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h
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 (5.14) - , -
. ,

<C
+

qCq>=nq(T) - -
 ( ),

95



. -
<H>=E0+< H>:

E E n

A B

q q

q

q q q

0

2 2

1

2
h

h

( )

.

;
                  (5.15) 

 5.2.1. , C, -
 (5.12), - .

5.2.2.  (5.11) -
C, . .  (5.13) 

.
 5.2.3. -

S ,
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e x p [ ] ( ) .               (7.32) 

-
- n 0 n 0,

n=0, n 0,

0=const, . . .
(r) -

V(r):
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( )
exp[ ( )]

exp[ ( )]
x

V x

V x dx
, (7.33)

 (- , ). -
V(x) (7.28): 

V x dx v x x x v n i
a

nxn

n

( ) ' ( ' ) ( ' ) ( ) exp[ ] .  (7.34) 

, v x v x( ) ( )

v n v n( ) ( ) . . -
:

V x v
a

nx

dx x
a

nx

n n

n

n

( ) cos( ),

( ) cos( ).
                   (7.35) 

  (7.33)  (7.35), - :

n

m m

ma

a

m m

ma

a

dx
a

nx v
a

nx

dx v
a

nx

cos( ) exp{ cos( )}

exp{ cos( )}
.     (7.36) 

, ,
, -

0 1. -

1, -

1

1 1

1 1

2

2

d x
a

x v
a

x

d x v
a

x

a

a

a

a

c o s ( ) e x p { c o s ( ) }

e x p { c o s ( ) }

         (7.37) 
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(  (7.37) 0 1, 0 -
,  “2”  - -

m: 1+ -1=2 1). -
R

v R1  ( R 1) -
S.

, -

H v ij i j

i j

1 2/ S S ,                        (7.38) 

i

v Sij j

j

,

<Si> :

V v S S v Sij i j

j

i1 1| |cos ,

- Si .

1=|<Si>|  (7.37). 
.

 (7.36) n ,

n n n c nv T v, .                           (7.39) 

,
-  ( )  . 

,
, -

.
,

“ - ” - .
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 7.2.1. ,  ( a)
,

( ) e x p [ ]x
n

a
xn

n

i ,

n

a

a

a
d x i

n

a
x x

1

2
e x p [ ] ( ) ,

( ) ( )x x ( ) ( )n n .
 7.2.2. ,  (7.37) 

- 1

1 1 1 1 0 1 12 2I v I( ) ( )v , I0 I1 - 

. I0(x), I1(x)

x 0 x  , 1

T 0 ( ~ exp( /1 1v T ) ) T Tc,

( 1 12 1( / ),T T T vc c ).

 7.2.3.  (7.36) -

n , -

n n nv n.
:  (

):

dx nx mx n m n mcos cos , ,1

1

.

____________
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 8. 

 - 

, -
. -

: , . .
, - ,

. -
-

, -

.

 8.1. 

-
: -

, .
, -

-
,

. ,
, .

, -
, -

-

.
-

,
 ( , ,

).



-
. , -

, :

E
e

r

p

m

2 2

2
.                                  (8.1) 

-

,pr p r~ ~ /

E
e

r mr

2 2

22
.                                 (8.2) 

aB:
E

r
r r

me
aB0 0

2

2 .                      (8.3) 

E
e

aB

2

2
0 .                                 (8.4) 

, ,
,  - .

,
.

.
e , -

. -
.

= e (Ef), (Ef) - -
. :
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n e n

e

e
f

e E e

k kk

k

kk

f f

k
T E

f

( ) ( )

exp[ ( )] exp[ ( )]

( ) (

0

1

1

1

1

0 E ).

    (8.5) 

2
0 04 e r( ), ( ) .                   (8.6) 

-

( )r d q
i q r

qe
3 ,                          (8.7) 

 (8.5), (8.6) 

q

D

D

f

e

q r
r

e E

4

1

1

42 2
2

2
,

( )
.                (8.8)

rD - , -

. ,

( )
exp[ ] exp[ / ]

r e d q
i q r

q r
e

r r

rD

D4 3
2 2 .              (8.9) 

n:
1 6

2

2
1 3

r

e n

E
n

D f

~ / , n=0  ( -

) rD . rD -
  ~10-8  (~aB).  (8.9) -

 (8.2) 

E
e r r

r m

D

2 2

22

exp[ / ]

r
.                       (8.10) 
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, -
rD -



, . -
 (8.10).  (8.3) -

E
a e

r

r r

r r

B

D

2

0
2

0

02
{ }D ,                               (8.11) 

r0 ~ aB -  ( -
E/ r = 0)

exp[ / ]r r
a

r

r

r r
D

B D

D

0
0 0

.                         (8.12) 

 (8.11) , rD < r0 ~ aB -
, . . , -

, . -
aB :

n aB

1 3 1 31

4 3

1

4
/ /( ) .                             (8.13) 

, -
 ( . .

) , -
,

,
. . .

 8.1.1. - q (8.8)
,

(r).

 8.1.2.
 (8.10) rD,

-
.
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 8.2.  - 

- .

.

 ( .14, ),
. ,

, ,

-  - -
, -

,
( .14, ) - , -

. -

.14. -
 -  - :

) - , ) - 
 ( )
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, . . -
.

-
-

E p m E E p m E m me e f h f1
2

2
2

2 22 2, , h .

, -
 - -  ( -

2Ef ), -
p

P:
E E E p m p m e r

p m P M e r

m
m m

m m
M m m

p m p m p m m P p p

e h e h

e h

e h

e h

e h

1
2

2
2 2

2 2 2

2 1 1 2 1 2

2 2

2 2 ,

, ,

[ ] / [ ], .

            (8.14)

 (P=0), ,
 ( ., , -

 (8.1)-(8.4)), 
, .

 ( -
)  - , -

- .
, -

:

H a a E p b b E p U a b b ap p p p pp p p p p

p pp

{ ( ) ( )} ' '
, '

1 2 ' .     (8.15) 

a
+

 (b
+

) -  ( )
 ( ), E1, E2 - -
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p

.  (8.15) - 
,  -  ( )

 (
p pa b

p pb a p ) -

 ( ) Upp’.
m m E E p m Ee h p, 1 2

2 2 f . -

H a a b b Up p p p p pp p p

p pp

{ } '
, '

'

p '

.                (8.16) 

:

p pp

pp

U '
'

p pp p p

p

U b a' ' ' '
'

.                       (8.17) 

,

a b b a a b b a a b b ap p p p p p p p p p p p' ' ' ' ' ' ,

H a a b b a b b ap p p p p p p p p p p

pp

{ } { * } .        (8.18) 

 (8.18) , -

a u v b u v

a u v b u v

p p p p p p p p p p

p p p p p p p p p p

, ,

, ,
                  (8.19) 

:

q q q q qq' ' ' ,  up
2
+vp

2
=1.



 (8.19)  (8.18), ,
:

H u v

u v u v

p p p p p p p p p p

p

p p p p p p p p p p

p

{ }{[ ] }

{ }{[ ] }.

2 2

2 2

2

2

u v

1

      (8.20) 

( + +
, ),  u,v:

[ ] ,u v u v u vp p p p p p p p

2 2 2 22 0 .               (8.21) 

 (8.21), 

v up

p

p

p

p

p

p p

2 21

2
1

1

2
1( ), ( ), p

2 2 .       (8.22) 

 (8.20) 

H p p p p p

p

{ }.                        (8.23) 

, p

  (~2
 ( .14, ).

:

n np p p p p p, .

p

p )

                      (8.24)

me=mh ® , -

:

n n np p

f a a u v u n v np p p p p p p p p p p p

2 2 2 2 1( . (8.25) 
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 (8.25) , :

p p p p 0 .

np -
,  : 

n
T

p

p

1

1e x p [ ]
.                       (8.26) 

 ( -
)   (8.17) -
 (8.19), (8.22)  (8.24). 

p pp p p p

p

pp

p

p p

p

p

U u v n

U n

' ' ' '
'

'

'

' '

'
'

( )

( )

1 2

2
1 2

2 2
.
                   (8.27) 

 (8.27) ,  (8.21)-(8.22) 

u vp p

p

p p2 2 2
.

Upp’

| p- p’|< -

). Upp’ =  - V  (- , )
,  (8.27) -

, , p:

V N
T

d th( ) [ ]
2 2

2 22

1

2
.       (8.28) 
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 (8.28) -

. N E Ef f( ) ( ) / ~2 const - -

,
. -



N V( )0 , -

:

1
2

12 2

0
2 2

d t h [ ]
T

.             (8.29) 

 (8.29). 
,

sh ( )
e x p [ ] , ,

1
2 1 1 T 0 .      (8.30) 

0 .

1
2

2

0 577 4

0

0
2

2
0

2

2 1

2
0

d
th

th d
ch

d
ch

( / )
ln |

ln

ln{ } ,

exp[ ], . ln[ / ]
ln

.

/
/

/

T
x x x

x

x

T

C C x
x

x

c T

T

c
T

c

c

c

(8.31)

 (8.31) :

Tc 1 1 4 1. e x p [ ] .                          (8.32) 

.1, .
, ,

,
-

.
, -

.
~ 1  ( ),
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-
:

Tc ~ 100 - 500 K .

 8.2.1. -
 (8.16) 

 ( .  4), -
-

:

I a a b b

b a i

a b i

p p p p

Z

p p

X Y

p p

X Y

,

( )

( )

1

2
1

2

,

.

-
.

 8.2.2. , , -
 (8.19), .

 8.2.3.  (8.29) 
-

 ~exp(- /T).

 8.2.4. (T) -

d /dT|Tc.
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 8.3. 

-
 c  1964 . -

, , -
-

,
.  (

) -
,

.

8.3.1. .

- :
H a a

V a a a a

p p p

p

p p p p p p p p

p p p p

,

' ' , , ' ' ' '
' ' '

/ .1 2
1 2 1 2 1 2 2 1

1 2 1 2

        (8.33) 

 (8.33) 
, , , -

 6 ( . (6.12)). 
 ( ),

; -
 (~ 0.1-1 ), . . -

. -

.
:

a
N

a i pp i

i

1
exp{ }ri .
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 “ ” - 
, ,

. -
, . -

:

exp{ }i p ri

H t a a

t
N

i p r r r r a

kin ij i j

i j

ij p

p

i j i j B

,

,

exp( [ ]) ~ exp( | | ) .
1 (8.34)

,
 (8.34) .

-
, ,

:

H V a a a a

V
N

V i p r p r p r p r

ijkl i j l k

ijkl

ijkl p p p p

p p p p

i j l k

int ' '
'

' '
' '

' '

,

exp[ { }].

1

2

1
2 1 2 2 11 2 1 2

1 2 1 2

 (8.35) 

,
i=j=k=l (Vijkl Viiii= V(|r|=0)=U),

V , -

H t a a U a a a ai j i j

i j

i i i i

i,

1

2
. (8.36)

 ( ) -
tij.

-
U , -

.
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-
Z

(tij = - t, i,j = Z)

H t a a U n n n a ai j

i j
i i

i

i i

,

, i . (8.37)

 (8.37)  1/2 -
. -

, : -
t

U. , t,
t/U.

 ( )
.
-

 (8.37): t -t -
, -

 ( . ).
,

N -
z - SZ:

N a a S a a a a n ni i

i

Z

i i i i
i

i i
i

, ( ) (
1

2

1

2
),     (8.38) 

. . -
,

.
Na. -

, . . N=Na,
U/t>>1  “ ” ,

:
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, -
-  (a+®b, a®b

+). -
,  (t®-t) a ,

.
 - ; ’ - ,

M+M’=N.  ( -
 1968 . [19]):

       E(M,M’, U) = -(Na-M-M’)U  + E(Na-M, Na-M’,U),

E(M,M’, U) = MU + E(M, Na-M’,-U),                      (8.39) 
       E(M,M’, U) = M’U + E(Na-M, M’,-U).

, ,  (8.39). 
 (8.37) a

+®b, a®b
+, :

H t b b Ub b b b

U Ub b Ub b

i j

i j

i i i i

i

i

i i i i

ii

,

.
(8.40)

,
b b N M

i i

i

a
,

b b N M
i i

i

a
' ,

 (8.39) (E=<H>).

 8.3.1.1. :
exp{ } exp{ } exp( )i a a a i a a a i

i i i i i i ,

exp{ } exp{ } exp( )i a a a i a a a i
i i i i i i

.

:
.
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 8.3.1.2. , t -t

,
.

. , -
,

. -

U i ,a ai

A

i

A

iA

exp{ }

: .

:

a a ai i i i, a

exp{ } exp{ } exp( )i a a a i a a a ii i i i i i ,

-
( . ).

U : U HU1 .
. ,

 a
+A

a a
+ A. , -

, ,
. ,

:
U

-1
a

+A
a

A
a

+A
a

A
U=U

-1
a

+A
UU

-1
a

A
UU

-1
a

+A
UU

-1
a

A
U=

=a
+A

a
A
a

+A
a

A.
, -

.

U HUU U U EUU U EU U

U HU E U U

1 1 1 1 1

1 1, ,
E  , t -t,

.
 8.3.1.3. ,  (8.37) 

z.
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 8.3.1.4. Na - ; M - ;
M’ - ; N= M+M’ - . -

:
E(M,M’,U) = MU + E(M, Na-M’,-U),

E(M,M’ U) = M’U +  E(Na-M, M’,-U).

:

.
 8.3.1.5. -

N = Na

U ?
 8.3.1.6. -

 ( )
:

 1) Na=12,
M=4, M’=3;
 2) Na=12, M=3, M’=3;
 3) Na=8, M=4, M’=4;
 4) Na=8, M=2, M’=3.

 8.3.1.7.

U/t>>1.
. -

:

H T T T Vd h mix ,                          (8.41) 
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146

. . ),V Un n T t n a a n k c

T t n a a n k c

T t n a a n

n a a n k c

i i
i

d i i j j

i j

h i i j j

i j

m ix i i j j

i j

i i j j

, (

{( ) ( ) . },

{( )

( ) . }.

,

,

,

1 1

1

1

(8.42)

Td

, -
 - , Th, , -

, -
, Tmix - , , -
 ( ) , ,

.
U/t >>1 Td , 

~U.
-

, :
H iS Heff exp( ) exp( )iS .

, S t/U, -
:
H iS H iS H i Seff ( ) ( ) [ ,1 1 H ]

ix

.                   (8.43) 

. S,
i S T T V Td h m[ , ] .                                (8.44) 

.                       (8.45) H T T V i S Teff d h mix[ , ]



V , U -
.

Td.
H T i S Teff h mix[ , ].                              (8.46) 

, |n> - -
 Td +Th +V, n - .  (8.44) 

:

i n S T T V m i n T T V S m

n T m

i n S m i n S m n T m

n S m
n T m

i

d h d h

mix

m n mix

mix

m n

| ( )| |( ) |

| |

| | | | | |

| |
| |

( )
.

       (8.47) 

 (8.47) 
, S

| | | | |
| |

( )
|,

| | |
| |

( )
|.

, ,

,

n n S m m n
n T m

i
m

n n S n
n T m

i
m

n m

mix

m nn m

n

mix

m nn m

     (8.48) 

U -
t/U m-

n =  U.

S
i U

n n T m m

i U
n n T m m

n m

m i x

n m

m i x

1

1

1

2

| | | |

| | | | .
     (8.49) 

T
1
mix T

2
mix - Tmix ,

 ( ) .
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148

)

 (8.49). -
Tmix (8.42) 

[~ ] U ( . . -

T

( )1 n a a ni i j j

2
mix), -

 j i.
[ ], , U

( . .  T

n a a ni i j j(1
1
mix). , -

Tmix -
T

1
<->T

2

(n<m + n>m = n,m)  (8.49).  (8.49) ,
:

S
i t

U
n a a n

n a a n

i i j j

i j

i i j j

{ (

( ) } .

,

1

1

)

,

,

(8.50)

 (8.46), i[S, Tmix]. -

A t n a a n

B t n a a n

i i j j

i j

i i j j

i j

( )

( )

,

,

1

1
(8.51)

 (8.42)  (8.50) :

T A B S
i

U
A B

i S T
U

A B

t

U
n a a n n a a n

mix

mix

i i j j

i j

i i j j

i j

, ( ),

[ , ] [ , ]

[ ( ), ( )
, ,

2

2
1 1

2

].

   (8.52) 

1/2 :



S a a S a a S n n

S S iS S S iS

i i i i i i i

Z

i i

i i

X

i

Y

i i

X

i

Y

, , (

, .

1

2
),

             (8.53) 

,
 1/2, 

: S
X

= 1/2  X, S
 Y

= 1/2  Y , S Z
= 1/2  Z.

 (8.53), 
(8.52) :

i S T
t

U
S S n nmix i j i j

ij

[ , ] ( )
2 1

4

2

.                   (8.54) 

,  (8.46), -

H t n a a n k c

t

U
S S n n

eff i i j j

i j

i j i j

ij

{( ) ( ) . }

( ).

,

1 1

2 1

4

2          (8.55) 

 (8.55) - -
U .

,
, ,

 (8.55) -
 ( ):

H
t

U
S Se f f i j

i j

2 1

4

2

( )               (8.56) 

J = t
2
/U. ,

J ~ 0.1-0.5  ( t ~ 1 , U ~ 3-10 ),
.

, -
U

.
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 8.3.1.8. ,  (8.53) 
S=1/2.

 8.3.1.9.  (8.52) -
, . .  (8.54). 

i S Tmix[ , ]

 8.3.2.  - 

150

U2 0

U >>t.
N=Na.

.  (8.37) 
. -

,
E E n n Un n N E N E

i i i i
i

{ ( ) } ( )0 1 0 2 , (8.57)

N1 - ; N2 - c .  (8.41) 
E0 (

 (8.37) 
).E a ai i

i

0

 E0 - , ,
. U +E0 - , -

-
.

E0 U +E0. N

E0, -
 (N1=N, N2=0). -

.
 “ ” t, -

-



 2Zt,  Z -  (
, .15).
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,
.  ( -

t/U ~ Z), -
 ( t) -

, .
, . . -

.

.15.
-

-
-

:
    (t/U)II >(t/U)I

,
 - 

t U.
a,

 (8.34) -
: t a B~ ex p ( )a , -

, , -
, - -

, - .
,

 ( , , 1964). 
 -  - 

U/t >0 ( . ).



 8.3.2.1-8.3.2.2. ( -

 - 

; ).  1968 .
(Lieb, Wu) -

.
,

-
 ( ). , , -

, -
 t/U, . .

.
-
-

:
H t a a a a U n ni i i i

i
i i

i

( )
,

1 1 . (8.58) 

 (8.39), 
. -

, -
 (

 [6]). 
:

2 1
8

16

2
8

16
2

4

4

2 2

2 2

2 2

( ) ( )
( sin )

;

( )
( sin )

( )

' ( ' )
( ' )

.

p d
U

U p

dp p
U

U p

d
U

U

B

B

Q

Q

B

B

(8.59)

(U=U/t). Q B

M

N:
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N

p

d M N dp p N
B

B

a

Q

Q

a( ) / , ( ) / . (8.60)

-

E N dp pa

Q

Q

0 2 ( ) cos . (8.61)

, M N

Q  (8.60), 

E0 = E0(M, M’,U), M’ = N - M.

, -
 - . ,

 (- ,+ , . .
B = ,  (8.60) p

, Q = .  (8.59) -

( )
cos( ) ( )

exp( ) exp( )
,

( ) cos
cos( sin ) ( )

exp( )
.

1

4 4

1

2

1

1 2

0

0

0

0

J

U U
d

p p
p J

U
d

      (8.62) 

 (M=M’=Na/2)
 (8.61): 

E N N U N
J J

U
da a a0

0 1

0

1

2

1

2
4

1 2
( , , )

( ) ( )

[ exp( )]
.   (8.63) 

 (8.62)-(8.63) J0 J1 - 
.

-
,



. -
 (M=Na/2):

E M M U E M M U
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