| TPeXMeprle peLleTKM.

8.1. Tpexwepuas pemieTka. Hagajxo pasBUTHIO COBPEMEHHEIX npejcTaBAeHIH
0 CHMMETPHH HPOCTPAHCTBEHHOH CTPYRTYPEL KpHCTAL10B OBII0 HOTOKEHO pabo-
raMi (hpaHIyBCROTO kpucraaaorpaga A. Bpase, gotopuit B 1848 r. yerano-
i Hatmuge 14 THOOB TpeXMePHO-IepHOJNIECKIX pemeToK, HA3BAHHEIX ero
mvemes. JL. 3omke B 1879 T., omEpasch Ha PadoTH K. Ropnama (1869), omucai
TpPYONE JBUKeHHH, T. €. IPOCTPAHCTBEHHbE IPYIIE IepBOro poaa. Ilommsii
BHBOJ NPOCTPAHCTBEHHBIX IPYII grr cnenan E. C. DegoposriM i 3aBepiler M
p 1890 r., U He3ABHCHMO OT HETro, JHIIb HEMHOTO IIOSHY, HEeMeI[KEM MaTeMaTHKOM
A. IMendaucom. B xofie mepemicKi Mepopos 1 [Mendanc 0KOHIATEABHO YTOT-
o omucamme BeeX 230 MPOCTPAHCTBERHHIX TPYIML.

Mepoposekne Tpymis @ = G2 — 510 rpymus NpeodpasoBAHIA B cebs Tpex-
MEPHOTO OJHODOJHOT0 JHCKPETHOr0 OpPOCTPAHCTBA, OHN OMHCHBAIOT ATOMHYIO
CTPYKTYPY KPHCTAJIOB. Venopue OJHOPOJHOCTH H JUCKDETHOCTH # ONPe/eIAeT
roT (pakT, UTO BCe OHM TpexMepHO-IepHO/IIIeCKue @ ) T, a 3HAUAT, H BCE
kpHcTazIorpafuseckme — ¢ OCAME ammp 1, 2, 3, 4, 6-ro mopsaKos (fanee
Gymem BMecTo I's IMHCaTh HPOCTO 7).

TpancasmuoRHas HOATPYINA T deopoBeKoil TPyIIs @ ompefeieIcd TpeMA
HeKOMIVIAHAPHEIME (H IOHapHO HEKOLTHHEAPHHME) 0a3MCHEMI BEKTOpaMH

d;, dq, 33:
t = pja, + Py + Psdsy. Pv Pu P3 = 0, =1, £2.. (91)

['pynnoBsM JefCTBHEM B T gpasercst BeKTOPHOE Cao7Kerue 00X 1: t, +t, =



['pynnoBsM jeiicTBEEM B T apasercs BeKTOpHOE CIOKeHHe JoOnX 111y -~ 1p =
=ty = T. Berrop, COOTBETCTBYIONHIl eMUHUYHON OmIepanun rpymiisl, obozHa-
qaerca gepes 0, omepamus, oGpaTHas KaRAOMY t,— gepes —t. [pymma Tpamc-
annii — OecKoHeYHaHA, aGezepa, METPHUECKH OHA XapaKTePH3YeTCH TPOMKOMH
GasHCHEIX BEKTOPOB. TpOHKa BEKTOPOE Ay, a,, ag ABIAETCA OCHOBHOM (ﬁaaucﬁoﬁ),
ecam 100af TPAHCIAIAA PeIeTKH b MOKeT GBiTh mpejicTaBIeHa YpaBHEHHEM (91)
¢ TOMOIIBIO STAX BEeKTOPOB. B 7acTHOCTH, 32 OCHOBHYIO MOJKHO IPUHATH TPOHKY
kpaTvailiuX HeKOMIIaHAPHBIX JPYT apyry Bekrtopos. Beckomeumas JHCKpeT-
HAaf COBOKYIHOCTh BCeX TOYEK (y3moB) X', BHIBOTUMBIX H3 JaHHOIl TOYKH X Ome-
pammeit x +t=x/, obpasyeT TeOMETPUYECKMil WHBAPHAHT TPy T — upo-
CTPAaHCTBEHHYIO PEMeTKY. Ilapanaeaenumes, [OCTPOSHHBI Ha @y, Ay A3, HA3MC
paeTCA 2IEMEHTAPHKIM Hapajleliemime10M (puc. 86).

HieMeHTAPHBLI Napaiierenuien, TOCTPOGHHLI HA OCHOBHOIH TPOilKe BEKTO-
pOB, BCErjla ABIAETCA IYCTHIM ILIH, KR roBOPAT, TPUMATHBHEM — BHYTPH HETO
HeT JIONOJHATENABHBIX Y8J0B pemeTRH (ep. puc. 79). AHAJIOrHIHO IBYMEPHOMY
cayaamo (puc. 75) TpOHRY OCHOBHRIX BeKTOPOB, & 3HAYHT U npUMHTHBHEI Tapad-
genenpmen, MOKHO BHOpaTh OecuHCICHHBIM sHosecTBoM cmocobos (pue. 86).
OfBesbl BCeX OCHOBHEIX HapajiielenunesoB OJHHAROBLL. HecmoTpsi HA TO 4TO E
JaEEOil PENeTKe MBI MOJKeM IO0-PasHOMY BHOpaTh OCHOBHEI® TPOHKH BEKTOPOB,
Bee OHH ONECHBAIOT METPHYECKH OHY H TY KO TPAHCJAAIAOHHYIO TPYIIY.

BsmecTe ¢ TeM B pemeTke CYMECTBYeT fecKOHETHOe MHOKeCTBO HEeNpPUMHTHE
WX INapajiielelunesos, COAepP/RaMiX Ha pe6pax, mam (u) Ha TPaHAX, WIH (u
B oOBesMe Y3, NpHHAJJIERANHE INPHMATABHOI PeIeTKe (pme. 76, nByMepHLI
npuvep). Mx pebpamm sABIAIOTCA Tpu A00Be HEKOMIIaHADHEE TpaHCIATHI
ty, t,, t3 H3 BCEro MHOKECTBA (91). O6peME TaRHX napaJijaejaenunefos KpaTHi
obbemy ocEopgoro. flcmo, 9T0 BCe IPYIIIE T' = {t,, ty, t3} ABAANTCA HOATPYI
payu T= {a,, 8, A}, BO0 pemerxa, peiBefensasg rpynmoit 7', me MOKphIBae
peex Val10B TAKOBOH A T. A6crpaktao Bee I” uzomopusl Memray c00oif,
T, 1. e rpymma T B afCTpPaKTHOM CMBICTE, eHHCTBEHHAM.



8.4. Fomomopdmam HPOCTPAHCTBEHHBIX M TOYEHUHBIX TPYMIL. DOSHAMEA B FPU
CTpaHCTBE JI0OYI0 ACHMMETPHIHYIO T09Ry A BMECTE C ee acHMMeTPUIHOH MeTHOH —
TeTpaafipoM, IpOMBBeNieM Haj Heil -Bee Omepamui CHMMETPHH NAHHOR TPOCT-
pAHCTBEHHOI TPYNIEL i OyAeM MHTEPECOBATBCA TOALKO KOMIIOHEHTAMHA BpaleHuis
(cOGCTREHHBIX H HECODCTBEHHBIX) STHX onepammii, a TPAHCAANMU H TPAHCIAINOH-
L6 KOMIOHeHTH JTIOOBX ONEPAIil, eciu OHH ecTh, 0CTABHM 0e3 BEUMAHUA. Bee
ppallieHnsl TONYYeHHBIX TOYEK A, A','A”,... coxpausiTes, ecin Mbl HépeHeceM
oTH TOYKH HapajaersHo cebe B ORHY obmyio Touky O, a Bce HEPEHOCH, eCTecT-
perHo, OyAyT orcyTcTBOBaTh. Hampmuep, ecian y Hac OblJa omepanus BEHATOBOTO
mosopoTa ¢ oco N, Aaiomas CMemeHHbE i MOBEPHYTLO TOYKM, TO Temeph OHH
GyyT TOABKO NOBEPHYTHIMH BOKPYT OCH N, coOTBeTCTBYIONIEH IO LOPAAKY N,
OnepamusiM (1 daementam) cumyerpun a, b, ¢, n, d Gyner cooTBETCTBOBATh M B
napa/eabHOil opEeHTaImN; onepamun N, N u m rpyun @ 0CTAIOTCA IPH HTOM
TAKOBHIMA 7Ke. JIeMEHTH CHMMeTPHH Ipyni @ MOryT BCe IEpPeceKaThCi B ofl-
ot Touke ((DejopoB MMEHHO TAKYI TOUKY HA3hIBAJM (ICHTPOM CHMMETPHIY,
mpujaBas ATOMY TEPMHHY HHOE, €M Temeps, 3HAvYeHHe), HO MOT'YT ¥ He Iepece-
gatheA. PaccMaTpmBaeMag IpOIEypa Ipespamiaer BCe IPOCTPAHCTBEHHO-PaL=
mpefieieHHbe 3IeMeHTH CHMMETPHH ® B mepeceraiomuecs B OXHOH TOUKe iIc-
MEHTH CHMMETPHH, KOTOpHE XaparkTepHEL yie A TOYe4HOIl TPYIIEL.

Bee ppamenns (060ero poa) rpynmsl @ caMi COCTABIAIOT TPYIITY, HOCKOIL
Ky IpH HPOH3BeJeHHAX onepanuii @ BTH KOMIOHEHTHI onepamuit JIeHCTBYIOT
T0ABKO YT Ha APYyra, & TPAHCIANHNOHHAA KOMIOHEHTA mecymectsenna. B 10

JKe BpeMs STH BpallleHHA B Tpymme @ TOABLKO TaKHe, KOTOpHe COBMEM@ANT C CO-
o i i M~ A WA Amara swanwvarT  OTOA TOVIIOSR



;e BpeMA OTH BpalieHHs B rpymme @ TOJALKO TaKHe, ROTOPHE COBMEILAIOT © BO-
foil pemeTKy, BHBOJMMYI TIDyIIOif T @. U3 aroro cuegyer, 410 IPynna
THX BpalieHHil ecTh OfHA H3 32 KpHCTa/IOTpauIecKux TOYETHBIX Tpyni K,
gotopas romomopdma rpynne . '

[lockoapKy Kaskuaa pemerka DBpase nanHOM CHHTOHHH OUMCHBAETCA TOJ10-
a/[pHIeCKOil TOYETHOH T'pPYIIION K (mambonee cHMMETPUYHOH W3 BCEX TOUEHHBIX
TPYII 9TOll CHHTOHHME), ACHO, ITO OPHEHTALUA HIEMEHTOR CHMMeTpPHH TPOCTpaH-
CTBEHHOH TPyNOLl JIAHHOH CHHTOHHM MOFKET fBITH TOABKO TOH Ke, KAROBa OpPHEH-
TAIUs COOTBETCTBEHHBIX DIEMEHTOB TOYETHOH CHMMETDPHH DICMEHTAPHOTO mapai-
Jejenunesa. S=0s

Besi COBOKYIHOCTH NAapaiielbHBIX [BU/KEHHI T'PyNIbl @ cocTOHT TOJBKO N3
ee rpymns Tpamcasmmit ' C @ ¥ TPAHCAANMOHHBIX KOMIOHEHT, & onepanui
ppamenmii 00oero pofa, ecad OHH ECTh. [ToaroMy MBI MOMeM Hammcarhb Cie-

ayiomee CHMBOJIHYECKOE COOTHOIIIEHHE:
®: (T +a)o K, (94)

KOTOpOe O3HAYAeT: HCKIKYeHHE H3 @ Beex mApALTENBHHX JBHKEHHH [aer
rpynny K, mpmueM Takylo, 9TO pemeTRa, BIBOJMMAsA T, oumcwpaercs au6o
camoit K, ecam OHa rojioajpuieckasd, au60 ro103pudeckoil 0 OTHOMEHNIO K K
ee HAJrpyIIOi. -

DroMy reOMeTPHIECKOMY PacCy iIeHHI0, KaK Mbl YBHIUM HIKE, COOTBETCTBYIOT
CTPOTHE TEeOPeTHKO-TPYINOBEE COOTHOMEHHA (98) m (101).

T'omomopduoe oTobpaskenne cOBOKYHIHOCTeil rpynn @ Ha ompejielieHHbIe TPyIl-
nst K He ecTh TOABKO abcTpakTHOE MOHATHE — OHO OTPAKaeT ¢usmgecknit GaxT
CBA3H MHEPOCKOINMYECKOT0 ¥ MaKPOCKOIMIYECKOTO CTPOCHHS KPHCTAJIOB u, cob-

CTBEHHO TOBOpH, H3 HEroO H BO3HHKJIO,.



N, unu N unu Nau

o e oF

—_—
i
~

s . S e v i o £t A
t ./ / ts 211 / / / /

S

N3
'.\.
&

] / /. / /. F 4 r s s F
@ ]
]

l :
o ® m,unu a, und n
L] -
| |

Puc. 96 ; Puc 9

Tpancaanun s, DAPANIEALIAR CerEa Tpancaammit tit., wa-

oCH CHMMETPHN, W MmepoeHn- panReAbHAA NAOCKOCTH CHM-

pyaapuan eii cerEa TpancaA- METPHE ., H OepneduEyaapHan

mAin t.te efi TpasCAANMA

[IpocTpaHcTBeHHBLIC TPYIIB ONMMCHBAIOT MHKPOCTPYRTYPY KpHcTalia, a
TO09eUHEE — ero BHeNIHIO OrpaHKy. BospMmeM KaKoOi-HEHOyIbL KpHCTAII, 00~
Jajanimuii, craskeM, BMHTOBOII NOBOPOTHOH OCHI. ITycTe HAKJIOHHO K aToil OCH
MPOXOAT CETKA permeTri. MaxposKOIAYeCKH 2Ta CeTRa BRPAKEHA KaKk TpaHab
KpHCTAJLIa. MukpocKOnUIecKroe neficTBAe BHHTOBOH OCH 3aKJIIONAETCH B TIOBO-
poTe 2TOM CeTKH M CMemeHmH ee Ha ATOMHBIEe pPacCTOAHHA. C MaKpOCKONMIeCKOM
TOYKHE 3PeHHA OHO OHyTHUMO i H3MEepHMO TOJBKO KakK IIOBOPOT, M B orpaHKe KpH-
cTadia Mbl YBHAHM TOJBKO HPOCTYIO HOBOPOTHYIO Och. TO 7Ke OTHOCHTCA H K
MaKpOCKONMIECKOMY NpPOABICHIIO APYTHX SJIEeMeHTOB CHMMETPHI C© TPaHCAAIHOH-
J0lf KOMIOHEHTOHl — OHH TepsaIoT €€ B MaKpOOpOABJIeHHH. JIpyramMm cJIOBaMH,
rpynusl @ M BX 3IEMEHTH cHUMMETPHH MaKDOCKOTHYIECKH ¢BHIHBY KaK COOTBET-
cTBYIOIHE TI'Pymbl K 1 EX 3IeMEeHTH TOYedHOHl CHMMETDHM.

Y o mneas mmarmia NDON3BENEHUs omepaummii W B3aHMMHOH OpHeH-

e = ———— W



CTBYIOEG TPYLUBL D 1 ma vevee== -
85, [eoMerpudeckiie MPapiia NPON3BEEHUT omepamiii W B3AMMHOH Opien-

B CHMMETPHN B Tpymmax @. Hamume omepamuil TPaHCIATHOR-
woii cmyerpui ¢ & T C @ TPEAOUPEAETAtt TeoMeTPIIeCKIe 0CODeRHOCTH
IOH3Be/IeHNA (moce/i0BATEABHOTO BHIONHEHEA) HX C JPYTHMI OUEPAILHAME
g, , cpefii KOTOPHX MOTYT 6507 1 OTEPAIIH TOUCTHOH CIMMETPHIL & eKCo.

TpamcaAmue TOPOAAT 13 160l mpANOI KM IIOCKOCTH OECKOREHHOE MY
JECTBO TIAPANIGNBHBIX HCXONEBIM HPAMMIX i mockocreif, ITo ompeeqeHuio
sneyerta cmneerpin (o § 9) 109K ero il 4707 DIEMHT B IeA0M Ipeolpasy-
j7cst B cebs BeMI CTENeHSMI €0 moposalomieii Onepaili, a O IETIKON = B
aEAIONHTHSE @MY DAGMEHTH JPYTHMA omepamuny. OTCI0A CACAYeT, 910 B pe-
meTKe Beerjia ecTh TPAHCIAIM (pAiEl y3108), NAPATLTETBHBE OCAM CHMMeTPHI
(puc. 96), 1 ceTKM TpaHcAAIil, TapaIIebHke nTocKoeTAM coyierpi (puc. 97),
MOCKOAKY TAKie TPAHCAAIUE CABHTAIOT yKA3AHHBE H1eMEHTH NapaTaeIbHo cede.
J13 pcyHKOB BAHO, 110 mepHeHHKyAAPHO 0CAM (:1ioGoro Tima) Beerfa ecTh CeTKl
1ouek (puc. 96), a mepmenHKYAAPHO 1060l II0CKOCTH CHMMETpHH Beerfa ecth
OIHOMEpHHE PAME TOUCK, T. €. €CTh TpAHCAAIIH (DHC. 9).

MiocKocTh M, NePUCHTHRYAAPHAA TPAHCIAIIE {, PAGMHO/KAETCA I0 B TARMC
K@ ILI0CKOCTH, O0TCTOAIAE Ha { Ipyr OT fpyra, HO 10 reopese 11 1. 2.4 1, Kak



BUHO 3 pHC. 31, 6, UPH 370M Beerja BO3WHKaeT eme ofHa, napaierbHas m
II0CKOCTh M, orerosiman ma ¢/2. To sxe COPaBEJLINBO | A CKOMB3AMUY II0-
CKoCTel, neprerukyaAprEX ¢, Io amaxormm metpygHO moHATH, 410 ecAH ecTh
TPAHCIALNONHO PABHEE OCH CHMMETPHH WeTHOI0 LOPAAKA, 10 MapaLIedbHO M
1 Ha CEPETIHHe PACCTOARNSA MEK]LY HHMH ecTh OCH BTOPOro mopsfKa. Takme MERTY
TPAHCTARNONHO PaBHEIME LeHTPAMH WHBEPCHN LOCEPE[MHE €CTh I NpON3BOJHbE
Hentpr wmupepcun. Takum ofpasom,  rpymmax @ CYMECTBYIOT GecKOHeYHEe
CHUTEMH NIAPaJIeNbHBIX DIACMEHTOB CHMMETDUH, BHBOTUMEE H3 HEKOTOPHX HC-
XOFHbIX, IIPHYeM KAK TPAHCIALWONHO DABHEE, TAK W NDOM3BOJHHE, JIE;KALINE
Ha TIOTOBHHE PACCTOAHMA MEKTY HUMM.

8.6. Mpunmmer BhiBoga  mpocrpanesemusix rpyin,  Cavivopdusie  rpymm.
[as suBona rpymn @ memoasayiores TeoMeTpiYecKue, apuMeTHIeCKue, KoMOu-
HATOPHLE, TEOPETHKO-TPYNIOBLE W HEEE MeToms, My Oy/ieM OmHpPATHCH Ha Teo-
METpUTECKNe NPEICTABICHUA W Ha TEOPHIO TPy,

U3 paceyorpemia rpymms nepemocos 7' n rpynn Bpase, a Takike ycramos-
ACHAA TOMOMOPPHOCTH (DPH  COOTBETCTBYIOMUY opuentamuAx) rpym @
1 K (94) caenyer mpoctoit croco6 srpona CHMMOP(HEIX TIPOCTPAHCTBEHHEIX IPYIIL
Om cocTomT B TOM, w10 MOKHO KOMOUHEDOBATH Me;kAy coboif onepamun ¢; rpynms T
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