñà ρ0, íà÷àëüíàÿ òåìïåðàòóðà êîòîðîãî çàäàåòñÿ ôóíêöèåé
ðàññòîÿíèÿ îò îñè - ïàðàáîëîé ñ çàíóëåíèåì íà ñòåíêàõ è ìàêñèìó-
ìîì íà îñè. Ïîâåðõíîñòü ïîääåðæèâàåòñÿ ïðè íóëåâîé òåìïåðàòóðå.

Âûáåðåì ñèñòåìó êîîðäèíàò - öèëèíäðè÷åñêóþ ρ, ϕ, z c îñüþ z
âäîëü îñè öèëèíäðà. Â ýòîé ñèñòåìå òåìïåðàòóðà âíóòðåííèõ òî÷åê
öèëèíäðà u áóäåò òîëüêî ôóíêöèåé ρ è t, u = u(ρ, t). Ôîðìóëèðîâêà
çàäà÷è (ìàòåìàòè÷åñêàÿ):

1

ρ

∂

∂ρ

(
ρ
∂u

∂ρ

)
=

1

a2 ut,

u(ρ0, t) = 0, (C.2.5)

u (ρ, 0) = U0 (1− ρ2

ρ2
0
),

0 ≤ ρ ≤ ρ0; 0 ≤ t; | u(ρ, t) |< ∞.

Èùåì ðåøåíèå â âèäå:

u(ρ, t) = R(ρ) · T (t). (C.2.6)

Ïîäcòàâëÿÿ (C.2.6) â óðàâíåíèå (C.2.5) è ðàçäåëèâ íà ïðîèçâåäåíèå
R · T èìååì:

1

Rρ

d

dρ

(
ρ

dR

dρ

)
=

1

a2

T ′

T
= −k2,

ò.å. ïîëó÷èì óðàâíåíèÿ äëÿ ôóíêöèé R(ρ) è T (t). Çàäà÷à äëÿ R(ρ):

1

ρ

d

dρ
(ρ

dR

dρ
) + k2R = 0, (C.2.7)

u (ρ0t) = R (ρ0) T (t) = 0 → R (ρ0) = 0,

0 ≤ ρ ≤ ρ0, | R(ρ) |< ∞.

è
T ′ + a2k2T = 0.
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Óðàâíåíèå (C.2.7) - óðàâíåíèå Áåññåëÿ íóëåâîãî ïîðÿäêà (à èíà÷å è
áûòü íå ìîãëî - â çàäà÷å íåò çàâèñèìîñòè îò ϕ), åãî ðåøåíèå åñòü:

R(ρ) = J0(kρ).

Ïîä÷èíÿÿ ýòî ðåøåíèå ãðàíè÷íîìó óñëîâèÿ (Ñ.2.7), ïîëó÷èì:

J0(kρ0) = 0 → kmρ0 = µ(0)
m , km =

µ(0)
m

ρ0
,

ãäå µ(0)
m - êîðíè ôóíêöèè Áåññåëÿ íóëåâîãî ïîðÿäêà:

J0(µ
(0)
m ) = 0,m = 1, 2, 3...

Òàêèì îáðàçîì, íàáîð Ñ.3 k(0)
m äàåò íàì è íàáîð Ñ.Ô. - ïîëíûé íàáîð

ëèíåéíî íåçàâèñèìûõ ðåøåíèé (Ñ.2.7):

Rm(ρ) = J0


µ(0)

m

ρ0
ρ


 .

Äëÿ ôóíêöèè T (t) òåïåðü èìååì óðàâíåíèÿ:

T ′
m(t) + a2k2

mTm = 0,

Tm(t) = exp[−a2(
µ(0)

m

ρ0
)2t].

È îáùåå ðåøåíèå çàäà÷è:

u(ρ, t) =
∞∑

m=1
Tm(t) Rm(ρ) =

∞∑

m=1
Am J0


µ(0)

m

ρ0
ρ


 ×

× exp


−


aµ(0)

m

ρ0




2

t


 . (C.2.8)

Èñïîëüçóÿ íà÷àëüíûå óñëîâèÿ èç (Ñ.2.5), ïîëó÷èì ñîîòíîøåíèÿ äëÿ
îïðåäåëåíèÿ íàáîðà êîíñòàíò Am:

U0


1− ρ2

ρ2
0


 =

∑

m=1
AmJ0


µ(0)

m

ρ0
ρ


 . (C.2.9)

Äëÿ ïîëó÷åíèÿ èç ýòîãî ðàâåíñòâà êîíñòàíò Am äîìíîæèì åãî
÷àñòè íà óìíîæåííóþ íà ρ îäíó èç ôóíêöèé íàáîðà J0(

µ
(0)
m

ρ0
ρ), êîí-

êðåòíî, íà ρ ·J0(
µ

(0)ì
ρ0

ρ), ãäå ì - íîìåð êîðíÿ (è ôóíêöèè) - çàäàííûé,
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íî âûáðàí ñîâåðøåííî ïðîèçâîëüíî, è ïðîèíòåãðèðóåì ïîëó÷åííîå
ðàâåíñòâî ïî ρ îò 0 äî ρ0:

U0

ρ0∫

0


1− ρ2

ρ2
0


 J0


µ(0)

ρ0
ρ


 ρdρ =

ρ0∫

0

ρ[
∞∑

m=1
Am J0


µ(0)

m

ρ0
ρ


] J0




µ
(0)ì
ρ0

ρ


 dρ =

èíòåãðèðóåì ïî÷ëåííî, ïîëàãàÿ ðÿä ðàâíîìåðíî ñõîäÿùèìñÿ:

=
∞∑

m=1
Am

ρ0∫

0

J0


µ(0)

m

ρ0


 J0




µ
(0)ì
ρ0

ρ


 ρdρ =

èíòåãðàë áåðåì èç (Ñ.2.4):

=
∑

m=1
Am || Jo


µ(0)

m

ρ0
ρ


 ||2 δìm = A || J0


µ(0)

ρ0
ρ


 ||2,

ò.å.

Am = U0

ρ0∫
0

(
1− ρ2

ρ2
0

)
J0

(
µ

(0)
m

ρ0
ρ

)
ρdρ

|| J0

(
µ

(0)
m

ρ0
ρ

)
||2

. (C.2.10)

Âïðî÷åì, ôîðìóëó (Ñ.2.10) ìîæíî áûëî áû ñðàçó íàïèñàòü ïî èç-
âåñòíûì ïðàâèëàì, ðàññìàòðèâàÿ (Ñ.2.9) êàê ðàçëîæåíèå ôóíêöèè
â ðÿä ïî ëèíåéíî íåçàâèñèìîìó îðòîãîíàëüíîìó íàáîðó ôóíêöèé.

Èíòåãðàë â (Ñ.2.10) âû÷èñëÿåòñÿ ñ ïîìîùüþ ðåêóðåíòíîãî ñîîò-
íîøåíèÿ:

d

dx
[xνJν(x)] = xνJν−1(x).

Ïðè
ν = 1 : x · J0(x) =

d

dx
[xJ1(x)],

ν = 2 : x2J1(x)dx = d[x2J2(x)],
ρ0∫

0


1− ρ2

ρ2
0


 J0


µ(0)

m

ρ0
ρ


 ρdρ =

| µ(0)
m

ρ0
ρ = x; ρ =

ρ0

µ
(0)
m

x dρ =
ρ0

µ
(0)
m

dx |

=


 ρ0

µ
(0)
m




2 µ
(0)
m∫

0


1− x2

(µ
(0)
m )2


 J0(x)xdx =
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=| u = 1− x2

(µ
(0)
m )2

; du = − 2xdx

(µ
(0)
m )2

→ v = xJ1(x) dv = J0(x)xdx | .

ρ2
0

(µ
(0)
m )2

[|

1− x2

(µ
(0)
m )2


 x J1(x) |µ(0)

m

0 +
2

(µ
(0)
m )2

µ
(0)
m∫

0

x2J1(x)dx] =

= 2
ρ2

0

(µ
(0)
m )4

x2J2(x) |µ(0)
m

0 = 2
ρ2

0

(µ
(0)
m )2

J2(µ
(0)
m ). (C.2.11)

Èç ðåêóðåíòíîãî ñîîòíîøåíèÿ:

Jν+1(x) + Jν−1(x) =
2ν

x
Jν(x).

ïðè ν = 1 èìååì:
J2(x) + J0(x) =

2

x
J1(x),

ò.å.

J2(µ
(0)
m ) =

2

µ
(0)
m

J1 (µ(0)
m ). (C.2.12)

(ìû ó÷ëè, ÷òî J0(µ
(0)
m ) = 0).

Ïîäñòàâëÿÿ (Ñ.2.11) è (Ñ.2.12) â (Ñ.2.10) ñ ó÷åòîì (Ñ.2.3) ïîëó-
÷èì:

Am =
8U0

(µ
(0)
m )3J1(µ

(0)
m )

. (C.2.13)

è

u(ρ, t) = 8U0

∞∑

m=1

1

(µ
(0)
m )3J1(µ

(0)
m )

J0


µ(0)

m

ρ0
ρ


 exp[−


aµ(0)

m

ρ0




2

t]. (C.2.14)

III. Îäíîðîäíîå óðàâíåíèå, îäíîðîäíûå ãðàíè÷íûå
óñëîâèÿ,

âòîðàÿ êðàåâàÿ çàäà÷à

Ç à ä à ÷ à N 302. Ðàññìîòðåòü òåïëîâîé ïðîöåññ âíóòðè áåñêîíå÷-
íîãî öèëèíäðà ðàäèóñà ρ0, åñëè åãî ïîâåðõíîñòü òåïëîèçîëèðîâàíà,
à íà÷àëüíàÿ òåìïåðàòóðà òî÷åê çàâèñèò ëèøü îò ðàññòîÿíèÿ äî îñè
öèëèíäðà.

Â îáùåì âèäå ìàòåìàòè÷åñêàÿ ôîðìóëèðîâêà çàäà÷è òàêîâà (u -
òåìïåðàòóðà):
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a2∆u = ut,
∂u
∂~n |s= 0, (C.3.1)

u |t=0 = ψ(p) | u(~r, t) |< ∞.
Çäåñü s - ïîâåðõíîñòü öèëèíäðà, p - âíóòðåííèå òî÷êè öèëèíäðà.
Êàê è â ïðåðûäóùåé çàäà÷å, âûáèðàåì öèëèíäðè÷åñêóþ ñèñòåìó

êîîðäèíàò ρ, ϕ, z, íàïðàâèâ îñü z âäîëü îñè öèëèíäðà.
Â ñèëó ñèììåòðèè çàäà÷è - öèëèíäð áåñêîíå÷åí, íà÷àëüíàÿ òåì-

ïåðàòóðà åñòü ôóíêöèÿ òîëüêî ρ, â çàäà÷å íåò çàâèñèìîñòè ïî ϕ è z,
∂
∂ϕ = 0, ∂

∂z = 0.Íîðìàëü ê áîêîâîé ïîâåðõíîñòè öèëèíäðà íàïðàâ-
ëåíà äâîëü ðàäèóñà, ò.å. ∂

∂~n → ∂
∂ρ .

Â âûáðàííîé ñèñòåìå êîîðäèíàò èìååì:
1
ρ

∂
∂ρ

(
ρ∂u

∂ρ

)
= 1

a2ut,
∂u
∂ρ |ρ0

= 0, (C.3.2)

u(ρ, 0) = ψ(ρ) | u(ρ, t) |< ∞,

0 ≤ ρ ≤ ρ0; 0 ≤ t.

Èùåì íàáîð ÷àñòíûõ ðåøåíèé â âèäå:

u(ρ, t) = R(ρ)T (t).

è ïî ñõåìå ïðåäûäóùåé çàäà÷è ïîëó÷èì:

1

ρ

d

dρ

(
ρ
dR

dρ

)
+ k2R = 0 T ′ + a2k2T = 0, (C.3.3)

R′(ρ0) = 0 0 ≤ ρ ≤ ρ0 | R(ρ) |< ∞.

Óðàâíåíèå â (C.3.3) - óðàâíåíèå Áåññåëÿ, íóëåâîãî ïîðÿäêà, åãî ðå-
øåíèå:

R(ρ) = J0(kρ).

Ïîä÷èíèâ ýòî ðåøåíèå ãðàíè÷íîìó óñëîâèþ â (C.3.3), ïîëó÷èì ïîë-
íûé íàáîð ëèíåéíî-íåçàâèñèìûõ ðåøåíèé (Ñ.3.3), (íàáîð C.Ô):

Rm(ρ) = J0(kmρ),

J ′0(kmρ0) = 0 → kmρ0 = δ(0)
m ,

ãäå
J ′0(δ

(0)
m ) = 0.
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ãäå δ(0)

m - êîðíè ïðîèçâîäíîé ôóíêöèè Áåññåëÿ íóëåâîãî ïîðÿäêà
(m = 1, 2, ... íóìåðàöèÿ êîðíåé â ïîðÿäêå âîçðàñòàíèÿ), à

km =
δ(0)
m

ρ0
.

íàáîð Ñ.3. çàäà÷è (Ñ.3.3.)
Äëÿ âðåìåííîé ôóíêöèè èìååì T (t):

T ′
m + a2k2

mTm = 0

è
Tm(t) = Am exp[−


aδ(0)

m

ρ0




2

t].

È îáùåå ðåøåíèå çàäà÷è N 302:

u(ρ, t) =
∞∑

m=1
Tm(t) J0


δ(0)

m

ρ0
ρ


 =

∑
Am J0


δ(0)

m

ρ0
ρ




exp[−

aδ(0)

m

ρ0




2

t]. (C.3.4)

Íàáîð êîíñòàíò Am îïðåäåëèì èç íà÷àëüíîãî óñëîâèÿ:

ψ(ρ) =
∑

AmJ0


δ(0)

m

ρ0
ρ


 . (C.3.5)

Äëÿ íàõîæäåíèÿ èç ýòîãî ñîîòíîøåíèÿ íàáîðà Am íåîáõîäèìî çíàòü
óñëîâèÿ îðòîãîíàëüíîñòè è êâàäðàò íîðìû íàáîðà J0(

δ
(0)
m

ρ0
ρ).

Âîñïîëüçóåìñÿ ñîîòíîøåíèåì (C.2.1). Ïîëàãàÿ α = δ(0)
m1

; β = δ(0)
m2

,
m1 6= m2, èìååì:

ρ0∫

0

Jν


δ(ν)

m1

ρ0
ρ


 Jν

(
δν
m2

ρ0
ρ

)
ρdρ = 0; m1 6= m2.

Ýòî è åñòü óñëîâèÿ îðòîãîíàëüíîñòè íàáîðà Jν(
δ
(ν)
m

ρ0
ρ). Ïðè α = β =

δ(ν)
m ñïðàâà â (Ñ.2.1) íåîïðåäåëåííîñòü òèïà 0

0 , ðàñêðûâàÿ êîòîðóþ
ïî ïðàâèëó Ëîïèòàëÿ ïðè β = δ(ν)

m , α → β, èìååì êâàäðàò íîðìû
íàáîðà Jν

(
δ
(ν)
m

ρ0
ρ

)
:

ρ0∫

0

J2
ν


δ(ν)

m

ρ0
ρ


 ρdρ =

ρ2
0

2
[1− ν2

(δ
(ν)
m )2

] J2
ν (δ(ν)

m ) ≡‖ Jν


δ(ν)

m

ρ0
ρ


 ‖2 (C.3.6)
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èëè
ρ0∫

0

Jν


δ(ν)

m

ρ0
ρ


 Jν


δ(ν)

m1

ρ0
ρ


 ρdρ =

ρ2
0

2
[1− ν2

(δ
(ν)
m )2

] J2
ν (δ(ν)

m )δmm1
. (C.3.7)

Äîìíîæàÿ ðàâåíñòâî (Ñ.3.5) íà ρJ0

(
δ
(0)ì
ρ0

ρ

)
(çäåñü ì - ôèêñèðîâàííîå,

íî ïðîèçâîëüíîå çíà÷åíèå) è èíòåãðèðóÿ ïî ρ îò 0 äî ρ0, ïîëó÷èì:

Am =

ρ0∫
0

ψ(ρ)J0

(
δ
(0)
m

ρ0
ρ

)
ρdρ

‖ J0

(
δ
(0)
m

ρ0
ρ

)
‖2

.

Ãäå èç (Ñ.3.6) èìååì:

‖ J0


δ(0)

m

ρ0
ρ


 ‖2=

ρ2
0

2
J2

0

(
δ(0)
m

)
.

.

IV. Ìåòîä ñîáñòâåííûõ ôóíêöèé

Ìû ïðîèëëþñòðèðîâàëè ýòîò ìåòîä íà ðåøåíèè îäíîðîäíîãî óðàâ-
íåíèÿ äëÿ áåñêîíå÷íîãî öèëèíäðà ðàäèóñà ρ0 ñ îäíîðîäíûìè ãðà-
íè÷íûìè óñëîâèÿìè ïåðâîãî òèïà.

Ïîâòîðèì ôîðìóëèðîâêó çàäà÷è V-28:
a2

ρ

∂

∂ρ

(
ρ
∂u

∂r

)
= ut,

u(ρ0, t) = 0, (C.4.1)

u(ρ, 0) = U0


1− ρ2

ρ2
0


 ,

q ≤ ρ ≤ ρ0, 0 ≤ t, | u(ρ, t) |< ∞.

Ìû èìåëè ðåøåíèå ýòîé çàäà÷è â âèäå:

u(ρ, t) =
∑

n=1
Tm(t)J0


µ(0)

m

ρ0
ρ


 , (C.4.2)

ò.å. â âèäå ðàçëîæåíèÿ ïî ñîáñòâåííûì ôóíêöèÿì J0

(
µ

(0)
m

ρ0
ρ

)
ðàäè-

àëüíîé ÷àñòè îïåðàòîðà Ëàïëàñà ïðè êðàåâîì óñëîâèè ïåðâîãî òèïà
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(çàäà÷à Ñ.2.7). È ñêîëüêî áû òàêèõ çàäà÷ íè ðåøàëè äëÿ äàííîãî
îáúåêòà ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ (îíè ðàçëè÷àþòñÿ ëèøü
íà÷àëüíûìè óñëîâèÿìè), ðåøåíèå áóäåò èìåòü âèä (Ñ.4.2) - âèä ðàç-
ëîæåíèÿ ïî óæå èçâåñòíîìó íàáîðó.

Ìåòîä ñîáñòâåííûõ ôóíêöèé è çàêëþ÷àåòñÿ â òîì, ÷òîáû èñêàòü
ðåøåíèå ñðàçó â âèäå ðàçëîæåíèÿ ïî èçâåñòíîìó äëÿ ðåøàåìîé çà-
äà÷è íàáîðó ôóíêöèé - à ýòîò íàáîð ìîæíî íàéòè, ïðîäåëàâ çàäà÷ó
îäèí ðàç ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ.

Èòàê, èùåì ðåøåíèå çàäà÷è â âèäå (Ñ.4.2) - è ïîäñòàâëÿÿ åãî â
(Ñ.4.1), ïîëó÷èì:

∞∑

m=1
[a2Tm

1

ρ

d

dρ


ρ

dJ0(
µ

(0)
m

ρ0
ρ)

dρ


− T ′

m · J0


µ(0)

m

ρ0
ρ


] = 0. (C.4.3)

Èç óðàâíåíèÿ Áåññåëÿ, êîòîðîìó äîâëåòâîðÿåò ôóíêöèÿ J0(
µ

(0)
m

ρ0
ρ)

èìååì:
1

ρ

d

dρ


ρ

dJ0(
µ

(0)
m

ρ0
ρ)

dρ


 = −


µ(0)

m

ρ0




2

J0


µ(0)

m

ρ0
ρ


 .

Ïîäñòàâëÿÿ ýòî ðàâåíñòâî â (Ñ.4.3), ïîëó÷èì:

∑

m=1
[T ′

m + a2


µ(0)

m

ρ0




2

Tm] J0


µ(0)

m

ρ0
ρ


 = 0.

Â ñèëó ëèíåéíîé íåçàâèñèìîñòè íàáîðà J0

(
µ

(0)
m

ρ0
ρ

)
âñå êîýôôèöèåíòû

â ýòîé ñóììå ðàâíû íóëþ:

T ′
m + a2


µ(0)

m

ρ0




2

Tm = 0,

ò.å. ïîëó÷èëè óðàâíåíèå äëÿ ôóíêöèè âðåìåíè. Åãî ðåøåíèå:

Tm(t) = Am exp[−

aµ(0)

m

ρ0




2

t].

è îáùåå ðåøåíèå çàäà÷è èìååò âèä:

u(ρ, t) =
∞∑

m=1
AmJ0


µ(0)

m

ρ0
ρ


 exp[−


aµ(0)

m

ρ0




2

t],
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ò.å. òàêîå æå, êàê è áûëî â ðåøåíèè çàäà÷è V-28. Äàëåå îñòàëîñü
ïðèìåíèòü íà÷àëüíîå óñëîâèå äëÿ îïðåäåëåíèÿ íàáîðà êîíñòàíò Am,
÷òî óæå ïðîäåëàíî ðàíåå [cì. (C.2.10) - (C.2.12)].

Àíàëîãè÷íî ìåòîäîì ñîáñòâåííûõ ôóíêöèé ðåøàåòñÿ è âòîðàÿ
êðàåâàÿ çàäà÷à ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè äëÿ öèëèí-
äðà, íî íàáîð ñîáñòâåííûõ ôóíêöèé ðàäèàëüíîé ÷àñòè îïåðàòîðà
Ëàïëàñà â öèëèíäðå â ýòîì ñëó÷àå áóäåò èíîé, à èìåííî:

J0


δ(0)

m

ρ0
ρ


 ,

ãäå J ′0(δ
(0)
m ) = 0.

V. Çàäà÷è ñ íåîäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè.
Ìû ïðîèëëþñòðèðóåì ýòîò ìåòîä íà ðåøåíèè îäíîðîäíîãî óðàâíå-
íèÿ òåïëîïðîâîäíîñòè äëÿ âíóòðåííåé îáëàñòè áåñêîíå÷íîãî öèëèí-
äðà ðàäèóñà ρ0 c íåîäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè ïåðâîãî è
âòîðîãî òèïà.

1. Ïåðâàÿ êðàåâàÿ çàäà÷à ñ íåîäíîðîäíûìè ãðàíè÷íûìè
óñëîâèÿìè

Ç à ä à ÷ à V-27. Ðåøèòü çàäà÷ó î íàãðåâàíèè áåñêîíå÷íîãî êðóã-
ëîãî öèëèíäðà ðàäèóñà ρ0, íà÷àëüíàÿ òåìïåðàòóðà êîòîðîãî ðàâíà
íóëþ, à íà ïîâåðõíîñòè ïîääåðæèâàåòñÿ òåìïåðàòóðà U0 = const.

Âûáèðàåì öèëèíäðè÷åñêóþ ñèñòåìó êîîðäèíàò ρ, ϕ, z c îñüþ z,
íàïðàâëåííîé âäîëü îñè öèëèíäðà. Â ýòîé ñèñòåìå òåìïåðàòóðà áó-
äåò ôóíêöèåé òîëüêî ρ, t, u = u(ρ, t).

Ôîðìóëèðîâêà çàäà÷è (ìàòåìàòè÷åñêàÿ):
1

ρ

∂

∂ρ

(
ρ
∂u

∂ρ

)
=

1

a2ut,

u(ρ0, t) = U0, (C.5.1)

u(ρ, 0) = 0,

0 ≤ ρ ≤ ρ0 0 ≤ t | u(ρ, t) |< ∞.

Ïåðåôîðìóëèðóåì çàäà÷ó - ââåäåì íîâóþ ôóíêêöèþ v(ρ, t), äëÿ êî-
òîðîé ãðàíè÷íîå óñëîâèå áûëî áû îäíîðîäíûì. Ëåãêî âèäåòü, ÷òî
ýòîé öåëè óäîâëåòâîðÿåò çàìåíà:

u(ρ, t) = v(ρ, t) + U0.
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Äåéñòâèòåëüíî:

u(ρ0, t) = U0 = v(ρ0, t) + U0 → v(ρ0, t) = 0.

Äëÿ ôóíêöèè v(ρ, t) - çàäà÷à:
1

ρ

∂

∂ρ

(
ρ
∂v

∂ρ

)
=

1

a2 vt, (C.5.2)

v(ρ0, t) = 0,

v(ρ, t) = −U0,

0 ≤ ρ ≤ ρ0, 0 ≤ t, (v(ρ, t) < ∞.

Òàêàÿ çàäà÷à óæå ðåøàëàñü.

v(ρ, t) =
∑

m=1
Am J0


µ(0)

m

ρ0
ρ


 exp[−


aµ(0)

m

ρ0




2

t],

ãäå íàáîð êîíñòàíò Am îïðåäåëÿåòñÿ èç íà÷àëüíîãî óñëîâèÿ:

−U0 =
∑

m=1
Am J0


µ(0)

m

ρ0
ρ


 .

Am = −2 U0

ρ0∫
0

J0

(
µ

(0)
m

ρ0
ρ

)
ρdρ

ρ2
0 J2

1 (µ
(0)
m )

,

ρ0∫

0

J0


µ(0)

m

ρ0


 ρdρ =| µ(0)

m

ρ0
ρ = x |= −2U0

ρ2
0

(µ
(0)
m )2

µ
(0)
m∫

0

J0(x)xdx =

= | (Èç ðåêóðåíòíîãî ñîîòíîøåíèÿ) |:

=
µ(0)∫

0

d[J1(x)x] = −2U0
ρ2

0

(µ
(0)
m )2

µ(0)
m J1(µ

(0)
m )

Èòàê:

u(ρ, t) = U0[1−2
∑ 1

µ
(0)
m J1(µ

(0)
m )

J0


µ(0)

m

ρ0
ρ


 exp[−


aµ(0)

m

ρ0




2

t]. (C.5.3)

Çàìåòèì, ÷òî åñëè áû â èñõîäíîé çàäà÷å (Ñ.5.1), ãðàíè÷íîå óñëîâèå
çàâèñåëî îò âðåìåíè, óðàâíåíèå äëÿ ôóíêöèè v(ρ, t) ïîëó÷èëîñü áû
íåîäíîðîäíûì (î ðåøåíèè òàêèõ óðàâíåíèé íèæå).
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2. Âòîðàÿ êðàåâàÿ çàäà÷à ñ íåîäíîðîäíûìè ãðàíè÷íûìè

óñëîâèÿìè
Ç à ä à ÷ à V- 29. Íàéòè òåìïåðàòóðó áåñêîíå÷íîãî êðóãëîãî

öèëèíäðà ðàäèóñà ρ0, åñëè åãî íà÷àëüíàÿ òåìïåðàòóðà ðàâíà uo =
const, à íà ïîâåðõíîñòü ñ ìîìåíòà t = 0 ïîäàåòñÿ ïîñòîÿííûé òåï-
ëîâîé ïîòîê q = const.

Ôîðìóëèðîâêà çàäà÷è:
1

ρ

∂

∂ρ

(
ρ
∂u

∂ρ

)
=

1

a2ut, (C.5.4)

∂u

∂ρ
|ρ0

= −q,

u(ρ, 0) = u0,

0 ≤ ρ ≤ ρ0; 0 ≤ t; | u(ρ, t) |< ∞.

Ïåðâûé øàã - ââåñòè íîâóþ ôóíêöèþ v(ρ, t), äëÿ êîòîðîé ãðàíè÷-
íûå óñëîâèÿ áûëè áû îäíîðîäíûìè.

Ëåãêî âèäåòü, ÷òî çàìåíà:

uρ = vρ − ρ

ρ0
q. (C.5.5)

çàíóëÿåò ãðàíè÷íûå óñëîâèÿ äëÿ ôóíêöèè v(ρ, t). Äåéñòâèòåëüíî,

uρ |ρ0
= −q = vρ |ρ0

−q → vρ |ρ0
= 0.

Çàìåòèì, ÷òî è áîëåå ïðîñòàÿ çàìåíà:

uρ = vρ − q

òîæå çàíóëÿåò ãðàíè÷íûå óñëîâèÿ äëÿ v(ρ, t). Îäíàêî òàêàÿ çàìåíà
íåðàçóìíà - îíà ïðèâîäèò ê ïîÿâëåíèþ â óðàâíåíèè íåîäíîðîäíîñòè
ñ îñîáåííîñòüþ â ρ = 0 òèïà 1

ρ .
×òîáû ïîëó÷èòü óðàâíåíèå è íà÷àëüíûå óñëîâèÿ äëÿ ôóíêöèè v,

íåîáõîäèìî ïðîèíòåãðèðîâàòü çàìåíó (Ñ.5.5) ïî ρ:

u(ρ, t) = v(ρ, t)− ρ2

2ρ0
q + c(t), (C.5.6)

ãäå c(t) - ïîñòîÿííàÿ èíòåãðèðîâàíèÿ, êîòîðàÿ áóäåò îïðåäåëåíà ïîç-
æå - íàèáîëåå óäîáíûì äëÿ ðåøåíèÿ çàäà÷è îáðàçîì.
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Ïîäñòàâëÿÿ (Ñ.5.6) â (Ñ.5.5), ïîëó÷èì äëÿ ôóíêöèè v(ρ, t) óðàâ-

íåíèå:
a2

ρ

∂

∂ρ

(
ρ

∂v

∂ρ

)
− 2a2

ρ0
q = vt + c′(t).

Äîîïðåäåëÿÿ ôóíêöèè c(t) òàê:

c′(t) = −2a2

ρ0
q; c(0) = u0, (C.5.7)

ïîëó÷èì çàäà÷ó äëÿ ôóíêöèè v(ρ, t):
îäíîðîäíîå óðàâíåíèå:

a2

ρ
∂
∂ρ

(
∂v
∂ρ

)
= vt, (C.5.8)

∂v
∂ρ |ρ0

= 0,

v(ρ, 0) = ρ2

2ρ0
q.

[Ìû îïðåäåëèëè c(0) = u0 - ÷òîáû óïðîñòèòü íà÷àëüíîå óñëîâèå
äëÿ ôóíêöèè v. Åñëè áû ãðàíè÷íîå óñëîâèå çàâèñåëî îò âðåìåíè,
ïîëó÷èëè áû äëÿ ôóíêöèè v(ρ, t) íåîäíîðîäíîå óðàâíåíèå.]

Èç (Ñ.5.7) äëÿ ôóíêöèè c(t) ïîëó÷èì:

c(t) = −2a2

ρ0
q · t + u0.

Çàäà÷ó âèäà C(5.8) ìû óæå ðåøàëè. Èìååì:

v(ρ, t) =
∑

m=1
Am J0


δ(0)

m

ρ0
ρ


 exp[−


aδ(0)

m

ρ0




2

· t], (C.5.9)

ãäå

Am =
q

2ρ0 ‖ J0

(
δ
(0)
m

ρ0
ρ

)
‖2

ρ0∫

0

ρ2 J0


δ(0)

m

ρ0
ρ


 ρdρ =| δ(0)

m

ρ0
ρ = x |=

=
q ρ3

0

2(δ
(0)
m )4 ‖ J0

(
δ
(0)
m

ρ0
ρ

)
‖2
· Y.

ãäå

Y =
δ
(0)
m∫

0

x2J0(x)x · dx = x2J1(x)x |δ(0)
m

0 −

−2
δ
(0)
m∫

0

x2 J1(x)dx = −2
δ
(0)
m∫

0

d[x2 J2(x)] =
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−2 (δ(0)

m )2 J2 (δ(0)
m ).

Èòàê:
u (ρ, t) = − ρ2

2ρ0
q − 2a2

ρ0
q · t + u0−

−2q ρ0
∑

m=1

1

(δ
(0)
m )2 J0 (δ

(0)
m )

J0


δ(0)

m

ρ0
ρ


 exp[−


a δ(0)

m

ρ0




2

t].

Ïðè âû÷èñëåíèÿõ ìû ó÷ëè, ÷òî:

J1 (δ(0)
m ) = −J ′0 (δ(0)

m ) = 0,

à èç ðåêóðåíòíîãî ñîîòíîøåíèÿ ñëåäóåò:

J2 (δ(0)
m ) = −J0(δ

(0)
m ).

VI. Íåîäíîðîäíûå óðàâíåíèÿ â çàäà÷àõ ñ öèëèíäðè÷åñêîé
ñèììåòðèåé

à) Ñòàöèîíàðíàÿ íåîäíîðîäíîñòü - ôóíêöèÿ â óðàâíåíèè íå çàâèñèò
îò âðåìåíè.

Ìàòåìàòè÷åñêàÿ ôîðìóëèðîâêà:
ïåðâàÿ êðàåâàÿ çàäà÷à äëÿ áåñêîíå÷íîãî öèëèíäðà,
îäíîðîäíûå ãðàíè÷íûå óñëîâèÿ:

1

ρ

∂

∂ρ

(
ρ
∂u

∂ρ

)
+ g =

1

a2 ut. (C.6.1)

u (ρ0, t) = 0,

u (ρ, 0) = f (ρ),

0 ≤ ρ ≤ ρ0, 0 ≤ t, | u (ρ, t) |< ∞.

g = const.

Ðàçáèâàåì çàäà÷ó íà äâå çàäà÷è:

u (ρ, t) = v (ρ, t) + w (ρ).

Çàäà÷à äëÿ v(ρ, t) - îäíîðîäíîå óðàâíåíèå:
1

ρ

∂

∂ρ

(
ρ

∂v

∂ρ

)
=

1

a2 vt, (C.6.2)
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v (ρ0, t) = 0,

v (ρ, 0) = f (ρ)− w (ρ).

Çàäà÷à äëÿ w (ρ) - ðåøåíèå, îáóñëîâëåííîå íåîäíîðîäíîñòüþ óðàâ-
íåíèÿ:

1

ρ

d

dρ

(
ρ

dw

dρ

)
+ g = 0, (C.6.3)

w (ρ0) = 0,

0 ≤ ρ ≤ ρ0, | w (ρ) |< ∞.

Çàäà÷à (Ñ.6.2) - íà íàõîæäåíèå îáùåãî ðåøåíèÿ v (ρ, t) îäíîðîä-
íîãî óðàâíåíèÿ, òîãäà êàê (Ñ.6.3) - íà íàõîæäåíèå ÷àñòíîãî ðåøåíèÿ
w (ρ), îáóñëîâëåííîãî íåîäíîðîäíîñòüþ óðàíåíèÿ g. Ëåãêî âèäåòü,
÷òî ýòè äâå çàäà÷è äàþò â ñóììå èñõîäíóþ çàäà÷ó (Ñ.6.1).

Ïîñêîëüêó â íà÷àëüíîì óñëîâèè çàäà÷è (Ñ.6.2) ôèãóðèðóåò ÷àñò-
íîå ðåøåíèå w (ρ), òî ñíà÷àëà íåîáõîäèìî ðåøèòü çàäà÷ó (C.6.3).
Äëÿ óïðîùåíèÿ âû÷èñëèòåëüíûõ ïðîöåäóð ðàññìîòðèì ñëó÷àé g =
const.

d

dρ

(
ρ
d w

d ρ

)
= −g ρ.

Èíòåãðèðóåì:
ρ

dw

dρ
= −1

2
g ρ2 + c1,

dw

dρ
= −1

2
g ρ +

c1

ρ
,

w (ρ) = −1

4
g ρ2 + c1 ln ρ + c2.

Èç óñëîâèÿ îãðàíè÷åííîñòè ðåøåíèÿ ñëåäóåò: c1− 0. Èç ãðàíè÷íîãî
óñëîâèÿ:

w (ρ0) = 0 =
−1

4
gρ2

0 + c2;→ c2 =
1

4
gρ2

0.

Èòàê:

w(ρ) =
1

4
g (ρ2

0 − ρ2). (C.6.4)

Ïðè ïîäñòàíîâêå (C.6.4) â íà÷àëüíîå óñëîâèå (C.6.2) è êîíêðåòèçà-
öèè ôóíêöèè f(ρ) çàäà÷à äëÿ v(ρ, t) còàíîâèòñÿ îïðåäåëåííîé. Ïî-
äîáíûå çàäà÷è óæå ðåøàëèñü.
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â) Íåîäíîðîäíîñòü ñïåöèôè÷åñêîãî âèäà.
Èìååòñÿ â âèäó íåîäíîðîäíîñòü â óïðàâëåíèè õàðàêòåðíîãî äëÿ

ðàññìàòðèâàåìîãî ôèçè÷åñêîãî ïðîöåññà âèäà çàâèñèìîñòè îò âðåìå-
íè. Äëÿ ïðîöåññîâ ïåðåíîñà, òàêèõ êàê ïðîöåññû òåïëîïðîâîäíîñòè,
ýòî çàâèñèìîñòü âèäà exp(−αt).

Èòàê, ðàññìîòðèì ïåðâóþ êðàåâóþ çàäà÷ó äëÿ áåñêîíå÷íîãî öè-
ëèíäðà ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè è ñ íåîäíîðîäíîñòüþ
â óðàâíåíèè õàðàêòåðíîãî óêàçàííîãî âèäà çàâèñèìîñòè îò âðåìå-
íè. Åñëè çàäà÷à òåïëîâàÿ, u(ρ, t) - òåìïåðàòóðà âíóòðåííèõ òî÷åê
öèëèíäðà.

Ôîðìóëèðîâêà çàäà÷è (ìàòåìàòè÷åñêàÿ):

a2 1

ρ

∂

∂ρ

(
∂u

∂ρ

)
+ g (ρ)e−αt = ut, (C.6.5)

u (ρ0, t) = 0,

u (ρ, 0) = f (ρ),

0 ≤ ρ ≤ ρ0, 0 ≤ t, | u (ρ, t) |< ∞.

Èùåì ðåøåíèå â âèäå ñóììû äâóõ ôóíêöèé:

u (ρ, t) = v (ρ, t) + w (ρ, t).

Ïîäñòàâëÿåì â çàäà÷ó (Ñ.6.5):

a2 [
1

ρ

∂

∂ρ

(
ρ

∂v

∂ρ

)
+

1

ρ

∂

∂ρ

(
ρ

∂w

∂ρ

)
] + g(ρ)e−αt = vt + wt

.

v (ρ0, t) + w (ρ0, t) = 0, (C.6.6)

v (ρ, 0) + w (ρ, 0) = f (ρ).

Ëåãêî âèäåòü, ÷òî èç ýòîé çàäà÷è ñëåäóþò äâå çàäà÷è:
çàäà÷à îá îáùåì ðåøåíèè îäíîðîäíîãî óðàâíåíèÿ v (ρ, t):

a2 1

ρ

∂

∂ρ

(
ρ

∂v

∂ρ

)
= vt, (C.6.7)

v (ρ0, t) = 0,

v (ρ, 0) = f (ρ)− w0 (ρ).
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è çàäà÷à î ÷àñòíîì ðåøåíèè íåîäíîðîäíîãî óðàâíåíèÿ w (ρ, t):

a2 1

ρ

∂

∂ρ

(
ρ

∂w

∂ρ

)
+ g (ρ) e−αt = wt, (C.6.8)

w (ρ0, t) = 0,

w (ρ, 0) = w0 (ρ).

Ïîñêîëüêó â çàäà÷ó (Ñ.6.7) âõîäèò ôóíêöèÿ w0(ρ), èç çàäà÷è (Ñ.6.8),
òî íàäî ïðåæäå ðåøèòü çàäà÷ó (Ñ.6.8) - ò.å. íàéòè ÷àñòíîå ðåøåíèå
w(ρ, t). Èùåì åãî â âèäå:

w (ρ, t) = γ (ρ) e−αt. (C.6.9)

Ïîäñòàâëÿÿ â (Ñ.6.8), ïîëó÷èì:




a2 1
ρ

d
dρ

(
ρdγ(ρ)

dρ

)
+ g (ρ) = −α γ (ρ),

γ(ρ0) = 0,
0 ≤ ρ ≤ ρ0; | γ (ρ) |< ∞. (C.6.10)

Ïîëó÷èëè äëÿ ôóíêöèè γ(ρ) îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâ-
íåíèå ñ äîñòàòî÷íûì ÷èñëîì ãðàíè÷íûõ óñëîâèé. Ðåøèâ ýòó çàäà÷ó,
íàõîäèì íà÷àëüíîå óñëîâèå äëÿ çàäà÷è (Ñ.6.8), è çàäà÷à ñòàíîâèòñÿ
ðåøàåìîé.

Çàìåòèì, ÷òî äëÿ âîëíîâîé çàäà÷è õàðàêòåðíîé íåîäíîðîäíîñòüþ
áóäåò çàâèñèìîñòü îò âðåìåíè âèäà cos wt ( èëè sin wt), ÷òî ïîçâî-
ëÿåò èñêàòü çàâèñèìîñòü ÷àñòíîãî ðåøåíèÿ îò âðåìåíè â âèäå:

γ(ρ) · cos wt

è ïîëó÷èòü òîæå äëÿ ôóíêöèè γ(ρ) îáûêíîâåííîå äèôôåðåíöèàëü-
íîå óðàâíåíèå.

ñ) Íåîäíîðîäíîñòü â óðàâíåíèè ïðîèçâîëüíîãî âèäà.
Ôîðìóëèðîâêà çàäà÷è:

a2 1

ρ

∂

∂ρ

(
ρ
∂u

∂ρ

)
+ f (ρ, t) = ut, (C.6.11)

u (ρ0, t) = 0,

u (ρ, 0) = γ (ρ),
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o ≤ ρ ≤ ρ0, 0 ≤ t, | u (ρ, t) |< ∞.

Åñëè áû ó íàñ áûëà çàäà÷à ñ îäíîðîäíûì óðàâíåíèåì, ìû áû èìåëè
ðåøåíèå â âèäå ðàçëîæåíèÿ ïî ñîáñòâåííûì ôóíêöèÿì ðàäèàëüíîé
÷àñòè îïåðàòîðà Ëàïëàñà â öèëèíäðå (ïðè êðàåâîì óñëîâèè ïåðâîãî
òèïà), ò.å. â âèäå:

u (ρ, t) =
∑

m=1
Tm(t) J0


µ(0)

m

ρ0
ρ


 , (C.6.12)

ãäå Jo(µ
(0)
m ) = 0.

Òàê áóäåì èñêàòü ðåøåíèå(C.6.11) òîæå â âèäå (C.6.12). Ïîäñòàâ-
ëÿÿ ýòî ðåøåíèå â (C.6.11) ìû ïîëó÷èëè çàäà÷ó äëÿ ôóíêöèè Tn (t).

Äåéñòâèòåëüíî ïîäñòàíîâêà äàåò:

∑
[Tm a2 1

ρ

d

dρ


ρ

dJ0

(
µ

(0)
m

ρ0
ρ

)

dρ


− T ′

mJ0


µ(0)

m

ρ0
ρ


] + f (ρ, t) = 0.

Çàìå÷àÿ, ÷òî èç óðàâíåíèÿ Áåññåëÿ äëÿ ôóíêöèè J0

(
µ

(0)
m

ρ0
ρ

)
ñëåäóåò:

1

ρ

d

dρ


ρ

dJ0

(
µ

(0)
m

ρ0
ρ

)

dρ


 = −


µ(0)

m

ρ0




2

J0


µ(0)

m

ρ0
ρ




è ðàçëàãàÿ ôóíêöèþ f (ρ, t) â ðÿä ïî ýòîìó æå íàáîðó:

f (ρ, t) =
∑

m=1
fm(t) · J0


µ(0)

m

ρ0
ρ


 ,

ãäå

fm (t) =

ρ0∫
0

f (ρ, t) J0

(
µ

(0)
m

ρ0
ρ

)
ρdρ

‖ J0

(
µ

(0)
m

ρ0
ρ

)
‖2

.

Ïîëó÷èì:
∑{T ′

m(t) +


aµ(0)

m

ρ0




2

Tm(t)− fm(t)}J0


µ(0)

m

ρ0
ρ


 = 0.

Â ñèëó ëèíåéíîé íåçàâèñèìîñòè ôóíêöèé J0

(
µ

(0)
m

ρ0
ρ

)
îòñþäà ñëåäóåò

óðàâíåíèå äëÿ ôóíêöèè Tm(t):

T ′
m +


aµ(0)

m

ρ0




2

Tm = fm(t). (C.6.13)
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Ðåøåíèåì ýòîãî óðàâíåíèÿ åñòü ñóììà îáùåãî ðåøåíèÿ îäíîðîäíîãî
óðàâíåíèÿ:

Tm îäí.(t) = Ame−(aµ
(0)
m

ρ0
)2t.

è ÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ:

Tm ÷àñòí. =
t∫

0

e−(aµ
(0)
m

ρ0
)2(t−τ)fm(τ) dτ.

Ïîäñòàâëÿÿ:
Tm(t) = Tm îäí.(t) + Tm ÷àñò.(t),

â (Ñ.6.12), ïîëó÷èì îáùåå ðåøåíèå çàäà÷è (Ñ.6.11), à ïîä÷èíÿÿ åãî
íà÷àëüíîìó óñëîâèþ â (Ñ.6.11), íàéäåì ïî óæå èçâåñòíîé ñõåìå íà-
áîð êîíñòàíò Am.

VII. Çàäà÷è ñ çàâèñèìîñòüþ îò ϕ

Ìû ðàññìîòðèì òàêóþ çàäà÷ó íà ïðèìåðå ðåøåíèÿ îäíîðîäíîãî
òåïëîâîãî óðàâíåíèÿ äëÿ áåñêîíå÷íîãî öèëèíäðà ðàäèóñà ρ0 ñ îäíî-
ðîäíûìè ãðàíè÷íûìè óñëîâèÿìè ïåðâîãî òèïà è íàëè÷èè çàâèñèìî-
ñòè îò ϕ â íà÷àëüíîì óñëîâèè.

Ç à ä à ÷ à V-39. Íàéòè òåìïåðàòóðó áåñêîíå÷íîãî êðóãëîãî öè-
ëèíäðà ðàäèóñà ρ0, åñëè íà åãî ïîâåðõíîñòè ïîääåðæèâàåòñÿ íóëåâàÿ
òåìïåðàòóðà, à íà÷àëüíàÿ òåìïåðàòóðà ðàâíà:

u |t=0 = u0
ρ

ρ0
cos ϕ,

ãäå ρ, ϕ - öèëèíäðè÷åñêèå êîîðäèíàòû ñ îñüþ z âäîëü îñè öèëèíäðà.
Ôîðìóëèðîâêà çàäà÷è (u(ρ, ϕ, t) - òåìïåðàòóðà):

1

ρ

∂

∂ρ

(
ρ
∂u

∂ρ

)
+

1

ρ2

∂2u

∂ϕ2 =
1

a2 ut, (C.7.1)

u (ρ0, ϕ, t) = 0,

u (ρ, ϕ, 0) = u0
ρ

ρ0
cos ϕ,

0 ≤ ρ ≤ ρ0, 0 ≤ t.

| u (ρ, ϕ, t) |< ∞.
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Èçâåñòíî, ÷òî â ñèëó îðòîãîíàëüíîñòè ãàðìîíèê sin nϕ è cos nϕ,
â ðåøåíèè çàâèñèìîñòü îò ϕ áóäåò èìåòü òó æå ãàðìîíèêó, ÷òî è â
íà÷àëüíîì óñëîâèè, ò.å. èùåì ðåøåíèå â âèäå:

u (ρ, ϕ, t) = v (ρ, t) · cos ϕ. (C.7.2)

Ïîäñòàíîâêà (C.7.2) â (C.7.1) äàåò äëÿ ôóíêöèè v (ρ, t) çàäà÷ó:

1

ρ

∂

∂ρ

(
ρ
∂v

∂ρ

)
− 1

ρ2 v =
1

a2 vt, (C.7.3)

v (ρ0, t) = 0,

v (ρ, 0) = u0
ρ

ρ0
,

0 ≤ ρ ≤ ρ0, 0 ≤ t, | v(ρ, t) |< ∞.

Èùåì ðåøåíèå â âèäå:

v (ρ, t) = R (ρ) · T (t). (C.7.4)

Ïîäñòàíîâêà â (Ñ.7.3) ñ ïîñëåäóþùèì äåëåíèåì íà R · T äàåò:

1

R

1

ρ

d

dρ

(
ρ
dR

dρ

)
− 1

ρ2 =
1

a2

T ′

T
= −k2. (C.7.5)

Äëÿ ôóíêöèè R ïîëó÷èëè óðàâíåíèå Áåññåëÿ ïåðâîãî ïîðÿäêà:
1

ρ

d

dρ

(
ρ
dR

dρ

)
+ (k2 − 1

ρ2 ) R = 0. (C.7.6)

ñ ãðàíè÷íûì óñëîâèåì:
R (ρ0) = 0.

0 ≤ ρ ≤ ρ0.

È äëÿ ôóíêöèè T - óðàâíåíèå:

T ′ + a2 k2 T = 0.

Çàäà÷à äëÿ ôóíêöèè R (ρ) - çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ è ñîá-
ñòâåííûå ôóíêöèè ðàäèàëüíîé ÷àñòè îïåðàòîðà Ëàïëàñà â öèëèíäðå
ïðè êðàåâîì óñëîâèè ïåðâîãî òèïà. Åå ðåøåíèå:

R (ρ) = J1 (kρ),
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J1 (k ρ0) = 0 → kmρ0 = µ(1)

m ,

ãäå J1(µ
(1)
m ) = 0. È íàáîð Ñ.Ô. çàäà÷è (Ñ.7.6) åñòü:

Rm(ρ) = J1


µ(1)

m

ρ0
ρ


 .

Îáùåå ðåøåíèå çàäà÷è äëÿ ôóíêöèè (C.7.3) v (ρ, t) èìååò âèä:

v (ρ, t) =
∑

AmJ1


µ(1)

m

ρ0
ρ


 e−(aµ

(1)
m

ρ0
)2t. (C.7.7)

Èñïîëüçóÿ íà÷àëüíîå óñëîâèå èç (Ñ.7.3), èìååì:

u0
ρ

ρ0
=

∞∑

m=1
Am J1


µ(1)

m

ρ0
ρ


 . (C.7.8)

Ðàññìàòðèâàÿ ýòî ñîîòíîøåíèå êàê ðàçëîæåíèå ôóíêöèè u0
ρ
ρ0

ïî
íàáîðó îðòîãîíàëüíûõ ôóíêöèé J1

(
µ

(1)
m

ρ0
ρ

)
, ïî èçâåñòíîìó ïðàâèëó

ïîëó÷èì êîýôôèöèåíòû ðàçëîæåíèÿ Am:

Am =

u0

ρ0

ρ0∫
0

ρ J1

(
µ

(1)
m

ρ0
ρ

)
ρdρ

‖ J1

(
µ

(1)
m

ρ0
ρ

)
‖2

. (C.7.9)

Èíòåãðàë â (C.7.9) âû÷èñëÿåòñÿ ñ ïîìîùüþ ðåêóðåíòíîãî ñîîòíîøå-
íèÿ:

d

dx
[xνJν(x)] = xν Jν−1(x).

Ïðè ν = 2 èìååì:
x2J1(x) dx = d [x2J2(x)]

è
ρ0∫

0

ρ2J1


µ(0)

m

ρ0
ρ


 dρ =| µ(1)

m

ρ0
ρ = x |=

=
ρ3

0

(µ
(1)
m )3

µ
(1)
m∫

0

x2J1(x)dx =
ρ3

0

(µ
(1)
m )3

µ
(1)
m∫

0

d [x2J2(x)] =

ρ3
0

µ
(1)
m

J2(µ
(1)
m ).



71
Èçâåñòíî, ÷òî:

‖ J1


µ(1)

m

ρ0
ρ


 ‖2=

ρ2
0

2
[J ′1(µ

(1)
m )]2

è

Am = 2u0
J2(µ

(1)
m )

µ
(1)
m [J ′1 (µ

(1)
m )]2

. (C.7.10)

È îáùåå ðåøåíèå èñõîäíîé çàäà÷è (Ñ.7.1) åñòü:

u (ρ, ϕ, t) = 2u0 cos ϕ
∞∑

m=1

J2(µ
(1)
m )

µ
(1)
m [J ′1 (µ

(1)
m )]2

J1


µ(1)

m

ρ0
ρ


 ·

· exp [−

a µ(1)

m

ρ0




2

t ]. (C.7.11)

Âîçìîæíû ðàçëè÷íûå âàðèàöèè ýòèõ çàäà÷.
à) Íà÷àëüíîå óñëîâèå èìååò âèä ñóììû ãàðìîíèê, íàïðèìåð:

u (ρ, ϕ, 0) =
ρ

ρ0
cos ϕ +

ρ2

ρ2
0
sin 2ϕ.

Tîãäà çàäà÷à ðàçáèâàåòñÿ íà äâå çàäà÷è:

u(ρ, ϕ, t) = u1(ρ, ϕ, t) + u2 (ρ, ϕ, t),

äëÿ îäíîé èç êîòîðûõ íà÷àëüíîå óñëîâèå èìååò âèä:

u1(ρ, ϕ, 0) =
ρ

ρ0
cos ϕ,

à äëÿ äðóãîé:
u2 (ρ, ϕ, 0) =

ρ2

ρ2
0
sin 2ϕ.

È ðåøåíèå îáåèõ çàäà÷ èùåòñÿ ïî ïðèâåäåííîé âûøå ñõåìå.
â) Íà÷àëüíîå óñëîâèå èìååò, íàïðèìåð, âèä:

u (ρ, ϕ, 0) = A f (ρ) cos2 ϕ.

Ðàñïèñûâàåì cos2 ϕ â âèäå ãàðìîíèê:

cos2 ϕ =
1

2
(1 + cos 2ϕ)
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è çàäà÷à ðàçáèâàåòñÿ íà äâå, ïî ïðåäûäóùåé ñõåìå:

u (ρ, ϕ, t) = u1 (ρ, t) + u2 (ρ, ϕ, t).

Äëÿ ðåøåíèÿ u1 (ρ, t) -çàäà÷à ñ íà÷àëüíûì óñëîâèåì u1 (ρ, 0) =
1
2f (ρ), à äëÿ ðåøåíèÿ u2 (ρ, ϕ, t) - çàäà÷à ñ íà÷àëüíûì óñëîâèåì
u2 (ρ, ϕ, 0) = 1

2 (ρ) cos 2ϕ. Ìåòîäû ðåøåíèÿ ýòèõ çàäà÷ íàì óæå èç-
âåñòíû.
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